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STRUCTURAL PROPERTIES AND = ENUMERATION DEGREES
ANDRE NIES AND ANDREA SORBI

Abstract. We prove that each Zg set which is hypersimple relative to ()’ is noncuppable in the structure
of the Zg’ enumeration degrees. This gives a connection between properties of Zg sets under inclusion and
and the Eg enumeration degrees. We also prove that some low non-computably enumerable enumeration
degree contains no set which is simple relative to §’.

§1. Introduction. There is a wide range of theorems in computability theory
asserting that, in a certain degree structure %, of computably enumerable (c.e.)
sets under a reducibility <,, a simplicity property of a computably enumerable
set 4 implies the incompleteness of the r-degree of 4. (Here a simplicity property
requires that in some sense the complement of A is sparse.) An example of such
a result is that a simple set cannot be btt-complete ([Pos44]). While a simple
set may be tt-complete, the stronger notion of hypersimplicity of 4 even implies
wtt-incompleteness. Downey and Jockusch [DJ87] showed that the wtt-degree of
a hypersimple set H is in fact wtt-noncuppable, namely K <, H & B implies
K < B for any computably enumerable B.

An interesting question is whether results of this kind can be obtained for
9,(<0.), the structure of enumeration degrees of Zg-sets. Since the domain con-
sists of the sets that are computably enumerable in (', one also has to relativize the
simplicity properties to §'. For instance:

DEFINITION 1.1. A X9 set H is (-hypersimple if H is coinfinite and there is no
function f <7 (' bounding p3;, where py is the function that lists the complement
of H-in order of magnitude.

The existence of ('-hypersimple sets (and of §/-simple sets, defined in the next
section) follows by a straightforward relativization to @' of Post’s constructions
of hypersimple (simple, respectively) sets, see [Pos44]. The reader is referred to
[C0090] for an extensive survey and bibliography on enumeration reducibility and
its degree structure.
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286 ANDRE NIES AND ANDREA SORBI

§2. ('-hypersimple sets are noncuppable. Boldface small Latin letters a, b, ¢ de-
note e-degrees. Recall that 0/ is the e-degree of K, the complement of the halting
set K.

Cupping and noncupping properties of 2,(<0/) have been studied in details
in [CSY97].

TueOREM 2.1 ([CSY97]). There exists a noncupping element in 9,(<0.,), i.e., an
e-degree a < 0/, such that a is nonzero and

(Vb <0,)[0, <aUb= 0, <b].
However,

THEOREM 2.2 ([CSY97]). Every nonzero A e-degree a is cupping in 2.(<0,), in
fact there exists a total (hence A9) e-degree b < 0, such that 0, < aUb.

We show now that every (' -hypersimple e-degree is noncupping. In fact:

THEOREM 2.3. Suppose C is a AY set which is not computably enumerable, H is
0'-hypersimple and B is 2. Then C <, B & H implies C <, B.

COROLLARY 2.4. If H is i -hypersimple, then the enumeration degree of H is non-
cupping in 2,(<0).

Proor. Let C = K. o

COROLLARY 2.5. If C is a AY non-computably enumerable set and H is I -hyper-
simple, then C £, H.

PROOF OF THE THEOREM. Assume that C = ®E®#  for some e-operator @ (with
finite approximations {®; }c,), but C £, B. We will determine a AJ function g
such that, for n # m,

Dg(n) ZH and D y N Dg(m) CH.

g(n
Then the AJ function

f(n) = max( U Dg(m)>

m<n
bounds p.
Fix Zg approximations { B; }scw, { Hs }scw for B, H, respectively, such that { H,}
has infinitely many true stages, i.e., (3°°s)[ H; C H] (see [Joc68]). For each set
R C w, let yR(x, s, t) be the predicate

x ¢ Cands € Rand ¢ > s and (3(x, D) € ;)
[D C B; @ Hyand (V¢' > t)[Dp C Br]],

where D = Dp & Dy.

We claim that for each infinite recursive set R, there exist an x such that for some
s € Rand some ¢ > s, yR(x, s, t) holds.

For if such s,¢ only exist for no x ¢ C, then we can define an enumeration
reduction procedure I" such that C = I'? as follows. If an axiom (x, D) lies in ®@;,
with s € Rand D C B, @ Hy, then put (x, D) into I'y. If x € C, then x € ®BSH
so there is some (x, D) € I'such that Dy C B. Butforeachx ¢ C,if (x, D) € Ty,
then D ¢ B because D Z B, for infinitely many ¢ > s.
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Clearly, if p®(x, s, t) holds, then H, ¢ H. Moreover, if R is recursive, then
yR(x, s, 1) is a AS property of x, s and ¢, since C is AS.

Now we define by induction a function g having the desired properties.
Step 0. To define D, g, think of R being w. Using (0 as an oracle, find x,s, ¢
satisfying y%(x, s, ¢) and let D, ) = H,.

Step n > 0. Now suppose g(m) has been defined for all m < n. Our goal is to find
a finite set D = D, such that H N D N D,y = @ forallm < n,and D N H # 0.
Let E = (U, <, Dg(m)- We start a searching procedure by stages. At stage u of the
search for D, we determine

a,={x €E: (3 >u)x & H,},

using (' as an oracle. Thus «, is the set of elements of E which have not yet “proved”
to be in H, and «,, converges to E — H. Next we look for x < u, s < t < u such
that yR(x, s, 7) is satisfied for R = {s : Hy N, = 0}. If x, 5,7 fail to exist then
proceed to stage u + 1. If they do exist, then let D, (,) = H;.

First of all, this search will terminate. For all sufficiently large u, o, = E — H.
Moreover, R = {s : H; N, = 0} is infinite. So, as argued above, x, s, # must
exist, and D,(,) € H. Moreover D,,) N E C H, because E — H C «, and
ay N Dg(yy = 0. -

ReMARK. Notice that in the construction above, H; could be found “too early”,
namely while we are still working with an «; which is not disjoint from H. But still
as NHy =0 and hence A N H, C H.

We prove next that Theorem 2.3 cannot be improved to ()'-simple sets, by rela-
tivizing the usual construction of a tt-complete simple set. Define a X set 4 to be
(’-simple if A4 is coinfinite, and 4 N V # O, for every Eg-set V.

THEOREM 2.6. There is a (' -simple set A such that K <, A.

ProOF. Let h(n) = n(n +1)/2 and E, = [h(n),h(n + 1)) so that |E,| = n + 1.
Define a partial (/'-recursive function ¢ such that o (e) is the first element > 4(e +1)
which appears in Weq", and undefined if there is no such element. Now let

A= U{E,, :n € K} Urange(p).

Clearly |[E, Nrange(p)| < n. Thus, n € K = E, C 4 and therefore K <, 4.
Moreover, if We‘nl is infinite, then ¢ (e) is defined and therefore We@/ NA#0D. .

§3. (V-simple free enumeration degrees. It is clear that there exist nonzero Zg
enumeration degrees containing no (’-hypersimple set (by Corollary 2.5, consider
any enumeration degree with some nonzero A predecessor): in fact there even exist
properly Eg enumeration degrees (i.e., Zg enumeration degrees containing no AJ
sets) which are (-hypersimple free: this follows from the fact (see [BCS]) that for
every enumeration degree a < 0, there exists a properly 5 enumeration degree b
such thata < b < 0..

We show in this section that there exist nonzero ('-simple free enumeration degrees
below 0,,.
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THEOREM 3.1. There exists a nonzero low enumeration degree containing no (-
simple set.

PROOF OF THE THEOREM. We build a £ set C such that C is low and not com-
putably enumerable, and for every zg set B, if B =, C then there exists some
infinite I set E such that E C B.

The requirements for the construction are:

Lo : lim, ®; (e) exists (if ® = ®,)
NW . C 7é w
Poyp: B=®Cand C =¥8 = Egy p infinite and Egpy 3 C B

for all enumeration operators @, ¥, and every computably enumerable set 17/, where
Egy g is some zg set to be constructed. Notice that if L is satisfied for every @,
then C is low, by [MC85].

The strategy for Lq consists in fixing some finite set y C C such that e € @
(where ® = ®,). The strategy for Ny is a standard diagonalization: choose a
witness #, keep n € C until a stage s at which » is enumerated into #; then let
n ¢ C. We attack a P-requirement Py p via infinitely many sub-requirements
{Po.w.Bj}jcw. Given j, the strategy for Poy p; Will be as follows:

(a) choosea witness n;, and letn; € C;
(b) wait for a finite set 6 such thatn; € ¥? and 6 N B N[0, j) = 0;
(c) extractn j from C, and enumerate 6 N Binto Egy 5.

First notice that if B = ® then B is A) (since C is low, and every predecessor of a
low enumeration degree consists entirely of A sets, see [MC85]): thus E¢y p € Z9.
Moreover E¢y.p C B. Finally, if, for every j, there exists a finite set 6 such that
O0NBC Epypand 0 N BN[j,+00) # 0, then Egy 5 is infinite.

We achieve 0 N B N [, +oo) # 0, by looking for a finite set § with n; € P and
ONBN[0, j) = 0. Then either we never find sucha 6, getting in thiscase n; € C —¥5;
orn; ¢ C, and therefore ¢ B (assuming C = ¥%), and 6 N B N[, +o0) # 0.

We assume throughout some fixed priority ordering of the requirements and
sub-requirements, in which Pg .y g ; has higher priority than Po w p  if j < j'.

The tree of outcomes. The tree of outcomes T C [2 U (w x 2)]<? is defined
inductively as follows: ) € T and 0 is an L-node; if ¢ is an L-node theno™i € T
and 677 is an N-node, fori € {0,1}; if o isan N-nodetheno™i € T ando i isa
P-node, for i € {0, 1}; finally, if ¢ is a P-node then 6" (h,i) € T and ¢ (h,i) is an
L-node, for h € w and i € {0, 1}.

Givena,7 € T, define ¢ < 7 if

o Crtorfa(i(o,1)) < t(i(o,1))]

where i(o,7) = min{i : o(i) # (i)} if ¢ € 7 and © € o: for this we define
(h,i) < (W',i")ifh > h'or[h = h' andi < i'], forevery h,h’ € w and i,i’ € {0,1}.
Finally,let o <, tifo € 7and g < 7.

Let 7" = {¢"h :0 € Tandh € w and ¢ P-node} and let {v,} _7 be a com-
putable partition of @ into infinite computable sets, where

T=T"U{o:0 € T andg N-node}.
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We extend < to T in the obvious way. We assume throughout a standard re-
quirement assignment function R, assigning to each ¢ € T a requirement R(a),
where R(c) is an L- (N-, P-) requirement or sub-requirement according as ¢ is an
L- (N-, P-) node; moreover R(c) has higher priority than R(z) if o C 7.

The construction is by stages. At step s we define a string J,, with |5, <
together with the values of the parameters y(a, s), e(a, 5), n(a,s), 0(a,s), h(o, )
L(o,s), <., fora € T U TP, At each stage s each parameter retains the same
value as at the preceding stage, unless otherwise specified. For everye € T U T”,
y(a, s) is a parameter for some finite set which the construction wants to fix in C;
(o, s) is a parameter for some finite set which the construction wants to keep out
of C: n(a, s) denotes the current witness to the requirement R(s). If at stage s, we
take action at ¢ (i.e., 0 C J,), where ¢ is a P-node, then we give outcome (/,7) at
o if h is the canonical index of the (current assessment of the) finite set B no,j );
and i = 0 if there exists some finite set 6 (¢4, s) such that n(¢"h, 5) € ®7 ") and
0(c"h,s)N D;, = 0; otherwise i = 1. Welet h = h(o, 5) to be the <, ,-least element
of a finite set L(o, s), where, for h.h' € L(o,s), we let h <, h' if there is “more
evidence” at s of being D;, = B N[0, j) rather than D), = B N[0, j).

Step 0. Letdy = 0: foreveryo € T U T", let n(o,0) = h(s,0) =7, and define
7(6.0) = £(0,0) = 0(0,0) = L(0,0) =<,0= 0.

Step s + 1. Suppose we have defined 0 = 6,,1 | n, with n < s + 1. In order to
define 6" =&, | n + 1, and the relative parameters, we distinguish the following
three cases.

Case 1. o is an L-node, say R(o) = Lo, and assume ® = @,:

1. if there exists a finite set y such that e € @} and

yﬂUa(T,s—!—l):

=0

thenleto™ =6 0and y(c™,s + 1) = y for the least such y:
2. otherwise, lete™ = ¢ 1.

Case 2. ¢ is an N-node, say R(c) = Ny: let n, = n(o,s + 1) be the least
number » such thatn € v, andn ¢ U -, y(z.s + 1).

1. ifn, ¢ W* thenlete™ =0 land y(a™,s + 1) = {n, }:
2. otherwise,letc™ =6 0ande(ot,s + 1) = {n,}.

Case 3. ¢ is a P-node; assume R(o) = Poyp;: if L(g,s + 1) = 0, then let
h(o,s +1) = 0. Otherwise, define 4 (o, s + 1) to be the <, ,-least element of L(a, s).

Defining L(o, s + 1). If Dy, is a finite set with max D), < j, and & = h(a,s + 1),
orh ¢ L(a,s) and h does not have a precondition at s, then we assign to 4 a new
precondition p(a, A, s +1); if & has a precondition p(a, 4, 5) (i.e., p(a, h, s) |), which
was first assigned at a stage v < s, then we say that this precondition is satisfied at
s+ 1if

(Vx € Dy)F)[t <v<s+1 and x ¢ B"]
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Define

L(o,s +1) = (L(a,s) — {h(a,s + 1)})
U{h:ploh,s+1)| and plo, h s+ 1)satisfied at s + 1}.

We order L(a, s + 1) as follows: for every h,h' € L(o,s + 1), let h <, #' if and
only if either

o hh' € L(o,s)and h <, h', or

e heL(o,s)and 4’ ¢ L(a,s), or

o hh' ¢ L(g,s)and h’ < h.
Then define ¢ = ¢”h(a, s + 1). Finally, let n~ = n(g, s + 1) be the least number n
such thatn € v~and n ¢ (J _, y(z,s + 1):

1. if there exists some finite set D such that D N Dy, = 0, and n> € wo,
then choose the least such set D and define 0(a,s +1) = D;lete™ = 670 and
oo, s +1) = {n}:

2. otherwise, leto™ =g land y(o*,s + 1) = {ng}.

Define

CcoH = (CSU U y(T,S)) - U e(t, s).

7C0s41 7C0r1

This concludes the construction. We now verify that the construction works.
LEMMA 3.2. For every n, liminf d; | n exists.

PROOF OF THE LEMMA. Assume by induction that g, = liminf;d; | n exists.
Clearly it is enough to consider the case when o, is a P-node (R(c,) = Po.y. B.j»
say), and show that there exist 4 and i such that o, (h,i) = liminf,J; [ n+1. Leth
- be such that D, = [0, j) N B: notice that, for every v, if we assign a precondition
plo,, h,v) to h at v, then there is a stage s > v at which this precondition is satis-
fied. This shows that at infinitely many stages s, # € L(o,, s), and consequently, at
infinitely many stages s’, we have that 4 = h(a,,s’). On the other hand it is clear
that, if  is a stage such that BS(x) = B'(x), forevery s > t and x < j with x € B,
then Dy, ;) € Dy, for every s > t. Therefore, for some i € {0, 1} we have that
o, (h,i) = liminf S, [ n+ 1. =

By the previous lemma, let f be the true path, ie., f = |J, 0., where g, =
liminf; 6, | n.

LeMMA 3.3. For every n, limy y(a,, s) and lim, &(a,, s) exist.

PrOOF OF THE LEMMA. The claim is trivially true for » = 0. Assume by induction
that the claim is true of n, and let ¢, be a stage such that, for every s > 1,,
y(6,,5) = (04, t,), and e(o,, 5) = &(a,, t,), and 7 € &, for every © <; o,. For
every T < a,, let y(tr) = lim, y(z, s) and e(r) = lim, (z, 5).

Case 1. If g, is an L-node and R(o,) = Lg, with ® = ®,, then &(o,41) = 0; if
One1 = 0, 1, then y(a,41) = 0; otherwise there exists a finite set y such that

yN Ue(r)z@

=0,
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and e € @7 in this case y(a,41) = y, for the least such y.

Case 2. If g, is an N-node, then we first observe that n, = lim; n(a,,s) exists:
ng, is the least number n such that n € &,, and n ¢ U<, y(7). Then y(o,11) =
{ny,} and e(g,41) = 0 if 6,41 = 6, 1; otherwise y(a,,1) = 0 and &(g,41) = {n,, }.

Case 3. Assume now that g, is a P-node, with R(,,) = Pow g ;. If 6,41 =70,
then as in the previous case, one easily sees that n- = lim, n(&,s) exists, and
8<0n+1) = {I’l;} and 7(0'n+1) = (Z); otherwise )’(0’,,+1) = {”;} and 8(an+l) = 0. n

LemMma 3.4. C is low and not computably enumerable

PROOF OF THE LEMMA. In order to show that C is low, it is enough to show that,
for every e, lim; @, (e) exists. Given e, let n be such that R(s,) = Lg,. If there

exist infinitely many stages s such that ¢ € ®C., thena,”0 C f and e € ®.\""), with
y(0,) C C. This shows that e € ®F.

It is straightforward to check that each N-requirement is satisfied, hence C is not
computably enumerable 4

LemMma 3.5. deg,(C) does not contain any (' -simple set.

PROOF OF THE LEMMA. We show lhat for every B such that B =, C, there exists
an infinite X set £ such that £ C B.
Given any X9 set B and any pair of enumeration operators @, ¥, define

Egoy = {x : (HS)(E!O')(EU)[R(O’) = P(D.‘{’AB._/ and x € 0(0’,.5’) ﬂ_g]}

Assume now that B =, C: let ®, ¥ be enumeration operators such that B = ®¢
and C = ¥2. Since B <, C, and C is low, we have that B € Ag. Hence Epow
isa Zg set. Moreover, by definition, Ezqy C B. It is left to show that Ep ey is
infinite. To this end, let j be given, and let o C f besuchthat R(o) = Poy.5;leth
be such that & = 6™k C f. The construction ensures that there are infinitely many
stages s such that (¢* =)0 C J,, at which we find a finite set 6 = 0(7, s) such
that 0N BN[0, j) # Qand 6 € B (since n~ € W{, but n> ¢ C). Then for each such s
there exists x > j such that x € 6 but x ¢ B, hence x € Epq y. This shows that
E 3oy contains arbitrarily large numbers, i.e., Ep ¢ is infinite. So Ep = Epo.y is
the desired set. B
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