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Abstract. We give new examples of FA presentable torsion-free abelian
groups. Namely, for every n > 2, we construct a rank n indecomposable
torsion-free abelian group which has an FA presentation. We also con-
struct an FA presentation of the group (Z,4)? in which every nontrivial
cyclic subgroup is not FA recognizable.

1 Introduction

The study of finite-automata (FA) presentable, or automatic, structures began
in the works by Hodgson [5, 6] and then carried on in Khoussainov and Nerode
[7]. A structure is called FA presented if its domain and atomic relations are
recognized by finite automata operating synchronously on their input. So, these
structures have finite presentations. The class of automatic structures is of special
interest in the field of theoretical computer science. One of the reasons for this
is that the first-order theory of an FA presentable structure is decidable, and in
fact the model checking problem is decidable. For instance, Hodgson [5, 6] was
the first to use this property to give a new proof of the decidability of Presburger
arithmetic Th(N, +).

There is a complete description of FA presentable structures in the classes of
Boolean algebras [9] and well-ordered sets [3], but for another classes of struc-
tures such as groups, rings, linear orders, etc., the situation is far from clear. For
example, it is unknown whether the group of rationals under addition has an FA
presentation. In [8] Khoussainov and Rubin posed the problem of characterizing
automatic abelian groups (Problem 4).

In this paper we describe a new method for constructing FA presentable
abelian groups and monoids using the notion of amalgamated product. We show
that under certain conditions the amalgamated product of FA presentable groups
or monoids is itself FA presentable. We then use this method to give new ex-
amples of FA presentable torsion-free abelian groups. The only known examples
of such groups were (Z,+), (R,,+) (the group of rationals with denominators
powers of p), and their finite direct products. Our examples are indecomposable
and strongly indecomposable torsion-free abelian groups.

* This research was partially supported by the Marsden Fund of New Zealand, grant
no. UOA-319.



In the last section we will construct an FA presentation of the group (Z, +)?2
which is new in the sense that any nontrivial cyclic subgroup in that presentation
is not FA recognizable.

We now give formal definitions that will be used in this paper.

Definition 1.1. Let X' be a finite alphabet, and a = (aq1,...,ar) be a tuple of
words from X*. A convolution of @ is a word in alphabet (X U {O})* which
1s constructed by placing the words a1, ...,ax one under another and adding a
special symbol 01 at the end of the words to get the same length. For example,

0100
Conv(01,1011,100) = 10 1 1
1000

A convolution of a relation R C (X*)* is defined as Conv(R) = {Conv(a) :
a € R}.

Definition 1.2. A relation R C (X*)*F is FA recognizable, or regular, if
Conv(R) is recognized by a finite automaton.

Definition 1.3. A structure A= (A;Ry,...,Rn, f1,..., fm) is FA presented
if, for a finite alphabet X, A C X* is an FA recognizable set of word in X*, and
all the relations Ry, ..., R, together with the graphs of operations f1,..., fm are
recognized by finite automata.

A structure A is FA presentable if it is isomorphic to an FA presented
structure.

In some cases to prove that a given structure is FA presentable we will not
construct its automatic presentation explicitly. Instead we give its first-order
interpretation in a structure already known to be FA presented. The description
of this method together with formal definitions and proofs can be found in [2].

2 An FA presentation of the group R,

Definition 2.1. Let R), be the subgroup of (Q, +) consisting of elements of the
form k/p*.

In the literature R, is also denoted by Q®) (for example, see [4]) or Z[1/p].
The next theorem shows that R, is FA presentable, and we will use this particular
presentation of R, in section 5 to construct new examples of FA presentable
abelian groups.

Theorem 2.1. R, is FA-presentable.

First, we will construct an automatic presentation of R; , the submonoid of
R, consisting of elements greater than or equal to 0. Later we describe how to
obtain an FA presentation of the entire group R, from the one for Rl‘f.

The alphabet of the FA presentation for R} will be ¥ = {(™) : ne
{0,1} and m € {0,...,p — 1}}. Every element z € R} will be represented by
two lines of digits,



ny |ng |-+ Nk
mi|mea| -+ Mg

where nins ...ny represents the integral part of z in binary presentation with
the least significant digit first, and miyms ... my represents the fractional part
of z in base p with the most significant digit first. If needed, we put additional
zeros to the right to make the lengths of integral and fractional part equal. For
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example, if p = 3 then the element 142—7 € R is represented by

0[1]1]1
112(2]0

Let the domain D of an FA presentation of R;‘ consist of all words in X*
not ending in (8), except for (8) itself which represents 0. Clearly, D is FA
recognizable.

Let Add be the graph of the addition operation. We prove that Add is FA
recognizable. First, we construct an auxiliary automaton A whose alphabet is
(X U {0O})3. The states of A are g, (0,0), (0,1), (1,0), (1,1), where qo is an
initial state and (0,0) is a final state. The state («, ) means that we have a
carry bit « in the addition of integral parts, and a carry bit § in the addition of
fractional parts.

The transitions of A are defined below. It is assumed there that the special
symbol [ is identical to the symbol (8).

.
There is a transition from gg to («, 5) with the label ((::Lll), (”2), ("3)) if

mao ms3
and only if
ni + ng = 2a + n3 ni+ne+1=2a+n3
or
m1 +mo + 3 =m3 miy+me+B=p+ms3.

This means that from the first letter of the input A guesses the carry bit from
the fractional part to the integral part: in the first case the carry bit is 0, while
in the second case the carry bit is 1.

-
There is a transition from (a, 8) to (¢, ') with the label (( ), ("2 ), (”3 ))

ny
maq ma ms3
if and only if
ny +ng + o = 2a’ +ns
my+mo+ ' =pB+ms .

Now as one can see Conv(Add) = L(A) N Conv(D?). Therefore, since D3 is
FA recognizable, then so is Add.

Let us define an FA presentation for R,. Consider the presentation of R;‘
given above; let 7 : D? — D? be the following function

(2.1) (x—y,0) ifzx>y,
™z, = .
Y 0,y—z) ifzx<y.



Note that the graph of 7 is an FA recognizable subset of D* since it can be defined
in terms of Add and < relations which are FA recognizable in our presentation
of R; . Now the domain of the FA presentation of R, is

{(z,y): z,ye Dand (z=0Vy=0)}
with addition operation defined as

(1,91) + (22, y2) = (v3,y3) if and only if (x3,y3) = 7(x1 + 22,1 + ¥2).

3 Amalgamations of monoids and abelian groups

Before turning to abelian groups let us consider commutative monoids which
have cancellation property, namely, a + ¢ = b + ¢ implies a = b for all elements
a, b, c. In what follows, by monoid we will mean commutative monoid with
cancellation property.

Proposition 3.1. Let M, N, and U be monoids, and f : U — M, g: U — N
be isomorphic embeddings. Consider the direct product M x N of the monoids
and a relation ~y on M x N defined as follows:

(zo,50) ~u (z1,51) <= FuweU (zo+ f(u) =214 f(v) A
Yo +g(u) = y1 +g(v))

Then ~y is a congruence on M X N, and M @&y N, the amalgamated product
of M and N over U, is the quotient structure M x N/ ~y, which also is a
commutative monoid with cancellation property.

Proof. 1t is straightforward to show that ~y is a congruence, and that M @y
N is a commutative monoid. We prove that it possesses cancellation property.
Suppose (g, yo) + (z,w) ~y (x1,y1) + (2,w); then g+ z + f(u) = x1 + 2+ f(v)
and yo + w + g(u) = y1 +w + g(v) for some u,v € U. Since M and N possess
cancellation property, we have that xo + f(u) = 1 + f(v) and yo + g(u) =
y1 + g(v), that is (zo,y0) ~v (21,y1)-
O
We will use the notation (z,y)y to denote the equivalence class of (z,y) €
M x N with respect to ~y.

Proposition 3.2. Let M ©y N be an amalgamated product of monoids M and
N over U. Then there are submonoids M and N in M &y N such that M = M,
NN, and M &y N=M+ N.

Proof. Let M = {(z,0)y : 2 € M} and N = {{0,5)y : y € N}; as one can
see, M and N are submonoids of M ®y N, and M &y N = M + N. Consider
the mappings ¢ : M — M and ¢ : N — N such that ¢(z) = (z,0)y and



o(y) = (0,y)u. Clearly, ¢ and 1) are epimorphisms. Let us show, for instance,
that ¢ is one-to-one. Suppose (x,0)y = (2’,0)y; then x + f(u) = 2’ + f(v) and
g(u) = g(v) for some u,v € U. Therefore, u = v and the cancellation property
implies that z = 2'.
O
In the case of abelian groups we can define the notion of amalgamated prod-
uct in a slightly different manner.

Definition 3.1. Let A, B, and U be abelian groups and f : U — A, g : U — B
be isomorphic embeddings. Then A®y B, the amalgamated product of A and
B over U, is the quotient group A® B/U, where U = {(f(u),g(u)) | u € U}.

The next proposition is the strengthening of 3.2 for abelian groups.

Proposition 3.3. Let A ©y B be an_amalgamated product of A and B over
U. Then there are subgroups A and B in A®y B such that A = A, B~ B,
A®y B= A+Band ANB~U.

Proof By definition A &y B = A® B/U. Let A = {(a,0) + Ulae A} and
= {(0,b)+U | b € B}. As one can see, AGy B = A+Band A~ A, B~ B. We
now prove that ANB = U. Let € AN B, then = = (a,0)+U and z = (0, b)—I—U
hence (a,—b) € U and a = f(u), b = —g(u). Therefore, z = (f(u),0) + U and

AN B ={(f(u),0)+ U | u € U}, which is isomorphic to U.
O

Remark 3.1. The intersection M N N of the submonoids of M @y N defined in
the proof of Proposition 3.2 does not necessarily isomorphic to U. To show this
let M, N, U be (N,+), and f, g be the identity embeddings. As one can see,
M @y N is isomorphic to (Z,+) because {x,y)y = (/¢ )y il . —y =2’ — ¢/,
and we can identify (z,y)y with  —y € Z. In this case M and N correspond

to the submonoids of non-negative and non-positive numbers respectively. Thus
MnNN={0,0)n} ZN.

The converse of 3.3 also holds.

Proposition 3.4. Let L be an abelian group, A, B subgroups of L, and U =
AN B. Then
A+ B2 Agy B,

where the embeddings f, g of U into A and B are the identity mappings.

Proof. In this case A ®y B = A® B/U, where U = {(u,u) | v € U}. Let
p: Ady B — A+ B be defined as follows:

o((a,b) +U) =a—b.

We show that ¢ is an isomorphism. First, note that it is well defined: if (a,b) +
U= (a,b)+U then (a —a',b— V") = (u,u) for some u € U; therefore a — b =
(¢ +u)— W +u)=d -V



It is easy to see that ¢ is an epimorphism. We now prove that it is one-
to-one. Let @ —b = o/ —'; then a —a’ = b—b € AN B = U. Therefore,
(a—d,b—=V)=(u,u) €U and (a,b) + U = (a’, V) + U.

O
Remark 3.2. If M, N, and U are abelian groups then both definitions of amal-
gamated product, that is the one for groups and the one for monoids, give us
the same structure M @&y N.

4 Constructions of FA presentable monoids and abelian
groups

In this section we will prove a version of Proposition 3.2 for FA presentable

structures.

Theorem 4.1. If M, N, and U are FA presented monoids and f : U — M,
g : U — N are isomorphic embeddings that are FA recognizable subsets of U x M
and U x N respectively, then the amalgamated product M &y N is FA presentable.
Moreover, M ©y N contains FA recognizable submonoids M and N such that
M=M,N=2Mand M &y N=M + N.

Proof. We prove that M @&y N is FA presentable by constructing an interpreta-
tion of it in the FA presentable structure £ = M LI N U U enriched with unary
predicates for subsets M, N, U and binary predicates Ry and R, for the graphs
of f and g. Let RM and RY be the graphs of the addition operation in M and
N respectively.

The domain for M &y N is defined in E? by the formula A(xg,yo) = M (z9) A
N(yo). Addition is defined by

®(20, 0,21, Y1, T2, y2) = R (20, 21, 22) A RN (yo,y1,92).
Equality is defined by
€(xo0,y0, w1, 41) = Fu,v (U(u) ANU(v) Azo + f(u) = 21+ f(v)
Ayo+9(u) =y +9(v))
or more formally
(w0, Yo, T1, Y1) =T, v, wo, w1, W2, w3, 20, 21 (U(w) AU (v) A Ry(u,wo)
A Ry (v,w1) A Ry(u,wa) A Ry(v,ws) A RM (0, w0, 20)
N RM(a:l, w1, Zo) A RN(yo, wa, 2’1) A RN(yl, ws, 2’1))

From the proof of Proposition 3.2 it follows that M and N are defined by

the formulas
(20,21) € M <= Fz,u,v (M(x) AU(u) AU(W)A
20+ f(u) =z + f(v) Az +g(u) = g(v)),
(20,21) € N <= Jy,u,v (N(y) AU(u) AU(w)A
20+ fu) = f(v) Nz + g(u) =y + g(v)).



Therefore, M and N are FA recognizable submonoids.
O

Theorem 4.2. Let A and B be abelian groups such that B is a subgroup of A
and |A : B| is finite. If B is FA presentable, then so is A.

Proof. Let rg,...,r; be representatives of the cosets of B in A. Then there are
a function g : {0,...,k}*> — {0,...,k} and elements b;; € B with the following
property: for every i and j,

ri+r; = Tg(i,5) + b”

We may assume that the FA presentation of B uses an alphabet X', such
that 0,...,k ¢ X, and that the domain of this presentation is D C X*. Let the
alphabet of the FA presentation of A be X U{0,...,k}. Each element of A has
the unique form r; + b for some b € B, and is represented by the string iv, where
v € D represents b. Since A is abelian,

(i +b1) + (7 + ba) = 143 5) + bij + b1 + ba.

Hence the graph of addition operation can be recognized by a finite automaton.
O

Ezample 4.1 (Two different presentations of Rg). Consider the presentation of
Rg described in Section 2. We will show that Rg in this presentation does not have
FA recognizable subgroup isomorphic to Ry. Suppose M is an FA recognizable
subgroup of Rg and M = Ry. Let M+ = {(z,0) : (2,0) € M}; then M* is FA
recognizable and M+ =2 R . Note that we can identify the FA presentation of
R{ and the FA recognizable submonoid of Rg with domain {(z,0) : (z,0) € Rs}.
This implies that Rg has an FA recognizable submonoid isomorphic to R .
Now if M+ < Rg is isomorphic to R; , then for some ng, kg € N

k
M no Ly non3
- 6k)0 2 = 6ko+k

: k,nEN}.

For each k and let a be the smallest element of M ™ of the length kg + k in this
presentation. Obviously, ag = ng3¥6~(Fo+%) and it has the form

00...00‘...‘0
0[0[---|0| 7k
where )
. length(ry
lim ———= = logg 3. 1
A k) o8 (1)

Choosing sufficiently large k we will have enough leading zeros in the presentation
of ay, to pump this string. This will give us a contradiction with the formula (1).
Therefore, M ™ is not FA recognizable, and M is not FA recognizable too.



On the other hand, Rg is isomorphic to R;‘ P R;‘. Indeed, Ry @y R}f =
{{z,y)n : (v,y) € Ry x Ry} and

(x,y)n = (o', )y if and only if z —y =2’ — ¥/

Let z = m/6* € Rg; there are mg, m; € Z such that m = 3¥my — 2¥m;; then
2z = mg/2*¥ — m1/3% = (mg/2% + 1) — (m1/3F + 1) for any | € Z. Choosing
sufficiently large [ we see that z =z — y, where z € R;r , Y € R;. Therefore, the
mapping that sends (x,y)ny to © — y € Rg gives us desired isomorphism.

Consider FA presentations for Ry and Rj described in Section 2. Recall that
the integral part of every element is presented in base 2 both in Rj and Ry.
Thus if we take FA presentation of N in base 2, then the graphs of the identity
embeddings f : N — R; and g : N — R;’ will be FA recognizable. Therefore,
by Theorem 4.1, Rg has an FA presentation which contains FA recognizable
submonoids isomorphic to Ry and Rj. Now if M+ C Rg is a submonoid iso-
morphic to Ry then M = M+ U—M" is a subgroup isomorphic to Ry. Clearly,
M is definable in terms of M T and addition. Therefore, this presentation of
Rg contains FA recognizable subgroups isomorphic to Ry and R3. It is different
from the presentation given in Section 2, in the sense that there is no automatic
isomorphism between them.

5 Indecomposable FA presentable abelian groups

We describe rank n torsion-free abelian groups, G,, and H,,, which are indecom-
posable and strongly indecomposable respectively. We then show how to apply
the methods from the previous section to prove that they are FA presentable.
In what follows we will use expressions like p~°°a as an abbreviation for an
infinite set p~'a,p~2a, - - -. For every n > 2, let G,, be a subgroup of Q" generated
by py €1, .-, pp  €n, ¢ L (e1+- - +e,), where q,p1, . .., pp are different primes
and eq,...,e, are linear independent elements in Q™ considered as a Q-vector
space. An example of such a group was found in [4, vol. 2, §88, Exercise 2.

Theorem 5.1. The group G,, is indecomposable for all n > 2.

Proof. First, note that every x € G,, has the form

v =M my 4+ q 7 s)er+ -+ (pFrma 4 g7 s)en,
where m1,...,my,,s € Zand ky,...,k, € N. Let E; = (p;c’oej> where1 < j < n.
We show that the groups E; are fully invariant in G, 1.e. ¢(FE;) C E; for any
endomorphism ¢ of G,,. Let x € E; and ¢(z) = > _ s;e;. In Gy, x is divisible by
all powers of p;, and so is ¢(x). Hence, s; = 0 for ¢ # j and ¢(z) = sje;.

1

Take any ¢ # j. As mentioned above, s; has the form pj_kj m; +q s and s;

1 Is must be an integer. Therefore,

has the form p;kimi + ¢~ 's. Since s; =0, ¢~
¢(z) = s;e; belongs to Ej.
Now suppose that G,, = A® B. If x € G,,, then = has the unique form

x = a+ b, where a € A, b € B. Define the following endomorphisms of G,,:



o (z) = a and ¢B(z) = b, where 2 = a + b. Obviously, z = ¢?(z) + P (). If
x € Ej then p(z) € E; N A and ¢B(x) € E; N B, since Ej is fully invariant.
This means that E; = (E; N A) & (E; N B).

Note that E; is indecomposable, because it has rank 1. Therefore, E; C A
or E; C B. Assume there exists 1 < k < n such that Eq,...,E, € A and
Eyi1,..., B, C B. Let ¢ '(e1 + - +e,) = a+b, where a € A and b € B.
Then e; + -+ + e + €x41 + -+ e, = qa + gb. Since e; +--- + ¢, € A and
€k+1+ -+ +e, € B we have that a = ¢ (eg + -+ + e).

We show that this is impossible. Let a = (pl_klml +q7ts)er+- -+ (py Frmy, +
q~'s)en; since p;k’”mn + ¢ 's =0, ¢g~'s must be an integer. Hence pfklml +
g~ 's = 0 cannot be equal to ¢~ !.

So we can assume that Fy,..., E, C A. If B # 0 then let b € B be a nonzero
element. Then there exists n > 0 such that nb € (e1,...,e,) C E1+---+FE,, C A,
which is impossible because nb # 0 and nb is an element of B. Therefore, B = 0.

O

-1

Definition 5.1 ([1]). A torsion-free abelian group A is strongly indecom-
posable if whenever 0 #k € N and kA< B®C < A then B=0 or C =0.

The group H,, from the next theorem was introduced in [1, Example 2.4].

Theorem 5.2. The group H, = (p; e1,...,p, % en, ¢ (e1+ -+ ep)) is
strongly indecomposable for all n > 2.

Proof. First, we show that any endomorphism of H,, is the same as multiplication
by an integer. Let x € H,, by an argument similar to one in the beginning of
the proof of Theorem 5.1, one can show that if x is divisible in H,, by all powers
of p;, then x has the form mpi_kei.

Now let e = —e1,...,6p—1 = —€p_1, €, = €1 + -+ ¢€,. Then e, = € +
...+ ¢, and we can write

—oco~

Hn = <pf00/€\1> . 7p;ﬁé\n717 p;w(é\l + - +/e\n)> q en)>

Therefore, if x is divisible in H,, by any power of ¢ then it has the form mq~*e,, =

mqF(er + - +ep).

Let ¢ be an endomorphism of H,,; ¢(e;) = r;e; where r; = mipi_ki’, because
©(e;) is divisible by any power of p;. Hence p(e; + -+ +e,) = > r;e;. On the
other hand, since p(e; + --- + e,) is divisible by all powers of g, it has the
form mq~*(e; + --- + e,). Therefore, each r; is equal to an integer number r
and o(z) = rz. Since the group is torsion-free, every nonzero endomorphism is
one-to-one.

To conclude the proof we will show that if a torsion-free abelian group A
has only one-to-one nonzero endomorphisms then it is strongly indecomposable.
Assume that there are k£ # 0 and nonzero groups B and C such that kA <
B®C < A. Let ¢ be an endomorphism of B @ C defined as follows: if z = b+ ¢
where b € B, ¢ € C then ¢ () = b. Then the mapping ¢ defined by p(z) = ¢ (kz)
is an endomorphism of A. Take any 0 # ¢ € C, then ¢(c¢) = ¥(ke) = 0 and,



therefore, ¢ is not one-to-one. Note that ¢ is also nonzero, since if 0 # b € B
then ¢(b) = kb # 0.
O

Theorem 5.3. The group G,, is FA presentable.

Proof. Since R, is FA presentable, the direct sum R, @ ---® R, is also FA
presentable. Note that R, &---@® R, is a subgroup of finite index in G,,. Hence,
by Theorem 4.2, G,, is also FA presentable.

O

Remark 5.1. Note that unlike G,,, the group H, is not an extension of finite
index of any known example of an FA presentable group. To show that it is
FA presentable we will use the method of amalgamated products described in
section 4.

Theorem 5.4. The group H, is FA presentable.

Proof. First, let us show that H, is isomorphic to (R} x---x Rt )@y R}, an
amalgamated product of monoids R} x ---x R} and R over N, where the

isomorphic embeddings f: N — Rf x---x R} and g : N — R} are chosen as

follows: for all m € N, f(m) = (m,...,m) and g(m) = m.
Every element of (R} x --- x R} )@y R} is of the form ((a1,...,an),b)n,
where a; € R, fori =1,...,n, and b € R}. Suppose that

{(aty...,an),b)y = ((a,...,al), b )y
then there are u,v € N such that

(a1 +uy...,an +u) = (a) +v,...,a, +v)
b+u=10+w.

This implies that a; — b = a, — ¥ for all ¢ = 1,...,n. Thus we can correctly
define a function h on (R x --- x RI ) @y R} such that

h(<(a’17 s 7a'n)7 b>N) = (Cll - b)el +--- 4+ (an — b)en

As one can see, the range of h is a subset of H,, and h is a homomorphism. To
show that it is one-to-one, assume that

h({(a1,...,an), b)n) = h(<(alla ces a;z)7 V)n);
then
(a1 —b)er + -+ (an — be, = (a) — ey + -+ + (al, — V)e,.

Therefore, a; —a, =b—V € Ry, N R, for i =1,...,n. Since R,, N Ry = Z there
is w € Z such that

(a1,...,a,) = (ay +w,...,a, +w)
b=10"+w.



So ((a1,...,an),b)ny = ((a},...,a,), b )N.
Now to prove that h is onto, consider an element z € H,; it must be of the

form
mi l My, l
Zi(?*?)‘fl*"'*( F +T)€n-
pl q pnn q

for integers m;, [, and natural numbers k;, r. Obviously,
mi L = (B +0)—( : +1)
pfq qr pf’ qr

for any t € Z. Choosing sufficiently large ¢t we can make all a; = mi/pf"' +t
and b = —1/q" +t to be positive. In this case {(ai,...,a,),b)n is an element of
(R} x---x R )@y RF and h({(a1,...,an),b)n) = 2. Therefore, the range of h
is H,,, and hence it is an isomorphism.

Consider FA presentations of monoids R ,..., R} , and R} described in
Section 2. From this we can easily construct an FA presentation of R;l XX R;n
by putting strings representing elements of R;{i one under another in a column
using an extra padding symbol when necessary. Recall that the integral part of
an element of RY or R} is presented in base 2. Therefore, if we consider the
presentation of N in base 2, then the graphs of isomorphic embeddings f : N —
R} x---x R} and g:N — R} will be FA recognizable. Now, by Theorem 4.1,
the structure (R;‘1 X - X R;‘n) DO R,‘; is FA presentable, and as shown above it
is isomorphic to H,,.

O

6 A new FA presentation of 72

Let (Z,+) be the group of integers under addition. In this section we will con-
struct an FA presentation of (Z,+)? in which no nontrivial cyclic subgroup is
FA recognizable.

Consider Z[z]/(ps3), the quotient of the polynomial ring Z[z] with respect to
the ideal generated by p3(z) = 22 + z — 3. We will use the notation p(z) ~ g(z)
to denote that p3(z) divides p(z) — ¢(x).

Remark 6.1. In the construction described below we can use any polynomial of
the form 22 + x — ¢, for a prime ¢ > 3, instead of p3(x).

Let A = (Z[x]/{ps),+) be the additive group of the ring Z[z]/(ps). It is
not hard to see that A is isomorphic to Z2, since every polynomial in Z[z] is
equivalent over (ps) to a linear polynomial kx + [, which can be identified with
a pair (k,1) € Z2.

We say that a polynomial anz™ + --- 4+ a9 € Z[z] is in reduced form (or
briefly reduced) if |a;| < 2 for all ¢ < n.

Proposition 6.1. For every p(z) € Zx], there is a reduced polynomial p(x)
equivalent to it.



Proof. This can be proved by induction: assume that p(z) is in reduced form
and show that p(z) £ 2" is equivalent to a reduced polynomial. It is enough to
consider p(z) £+ 1. Note that if po(z) and p;(z) are in reduced form and have
non-negative coefficients then po(x) — p1(z) is reduced. Moreover, any reduced
p(x) is equal to the difference of such pg(x) and py (). So, it is enough to consider
the case when p(z) is reduced and has non-negative coefficients and show that
p(x) + 1 is equivalent to a reduced polynomial with non-negative coefficients.

We will actually prove a stronger statement: if p(x) is a reduced polynomial
with non-negative coefficients then p(x) + (a1x + ap), where 0 < agp, a1 < 2, is
equivalent to a polynomial of the same sort. The proof is now by induction on
the degree of p(x).

Let us write p(z) as p(x) = pi(z)z? + (byz + by); now using the fact that
3 ~ 2% + x we have

p(z) + (a12 + ag) = p1(x)2® + (a1 + b1)x + (ag + bo)
~ (p1(x) + r1z + (ro +71))2* + 12 + co,

where
ap + by, if ag +bg < 3 {ao-i-bo}
CO = ’[’0 = |—],
ag + by — 3, otherwise 3
o — a1 + by + 7o, ifa; +b14+1r9 <3 , _{a1+b1+7’0}
! ay +b; +179— 3, otherwise ! 3 '
Here [v] is the integral part of v, defined by
] = max{k € Z:k<v} ifv>0,
C |min{keZ:v<k} ifv<O.
For example, [1.5] = 1 and [-1.5] = —1. Note that 0 < ¢p,¢1 < 2 and 0 <

ro,71 < 1. By induction, pi(z) + rix + (rg + r1) is equivalent to a reduced
polynomial with non-negative coefficients; hence so is p(z).
O

We now give an automatic presentation for the group A. The alphabet of the
presentation is X' = {—2,—1,0,1,2}. Each reduced polynomial a,z™ + - - - + ag
is represented by a word ag...a, € X*. We say that two words ag...a, and
bg...b,, from X* are equivalent if a,z" + -+ ag ~ by, z™ + -+ + bg.

This equivalence relation is FA recognizable. An algorithm for checking it is
as follows. Given two words ag ... an, by ... b,; we can assume that n = m since
one can always add extra zeros to the right. The algorithm needs to remember
two carries 7o, 71; initially 7o = 7, = 0. Note that since 3 ~ x + 22, whenever
we subtract 3 from any digit we need to add 1 to the next two digits in order to
get an equivalent word. That is why we need two carries here.

Now for every ¢ = 0,...,n do the following. Check if 3 divides a; — b; + 7.

If ‘no’ then the words are not equivalent. If ‘yes’ then let r§!d = rg, 7914 = ry;



redefine

old a; —b; +rgd

a; — bz + Ty
- 5 rl = - 5
3 3
and go to step ¢+ 1. If we reach in this way step n then the words are equivalent
if and only if a,, — b, + 79 = 0 and r; = 0.

Since at every step |ro| < 4 and |ri| < 2, this algorithm requires a con-
stant amount of memory. Now it is not hard to construct a finite automaton
recognizing the equivalence.

Consider the following order on X: —2 < —1 < 0 < 1 < 2. It naturally extents
to the length-lexicographical order on X*, denoted as <jj.;. Let the domain of
the FA presentation of A be

ro = o 4

Dom(A) = {w € X* : (Vu <jjep w) u is not equivalent to w}.

This set is FA recognizable since <., is an FA recognizable relation.

To define addition on Dom(A) consider the relation R(x,y,2) such that if
T=ag...ax,y =bg...bythen z = ¢y...c, is obtained from x and y by applying
the following algorithm. Again, let o, r; be two carries that are initially zero.
At every step i starting from 0, let ¢; be such that |¢;| < 3,

¢i = a; +b; +ro (mod 3)

and ¢; has the same sign as a; + b; + 9. Let rgld =19, r‘fld = r1. Now redefine

a; +b; +rd a; +b; +rgd
SR (AT, I (RIAE )]

and go to step ¢ + 1.

For example, if x = 2211 and y = 22 then this algorithm produces z =
120021. By construction, if R(x,y, z) holds then the polynomial corresponding
to z is equivalent over (ps) to the sum of polynomials represented by = and y.
It is easy to see that at every step |ro| < 4 and |r1| < 2. Thus, as before, R can
be recognized by a finite automaton.

Let Add(x,y,z) be defined as

Add = {(x,y,2) : z,y,z € Dom(A) and
Jw (R(z,y,w) N w is equivalent to z)}.

Since Dom(A), R, and the equivalence relation are FA recognizable Add is also
FA recognizable. Obviously, Add is the graph of addition operation on Dom(A),
and the FA presented structure (Dom(A), Add) is isomorphic to A.

Our next goal is to show that no nontrivial cyclic subgroup in this presenta-
tion of Z? is FA recognizable.

Lemma 6.1. Let p(x) and g(x) be reduced polynomials such that p(x) ~ g(x)
and z* | p(z), then x* | q(x).



Proof. Suppose that z* { q(x); then p(x) —q(x) = 2! (ap+ayz+---), where | < k,
lao| < 2, and ag # 0. Since 3 { ag, p3(z) = 2% + x — 3 cannot divide p(z) — q(z),
which gives a contradiction.
O

For p(z) € Z|x], consider the set of all words in X* that represent polynomials
equivalent to p(z). All these words start with the same number of zeros. So we
say that p(z) starts with k zeros in reduced form if there is w € X*
representing p(x) that starts with k zeros.

The following lemma will be used several times later on.

Lemma 6.2. Let n be an integer, then 3¥ | n if and only if n starts with k zeros
in reduced form.

Proof. Suppose that 3% | n; then n = 3*m ~ z¥(x + 1)*m. Taking a reduced
form for (z +1)*m and multiplying it by 2* we obtain a reduced form for n that
starts with k zeros; thus n starts with k zeros in reduced form.

The other implication can be proved by induction on k. First, suppose that
n starts with 0 in reduced form and n = 3m + r, where 0 < r < 2. Take any
reduced form for 3m. Since it starts with 0, n = 3m + r has a reduced form that
starts with r # 0. This contradicts our assumption, and hence 3 | n.

It is not hard to see that if p(z) starts with exactly k zeros in reduced form,
and ¢(x) starts with exactly [ zeros, then a reduced form for p(x)q(z) starts with
exactly k + [ zeros. Now suppose that n starts with k& + 1 zeros in reduced form;
then n = 3m and m starts with k zeros, because 3 ~ 011 starts with one 0. By
induction, 3% | m, and so we have 3*+! | n.

O

Let a = (v/13 — 1)/2 be the positive root of ps(x) = 22 4+ = — 3. Consider a
mapping F' : Z[z] — R such that F : p(x) — p(a). Obviously,

(p+a9)(a) =pla) +q(a) and (pg)(a) = p(a)q(a).

Furthermore, if p(z) ~ ¢(x) then p(a) = ¢(«), since p(a) —g(a) = ps(a)r(a) = 0.
Consider an arbitrary nontrivial cyclic subgroup in our presentation of Z2.
It has the form

(wy={n-w: nez}

for some w € Dom(A). Let q(z) be the polynomial that corresponds to w. Note
that ¢(a) # 0 since w represents nonzero element. Indeed, by applying the
Euclidean algorithm one can see that there are polynomials s, with deg(r) < 2
such that ¢ = s - p3 + r. Moreover, since the leading coefficient of p3 is 1, s and
r have integer coefficients. Now if ¢(«) = 0, then r(a) = 0, which implies that
r = 0 since « is irrational. So ¢ = s - p3 is equivalent to 0.

Suppose that (w) is recognized by a finite automaton with d states. We know
that 3% - w € (w) starts with d zeros in reduced form. So let 3¢ - w be equivalent
to 09 € Dom(A). By pumping lemma, there are sg,s;,t € N with ¢ # 0 such
that 0% = 0%°0*0%1v and wy, = 0% FTs0+s1y € (w) for all k > 0.



Let g () be the polynomial that corresponds to wy. Since wy € (w), we have
that wg ~ ng - w for some ny € Z. If w starts with m zeros, then nj starts with
at least tk — m + so + s1 zeros in reduced form; thus 3tF—mtsotsy |,

The fact that wy is equivalent to ny - w implies that gx(a) = nkg(a). Now,
on the one hand,

lan(@)| <20 +a+ -+ a1

alwel — 1
=2 1 < 8al®rl = gasotsitlvigth — ¢ ath.
o —

On the other hand,
Jak ()| = [nx|la(a)| = 373%™ g(a)| = C13.

Thus
Cl3tk < Coatk for all £ > 0,

which is impossible because o < 3. Therefore, (w) is not FA recognizable.
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