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ABSTRACT. We introduce Oberwolfach randomness, a notion within Demuth’s
framework of statistical tests with moving components; here the components’
movement has to be coherent across levels. We show that a ML-random set
computes all K-trivial sets if and only if it is not Oberwolfach random, and
indeed that there is a K-trivial set which is not computable from any Ober-
wolfach random set. We show that Oberwolfach random sets satisfy effective
versions of almost-everywhere theorems of analysis, such as the Lebesgue den-
sity theorem and Doob’s martingale convergence theorem. We also show that
random sets which are not Oberwolfach random satisfy highness properties
(such as LR-hardness) which mean they are close to computing the halting
problem.

A consequence of these results is that a ML-random set failing the effective
version of Lebesgue’s density theorem for closed sets must compute all K-
trivial sets. Combined with a recent result by Day and Miller, this gives a
positive solution to the ML-covering problem of algorithmic randomness. On
the other hand these results settle stronger variants of the covering problem
in the negative: no low ML-random set computes all K-trivial sets, and not
every K-trivial set is computable from both halves of a random set.

1. INTRODUCTION

1.1. K-triviality. Turing reducibility captures the intuitive concept of relative
information content. A set B of natural numbers is reducible to another set A,
or is computable from A, if A has at least as much information as B does. Using
this yardstick, a set is considered complicated if it is useful as an oracle, i.e. if it
computes many sets.

Algorithmic randomness gives another measure for complexity of sets. A set is
considered complicated if it is hard to detect patterns in its characteristic function:!
if it passes all effective statistical tests. A major programme in the field of algo-
rithmic randomness is to investigate the relationship between these two concepts
of complexity. Can random sets be useful as oracles? On the one hand, random
sets, lacking any pattern, should be hard to compute; but on the other, since they
mostly contain “white noise”, they should not be able to compute many sets.

The notion of compressibility is often a conduit between randomness and com-
putability. The (plain) Kolmogorov complexity C(o) of a string o is, roughly, the
length of the shortest computer programme which outputs o. We say that a string

This research was supported through the programme “Research in Pairs” by the Mathematis-
ches Forschungsinstitut Oberwolfach in 2012. Greenberg was supported by a Marsden grant and
a Rutherford Discovery Fellowship from the Royal Society of New Zealand, and a Turing research
fellowship from the Templeton foundation. Turetsky was supported by a Marsden grant via a
postdoctoral position.

We are grateful to the anonymous referee for suggestions which improved the presentation of this
paper.

1Through0ut, we identify a subset of N with its characteristic function, an element of Cantor
space 2%.



2 BIENVENU, GREENBERG, KUCERA, NIES, AND TURETSKY

o is incompressible if its complexity C(o) is close to the length of o, which roughly
says that the only way to describe o is by writing it down in its entirety. At the
other end of the spectrum, a string o of length n is very compressible if it contains
no more information than the string of n zeros; that is, if its complexity is the
same as the complexity of its length, C(0) ~ C(n). Chaitin [7] showed that an
infinite sequence X is computable if and only if every initial segment of X is very
compressible. In this way, computability itself is characterised by compressibility.

The most useful notion of randomness, due to Martin-Lof, is not described pre-
cisely by plain complexity. Shifting to prefiz-free Kolmogorov complexity K, which
is defined by using self-delimiting machines, allows us to apply measure-theoretic
tools to the study of complexity of finite strings. We then have analogous no-
tions of compressibility: a string o is K-incompressible if K (o) ~ |o|, and very
K-compressible if K (o) ~ K(|o|). Schnorr ([47], see [6]) showed that an infinite se-
quence X is ML-random if and only if each initial segment of X is K-incompressible.
Solovay, on the other hand, showed that Chaitin’s theorem does not hold for K:
there are non-computable sequences X, all of whose initial segments are very K-
compressible. He called these sequences K-trivial. These are the sequences that
are as far from being random as possible.

The K-trivial sets turned out to be in central to the investigations into the inter-
actions between computability and randomness. One example is related to an early
result of Kuéera’s [29]: every ML-random set which is AY-definable (equivalently,
is computable from the halting problem ¢§’) is Turing above a non-computable,
computably enumerable set. This is surprising: in general, computably enumerable
(c.e.) sets are very far from random and one would expect there is no interaction
between these sets and random sets. Kucera’s result, though, gives an example of
precisely such an interaction. Hirschfeldt, Nies and Stephan [25] showed that the
c.e. sets given by Kucera’s argument, in the case that the random set is incomplete,
must be K-trivial.

A hint that K-triviality is related to computable enumerability was first given
by Chaitin [8], who showed that all K-trivial sets are AY. Nies [40] extended this
result significantly by showing that every K-trivial set is computable from a c.e.
K-trivial set. Thus, K-trivial sets are inherently enumerable, and unlike random
sets, cannot be constructed by a forcing argument. Nies’s result was a corollary to
a deep investigation of K-triviality (initiated in [15] and performed in [40]) which
clarified the central role played by K-trivial sets. Nies showed that the K-trivial
sets are computationally weak, and that they can be characterised by a variety
of concepts, beyond compressibility. For example, the K-trivial sets are precisely
those which are low for ML-randomness: the sets which cannot detect any patterns
in (and thus derandomise) ML-random sets.

The result by Hirschfeldt, Nies and Stephan mentioned above did not pertain
only to Kucera’s construction: they showed that if Y is any ML-random set which
is Turing incomplete (i.e. does not compute ') then every c.e. set computable from
Y is K-trivial. In light of this work, Stephan asked whether the converse holds:

Is every K -trivial set computed by a ML-random set that is Turing
incomplete?

The inherent enumerability of K-triviality implies that this is indeed a converse
to the Hirschfeldt-Nies-Stephan result. Miller and Nies [36, 4.6] included this ques-
tion, which became known as the ML covering problem, as one of the four major
questions in their 2006 survey of open problems in algorithmic randomness. Com-
bining the work in this paper with a recent result by Day and Miller [9] (obtained
after the research described here was done) gives the affirmative solution to the
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problem (see [1]). However, we also show here that any ML-random set computing
all K-trivial sets must be very close to being Turing complete.

1.2. Oberwolfach randomness. The main tool in our investigations is a random-
ness notion slightly stronger than Martin-Lof’s. We call this notion Oberwolfach
randomness in appreciation of our two-week Research in Pairs stay at the Mathe-
matisches Forschungsinstitut Oberwolfach in early 2012, where this research began.

Recall that a Martin-Lof test is a sequence (U, y of uniformly effectively open sets
such that A(U,,) < 27™ for each m € w. A set Z < w fails the test if Z € (), U,
otherwise Z passes the test. Demuth [10] introduced the idea of increasing the
power of a ML-test by allowing a computably bounded number of changes to the
whole X9 set U,, (see [33] for background). Oberwolfach tests use this idea, but
in a very restricted fashion. The changes of components of the test have to be
coherent across the levels of the test. Every two successive changes in U,,, 11 must
be accompanied by a change in U,,.

Oberwolfach randomness fits into another framework for extending Martin-Lof
randomness. Weak 2 randomness is defined by tests (U,,) which are uniformly c.e.,
but for which the requirement A\(U,,) < 27" is replaced by lim, A(U,,) = 0. Restric-
tions on the rate of convergence of A(U,) to 0 yield notions of randomness between
ML-randomness and weak 2 randomness. Tests in which the rate of convergence is
controlled by some left-c.e. real determine Oberwolfach randomness. In Section 2
we give another class of tests which determine the same notion of randomness.

While these two definitions of Oberwolfach randomness fit naturally into these
schemes, it is a variety of properties of this notion which make it useful. Chief
among them is that it is the notion of randomness which describes computing all
K-trivial sets. We show:

Theorem 1.1. If Z is ML-random but not Oberwolfach random, then Z computes
every K-trivial set.

Theorem 1.2. There is a K-trivial set which is not computable from any Ober-
wolfach random set.

Thus a ML-random set Z is Oberwolfach random if and only if it fails to compute
some K-trivial set; and the K-trivial set A given by Theorem 1.2 has the property
that any ML-random set computing A must compute all K-trivial sets. We call
such a set A a “smart” K-trivial set. The smart K-trivial set shows that a positive
solution to the covering problem must be strong in that it would give a single
incomplete random set computing all K-trivial sets. We prove Theorems 1.1 and 1.2
in Section 4.

1.3. Randomness and analysis. Demuth (again see [33] for background) started
the program of analyzing how much randomness of a real z is needed to make
effective functions of a certain type differentiable at z, when we know classically
that they are differentiable at almost every real. In full generality, this program tries
to identify the randomness strength needed to make effective versions of “almost-
everywhere” theorems hold, such as ergodic theorems. A goal is to characterize
known randomness notions by effective versions of classical theorems of analysis.
Recent activity followed Demuth’s original question; see for example [5, 46]. In this
paper we relate Oberwolfach randomness to three almost-everywhere theorems:
differentiability of monotone functions, martingale convergence and the Lebesgue
density theorem.

Let A denote Lebesgue measure on R. For measurable sets P, A € R with A
non-null, A(P|A) = AM(P n A)/A\(A) is the conditional measure (probability) of P
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given A. The lower density of a measurable set P € R at a point z € R is

p(P|z) = lizni(r)lf {A(P|I) : I is an open interval, ze I & |I| < h}.

Intuitively, p(P|z) gauges the fraction of space filled by P around z if we “zoom
in” arbitrarily close to z.

Lebesgue’s density theorem [34, p. 407] says that for any measurable set P, for
almost all z € P we have p(P|z) = 1. An effective version of this theorem is
given by identifying a collection of effectively presented sets P and the collection of
random points z for which p(P|z) = 1 for all sets P in the collection containing z as
an element. Since the theorem is immediate for open sets, the simplest nontrivial
effective version is obtained by choosing P to range over the collection of effectively
closed subsets of R. We call a real number z € R a density-one point if for every
effectively closed set P containing z we have p(P|z) = 1.

In Section 5 we prove:

Theorem 1.3. Every Oberwolfach random set is a density-one point.

1.4. Randomness enhancement. The randomness enhancement principle [43]
states that beyond Martin-Lof, randomness strength corresponds inversely to prox-
imity to @’. That is, among the ML-random sets, failing stronger randomness
properties means being closer to being Turing complete. Being a density-one point
(in conjunction with ML-randomness) is a randomness property which turns out
to be strictly stronger than ML-randomness. An instance of the randomness en-
hancement principle is Theorem 1.1. As a direct corollary of Theorems 1.1 and 1.3
we obtain:?

Theorem 1.4. A Martin-Lof random set which is not a density-one point computes
every K-trivial set.

Day and Miller [9] constructed an incomplete ML-random real z which is not
a density-one point. Theorem 1.4 says that z computes all K-trivial sets, thereby
giving a positive answer to the ML-covering problem. We remark that the notion of
density plays an even greater role in the proof of the Day-Miller theorem. Franklin
and Ng introduced a notion of randomness called difference randomness and showed
that this notion is equivalent to being ML-random and incomplete. A result of
Bienvenu, Holzl, Miller and Nies [2] says that a ML-random real z is difference
random if and only if p(P|z) > 0 for all effectively closed sets P containing z. Day
and Miller’s construction produced a ML-random set with the latter property, and
they use the Franklin-Ng and the Bienvenu-Holzl-Miller-Nies results to conclude
that the set they produced is Turing incomplete.

Recall that an oracle Y € 2¢ is LR-hard if every set which is ML-random relative
to Y is 2-random, i.e., random relative to ¢f’. Intuitively, such an oracle is “nearly”
Turing complete. An instance of a formulation of this intuition is Cole and Simp-
son’s result [49] that every LR-hard set is superhigh (" < Y’). A lower bound
on the complexity of a solution to the covering problem is given by the following
result, which is yet another instance of the randomness enhancement principle.

Theorem 1.5. FEvery ML-random set which is not Oberwolfach random is LR-hard.

We prove Theorem 1.5 in Section 3, where we give another indication that ML-
random sets which are not Oberwolfach random are close to being Turing complete,
using traceability (Theorem 3.2).

2We note though, that after learning about Theorem 1.4, Miller gave a direct proof; see [2].
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1.5. Strong variants of the covering problem. As a second part of his question,
Stephan also asked (see [36, 4.6]) whether every K-trivial set is computable from a
low ML-random set. Further evidence for the plausibility of the existence of such
a set was later given by Kucera and Slaman [30] who showed that there is a low
PA-complete set which computes all K-trivial sets. Our results now answer this
question in the negative: A LR-hard set (alternatively, a JT-hard set) cannot be
low, and so the smart K-trivial set given by Theorem 1.2 gives the negative answer
to Stephan’s question:

Theorem 1.6. There is a K-trivial set which is not computable from any low
ML-random set.

We also answer in the negative another strong variant of the ML-covering ques-
tion ([36, 4.7], which is related to a question asked by Kuéera in 2005). By the
halves of a set X we mean the sets Xy and X; where X = Xy @ X;; that is, the
bits in the even and the bits in the odd positions. In [17], Figueira et al. show that
for any ML-random set X, at least one of the halves X or X7 is balanced random,
and hence Oberwolfach random. Again with Theorem 1.2 we obtain:

Theorem 1.7. There is a K-trivial set which is not computable from both halves
of any random set.’

1.6. Questions, and further work. The ML covering problem is now solved,
but the work described suggests possibly more fundamental questions. The char-
acterisation of density-one points within the random reals is still open, as is their
relationship to LR-hardness. For example, we ask:

e Is there a density-one ML random point which is not Oberwolfach random?
e Is there an LR-hard Oberwolfach random set?

Since this work was done, further work by Andrews, Cai, Khan, Lempp and
Miller, and later Miyabe, Nies and Zhang [39] has shed more light on analytic
properties of random sets such as martingale convergence and density.

Later work by Greenberg, Miller and Nies gives a characterisation of those K-
trivial sets which are computable from both halves of a random set; for example,
they show that the random set can always be taken to be Chaitin’s €2, and so these
sets form an ideal.

2. CHARACTERIZATIONS OF OBERWOLFACH RANDOMNESS

Recall that a Gy set is the intersection (U, of a nested sequence (U, ) of open
sets; nested means that Uy, 1 S U,,. The Gy set is null if and only if lim A(U,,) = 0.
There are two ways to measure the complexity of such null sets.

e Via definability: an effectiveness condition is placed on the sequence (U, ).
In all cases we are concerned with, this results in the intersection being I19
(effectively Gs). Most commonly the sequence (U, ) is uniformly % (effec-
tively open), but it is possible to relax this condition; indeed sometimes the
sets U, may not be open.
e By calibrating the speed of convergence of A(U;,) to zero. The most common
way is to require that A(U,) < 27™.
We say that a sequence Z is captured by a test (U, ) if Z € (\U,. Otherwise it
passes the test. Because the test is nested, this passing condition is equivalent to
Solovay’s notion of escaping co-finitely many test components U,,.

3The referee points out that LR-hardness can be used to give another proof of Theorem 1.7.
Let A be a smart K-trivial set, and let X be random. If A <1 Xg then X¢ is LR-hard, whence X3
is 2-random, and so does not compute A.
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If € is a countable collection of tests, then we say that a real is €-random if it
passes every test in €. For example, a difference test (Franklin and Ng [19]) is a
nested sequence of classes U, = Ay, N B (with A(U,) < 27™), where the sequence
(A is uniformly %9 (effectively open) and the class B is I1{ (effectively closed). A
real is difference random if it passes every difference test. Oberwolfach randomness
implies difference randomness and is very close to, but distinct from, difference
randomness.

The statistical tests that define Oberwolfach randomness can be presented in a
variety of ways.

(1) Oberwolfach tests are a “coherent” form of the balanced tests introduced
in [17].

(2) Interval tests are uniformly XY classes indexed by rational intervals with
certain measure and monotonicity conditions, and a left-c.e. real picking
the X¥ classes that have to be avoided.

(3) Left-c.e. bounded tests are II3 (effectively Gs) null classes of the form
(,, Vi, where the convergence to 0 of A(V,) is quantified by an additive
cost function.

In this section we introduce the three test notions and show they all determine
the same randomness class. Each of the three test concepts is intended for a different
type of application. (1) is used to build the smart K-trivial set. (2) is mainly needed
for the application to differentiability and density; in particular, for showing that
effectively closed sets have density one at Oberwolfach random points. (3) is useful
to show that any ML-random set that is not Oberwolfach random is close to being
Turing complete, and to show that every such random set computes all K-trivial
sets. We now put some work into introducing these test notions and showing that
they are equivalent. Their conceptual closeness to the intended applications will
make that work pay off later on.

Remark 2.1. We will work in three computable (metric) measure spaces: Cantor
space 2%, the unit interval [0, 1], and sometimes the real line R. The equivalence
of the first two is given by a the “near isomorphism” ©: 2¥ — [0,1] given by
0(2) = 3,_,Z(n)27""'. The map O is computable, continuous and closed, is
measure-preserving, and injective when restricted to infinite, co-infinite sets (with
image containing all irrational numbers in the unit interval). If ©(Z) = z we say
that Z is a binary expansion of z.

A randomness notion can be defined in any of these spaces, and will usually
be invariant. For example, a ML-test is a sequence (U, of uniformly effectively
open sets with A(U,) < 27™. This definition makes sense in Cantor space, the
unit interval and the real line, and so we get a notion of ML-randomness in each
of these spaces. Because © is computable and measure-preserving, if {U,,) is a
ML-test in the unit interval, then <6*1L{n> is a ML-test in Cantor space. In the
other direction, let R be the set of sequences in Cantor space which are eventually
constant. Then © [,.\g is an open map. If (Vp,) is a ML-test in Cantor space, then
(B[V,\R]) is a ML-test in the unit interval. Since O[R] is the set of binary rational
numbers, none of which are ML-random, altogether we see that for all Z € 2¢, Z
is ML-random if and only if ©(Z) is ML-random.

We take the same approach when defining Oberwolfach randomness. The test
notions we introduce below make sense in every computable probability space, and
the argument above will show that for all Z € 2¥, Z is Oberwolfach random if and
only if ©(Z) is Oberwolfach random.

2.1. Oberwolfach tests. We introduce tests which are a special case of weak limit
tests (and in fact weak Demuth tests); see for instance [32]. In this context, we
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require that A(U,) < 27", but the sequence (U, ) need not be given effectively. Let
<VV€>e -, be an effective list of all Z? classes. We are interested in tests of the form
<Wf(n)>, where f <1 &F'.

A computable approximation {f;) for f gives an approximation for the test. We
write:

o Uy(s) = W}é(i_)), where WS is the result of enumerating W, up to the
point at which its measure reaches ¢; and

o Upy[s] =Uy (s)= W](ii_)ns), where W, , is the clopen set which is the result

of enumerating W, for s steps.

The set U,(s) is called a version of U,. We can require that at every stage s,
Un1{s) S U,{s). We say that the version of U,, changes at a stage s if fs(n) #
fs—1(n). We write, though, U,{(s —1) # U,{s) in this event, even if it is not
technically true. That is, a version changes if its description (its index) changes,
even if extensionally, the X9 classes described are the same.

To be pedantic, the test (U, y does not contain all the information above; different
choices of f and of the approximation (fs) for f may yield the same test. Below,
we always assume that a test comes with its approximation.

For background, we recall the following.

Definition 2.2. A test U,y = Wy (n) ) is a weak Demuth test if the index function
f is w-c.a.: the number of stages s at which the version U,{s) of U,, changes is
bounded by a computable function. If this computable bound is O(2"), then the
test is called a balanced test [17].

In [17, Rmk. 18] it is shown that imposing the bound 2™ on the number of version
changes of the n-th component results in the same notion of randomness, balanced
randommness.

An Oberwolfach test is a balanced test for which the changes are coherent be-
tween the levels.

Definition 2.3. A weak Demuth test {U,,) is an Oberwolfach test if for all n, for
every interval I of stages, if U,,(s) is constant on I, then there is at most one stage
s in I at which U, 11{s) changes.

It is easily observed that every Oberwolfach test is a balanced test. Hence:
Proposition 2.4. Every balanced random set is Oberwolfach random.

The notions do not coincide: in [17] the authors construct a low ML-random
set which is not balanced random. Such a set must be Oberwolfach random by
Theorem 1.5 below.

Franklin and Ng [19] showed that difference randomness is also captured by the
class of “version-disjoint” weak Demuth tests. In fact, these tests are naturally
Oberwolfach tests. To wit, if Z is ML-random and not difference random, then
it is Turing complete. So it computes Chaitin’s complete random set 2. Let
I' be a Turing functional such that I'(Z) = Q. By a result of Levin [35], and
Miller and Yu [37] (also see [41, Prop. 5.1.14]), there is a constant ¢ such that
27" = MZ : Qlmte < T(Z)} for each m. The version-disjoint weak Demuth test
capturing Z defined by Franklin and Ng is defined by letting

Unls) =1{Z : Qs I mye < T(Z)} S,

This test is in fact an Oberwolfach test, since two changes in €, I,41 necessitate
a change in Q; ,. To sum up, difference randomness is captured by so-called
“version-disjoint” Oberwolfach randomness. Hence:
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Proposition 2.5. Every Oberwolfach random set is difference random.

The notions do not coincide. This follows from Day and Miller’s construction [9]
of a difference random real which is not a density-one point. Theorem 1.3 shows
this real is not Oberwolfach random.

Below, when considering an Oberwolfach test, we often assume without further
mention that Uy{s) never changes (we can simply start the test late enough). Also
note that by delaying enumerations, we may assume that for all s, for all n > s,

Un[s] = &.

2.2. Interval tests. The very general notion of a statistical test that we defined
can be in fact further generalised, by replacing the natural numbers by indices
coming from some partial ordering, and slightly less generally, from a filter in
a separative partial ordering. To avoid excess abstraction, we consider a useful
collection of such generalised tests. They will be useful for our intended application
of Oberwolfach randomness in effective analysis in Section 6.

In this section, let XY € {2¥ [0,1]}, considered as computable probability
spaces. A rational open ball in 2¢ is a sub-basic clopen subset of the form [o] for
some o € 2<“ and in [0, 1] is an open interval with rational endpoints (including
[0,a) and (b, 1]).

Definition 2.6. An interval array (in ), indexed by X) is a effective map G from
the collection of rational balls in X to the effectively open subsets of ) such that:
(a) For all I, A(G(I)) < A(I); and
(b) If I < J then G(I) <€ G(J).
An interval test consists of an interval array G and a left-c.e. real « € X. The
set of reals in ) which are captured by the test (G, «) is

N Ga).
ael
In the case X = 2%, an interval array G is an effective mapping ¢ — G, such
that A(G,) < 27l°l and G, < G, if 7 extends 0. The set of reals captured by an
interval test (G, a) is [),, Gar,.- It is not hard to see that in fact in this case, (Gqy,, )
is an Oberwolfach test. Below we will see that all Oberwolfach tests are of this
form.

Remark 2.7. Tt is sometimes convenient to extend an interval array to be defined
on all open subsets of X'. If G is an interval array, then for open U € X we let

GU) = U G(I)[I is a rational open ball contained in U].

This function certainly extends G, and satisfies conditions (a) and (b) from Def-
inition 2.6. The reason that (a) holds is that every open subset U of 2¢ equals
the disjoint union of the maximal rational balls contained in U; and that every
open subset of [0, 1] is the disjoint union of the maximal open intervals contained
in U, while every open interval in [0, 1] is the increasing union of its rational sub-
intervals. We note that if (G,«) is an interval test, then the reals captured by
(G, a) are precisely the reals Z such that Z € G(U) for all open subsets U of X
containing a.

Remark 2.8. In Theorem 6.8 below we make use of the fact that in (a) of Defi-
nition 2.6 for the case X = [0, 1] we could also require the weaker condition that
MG(I)) < DX(I) for some constant D € Q1 while retaining the same randomness
notion. For let I* be a rational interval of length < 1/D containing o. We only
need to consider G(J) for subintervals J of I*. Let f be the increasing linear map
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sending I* to [0,1]. We define a new interval array by G(I) = G(f~*(I)). Then
the new array satisfies (a), and the test (G, f(«)) captures the same reals as (G, «).

Proposition 2.9. FEvery real which is not Oberwolfach random is captured by an
interval test indexed by 2%.

The converse of Proposition 2.9 is proved in the next section.

Proof. Let U,(s) be an approximation for an Oberwolfach test. Let ag = 0“.
Inductively define o by letting as(n) = 1 for the least n such that U, {(s) changes
at stage s; as = as_1 [ and as(m) = 0 for m > n. If no version changes at stage
s then ay = as_1. We then let a = lim a; and define G, to be empty until we see
a stage s at which o is an initial segment of ay; then we let G, = U, (s). Then
(0 — G,, ) is an interval test which captures the same reals captured by (U, ). O

Proposition 2.10. FEvery real which is captured by an interval test indexed by 2“
is also captured by an interval test indexed in [0,1].

Proof. Let (G = {(G,),«) be an interval test indexed by 2¥. We extend it to
all open subsets of 2¢, as in Remark 2.7. Let ©: 2* — [0,1] be the canonical
near-isomorphism (Remark 2.1). We push the array (G(U)) forward by O: we
let (©0,G)(I) = Gg-17. Then ©,G is an interval array indexed in [0,1], and
(004G, 0O(w)) captures every real captured by (G, o). O

2.3. Cost functions. The third test notion which captures Oberwolfach random-
ness uses the notion of an additive cost function. We review relevant material
concerning cost functions.

As in [41, Section 5.3], a cost function is a computable function

c:wxw—{reQ: z =0}

We say c is monotonic if c(z + 1,s) < c(z,s) < c(z,s + 1) for each z < s. In this
paper, all cost functions we encounter will be monotonic, and so we omit mentioning
this adjective from now on.

When building a computable approximation of a AJ set A, we view c(z, s) as the
cost of changing A(x) at stage s. We also write cs(x) instead of c(z, s) to indicate
it is the cost of a change at = at stage s. We can then express that the total cost
of changes, taken over all z, is finite [41, Section 5.3]. We say that a computable

approximation (Ay) . obeys a cost function c if

o0 > E{CS(QC): x < s Az is least such that A,_1(x) # As(z)}.

We say that a A set A obeys c if some computable approximation of A obeys c.

We write c(z) = sup, c(z,s) and call c(z) a limit cost function. We say that
a cost function c fulfills the limit condition if lim, c(x) = 0. The by-now classic
cost-function construction states that every cost function with the limit condition is
obeyed by some promptly simple c.e. set. The cost function construction originated
in [31, 15] and was formulated in the present generality first in [41, Section 5.3].
Again, all cost functions considered in this paper satisfy the limit condition, and
so we omit mentioning it below.

Let g: w — w. A cost function c is called g-benign if g(n) bounds the length of
any finite sequence zp < x1 < ... < x) such that c(z;, z;41) = 27" for each i < k.
A cost function is benign if it is g-benign for some computable function g.

The following was defined in [42].
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Definition 2.11. We call a cost function ¢ additive if x < y < t implies c(x,t) =
c(z,y) + c(y, ).
We see that if ¢ is additive then ¢(z,t) = X[, ¢ ¢(a;a + 1). Thus the additive

cost functions are of the form cg(z,s) = 85 — B, for some left-c.e. real g € [0, )
(simply let 55 = ¢(0,s)). We note that every additive cost function is o(2™)-benign.

Obedience to cost functions characterises lowness classes by results in [40, 23, 11].

Theorem 2.12.

(1) A set is K-trivial if and only if it obeys every additive cost function if and
only if it obeys the cost function co for some left-c.e. random real .

(2) A set is strongly jump-traceable if and only if it obeys every benign cost
Sfunction.

2.4. Left-c.e. bounded tests. For Oberwolfach tests (as well as Martin-Lof, weak
Demuth and limit tests) (U,,) we require that A(U,) < 27™. As we mentioned
above, more general notions of tests (such as weak 2-random tests) allow A(U,) to
approach 0 more slowly. In this section we require that (U,) is a uniformly X
sequence (that is, U, = Wy(,) for a computable function f), but allow A(U,) to
approach 0 more slowly than computable functions do. The speed at which A(U,,)
tends to 0 is calibrated by cost functions discussed in Subsection 2.3. Recall that
we assume the limit condition c(n) — 0 for all cost functions c.

Definition 2.13. Let c be a limit cost function. A (uniformly %) test (V,,) is a
c-test if A(V,,) < c(n) for all n.

Definition 2.14. A left-c.e. bounded test is a c-test for c the limit of an additive
cost function.

Thus, a left-c.e. bounded test is a nested sequence (V,,) of uniformly X9 classes
such that for some left-c.e. approximation {8s) of a real 8 we have A(V,,) < 8 — B,
for all n. By delaying enumeration into V,,, we may assume that A\(V,,[s]) < Bs— Bn
for all n and s. Below we will assume this throughout.

Proposition 2.15. The following are equivalent for a real Z :

(1) Z is captured by some Oberwolfach test.
(2) Z is captured by some interval test.
(3) Z is captured by some left-c.e. bounded test.

That is, Oberwolfach, interval and left-c.e. bounded randomness coincide.

For comparison, a set is weakly Demuth random if and only if it passes every
c-test when c is benign, and is balanced random if and only if it passes every c-test
when c is 2"-benign. On the other hand, a set is ML-random if and only if it passes
every cg-test for additive cost function cg where the real 3 is computable.

Proof. (1)==(2): This is Proposition 2.9.

(2)==(3): Using Proposition 2.10, we may assume that Z is captured by an
interval test (G, ) indexed by [0, 1]. We may assume that G is defined on all open
subsets of [0, 1] (Remark 2.7). We let I,, be the open interval (c,, « +27™), which
is X9, and let V,, = G(I,,). Then

AWVn) < MIp) = a— (a, —277),

and we note that {as —27°) is also a left-c.e. approximation of a. So (V,,) is a
left-c.e. bounded test. If Z is captured by (G, «), then, as observed in Remark 2.7
above, Z € G(U) for all open U containing «, and so Z is captured by (V,,).
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(3)==(1): Let {(V,,) be a left-c.e. bounded test, with A(V,,) < a — a,, for some
left-c.e. real «, which we may assume is irrational and lies in the open interval
(0,1). For all n < w and s < w, we let ks(n) be the greatest integer k such that
as = k/27™; and we let t5(n) be the least stage ¢ < s such that oy > ks(n)/27™.
We let

Uplsy = V2T

ts(n)
It is easy to see that U, is an Oberwolfach test, that t,(n) is a non-decreasing and
unbounded sequence, and that U, = V,_(,). Because (V) is nested, so is (U,,), and
N = V. 0

3. A ML-RANDOM SET WHICH IS NOT OBERWOLFACH RANDOM IS LR-HARD

In this section we show that a Martin-Lof random set that is not Oberwolfach
random is close to Turing complete. We provide two formal interpretations of the
latter condition. The first is being LR-hard as discussed in the introduction. The
second is tracing every partial computable function relative to @', where the size
of the n-th tracing set is bounded by 2%(™ Note that usually trace bounds are
computable. In our case, the bound is merely upper semicomputable. We also
discuss existence of Turing incomplete sets that are close to Turing complete in
the second sense. Interestingly, these cannot be obtained through pseudo-jump
inversion in the sense of Jockusch and Shore.

3.1. LR-hardness. Here we prove Theorem 1.5.
Theorem 1.5. Fvery ML-random set which is not Oberwolfach random is LR-hard.

This theorem improves a result of Bienvenu et al. [3] where the hypothesis was
that Y is not a density-one point. The proof relies on the technique used to prove
this earlier result.

Proof. Dobrinen and Simpson [12] called a set X almost everywhere (a.e.) domi-
nating if for almost every oracle B, every function g <t B is dominated by some
function h <7t Y. Kjos-Hanssen, Miller and Solomon [26, 28] proved that X is
LR-hard iff X is a.e. dominating.

Now suppose that Y is not LR-hard. As in [3], there is a positive measure class
of oracles B such that some function g <t B is not dominated by any function
h <7 Y. Pick a set B in this class such that B is ML-random relative to Y. By
van Lambalgen’s theorem, Y is ML-random relative to B.

Suppose also that there is a left-c.e. bounded test (V. ) capturing Y, with AV, <
B — By for some left-c.e. real 3. We show that Y is not ML-random relative to B,
which is a contradiction.

We define a function f <t Y. Let f(0) be the least s such that Y € Vy[s]. If f(n)
has been defined, let f(n + 1) be the least s > max(f(n),n) such that Y € Vi(,[s].

Fix a function g <t B such that 3*ng(n) > f(n + 1).

Case 1: g(n) > f(n + 1) for almost all n. Let h(r) = g(")(0), and let

S, = Vh(r) [h(T + 1)]

For almost every r, h(r + 1) = g(h(r)) > f(h(r) + 1), s0 Y € Vi) [h(r +1)] by
definition. By construction, for every r > 0, h(r) < f(h(r)). So

i) Vf(h(r))[h(T + 1)],

and Y € S, for almost every r. >, AS, <>, Bur+1) — Bur) = B — Br(oy, 50 (Sr) is
a Solovay test. Hence, Y is not Martin-Lof random relative to B.
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Case 2: Otherwise. Then there are infinitely many n such that g(n) < f(n + 1)
and f(n +2) < g(n+ 1). Let instead

Sp = g(n) [g(n + 1)]
For such n,
Sn 2 Vf(n-‘rl) [f(n + 2)]7

so Y € S,. Again, (S,) is a Solovay test, so Y is not Martin-Lof random relative
to B. [l

3.2. JT-hardness for upper c.e. bounds. Let h: w — w — {0}. We say that an
oracle Y is h-JT-hard if every function f that is partial computable in ¢’ has an
Y-c.e. trace (T}, that is bounded by h. That is, |T,| < h(x), and f(x) | implies
f(z) e T,.

In the following we show that if Y is a Martin-Lof random set that is not Ober-
wolfach random, then Y is h-JT hard for functions h such as h(n) = a25(™ for
some a > 0. We use the following “measure-bounding” lemma, which reveals a
salient property of Oberwolfach randomness. Although stated for left-c.e. bounded
tests, it isolates the key difference between Oberwolfach tests and balanced tests:
in the former, the opponent cannot let small components of the test “gang up” and
amass much measure.

Lemma 3.1. Let (V) be a left-c.e. bounded test, where A(V,,) < o — au, for some
left-c.e. real .. Suppose {t;)y is an increasing sequence in w with tyg = 0. Consider
the sets Vio[t1], Ve, [t2], - - -, and let W(k) be the 9 class consisting of reals Y which
occur in at least k of these sets. Then AW(k)) < a/k.

Proof. For all i € w, let p; be the characteristic function of Vy, [t;11]. Let p = >, p;.
Then Y € W(k) < p(Y) = k. Also,

dex = prid)\
;Avti[ti"rl]

< Zati+1 — Oy
[

= Q.

Since p is non-negative, {pdA = k- AW(k). The lemma follows. O

A function h: w — w is called upper c.e. if it has a computable approximation
h(z) = limg hs(x) with hs(z) > hsyi(x) for each z, s.

Theorem 3.2. Let h: w — w—{0} be an upper c.e. function such that Y}, 1/h(k) <
0. Suppose that a Martin-Léf random set Y is not Oberwolfach random. Then'Y
is h-JT-hard.

Note that by the machine existence theorem (see e.g. [41, Theorem 2.2.17]), for
an upper c.e. function h, the hypothesis >}, 1/h(k) < o0 is equivalent to oK (n) —
O(h(n)). Note, though, that traceability is not invariant to multiplying bounds by
constants.

The idea for the following proof originates in [17, Theorem 23].

Proof. Let f be any partial ¢J’-computable function. We let {fs» be a computable
sequence of total functions converging to f in a X9-fashion. That is, if f(n)|, then
limg fs(n) = f(n), while if f(n)?1, then limy fs(n) does not exist.
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Fix a left-c.e. bounded test (V) with associated left c.e. real & which Y fails.
First we construct a sequence of c.e. operators (T} ). Then we will verify that <T,3/ >
eventually traces f and has size bounded by h.

In our strategy for constructing T}, we keep an auxiliary value t(k, s). We begin
by defining ¢(k,0) = 0. When not otherwise defined at the end of stage s, we define
t(k,s + 1) = t(k,s). In the following, s is always the current stage.

(1) While fy(k) = fi(r,s)(k), enumerate fs(k) into T} for all Y € Vy(y 5)[s].
(2) When f,(k) # fi(r,s)(k), define t(k,s +1) = s.
(3) Return to step 1.

Now, suppose f(k)|. Then the fs(k) (s € w) take on only finitely many values,
and so the strategy for T reaches step 2 only finitely many times. Let (k) =
limg ¢(k,s). Once f(k) has converged and Y has entered Vy[s], f(z) will be
enumerated into T,z,/ . So <T,3f >k€w traces f.

Finally, we must show that [T}Y| < h(k). We let Wj be the %Y class consisting
of all reals X with 3s|T;%,| > he(k). Let (t;) be the sequence of values t(k,s)
takes as s ranges over all stages of the construction. Now, note that while ¢(k, s)
is constant, fs(k) is constant. So to enter Wy, X must enter at least h(k) different
Vi, [ti+1]- By the measure-bounding Lemma 3.1, we thus know that A(Wy) <
a/h(k). By assumption, Y}, a/h(k) = a )}, 1/h(k) < o0, so since Y is Martin-Lof
random, Y must occur in only finitely many of the Wy. So |T}Y | < h(k) for all but
finitely many k. O

3.3. Discussion. By random pseudo-jump inversion (Kué¢era (unpublished) and
independently Nies; see [48] and [41, Cor. 6.3.9]), it is known that there is an
incomplete, LR-hard ML-random set, which can in fact be chosen to be AY. By
Theorem 3.2 and the Day-Miller theorem [9] that some difference random real is
not a density-one point, we now know that there is an incomplete, AJ random set
satisfying the highness condition of Theorem 3.2 — being a2%(™)-JT-hard for all
rational a > 0. However, we do not know at present how to directly construct such
a ML-random set. We can directly build such a AJ set if we discard the requirement
to be ML-random.

Proposition 3.3 (with Hirschfeldt). There is an incomplete AY set which is h-JT
hard for some function h = o(2%(™).

Proof. By the existence of compression functions in the sense of [45] and its exten-
sion to K in [41, 3.6.16], there is a low set A and a function h <t A such that
h(n) = o(2X()) but limh(n) = co. For every order function g there is a non-
computable c.e. set which is g-jump-traceable. In fact, the requirement that the
bound function g be monotone is not necessary; all we need is that lim g(n) = co.
Relativizing this fact to A, and then to every B =1 A, we get an A-computable
pseudo-jump operator W such that W(A @ X) is h-jump traceable in, and prop-
erly Turing above, A @ X for each set X. Now relativize the usual Jockusch-Shore
pseudo-jump inversion to A, and obtain Y <7 &’ such that W(A®Y) =7 A’ = ¢F'.
The set Y @ A is as required. O

Note that the set Y constructed in this proof can be chosen to be ML-random
in A, by using the relativisation to A of the ML-random pseudo-jump inversion
theorem mentioned above. So if we start with a ML-random set A then Y @ A
is ML-random. However, we do not know whether there is a low ML-random
computing a compression function for K. If we replace K by plain complexity C,
then we see that in fact there is no low ML-random set A computing a compression
function for C, because such a function would be of PA degree by [27, Theorem
4.1].
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For a c.e. set Y, the highness condition actually implies Turing completeness.
Because of the pseudo-jump inversion theorems, it is not common to see a highness
property shared by some incomplete random sets but not by some incomplete c.e.
sets.

Proposition 3.4 (F. Stephan). Suppose a c.e. set Y is 2K _JT hard. Then
g'<rY.

Proof. Assume for a contradiction that Y is 25 ("-JT hard via a Y-c.e. trace <Tg>,
but ' £t Y. Then the size of the 7} is unbounded in x. Define a Turing
functional T'Z as follows: given n, search for p and stage s such that \T}fs| > 22n
and output p at that stage.

There is a prefix free machine that, if n enters ¢’ at stage s and p = I'Y*(n) |,
ensures K (p) < n+ O(1). We show @' <1 Y. Given n, since Y is c.e., we can,
using Y as an oracle, compute s such that I'Y(n) | with Y stable on the use. Then
ned one . O

In particular, @' <p g Y does not in general imply that Y is 25€()-JT hard, so
Theorems 1.5 and 3.2 are independent. By a result of [28], &' <pr Y implies that
Y is h-JT hard for any computable function h with ) 1/h(n) finite (also see [41,
Theorem 8.4.15]). A closer look at the proof reveals that the weaker hypothesis
that h be computable from both Y and ¢’ is sufficient. For instance, if Y is A9 we
could let h(n) = 25°(") where g <7 Y is a time bound.

4. OBERWOLFACH RANDOMNESS AND COMPUTING K-TRIVIAL SETS

4.1. Sets that are Martin-Lof, but not Oberwolfach random, compute
all K-trivial sets. Our goal in this subsection is to show that every K-trivial is
computed by every Martin-Lo6f random set Z that is not Oberwolfach random.

Proposition 4.1. Every c.e. K-trivial set A obeys every additive cost function.

In fact, every K-trivial set, whether c.e. or not, obeys every additive cost func-
tion [44]; but this fact relies on the golden run method in the form of the Main
Lemma [41, 5.5.1]. For the c.e. case, a short direct proof that every K-trivial obeys
the standard cost function cx was first given in [41, Thm. 5.3.27]. It can be easily
adapted to the case of additive cost function (see [44]). To be self-contained, we
give here a direct short proof.

Proof. Let ¢ be an additive cost function; ¢ = cg for some left-c.e. real /3, and
without loss of generality, 0 < 8 < 1. Let {8s) be a left-c.e. approximation for 3 so
that Bp = 0 and s < Bs41 for all s.

Let f(s) = —log(Bs — Bs_1). Because Y127/(5) = B, we have K <* f. Let A
be K-trivial; so K(A [,) <T K(n), and together, K(A ,) < f(n) + b for some
constant b. By speeding up, we can find an enumeration {(A,) of A so that for all
n < s,

Ko(Astn) < f(n) +0.
For each s, let x5 be the least z such that As(z) # As_1(z) if such z exists,
otherwise z; = s. Let S = {s : x5 < s}. Note that if ; > s then c(xg,s) = 0. So
we need to show that »] o (85 — Bz, ) is finite.
For se S, let T, = {0 < A; : x5 < |o| < s}. Since K(o) < f(|o]) + b for all
o € Ty, we have

Z 9~K(2) = Z 9 f(m+b 27b(ﬂs - /6965)

oeTy n=xrs+1
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The definition of x, shows that the sets T, are pairwise disjoint, and so

Z Z 2K < Q. O

seS o€eTs

As already mentioned in the introduction, Kuéera [29] showed that every AJ ML-
random is Turing above an incomputable c.e. set. We use a key fact which comes
from a result by Hirschfeldt-Miller (see [41, 5.3.15]) extending Kucera’s argument.
Again, for being self-contained, we give a proof using our notation.

Proposition 4.2. Let ¢ be a cost function, and let (V,,) be a c-test. If A is a AY
set which obeys c, then A is computable from every ML-random set in (), Vp.

Proof. Define a functional I' by letting ¥ (n) = As(n) for all X € Vs — Vys—1.
Here (A,) is an enumeration of A which witnesses that A obeys ¢, and (V, s) is an
enumeration of V,, so that for all s, A(V,,_s) < cs(n).

Certainly, if Z is captured by (V,,) then T'Z is total. We show that if Z is captured
by (V,,) but Z is ML-random, then I'?(n) = A(n) for all but finitely many n.

Let z; be the least x such that As(z) # As_1(x) if such x exists, otherwise
xzs = 5. So Y, cs(zs) is finite. Now consider the sequence (V,, ). For all s, we
have A(Vy, s) < cs(zs), and so D A(Vy, ) is finite. That is, (V,, s> is a Solovay
test.

Suppose that I'Z(n)|# A(n). Let s be the stage at which Z € V,, s — V,, <_1. So
A(n) # As(n) = T'%(n); this means that there is some t > s such that z; < n. So
Z € Vnit S Vi, 4. This shows that if I'Z(n) # A(n) for infinitely many n, then Z is
captured by the Solovay test (Vy, o). O

Remark 4.3. The proof of Proposition 4.2 actually shows that Z computes a mod-
ulus for A, and so a c.e. set which computes A. This is not surprising, since every
A set which obeys a cost function is computable from a c.e. set which obeys the
same cost function [41, 5.3.6].

We recall Theorem 1.1:

Theorem 1.1. If Z is ML-random but not Oberwolfach random, then Z computes
every K-trivial set.

Proof. Every K-trivial set is computable from a c.e. K-trivial set [40], so we may
assume that A is c.e. By Proposition 2.15, Z fails a left c.e. bounded test (V,,) with
associated additive cost function c¢. By Proposition 4.1, A obeys c. Hence A <t Z
by Proposition 4.2. O

4.2. There is a K-trivial set not computable from any Oberwolfach ran-
dom set. In this subsection we build a c.e. K-trivial set A which is computable
from no Oberwolfach random set (Theorem 1.2). Intuitively, A is a relatively com-
plicated K-trivial set 1.2 in that the only ML-random sets able to compute it are
close to Turing complete, or, equivalently, not very random. As mentioned in the
introduction, in conjunction with the result of the previous subsection, we see that
a Martin-Lof random set computes A if and only if it computes all the K-trivial
sets.

Recall the notion of balanced randomness from Definition 2.2. As a warm-up to
the proof, we first provide the simpler proof of a result which is not, in fact, implied
by the main theorem of this subsection. This is because some K-trivial set does
not obey every 2"-benign cost function by Corollary 4.8 below.

Theorem 4.4. For any 2"-benign cost function c there is some c.e. set which
obeys ¢ and is computable from no balanced random set.
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Kucera and Nies have shown that for any benign cost function c, there is some
c.e. set which obeys ¢ and is computable from no weak Demuth random set [32].
We emphasize the strong parallels with this theorem: balanced tests are a special
case of weak Demuth tests, obtained by allowing at most 2" version changes instead
of allowing an arbitrary computable bound; similarly, 2"-benign cost functions are
a special cast of benign cost functions, obtained by allowing sequences of a certain
type to have length at most 2" instead of allowing an arbitrary computable bound.

Proof. We fix a Turing functional Y that is universal in the sense that T(0°1°X) =
®.(X) for each X, e. We enumerate a c.e. set A. To show that A is not computable
from any balanced random set, we show that no element of {X € 2¢ : T(X) =
A} is balanced random. Then: if X computes A then there is some e such that
T(0°1°X) = A. So 0°1"X is not balanced random; it follows that X is not balanced
random either because we allowed the O(2") bound on changes in Definition 2.2.

Construction. We define an approximation {G,{s)) for a test (G,). We also enu-
merate a XY class £, which is a permanent error class. The key idea for giving a
bound on the number of changes to each G,(s) and showing that A obeys c is by
tying the cost of enumerating elements into A to the measure these enumerations
add to €.

We define diagonalisation witnesses vy, s targeted for A, which have the purpose
of showing that lots of oracles compute the wrong set. To be precise, by v, s, 4s,
&s and G,(s) we mean the values of these objects at the beginning of stage s.

When we start a new version of G,, at a stage ¢, we choose v, 111 to be large,
and let

Ot +1) ={X € 2\E11 : T(X) = Ay lo, 1y}

Whenever we start a new version of G,,, we also start a new version of G,, for m > n.
S0 Up,s < Upy1,s for all n and s. It follows that the sequence (G,(s)), _  is nested.
We decide to start a new version of G,, at a stage s if A(G,[s]) > 27™. If there
is such n at the stage s, we choose the least such. Then, there are three cases.
(1) ME nGy)[s] >27 "
(2) M€ N Gp)[s] <21 and c(v,)[s] > 27" 1; and
(3) Cases (1) and (2) fail.

If either case (1) or case (2) holds, then we just start a new version of G,, (and
Gm for all m > n). If case (3) holds, that is, if both A\(€ n G,)[s] < 27! and
c(vy)[s] < 27771, then we enumerate v, s into Agi1, Go[s] into Es 41, and start
new versions of G, for m > n.

Verification. The main task is to obtain the O(2™) bound on the number of times
each version of G, changes. First we note that Gy never changes. Now let n > 0,
let s be a stage at which G,, changes but G,_1 does not, and let ¢ be the stage at
which the version G, (s) was defined.

One of the cases (1), (2) and (3) above holds at stage s.

(1) In this case, since we know that G,(s) = G,{t + 1), and by definition
Gn(t + 1) is disjoint from &1, we can conclude that A\(E; — & 4q) > 27" L
This shows that case (1) can hold at at most 2""! many stages s.

(2) In this case, since v,,,s = vy, 411 is chosen to be large at stage ¢, the benignity
bound on ¢ shows that this case can hold at at most 2”1 many stages.

(3) Finally, in this case, the failure of (1), the fact that A\(G,)[s] = 27", and
the action taken in this case, together show that A\(gy1 — &) =271, So
this case too can happen at most 27! many times.

Altogether, we see that the number of stages s at which G, changes but G, _1
does not is at most 6 - 2. By induction, we see that the total number versions of
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G, is bounded by
146-2+6-44---6-2" < 122",

Hence the approximation (G,{s)) stabilizes at some value G,, and the sequence
{Gp) is nested. Certainly, for all n, A\(G,) <27

Claim 4.4.1. For all X € £, T(X) # A.

Proof. Suppose that G,[s] is enumerated into £ at stage s. This enumeration is
accompanied by the enumeration of v, s into Asi1, while for every X € G,[s]
we have YT(X,v, ) = Ai(vns) = 0 (for the stage ¢ at which this version was
defined). O

Claim 4.4.2. For all X, if Y(X) = A then X € () G,.

Proof. Let n < w; let t be the stage at which the final version of G,, was defined;
let v, = vy, 441 be the final value of (v, ). Let o = A1 [, +1; 80

Gn={X€e2&41 : Y(X) = a}.

The fact that none of the versions G,, for m < n change after stage ¢, and that the
sequence (Up,¢), _  is strictly increasing, shows that o = A [, ;1. By Claim 4.4.1,
if T(X) = A then X ¢ £.1. Hence such X must be an element of G,,. O

Our final task is to show that A obeys c¢; of course, the enumeration of A witness-
ing this will be the enumeration given by the construction. Suppose that Az 1 # As;
then at stage s, some (unique) vy, s is enumerated into A,y1. We know that in this
case, c(vy,)[s] <2771 and A\(&1 — &) = 271, This shows that the total cost

2 cs(x) [z is enumerated into A at stage s]

is bounded by
DIMEar1 — &) = ME) < L.

Hence the total cost is bounded as required. (]

Note a feature of this construction: unlike most cost-function constructions, we
cannot bound, for each n, the contribution of the n'" actor to the total cost ¢({As)).
The only possible calculation is global. We will see that, in some sense, this is even
more so when Oberwolfach randomness is concerned: the relationship between the
total cost and the measure of £ is tighter.

Toward a proof of Theorem 1.7 we need one fact that is implicit in [17].

Proposition 4.5. Suppose X is ML-random. Let Xy, X1 be the two halves of X.
Then at least one of Xy, X1 is balanced random.

Proof. Greenberg and Nies [23] defined a set Z to be w-c.a.-tracing if each function
f <wit @' has a Z-ce. trace (TZ)se. such that |[TZ| < 2% for each z. By [17,
Theorem 23], if X is not w-c.a. tracing then X is balanced random. Otherwise,
by [17, Prop. 32], any set ML-random in X is weakly Demuth random; thus by
van Lambalgen’s Theorem, X; is weakly Demuth random, which implies that it is

balanced random. O

The following is now immediate from Theorem 4.4.

Corollary 4.6. There is a c.e., K-trivial set which is not computable from both
halves of any random set. In fact, for every 2™-benign cost function c, there is a
c.e. set of this kind that obeys c.
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We proceed to the main result of this subsection, the construction of a smart
K-trivial set. To justify the use of a universal Turing functional Y, we prove an
analogue of the fact used above that balanced randomness is preserved under adding
a finite string at the beginning of a bit sequence.

Lemma 4.7. Let Z be an Oberwolfach random set. Then p°Z is Oberwolfach
random for each string p.

Proof. For a Y class W and a string p we let
Wl[p] ={Xe€2¥: pXeW}.

Suppose that p*Z is not Oberwolfach random. Let (0 — G,, @) be an interval test
capturing p°Z (see the proof of Proposition 2.9). Let 7 = a I|,. For all o, let
Vo = Gr-5|[p]. Let B be such that & = 7°5. Then (0 — V,, ) is an interval test
which captures Z. O

We can now prove Theorem 1.2:

Theorem 1.2. There is a K-trivial set which is not computable from any Ober-
wolfach random set.

We note that this yields another, albeit circuitous, proof of Proposition 2.5 that
every Oberwolfach random set is difference random. A ML-random which is not
difference random is complete, and so computes all K-trivial sets. Hence it is not
Oberwolfach random.

Proof. We actually prove an exact analogue of Theorem 4.4: for any additive cost
function c there is some c.e. set obeying ¢ which is computed by no Oberwolfach
random set. Of course now the point is that the K-trivial sets are characterised as
those which obey all additive cost functions, and in fact some additive cost function
such as cq characterises K-triviality on its own. So fix an additive cost function c.

As in the proof of Theorem 4.4, we enumerate a c.e. set A, and make sure that
A obeys c. Again we fix a universal Turing functional Y, and show that {X €
2¢ : YT(X) = A} is covered by an Oberwolfach test (G,,) which we approximate
during the construction. Now Lemma 4.7 ensures that A is computable from no
Oberwolfach-random set.

The components {G,{s)) of our approximation will be identical to those of the
proof of Theorem 4.4; we again enumerate the error class &£, define markers v,, 5,
and when redefining G,, at a stage ¢, we choose vy, ++1 to be large and let

g’ﬂ<t + 1> = {X € 2w\€t+1 : T(X) = At rvn,t+1+1}‘

Certainly, to make (G, {(s)) an approximation showing that (G, ) is an Oberwolfach
test, whenever we start a new version of G,,, we also start a new version of G, 11; so
again v, s < Un41,s for all n and s. The only difference is the timing of the changes
and the choice when to enumerate numbers into A, which has to be slightly more
delicate.

In general, we need to start a new version of G,, at a stage s if:

(1) either A\(G,[s]) = 27"; or

(2) MENGp) +c(vy) =277 [5].
And the aim is to restart with no enumeration in case (2), and enumerate v, 5 into
A (and G, [s] into &) if (1) (but not (2)) holds.

We note the similarity with the proof of Theorem 4.4. In the previous setting,
the only prompt to changing G, {s) was if the measure bound A(G,) < 27" was
exceeded. In the current construction we also need to pre-empt situations which
entail multiple changes of G,, while (G,_1) is stable. For example, in the previous
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construction we could see about 2"*! many stages during which G,,_; is stable, but
at which G,, changes are accompanied by high ¢(v,,) costs and so by no enumerations
into £&. However, to ensure the overall coherence of moves of various levels, we
need to consider the following scenario. Suppose that at stage s, G, requests an
“aggressive” change which results in enumerations. The added mass into & will
now trigger an earlier G,, say G,—1, to want to change as well. In the previous
construction, G,_1 could wait until the next stage to act. But our analysis below
will show that in fact the change in G,, can be the second change during the time
G._1 is fixed, which is not allowed: G,,_1 has to change immediately.

So here is the construction. At stage s, first see if there is some n < s with
A(Grls]) = 27" but M€ n G,) + c(vn) < 27™ [s]. If there is such an n, we pick
the least such, enumerate v, ; into A and G, [s] into €. If there is no such n, then
As+1 = AS and €s+1 = 53.

Then, we look to see if there is some p such that A\(Es11 N Gp[s]) +c(vp)[s] = 27P.
If so, we choose the least such p and restart Gy for all k& = min{n, p}. If neither n
nor p are found, then no test component is restarted.

To verify the construction, this time, we first show that the total cost c({As)) is
finite. Suppose that v,, 5 is enumerated into A at stage s. Again, the finite bound
on the total cost is obtained once we show:

Claim 4.7.1.

c(vn)[s] < AM(Es41 — &).
Proof. At stage s we see that A(G,[s]) = 27" but A(& N Gu[s]) + c(vn)[s] <27
This means that

A(Gnls] — &) = 27" = X (Gu[s] N &) > c(vn)[s]-

But at stage s we enumerate G,[s] into &, so

gn[s] - Es = 554—1 - gsa
proving the claim. O

Now we turn to the main task of showing that (G,,{(s)) converges to an Oberwol-

fach test. To show that there are only finitely many versions of Gy one can argue
directly, as we shall soon do for G,,, but a quick way is to start our sequence with
G_1 instead of Gy, and to scale ¢ so that cs(z) < 1 for all s and . Then, we easily

see that G_; never changes.
For the rest of the argument we make a simple observation:

Claim 4.7.2. Let n = —1, and let u < w be successive stages at which G, 1 is
restarted. Suppose that G, is not restarted at stage w. Then

c(vns)[w] + A (Gn[w] 0 (Ewir = Eusr)) = 2771

Proof. Let ¢ = c(vy41)[w]. There are two cases. In both cases we use the facts
that G, 41[w] € Gn[w], and that G, 1[w] N Euy1 = T
If v, 41, is not enumerated into A at stage w, then we know that
a4 MEws1 N Gy [w]) =277,

and the result follows.
Otherwise, at stage w we enumerate all of G,,11[w] into E,11 N Gp[w], and we
know that A(G,41[w]) = 27"~1; then in fact we get

)‘(gn[w] n (ngrl - €u+1)) = 2_n_17
without ¢’s aid. O
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Fix n = —1, and let r < s < t be successive stages at which a new version of
Gn+1 is defined; suppose, for contradiction, that G, is restarted at neither stage s
nor stage t.

For brevity, let © = vy 41 = Uns = Upy; and let ¥ = Vpy1 041 = VUng1,s and
Z=Upilstl = Untlt. 0T <Yy <s<z<t.

Now we apply Claim 4.7.2 twice, at stages s and t. We obtain:

ci(2) + AGult] N (Erp1 — Esqr)) =277,
and because G, [s] € G, [t] we obtain
cs(y) + A(Gnlt] N (Ess1 — Ertr) = 27"
Additivity and monotony of ¢ imply that
c(vp)[t] = ci(z) = ci(y) = es(y) + ci(2),
and so putting the two inequalities together we obtain
c(n)[t] + A(Gult] N Eryr) =277

Thus, n would play the role of p in the second step of the construction at stage ¢,
and so we would be instructed to pick a new version for G, at stage ¢, contrary to
assumption.

The rest of the proof follows the proof of Theorem 4.4 verbatim; we see that
every X for which T(X) = A is in (), G, and so is not Oberwolfach random. O

K-triviality is characterized by obeying the standard cost function ¢ [40]. This
cost function is 0(2") benign. We obtain a corollary to Theorem 1.2 specifying a
different but related sense in which the K-trivial set A constructed there is smart.

Corollary 4.8. Thereis a c.e., K-trivial set which does not obey some o(2™)-benign
cost function.

Proof. Each computable approximation (Ys) of a A ML-random set Y yields a
cost function cy such that any set A obeying it is Turing below Y [23] (or see [41,
5.3.13]). By [17, Theorem 11] there is a low ML-random set Y with a computable
approximation (Y;) such that Y; I, changes only 0(2") many times. Then by its
definition, cy is o(2™) benign. Thus, using the fact that each ML-random non-
Oberwolfach random set is high, the smart K-trivial constructed in Theorem 1.2
does not obey cy. O

Turetsky [51] has built a c.e., K-trivial set A that is complex in the sense that
it is not o(logn) jump traceable. We do not know at present whether the smart
K-trivial built in Theorem 1.2 must have this property.

4.3. Diamond classes and ML-reducibility. For any class C < 2¢ we let C¢
denote the c.e. sets Turing below every Martin-L6f random member of C (see for
example [41, Sec.8.5]). Usually C is arithmetical. By the foregoing results, together
with [9], the c.e. K-trivial sets form a diamond class:

Corollary 4.9. Let C be a nonempty class of difference random, non-Oberwolfach
random sets. Then C° coincides with the c.e. K -trivial sets.

For instance, we can let Y be a difference random set that is not a density-one
point [9] and hence not Oberwolfach random; then {Y}¢ equals the class of c.e.
K-trivial sets. Thus, the whole class of K-trivial sets is encoded in a single random
set, which can in fact be chosen to be AY.

Proof. C? is contained in the K-trivial sets by the aforementioned result of [25].
On the other hand, each K-trivial set is in C® by Theorem 1.1. O
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We let JTH denote the class of sets that are h-JT-hard for some (computable)
order function h. Every LR-hard set is in JTH via an o(2") order function by [48]
(or see [41, 8.4.15]).

The class JTHO was discussed in [41, 8.5.12]. In particular, by [23] there is
a single benign cost function c¢ such that any set obeying c is in JTH?. As a
consequence, JTH? strictly contains the class of c.e. strongly jump traceable sets.
As a consequence of the previous two theorems, we separate JTH® from the c.e.
K-trivials.

Corollary 4.10. JTH® is a proper subclass of the c.e. K -trivial sets.

Proof. By [18] there is a c.e. jump traceable set W that is not jump traceable
at order n?. Then, by pseudo-jump inversion for random sets [41, Thm. 6.3.9]
there is a ML-random AY set Z which is JT-hard, but not n2-JT hard. Then Z
is Oberwolfach random by Theorem 3.2. Thus the smart K-trivial constructed in
Theorem 1.2 is not Turing below Z. ]

The investigations on diamond classes such as in [22], together with the results
in this section, suggest a new reducibility coarser than <t among the K-trivials.

Definition 4.11. For K-trivial sets A and B, we write B <y, A if A <71 Y implies
B <1 Y for any ML-random set Y.

This reducibility gauges complexity via the paradigm of [22] that being low
means easy to compute, in the sense that many oracles compute the set. Clearly,
<7 implies <pp1,, and the ML-degrees form an upper semilattice where the least
upper bound of K-trivial sets C' and D is given by the K-trivial set C @ D. The
set A constructed in Theorem 1.2 is smart in that it satisfies B <y, A for every
K-trivial set B.

Consider now the ML-degrees of K-trivial sets. Each diamond class induces an
ideal of this degree structure (an initial segment closed under join). Within the
ML-degrees of c.e. sets, any principal ideal {B: B <y, A} is the diamond class of
the %9 class

Ca={Y: A<r Y}
Thus, B <mr A if and only if B lies in every (X9) diamond class that contains A.

Technical questions on <p;;, abound. For instance, is <y, arithmetical? Is the
ordering of ML-degrees linear? Within the c.e. ML-degrees, one can equivalently
ask: are there incomparable diamond classes? To show non-linearity, one would
need to build K-trivial sets Ag, A1 and ML-random sets Yy, Y7 such that A; <t Y;
yet Ai $T Yi; (Z = O, 1)

5. DENSITY, MARTINGALE CONVERGENCE, AND OBERWOLFACH RANDOMNESS

Recall that in the introduction, we discussed the concept of density: for measur-
able S € R and z € R, we define the lower density of S at z to be

p(S|z) = liini(r)lf {A(S|I) : I is an open interval, z e I & |I| < h},
where A(S|U) = A(S n U)/A(U) is the conditional measure of S given U. For
brevity, we sometimes use the notation
liIIn inf A(S|T)
to denote the limit above. The upper density of S at z is defined similarly, but
using the limit superior instead of the inferior: it is limsup;_,, A(S|I). If the upper

and lower densities of S at z are equal, then their common value is known as the
density of S at z.
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When working in Cantor space, it is more natural to work with dyadic density,
which is defined analogously. For a set S € 2¥ and Z € 2%, the lower dyadic density
of S at Z is

pa(812) = liminf A(S|[Z 1)),

The upper dyadic density of S at Z is limsup,, A(S|[Z 1.]). If the lower and upper
dyadic densities of S at Z are equal, then their common value is the dyadic density
of S at Z.

Remark 5.1. Even though it is natural to use dyadic density in Cantor space and
full density in the real line, we nonetheless can use both notions in either space, by
using the “near-isomorphism” © between the two described in Remark 2.1. We can
then extend the notion from the unit interval to all of R by using rational shifts. If
z € R is not a dyadic rational, then the dyadic density of a set S € R at z is the
limit, as [I| — 0, of A(S|I), where I is a dyadic open interval (an interval of the
form (k27" (k + 1)27™) for k € Z and n < w) which contains z. Since we mostly
consider random points, we are not concerned about rational numbers. Thus, for
any irrational number z and any measurable set S, p(S]z) < p2(S]z).

Recall that the Lebesgue density theorem [34, p. 407] says that for any mea-
surable set S < [0, 1], for almost all points z € S, the density of S at z is 1. As
mentioned in the introduction, an expanding project of algorithmic randomness is
to understand the effective content of “almost everywhere” theorems of analysis by
associating with each theorem the class of random sets which makes every effective
instance of this theorem work. Usually, different choices for the effective version of
the theorem would yield different classes of random sets.

To state an effective version of Lebesgue’s density theorem, we need to choose a
class € of effectively presented subsets of [0, 1] and ask, for which random points
z, is the density of S at z equal 1, for all S € € containing z7? Choosing € to be the
class of effectively open sets will yield trivial answers, and so we concentrate on the
class of effectively closed sets.

As mentioned, a closely related result of Bienvenu, Holzl, Miller and Nies char-
acterizes nonzero density of ML-random sets.

Theorem 5.2 ([2],Thm.3.2,Rmk.3.4). The following are equivalent for a Martin-
Léf random set Z € 2%:

(1) Z is difference random;

(2) p2(P|Z) > 0 for every effectively closed subset P of 2¥ which contains Z;

(3) p(P|z) > 0 for every effectively closed subset P of [0,1] which contains the
real z with binary expansion given by Z.

The main question — for which random points z, is p(P|z) = 1 for all effectively
closed sets P containing z?7 — remains open. As we mentioned in the introduction,
following Bienvenu et al., we say that a real z € [0,1] is a density-one point if
p(P|z) = 1 for every effectively closed set containing z. As mentioned above, Day
and Miller [9] showed that difference randomness does not suffice to be a density-
one point. They construct a Martin-Lof random set Z such that po(P|Z) > 0
for every effectively closed set containing Z, but such that po(P|Z) < 1 for some
effectively closed set containing Z. The first part guarantees that Z is difference
random (Theorem 5.2).

Remark 5.3. Bienvenu et al. noted that there are density-one points which are not
random. For example, every l-generic point is a density-one point, since it lies in
the interior of any effectively closed set containing it. No 1-generic real is Martin-
Lof random, or even Schnorr random. This is why in this investigation, we focus
on classifying the density-one points within the ML-random points.
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In this section we show that every Oberwolfach random set is a density-one
point. The argument filters through martingale convergence. In the next section
we give another proof, using differentiability. As mentioned in the introduction, we
do not know whether there is a density-one random point which is not Oberwolfach
random.

5.1. Martingale convergence. In the theory of algorithmic randomness, by a
martingale one means a function M: 2<¢ — [0,00) with the usual averaging con-
dition M (0c0) + M (c1) = 2M (o) for each string o. For background on martingales
in this sense see for instance [14, Section 5.3]. An important fact frequently used
is Kolmogorov’s inequality: if M({)) < b, then

MZe2v: In[M(Z1,) = b} < M()/b.
See for instance [41, 7.1.9] or [14, Section 5.3].

A martingale M is called left-c.e. if M (o) is a left-c.e. real uniformly in o; right-
c.e. martingales are defined analogously.

For a set Z € 2¥, we say that a martingale M converges on Z if the sequence
(M(Z 1)), -, has a (finite) limit. The “buy low, sell high” trick (see for example
[14, Thm.7.1.3]) shows that a set Z is computably random if and only if every com-
putable martingale converges on Z. The analogous fact fails for left-c.e. martingales
and ML-randomness. If every left-c.e. martingale converges on Z (to a finite value)
then certainly no left-c.e. martingale can succeed on Z, and so Z is ML-random.
However, the converse may fail.

To see this, we note that dyadic density translates to martingales. For any mea-
surable set A < 2%, the function M 4(c) = A(A|o) is a martingale. By definition,
the dyadic density of A at Z exists if and only if M 4 converges on Z. If P < 2 is
effectively closed, then Mp is a right-c.e. martingale bounded by 1; o — 1 — M (o)
is a left-c.e. martingale.

For a random set Z and an effectively closed set P containing Z, the convergence
of density is equivalent to having lower density 1; the same holds for dyadic density.

Proposition 5.4. Let P < 2% be an effectively closed set and let Z € P be Martin-
Léf random. Then the upper density of P at Z is 1.

Proof. Fix a I9-class P < 2¥. Let Y € P such that the upper density of P at Y is
less than some rational ¢ < 1. We define a Martin-Lof test (U, » which captures Y.

The components U,, are defined by induction on n. We let Uy = [Y I1], where k
is sufficiently large so that A(P|Y I,,) < ¢ for all m = k. Given U, let U, be a c.e.
antichain of strings generating U, ; note that all of these strings will extend Y . We
let U, 1 be the union of the sets P; n[o] where o € U,, and ¢ is the least stage such
that A(P:|[c]) < ¢. Note that each such set is clopen, so U, is indeed (effectively)
open. By induction, we see that Y € U, 1. Also, we note that by definition, for
each o € Uy, A(Un+1|[c]) < ¢ (it is of course possible that U, 1 N [o] = &) and
s0 AUp+1) < g\Uy). So by induction, A(U,) < ¢". Replacing U,, by U,., for an
appropriate r € w yields a ML-test as required. O

The translation of dyadic density to martingales yields:

Corollary 5.5. Let Z € 2¥. If every left-c.e. martingale M converges on Z, then
for every effectively closed set P < 2 containing Z we have pa(P|Z) = 1.

Thus, the construction of Day and Miller [9] shows that there is some difference
random set Z and a left-c.e. martingale M which does not converge on Z. Doob’s
martingale convergence theorem [13] states that every martingale M converges on
almost every Z € 2¥. Hence some notion of randomness ensures the convergence of
left-c.e. martingales. We show that Oberwolfach randomness suffices.
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Theorem 5.6. If Z is Oberwolfach random, then every left-c.e. martingale con-
verges on Z.

Corollary 5.7. Let z € [0,1] be Oberwolfach random. Then for any effectively
closed set P containing z, the dyadic density of P at z is 1.

For the proof of Theorem 5.6 we observe the oscillations in the value of the
martingale along an element of Cantor space. We need a fact that follows from the
upcrossing inequality for martingales (see, for instance, [16, pg. 235]); the proof of
this fact is short, so we give it for completeness.

Let M be a martingale. Let a < b be real numbers, and let n < w. Let
O, = O0,,(M,a,b) be the set of all sequences X € 2¢ for which there is a sequence
my < ki < mg < ky < --- < m, < k, such that for ¢« = 1,...,n we have
M(X I'm;) <aand M(X [g,) > b.

Lemma 5.8. MO, (M,a,b)) < (a/b)".

Proof. We consider “smallest” oscillations. We define antichains of strings U,, and
V., by induction, with V;, refining U,, and U, 11 refining V;,. We start with V_; = ().
Given V,,, we let U,,+1 be the collection of minimal strings 7 extending some string
in V,, such that M(7) < a. Given U,, we let V,, be the collection of minimal
strings 7 extending some string in U,, such that M(7) > b. Let U, be the open
set generated by U, and V,, be the open set generated by V,,. So 2¥ = V_; 2
Uy 2V 2U; 2 V1 2 .... Kolmogorov’s inequality tells us that for every o € U,,
A(Vn|o) < a/b. Hence by induction we see that A(V,,) < (a/b)". But we also see
that V,, = O,: certainly V,, € O,; for the other inclusion, take X € O, and by
induction let m; be the least m such that M (X [,,) < a; k1 be the least k > m;
such that M (X ) > b; ma be the least m > k; such that M (X 1,,) < a; and so
on. By induction we see that X [,,,e U; and X [,e V;. O

Let M be a left-c.e. martingale. The set O,, = O,,(M, a,b) is open, but may not
be effectively open. The point, of course, is that we can discover that M (X ) > b
at some stage, but if we see at some stage that M (X |,,) < a, there is no guarantee
that the value of M (X |,,,) will not increase beyond a at some later stage. However,
when an observed oscillation “goes bad”, i.e. ceases to be a true oscillation, there
is a necessary corresponding increase to M({)). We use an interval test to let
components of the test guess approximate values for M ({)), and so limit the amount
of badness.

Proof of Theorem 5.6. Let M be a left-c.e. martingale. After applying a rational
scaling factor to M, we may assume that M ({)) € (0,1). Suppose that (M (Z |')),,-.,
does not converge; find rational numbers a < b such that liminf,, M(Z 1,) < a <
b < limsup,, M(Z },). We will define an interval test that captures Z.

Let (M;) be an increasing, uniformly computable sequence of (rational-valued)
martingales which converges (pointwise) to M. We define an interval test using
the left-c.e. real M ({}). We later calculate a constant C' > 0. For a rational open
interval I < [0,1] we let ny =1+ |C - (—logy |1])] and define

G(I) = | JOn, (M;,a,b) [all ¢ such that M;() € I].

That is, we enumerate into G(I) all the sets X on which we see an (a, b)-oscillation
of length n; in (M (X 1,)), -, while My({)) € I. For all n, for all sufficiently
large t, we have Z € O,,(My,a,b). If M({)) € I then for almost all ¢, M;({) € I and
so Z € G(I). Thus, the interval test (G, M({))) captures Z. It remains to show
that G is an interval array, as in Definition 2.6.
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Suppose that I < I’ are rational open intervals. Then |I| < |I’| implies that
ny = np. Hence, for all t, O, (M;,a,b) < O, (M;,a,b). If M({)) € I then
M, () € I’; and we conclude that G(I) < G(I").

It remains to bound the measure of G(I); by Remark 2.8 it suffices to show that
A(G(I)) is bounded by a constant multiple of |I|. Fix a rational open interval I,
and let T = T'(I) be the set of stages t at which M;({)) € I; so T is an interval (or
ray) of stages. We bound the measure of G(I) by considering two parts: oscillations
which “go bad”, and oscillations which remain more or less good.

Let ¢ = (a + b)/2 (any number in the interval (a,b) would do, but it cannot
depend on I). Let t* = supT (if M({)) € I then t* = w, and below we let
M, = M). We let G(I)* = G(I)\O,,, (M, c,b), that is, all sequences X which
appear to be oscillating n; times between a and b at some stage ¢t € T, but by stage
t* we see that they no longer oscillate even between ¢ and b. We let G(I)8°°9 =
G(I) N On, (M, c,b).

First, we observe that as G(I)&°°d = O, (M .p), Lemma 5.8 shows that
A(G(I)E0) < (c/b)™

Next, we consider G(I)**d. Here we note that for all X € G(I)*®d there is
some k and some t < t* in T such that M;(X ;) < a but Myx(X ) = ¢. Let
ty = minT and let K be the set of minimal strings o such that M;, (o) < a and
M« (o) = c. Thus, G(I)*d is contained in the open set K generated by K. Since
K is an antichain, Kolmogorov’s inequality applied to the martingale M« — M,

shows that
M — M, 1
M) < MOV = M) _ 11
Thus, overall,
c\ "I I
AG) < (5) * c|—|a'

As mentioned above, by Remark 2.8 is suffices to choose C so that (¢/b)" is bounded
by a constant multiple of |I|. Since n; = —C'logs(|I|), we have

(g)” < (¢/b)~Cloga(l1D) — ||=Cloga(e/t),
So we choose C' = —1/log,(¢/b) and are done. O

5.2. Martingale convergence and full density. We use the following lemma
to lift Corollary 5.7 to full (non-dyadic) density.

Proposition 5.9. Let C < R be effectively closed, and let z € R be irrational. Then
C has density 1 at z < C has dyadic density 1 at z and C + 1/3 has dyadic density
1atz+1/3.

Proof. =: Full density is translation-invariant. So, by hypothesis that C has
Lebesgue density 1 at z, C + 1/3 has density 1 at z + 1/3. Hence C has dyadic
density 1 at z and C + 1/3 has dyadic density 1 at z + 1/3.

«: We rely on a geometric fact already used in [38]. For m € w let D,, be the
collection of open intervals of the form

(k27™, (k 4+ 1)27™)
where k € Z. Let D], be the set of intervals of the form I — 1/3 where I € D,y,.

Fact 5.9.1. Let m = 1. If T € D,,, and J € D/, then the distance between an
endpoint of I and an endpoint of .J is at least 1/(3 - 2™).

To see this, assume that [k27™ — (p27™ — 1/3)| < 1/(3-2™) for k,p € Z. This
yields |3k — 3p + 2™| < 1, and hence 3]2™ (or 2™ = 0), a contradiction.
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For every m > 1, let I,,, be the unique interval in D,, which contains z, and let
I, be the unique interval in D,,, which contains z +1/3. Given € > 0, by hypothesis
we may choose m* € w so that for each n = m™* we have

2"XNIp, nC)=1—cand 2" \(I, n (C+1/3)) =1 —e.

Fix n > m*. Let J, = I, —1/3,s0 I,, € D, and J,, € D),. Then z € I,, n J,, and
M(Inudn)nC) = (1—¢)|I, U Jy| (to see this, note that for interval L, A(LNC)/AL
is the slope of the function z — A([v,z] n C) at L, where v < min L; the slope at
the interval I U J is at least the minimum of the slopes at I and at J).

Suppose that K is an open interval containing z such that |K| < 2-m*=2 Pind
n = m* such that 27773 < |K| < 2772, Fact 5.9.1 shows that the distance of z
to either endpoint of I, U J,, is greater than 27"/3, and so K < I,, u J,,. However,
|K|>2""/8 > |I,, U J,|/16, and so

AME nC) - AMUn v dn) nC) |1 v Jn| — K]

K[~ K] K] -
A=e)puds| |Inu gyl
- +1 > 1-16e. O
K] K]

As a corollary we obtain Theorem 1.3:
Theorem 1.3. Every Oberwolfach random set is a density-one point.

Proof. In view of Proposition 5.9, it suffices to show that if z € R is Oberwolfach
random, then so is z+1/3. If (U, is a left-c.e. bounded test which captures z+1/3,
then

Up —1/3y ={x—1/3 : xelUy,})
is a left-c.e. bounded test which captures z. O

6. OBERWOLFACH RANDOMNESS AND DIFFERENTIABILITY

A classic result of Lebesgue states that every non-decreasing function f: [0,1] —
R is differentiable almost everywhere. As mentioned above, almost-everywhere
theorems invite effectivization. In this case, for a given class § of effective non-
decreasing functions, we ask how random must a real z be so that every function in
§ is differentiable at z. For example, Brattka, Miller and Nies [5] studied the case
that § is the class of non-decreasing computable functions (which, for continuous
non-decreasing functions, coincides with the class of functions f mapping a rational
number ¢ to a computable real, uniformly in ¢). They showed that the randomness
notion corresponding to this effective version of the differentiability theorem is
computable randomness, a notion properly implied by Martin-Lof randomness.

Here we consider the larger class § of interval-c.e. functions. We observe that
the corresponding randomness notion — the collection of reals z at which every
interval-c.e. function is differentiable — implies ML-randomness; indeed, it implies
that every left-c.e. martingale converges on the binary expansion of z. However, a
short and direct argument, avoiding Proposition 5.9, shows that each such point
is a density-one point. We then show that Oberwolfach randomness implies this
randomness property. This gives us a modified proof of Theorem 1.3.

6.1. Interval-c.e. functions. Recall that a function f: [0,1] — R is lower semi-
continuous if for every g € R, the inverse image f~!(g, ) is open. Upper semicon-
tinuity is defined analogously, with f~!(—o0,q) being open instead.

The effective version of lower semicontinuity is lower semicomputability. A func-
tion f: [0,1] — R is lower semicomputable if for every rational number ¢, f~1(g, o)
is effectively open, uniformly in ¢q. A function f is lower semi-computable if and only

if it has an approximation from below; an increasing computable sequence (fs)._
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of rational-valued step functions — linear combinations of characteristic functions
of rational intervals — such that f = limg fs pointwise. The notion of upper semi-
computable functions is defined analogously; a function f is lower semicomputable
if and only if —f is upper semicomputable.

Lower semi-continuous functions to the extended real line can be used, for exam-
ple, to characterise Martin-Lof randomness, via so called “integral tests” [52, 21]:
z € [0,1] is ML-random if and only if for every integrable lower semicomputable
function f: [0,1] — [0,00] we have f(z) < co. When f is universal among the in-
tegral tests, f(z) can be thought of as the “randomness deficiency” of z, analogous
to the index of the least component of a universal ML-test omitting z.

Identifying the variations of computable functions, Freer, Kjos-Hanssen, Nies
and Stephan [20] studied a class of monotone, continuous, lower semicomutable
functions which they called interval-c.e.

Let g: [0,1] > R. For 0 < 2 < y < 1 define the variation of g in [x,y] by

n—1

V(g, [z y]) = sup { Dlgttiv) gtz <ti<ta<...<ta< y} :

i=1
The function g is of bounded variation if V (g, [0,1]) is finite. If g is a contin-
uous function of bounded variation then the function f(z) = V(g,[0,z]) is also
continuous. If g is computable then the function f(z) = V(g, [0,«]) is lower semi-
computable (but may fail to be computable). A further property of this “variation
function” comes from the observation that V (g, [z, y]) + V (g, [y, z]) = V (g, [z, 2])
for x <y < z (see [4, Prop. 5.2.2]).

Definition 6.1. A non-decreasing, lower semicontinuous function f: [0,1] — R is
interval-c.e. if f(0) =0, and f(y) — f(z) is a left-c.e. real, uniformly in rationals
T <y.

Thus, the variation function of each computable function of bounded variation
is interval-c.e. Freer et al. [20], together with Rute, showed that conversely, every
continuous interval-c.e. function is the variation of a computable function.

Note that if the assumption of lower semicontinuity is dropped from Defini-
tion 6.1 then we obtain an uncountable class of functions; if an interval-c.e. function
f is discontinuous at an irrational point a, then changing the value of f(a) to any
number between lim,_,,- f(z) and lim,_,,+ f(a) results in a function in that class.
We mention that nonetheless, the differentiability results in this section all hold for
this wider class of functions.

On the other hand, once we require lower semicontinuity, we see that every
interval-c.e. function is lower semicomputable: f(z) > ¢ if and only if there is some
rational number r < z such that f(r) — f(0) > ¢, and this is an effectively open
condition.

A simple example of a continuous interval-c.e. function is the function f(z) =
AU~ [0,2)), where U < [0,1] is effectively open: f(y) — f(z) = AU n (z,y)) is
the measure of a uniformly given, effectively open set, and so is uniformly a left
c.e. real.

6.1.1. Measures and martingales. In general, the non-decreasing and lower semi-
continuous functions f: [0,1] — R with f(0) = 0 correspond to Borel measures
poon [0,1) by letting f,(x) = p([0,)); in the other direction, given f, we let
be the measure generated by letting pr([z,y)) = f(y) — f(z). The measure py is
atomless if and only if f is continuous.

Recall that a martingale M is atomless if the measure pp; on 2% generated by
letting pas([o]) = 27191M (o) has no atoms; that is, if for all X € 2¢, M(X |,,) =
o(2™).
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There is a correspondence between continuous interval-c.e. functions f and atom-
less left-c.e. martingales M. Given a continuous interval-c.e. function f we define
the martingale M by letting M;(c) = pp(©[c]) = f(0.01) — f(0.00) (see Re-
mark 2.1 for the definition of the near-isomorphism ©). In the other direction,
given M, by pushing forward by O, we identify ;s and ©*pups and so view pps as
a measure on [0,1]. The corresponding function, denoted by fys, turns out to be
interval-c.e.: pps([x,y]) is the supremum of up(A), where A is a finite union of
dyadic intervals contained in [z, y].

6.2. Characterizing ML-randomness via the existence of the upper deriv-
ative. Using a result of [20] and a combinatorial lemma in [5], we will characterize
Martin-Lof randomness of a real z by the condition that all interval-c.e. functions
have a finite upper derivative at z.

We introduce some convenient notation. Let f: [0,1] — R. For reals z < y we
let

Ap(z,y) = fly) — f(2)

Sy(z,y) = f(y; — i(x)

denote the slope of f between x and y. Sometimes we write Ay(I) and S;(I) to
denote Ay(x,y) and Sy(x,y) where I = (z,y). Below, it is sometimes important
that we work with open intervals.

In this section and below, we make use of the notion of (p,q)-intervals. For
rational numbers p > 0 and ¢, we call an image of a basic dyadic interval under the
map y — py + q a (p, ¢)-interval. That is, the (p, ¢)-intervals in R are the intervals
whose closure is of the form [p-m2™" + ¢,p- (m + 1)27" + ¢] for some n > 0 and
m € Z. As is shown in [5], (p, ¢)-intervals allow us to reduce analytic questions on
the real line to arguments in the relatively simple setting of Cantor space. For a
set L of rational numbers, an L-interval is a (p, ¢)-interval for some p,q € L.

The main combinatorial lemma concerning (p, ¢)-intervals is Lemma 4.2 from [5]:

and let

Lemma 6.2. For any real o > 1 there is a finite set L of rationals as follows:
for every interval A = R there are L-intervals B and C such that

e Ac B and |B|/|A| < «;

o Cc A and|A|/|C| < a.

Let f: [0,1] - R and z € [0, 1]. In the notation introduced above,
Df(z) = limsup Sf(z,z + h)
h—0

and
Df(z) = lizni(r)lfo(z,z +h),

where of course if h < 0 then (z,z + h) = (z + h, 2).

Since z may be noncomputable, we need to approximate these quantities by
looking at rational intervals close to z. Even this may be too complicated, for
example when we want to capture non-differentiability by martingales. We prefer
to work with (p,q) intervals. Slightly modifying notation from [5], for shorthand
we let

DPD f (2) = limsup Sy (A) [A is a (p, g)-interval and 2 € A],
[A]—-0
and

Doy f(2) = l‘iglli%f S¢(A) [Ais a (p, ¢)-interval and z € A].

The following lemma is related to Lemma 4.3 in [5].
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Lemma 6.3. Let f: [0,1] — R be nondecreasing. Let z € [0,1], and suppose that
Df(z) = w. Then there are rationals p > 0 and q such that DP9 f(z) = co.

Proof. Find a finite set L given by Lemma 6.2 for & = 2. Let h > 0, and let A be
either [z,2 + h] or [z — h,z]. Find an L-interval B with A ¢ B and |B| < 2|A|.
Then S¢(B) = Sf(A)/2. Since L is finite, the pigeonhole principle, applied as
h — 0, gives a single pair (p,q) from L which witnesses that DP9 f(z) = 0. O

Theorem 6.4. Let z € [0,1]. Then z is ML-random <
Df(z) < o for each interval-c.e. function f.

Proof. (<) Let U be a universal prefix-free machine (see for instance [41, Chapter
2]); we assume that U outputs rational numbers. Freer et al. [20, Prop 2.6] show
that the function fy(z) = A[{o: U(c) < x}]< is interval-c.e., and that D fy(z) < o0
implies that z is ML-random.

(=) Suppose that f is interval c.e. and Df(z) = o. Applying Lemma 6.3, let
p > 0 and ¢ be rationals such that D®% f(z) = oo. If z is on the boundary of
some (p, g)-interval, then z is rational and so not Martin-Lof random. So we may
assume that z is in the interior of any (p, ¢)-interval which contains it.

Define the X9 set U,{s) as follows: enumerate into U, all open (p, q)-intervals A
such that S;(A) > 2" (by our earlier argument, open intervals will suffice). This
is indeed a XY set since the real Sy(A) is left-c.e. uniformly in A. Let U, be
the set of maximal (with respect to inclusion) (p, g)-intervals enumerated into U,,.
Importantly, these are disjoint. Let pf be the measure defined on intervals by

pr([z,y]) = f(y) — f(x). Then we have
AUn) = D5 MA) = D up(A)/Sp(A) <27 D pp(A) < f(1)-277,

AeU, AeU, AeU,
with the last inequality coming from the fact that the elements of U,, are pairwise
disjoint. Since by construction each U, contains z, we conclude that z is not
Martin-Lof random. O

The direction (<) of Theorem 6.4 has an alternative proof based on the following
two facts of interest on their own. We obtain connections between differentiability
and martingale convergence.

Proposition 6.5. Let M be an atomless left-c.e. martingale, and let fa; be the
corresponding interval-c.e. function (from Subsection 6.1.1). Let X € 2% and let x
be the real with binary expansion X.

(1) If M succeeds on X then D fy(z) = o0.
(2) If far is differentiable at x then M converges on X.

Proof. Let 7 < X and let I = ©[[7]] = [a,b]; so a <z < b. We have M (1) = S¢(I),
and

min{Sy(a, z), Sf(x,0)} < Sy(I) < max{Sy(a,x), Sy (z,b)}
(see [5, Fact 2.4]). O

A universal left-c.e. martingale introduced by Stephan is atomless. For a string
7, let E. be the martingale which starts with 1, doubles its capital along 7, and
then rests. So E (o) = 0 if 7 and o are incomparable; for n < |7], E- (7 [,) = 2™;
and E,(0) = 27l for ¢ extending 7. Stephan [50] showed that the martingale
M =Y 27K E_is universal (also see [41, Thm. 7.2.8]). In [24] it is shown that
Stephan’s martingale is atomless.
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Now (<«=) of Theorem 6.4 can be proved as follows. Suppose that z € [0, 1] is not
ML-random, and let Z be a binary expansion of z. Then Z is not ML-random, and
so Stephan’s martingale succeeds on M. By Proposition 6.5, D fy(z) = c. Indeed,
since fps is continuous, we obtain the following strengthening of Theorem 6.4:

Corollary 6.6. The following are equivalent for z € [0,1]:

(1) z is ML-random.
(2) Df(z) <o for every interval-c.e. function f.
(3) Df(z) < o0 for every continuous interval-c.e. function f.

6.3. Being a point of differentiability of every interval-c.e. function. In
the introduction we discussed the program of determining the randomness strength
needed to make effective versions of “almost-everywhere” theorems hold. A main
result in [5, Section 4] states that a real z is computably random iff (a) every non-
decreasing computable function g satisfies Dg(z) < oo iff (b) every nondecreasing
computable function f is differentiable at z. In our setting the effectiveness con-
dition is being interval c.e. The analog of (a) is equivalent to ML-randomness by
Theorem 6.4. In contrast, the analog of (b) is stronger than ML-randomness by
the following.

Proposition 6.7. Suppose that every continuous interval-c.e. function is differen-
tiable at z. Then the following hold.

(i) Every left-c.e. martingale converges on the binary expansion Z = ©71(z), and
so z is ML-random.

(ii) z is a density-one point.

Proof. (i) First, we note that if f is differentiable at z then Df(z) < oo, and
so we conclude that z is ML-random (Theorem 6.4). Suppose that some left-c.e.
martingale N does not converge on Z. Since {N(Z I,) : n < w} is bounded,
we can produce a bounded martingale M which does not converge on Z (when
N(o) exceeds a bound on N(Z 1,), stop betting). The martingale M is certainly
atomless. Proposition 6.5 shows that the continuous interval-c.e. function fj; is
not differentiable at z.

(ii) We could combine (i) with the argument in the proof of Theorem 1.3. For a
direct proof, let P be an effectively closed set containing z. Let g(z) = A([0, z)]\P).
Then the function g is interval-c.e. and continuous (see Subsection 6.1.1). By
hypothesis, ¢’(z) exists. The differentiability of g at z implies that ¢’(z) is in fact
the limit, as |I| — 0, of Sy(I) for open intervals I containing z (see the proof of
Proposition 6.5). Hence, ¢’(z) is the density of [0,1]\P at z. Thus, we conclude
that the upper and lower density of P at z are the same. Since z € P and z is
ML-random, Proposition 5.4 says that the upper density of P at z is 1. Hence the
lower density of P at z is 1. O

We turn to the main task of this subsection.

Theorem 6.8. Let z be an Oberwolfach random real. Then every interval-c.e.
function is differentiable at z.

The proof of Theorem 6.8 is a more complex variant of the proof of Theorem 5.6.
For an interval-c.e. function f and an Oberwolfach random real z, we need to show
that the upper and lower derivatives of f at z are finite and equal. Finiteness
follows from Theorem 6.4. If Df(z) < Df(z) then we want to capture z by an
interval test with associated left-c.e. real f(1); this will be done by enumerating
intervals on which we observe long oscillations of the slope S.

‘We note two new problems.
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1. We have no access to z directly, and so cannot measure the slopes S¢(z, z + h)
which presumably oscillate beyond two rationals values. We may assume though
that f is continuous at z, and so we can find oscillations in Sy(I) for rational
intervals I containing z. Even this, though, is insufficient for finding the bound on
the measure of G(I)24. In the analogous calculation in the proof of Theorem 5.6,
we made use of the antichain K of minimal strings on which M rises from a to c;
in the current proof this will be a set of intervals on which the slope grows from a
to ¢. But we may have two overlapping intervals of this kind, where the union is
not so. As in the proof of Theorem 6.4, we want to mimic the structure of Cantor
space. This is again done with the aid of (p, g)-intervals.

2. The previous argument, in particular bounding the measure of G(I)**d, relied
on the existence of a nice effective approximation for the martingale M, namely
the increasing sequence of rational-valued martingales M;. There may be no full
analogue of this approximation for the function f. Even though S¢(z,y) is left-c.e.,
uniformly in rationals x and y, the stage ¢ approximations to these values need not
be coherent with each other. There may be no computable sequence of functions
fi increasing to f such that f; is defined on all rational numbers and Ay, (z,y) is
non-decreasing for all rationals = < y. We restrict ourselves to partially defined
approximating functions.

Let Qo € @1 < @2 < ... be an increasing computable sequence of finite sets
whose union is QN [0, 1]; we assume that 0, 1 € Q. For rationals x < y let {o;/"¥), _
be a computable increasing sequence of rational numbers whose limit is As(x,y).
For t <w and z € @, we let

m
fi(x) = maXZ a, " [0=29<m < <1 =T are in Q4.
i=1

We extend the slope notation to Sy, (I), where I is an interval with endpoints in Q.

e For any rational z, ft(:v)>I€Qt is a non-decreasing sequence of rationals
which converges to f(x).
e For any interval I with endpoints in Qy, Sy, (1) < Sy, (1).

To tackle issue (1) above, we invoke Lemma 4.3 of [5].

Lemma 6.9. Suppose f: [0,1] — R is nondecreasing and continuous at z € [0,1],
but that Df(z) < Df(z). Then there are pairs of rationals (p,q) and (r,s) such
that D, f(z) < DP9 f(z).

We need to define oscillations in the context of the functions f; and f. Let g
be a partial function from [0,1] to R (we will use g = f; for various stages t).
Fixing parameters, pairs (p,q) and (r,s), rationals ¢ < b, and n < w, we let
O, = On(g,a,b) = O(g,a,b;r,s,p,q) be the set of real numbers z € (0,1) for
which there is a sequence of open intervals I; > J; > I, > Jy > --- > I, D J, such
that z € J and for all k =1,...,n,

e [} is an (r, s)-interval with endpoints in dom g and Sg(Ix) < a; and
e J; is a (p, ¢)-interval with endpoints in dom g and Sg(Jx) > b.

We note that O,, is open; it is the union of intervals which appear as J in such an
oscillating sequence.

We again have to bound the measure of all truly oscillating sequences. This is
a calculation which is classical (it contains no consideration of effectiveness). The
calculation is very similar to that proving Lemma 5.8.

Lemma 6.10. A\(O,(g,a,b)) < (a/b)".
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Proof. Shortest strings correspond to maximal intervals. Here U, is a set of pair-
wise disjoint (r, s)-intervals and V,, is a set of pairwise disjoint (p, ¢)-intervals. All
intervals mentioned have endpoints in dom g. V,, refines U,, (in the sense that ev-
ery interval in V,, is contained in an interval in U,) and U, refines V,,. We let
V_1 =(0,1). Given V,,, we let Up4+1 be the collection of maximal (r, s)-intervals I
contained in some interval in V,, such that S,(I ) < a. Given U, we let V;, be the
collection of maximal (p, ¢)-intervals J contained in some interval in V;, such that
Sg(J) > b. By the same process of “maximisation”, we observe that O, is generated
by V,, and by induction show that A\(O,,) < (a/b)™. Instead of using Kolmogorov’s
inequality, we note that if Sy(I) < @ and V is a collection of pairwise-disjoint in-
tervals J < I with Sy(J) > b then A(JV) < |I] - (a/b). To see why, observe that
for any finite V! < V' we have Ay(I) = >,y Ag(J). O

Proof of Theorem 6.8. Let f: [0,1] — R be interval-c.e. Suppose that f is not
differentiable at 2. We show that z is not Oberwolfach random. If D f(z) = oo then
z is not ML-random (Theorem 6.4), and so certainly not Oberwolfach random. So
we may assume that the upper and lower derivatives Df(z) and Df(z) are both
finite and that Df(2) < Df(z). Since f is non-decreasing and Df(z) < oo, we
conclude that f is continuous at z (in fact, in [24] it is shown that every point of
discontinuity of an interval-c.e. function is computable). By Lemma 6.9, there are
pairs (r,s) and (p, q), and rationals a < b, such that

Dy f(2) <a<b<DPDf(z).

We note that if I is any open interval and z € [ is irrational, then z € J for some
open (p, q)-subinterval J of I (and similarly for (r, s)). Since we may assume that z
is irrational, we see that for every n, z € O, (f, a,b) (from now we fix the parameters
r,8,p,q and do not mention them again). We fix an approximation {f;) to f as
described in (2) above. We note that for all n, for almost all ¢, z € O, (ft,a,b).
After applying a rational scaling factor to f, we may assume that f(1) < 1.
We define an interval test associated with the left-c.e. real f(1). Again let C =
—1/log,(c/b). For an interval I < [0,1], we let ny = 14 |C'- (—log, |I])| and define

G(I) = UOTLI (ftaavb) [[ft(]-) € I]]

If f(1)e G(I) then z € G(I) so (G, f(1)) captures z. It remains to show that G is
an interval array.

The argument follows that of the proof of Theorem 5.6. The proof that G
respects inclusion is verbatim. To bound the measure of G(I), we again separate
to good and bad parts; we again let T = T'(I) be the interval (or ray) of stages ¢
such that f;(1) € I, ¢ = (a +b)/2, G(I)**d = G(I)\On, (fsupT; ¢, b) and G(I)8°°d =
G(I) 0 Op,y (fsups ¢, b). We use Lemma 6.10 to see that A(G(I)8°°%) < (¢/b)™
which is bounded by |I| by the choice of C' and nj.

Let t* = supT and t, = min7. We note that G(I)**! is contained in the
union of (r,s)-intervals J such that for some ¢ € [ty,t*), J's endpoints lie in Q)
and Sy, (J) < a but Sy, (J) = c. Welet K be the set of maximal such intervals;
the intervals in K are pairwise disjoint, and G(I)**d < K where K is the open set
generated by K. We again want to show that A(K) < (fu (1) — fi,.(1))/(c — a),
but the fact that intervals in K may not have endpoints in Q;, makes our life a bit
harder.

Claim 6.10.1. Let s < w, and let L be a finite set of pairwise disjoint intervals with
endpoints in ()s. For all t > s,

Fi(1) = (1) = D111 (S5 () = 5. ().

JeL
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Proof. Enumerate L as {Jy,Jo,..., i} with J; (z5,9;) and y; < 2;41. For

i=1,...,mwehave fi(y;) — fs(yi) = (fe(wi) = fs(@)) + [Ji] - (S5, (Ji) — Sp. (i),
and we have fi(x;41) — fs(xit1) = fi(yi) — fs(y:). By induction, we see that

fr1) = £:(1) = fulym) = Fo(ym) = 3 il (S5, (i) = S7.(Ji))

as required. O

Let K’ € K be finite. For each J € K’, let t(J) be the least stage t € [t4,t*)
such that the endpoints of J are in Q;. For t € [ty,t*), let K; be the set of intervals
J € K’ with t(J) < ¢. Claim 6.10.1 tells us that for each ¢,

fer(D) = fi(1) = Y |- (Sp, (F) = Sp ().

JeK,

Summing for t € [t,,t*), we get

fer (1) = fro ) = D7 |- (Spe (J) = Spy (1) = (c—a) Y 1]

JEK’ JEK’
Taking larger and larger K’ < K (if K is infinite) shows that

fee (1) = fi,, (1) = MK) - (¢ — a)
as required.

This concludes the proof. We remark again on the difference between this last
calculation and the corresponding one in the proof of Theorem 5.6. If we knew
that all the intervals in K had endpoints in @, , then we could take the function
S er* — ft, and build a martingale from the slopes of this function on (r,s)-
intervals; then, the inequality would follow from Kolmogorov’s inequality. This
is precisely where the absence of a “nice” approximation {(f;) (as in problem (2)
above) makes us work harder.

On the other hand, for Claim 6.10.1, we could have restricted ourselves to (r, s)-
intervals and used this approach. We preferred to give a direct proof which does
not pass through martingales. O
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