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Abstract

Cardinal characteristics of the continuum are the cardinalities of inter-
esting families of reals. A well-studied example is that of mazimal almost
disjoint (MAD) families of sets of natural numbers. Significant work has
been done investigating computability-theoretic analogues of cardinal char-
acteristics. By considering encodings of MAD families as a single ‘universal’
set, Lempp, Miller, Nies, and Soskova (2023) studied the class of encoded
MAD families. Such a class is referred to as a mass problem; one can study
the relative complexity between mass problems. In Section 2, we build on
the study of mass problems as analogues of cardinal characteristics. We
define mass problems of mazimal eventually different (MED) families of
computable functions in the same way and compare them against the mass
problems defined by Lempp et al. In Section 3, we survey work by Green-
erg, Kuyper, and Turetsky (2019) that provides an abstract framework for
cardinal characteristics and their effective counterparts. We show that this
framework is suitable for obtaining results in the setting of mass problems.
In Section 4, we showcase a construction by Schrittesser (2018) of an effec-
tively closed MED family in set theory. We show that the construction is
sufficiently effective that the computable members of the constructed family

are MED relative to computable functions.
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1 Introduction

The importance of the real numbers in much of modern mathematics needs no
justification. They were used without care until, in the 19th century, some groups
began to work towards a rigorous foundation for all of mathematics. As formal
constructions of the real numbers developed, further questions could be asked
about the analytic and topological properties of the real line. At the turn of the
20th century, with Cantor’s formal notion of the size of a set and proof of the
uncountability of the reals, the truth of the continuum hypothesis (CH) arose as

the ultimate question about the reals at the most basic level:

There is no cardinality strictly between that of the natural numbers
and that of the reals. That is, N; = ¢.

The definition of the constructible universe L by Gédel [12] and the method
of forcing used by Cohen [5] show that the Zermelo-Fraenkel axioms of set theory
(ZFC), considered standard and sufficient for most of modern mathematics, do not
suffice to prove or disprove CH. It is thus possible for models of ZFC to exist where
there are uncountable subsets of the reals with sizes smaller than the continuum.
Since the failure of CH was proven consistent by Cohen [5], a natural question
has been to ask how far the universe can deviate from CH. The technique used by
Cohen can be easily adapted to show that there is no bound on the cardinality of
the continuum in that for any ordinal «, there is a model of ZFC in which ¢ > N,,.
Alternatively, we could look at the properties of cardinals below the continuum
to compare with the case where CH holds.

Cardinal characteristics of the continuum, often referred to as simply cardinal
characteristics or occasionally cardinal invariants, are uncountable cardinalities
of subsets of the reals. They usually correspond to the minimal sizes of subsets
of some combinatorial, analytical, or topological interest. Many developments in
set-theoretic methods have come from showing the consistency of strict relations
between cardinal characteristics, constructing models of ZFC which are in some
sense far from satisfying CH.

As computability theory has developed alongside set theory, many parallels
have been drawn between the two subjects. The first approach to computability-
theoretic analogues of cardinal characteristics was in the form of highness classes
of oracles. Highness classes represent the minimal required complexity in order
to hold some property, analagous to cardinal characteristics defined as minimal

cardinalities of families with some property.



Rupprecht [30], under the supervision of Blass, defined analogues for a
well-known collection of cardinal characteristics: Cichoni’s diagram. Brendle,
Brooke-Taylor, Nies, and Ng [4] built on this framework and answered various
questions. All of the set-theoretic relations were reflected in their computability-
theoretic counterparts, but there were also several additional relations that only
hold in computability, causing several of the highness class analogues to coincide.

This work proved useful in other computability research. Monin and Nies [25]
took the Gamma question, a problem in coarse computability concerning the spec-
trum of possible Gamma values of Turing degrees, and reduced it to a problem
concerning analogues of cardinal characteristics. Following this, Monin [23] ob-
tained a solution. Later work by Monin and Nies [24] began considering highness
classes as their Muchnik degrees and obtained more general results. We expand
on this in Section 1.2.

Using a well-studied framework for abstractly representing various cardinal
characteristics, Greenberg, Kuyper, and Turetsky [10] show that this framework
is also suitable for defining and showing results about highness classes as analogues
of cardinal characteristics. They show that most of the results by Rupprecht [30]
and from [4] can be systematically obtained in this setting.

The framework of highness classes as an analogue of cardinal characteristics
is only suitable for those cardinal characteristics which can be represented as the
cardinalities of unbounded or cofinal subsets in relational structures. Considering
the possibility of analogues of other cardinal characteristics, Lempp, Miller, Nies,
and Soskova [18] developed a framework of analogues of the underlying families
used to define cardinal characteristics. This setting is much more flexible than
that of highness classes, allowing for the possibility of studying most combinatorial
cardinal characteristics.

This thesis will largely focus on computability-theoretic analogues of families
of functions that are of interest to cardinal characteristics research in set theory.
In Section 2, we define analogues of maximal eventually different families and
maximal towers of functions in the framework developed in [18]. and relate them
to previously studied analogues for subsets of Cantor space. Section 3 surveys
work in [10] and applies it to a more recent framework for analogues of cardinal
characteristics. In Section 4, we expand on a construction by Schrittesser [31] of
an effectively closed maximal eventually different family in set theory, and show

that the construction also yields an analogous result in computability theory.



1.1 Cardinal characteristics of the continuum

CH is stronger than necessary to control much of the structure below the contin-
uum. If every cardinal below the continuum behaves in some sense like Ry, then
the universe is in some sense not far from CH. This is the idea encapsulated in

Martin’s Axiom:

Definition 1.1 (MA(k)). For every partial order P which satisfies the countable
chain condition (c.c.c.) and any family D of dense subsets of P with |D| < «,

there is a filter F' C P such that F' meets every member of D.

Definition 1.2 (MA). Let m be the least cardinal x such that MA(k) is false.
MA is the statement m = .

MA(Ry) is provable and MA(c) can be refuted in ZFC, so 8; <m < ¢ and CH
implies MA. Even in models where the continuum is large, MA can still hold, and
so many useful properties of countable sets would be generalised to all uncountable
sets of reals smaller than the continuum. For example, if we assume MA, then
every subset of the reals with cardinality smaller than ¢ has measure 0 and is
meagre. In general, for a cardinal characteristic g, the assumption ¢ = ¢ is some
way of imposing a structural constraint on the reals.

We can find simple and natural examples of cardinal characteristics in Baire

space:

Definition 1.3 (b). A family F' C “w is called <*-unbounded if there is no
function h such that f <* h for all f € F. Define

b = min{|F| : F is <*-unbounded}.

Definition 1.4 (d). A family /' C “w is called <*-dominating if for every function
h there is f € F such that h <* f. Define

0 = min{|F| : F' is <*-dominating}.

Every <*-dominating family is <*-unbounded and “w is <*-dominating, so
b < 0 < ¢. As with many cardinal characteristics, a simple diagonalisation
argument shows that b and 0 are uncountable: Suppose there was a countable
unbounded family { f;}icw, the function z — max;<, f;(n) dominates each f;. Both
b and 0 were considered before the independence proof of CH, by Rothberger [29]
and Katétov [16] respectively.



Set theorists became increasingly interested in the topological and analytic
properties of the real line. Over time, it became apparent that hypotheses regard-
ing the analytical properties of the real line tended to be stronger than topological
ones. Shelah [33] showed that ZFC proves the consistency of every projective set
having the property of Baire, but a large cardinal assumption is required for the
consistency of every projective set being measurable.

Bartoszyniski [1] looked at the following concepts. For the following, Z is an

ideal on an infinite set X which contains all finite subsets of X.

Definition 1.5 (add(Z)). The additivity number of an ideal Z is the least cardi-

nality of a family of members of Z whose union is not a member of Z:
add(Z) = min{|F|: FC T and | JF ¢ T}.

Definition 1.6 (cov(Z)). The covering number of an ideal Z is the least cardi-

nality of a family of members of Z whose union is X:
cov(Z) = min{|F|: FC T and | JF = X}.

Definition 1.7 (non(Z)). The uniformity number of an ideal Z is the least car-

dinality of a subset of X which is not in Z:
non(Z) =min{|Y|: Y C X and Y ¢ Z}.

Definition 1.8 (cof(Z)). The cofinality of an ideal Z is the least cardinality of a

family of members of Z which is cofinal in the ordering (Z, C):

cof(Z) = min{|F| : F C T and (VY € 7)(3Z € F)[Y C Z]}.

cof(Z)

SN

non(7) cov(Z)

NS
add(Z)

Figure 1: Relations between cardinal characteristics associated with an ideal.

Of interest to the study of cardinal characteristics is the case where |X| = ¢
and Z is a o-ideal, that is, it is closed under countable unions. This ensures that

N; < add(Z) and usually that cof(Z) < ¢. Two such ideals of general importance
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in mathematics are the ideals of meagre and Lebesgue null sets of reals. We refer
to them as M and N respectively. Relating the cardinal characteristics associated
with these ideals to each other and to b and 9, we obtain Figure 2. It was named
after Cichon by Fremlin [7].

cov(N) — non

M) — cof (M) — cof(N) — ¢

[
0
[

—_—~ — O —

N; — add(N) — add(M) — cov(M) — non(N)

Figure 2: Cichon’s diagram.

Celebrated work by Goldstern et al. [9] has shown that it is consistent
that the maximum separation occurs in Figure 2, that all of the cardinals in
Cichont’s diagram have distinct values, with the exception of the dependencies
add(M) = min{cov(M), b} and cof (M) = max{non(M),d}.

A key feature of the cardinals in Cichon’s diagram, and some other cardinal
characteristics, is that there is no internal structure or restrictions on which reals
the witnessing families can contain. This allows for a very general framework of
these cardinal characteristics, which will be expanded on in Section 1.3. Investi-
gating families with internal structure gives more complex cardinal characteristics.

The following are two of the most well-studied such cardinal characteristics:

Definition 1.9 (a). A family G C [w]¥ is almost disjoint (AD) if no two of
its members have infinite intersection. The family G is maximal almost disjoint
(MAD) if there is no AD family which strictly contains it. Define

a={|G|: G is MAD}.

Definition 1.10 (t). A family G C [w]® is called a tower if it is linearly ordered
by C*. The tower G is mazimal if there is no set R such that R C* X for all
X € (. Define

t = {|G| : G is a maximal tower}.

1.2 Nonlowness classes and mass problems

The rich combinatorial nature of many cardinal characteristics makes them an
appealing target for possible computability-theoretic analogues. In particular,

many cardinal characteristics are defined in terms of an object with a universal



property: for every real x, some relation holds. This kind of relation is easy to
adapt to computability by restricting to computable reals x.

Computability theoretic analogues of cardinal characteristics were first consid-
ered in the doctoral research of Rupprecht [30]. He defined ‘Turing characteristics’
as highness classes of oracles, in particular ones that correspond to the cardinals
in Cichon’s diagram. In [4], this theory was developed further and made Rup-
precht’s results more accessible. They give a full diagram of analogues to Cichon’s
diagram.

The analogue of a cardinal characteristic in this framework is related to the
method of forcing that would be used to increase the value of the characteris-
tic. The cardinal b is the least cardinality of a family of functions which is not
uniformly dominated by a single function. In order to create a model with a
greater value of b, we destroy this property of these families, so we add a func-
tion that dominates each one in the ground model. In the set theory setting,
we need to iterate this process to actually increase the cardinality of b. The
computability-theoretic analogue is a function that dominates every computable
function, a dominating function. Relativisation to a dominating function is anal-
ogous to working in a forcing extension that contains a function that dominates
those in the ground model.

Analogues for the rest of Cichon’s diagram are obtained in a similar way. The
analogue for 9 is a function which is not dominated by any computable function:
a hyperimmune function. The cardinals associated with the ideals of meagre and
null sets are more complicated, but by identifying meagre or null sets with reals
that code them, we can obtain similar highness classes. For example, add(M) is
the least cardinality of a family of meagre sets whose union is not meagre. To
destroy that property of a family, we add a meagre set which contains all ground
model meagre sets. Thus, the analogue is a code for a meagre set that contains
every meagre set which coded by computable reals. An oracle which computes
such a code is called meagre engulfing.

Unfortunately, some of the analogues defined by Rupprecht [30] or in [4] turn
out to be equivalent. One such case is that the analogues for b and for add(M);
dominating functions and meagre engulfing oracles both characterise the high
degrees. It is then natural to ask if we can find a framework that more closely
reflects the relations in set theory. Kihara [17] considered a setting like this for the
hyperarithmetical sets as opposed to the computable ones. Kihara shows that the
hyperarithmetical-theoretic analogues for cov(M) and d can be separated while

the computability-theoretic ones can not.



In [4], the application of this framework to analogues of cardinals outside
of Cichon’s diagram is also summarised. They give analogues of the cardinal
characteristics s and t as r-cohesive and bi-immune degrees and relate them to
the analogues of Cichont’s diagram. Valverde and Tveite [27] considered analogues
of the cardinal characteristics ¢ and v by defining prediction and evasion degrees.
They also show how these fit with the previously studied analogues.

Monin and Nies [25] investigated a problem in the study of coarse computabil-
ity: the Gamma question. The Gamma question concerns the spectrum of possible
Gamma values of Turing degrees. The reader can find details in the aforemen-
tioned paper by Monin and Nies. They look at the highness classes studied by
Rupprecht [30] and in [4] and the Gamma values of their members. Further work
on this by Monin [23] used this approach and resolved the Gamma question, show-
ing the only possible Gamma values, and those which are attained, are 0, 1/2,
and 1.

A different analogue of cardinal characteristics is described in later work by
Monin and Nies [24], providing a more general framework for problems like the
Gamma question. They define mass problems, classes of sets or functions, and
we can study the relative complexity in terms of the mass problems themselves.
Each highness class previously studied can be considered as a mass problem. The
Gamma question can be reduced to showing Muchnik or Medvedev equivalence
between some mass problems.

Given mass problems X and ), we say that X is Muchnik (weakly) reducible
to ), written X <, ), if each element of ) computes a member of X'. If this
computation is uniform, that is, there is a Turing functional I' such that I'Y € X
for any y € Y, then we say that X' is Medvedev (strongly) reducible to ), written
X <, Y. We will often talk about the Muchnik framework as it is the most
general. Most reductions we prove will be sufficiently uniform for the Medvedev
relation to hold also.

The setting of mass problems in the Muchnik ordering is very appealing for
analogues of cardinal characteristics. Cardinal characteristics are often defined as
the minimum of the spectrum of cardinalities of a kind of family. The Muchnik
degrees act as an extension of the Turing degrees to be closed under infima and
suprema: The Turing degrees embed into the Muchnik degrees by taking the
singleton of any of its members as a representative, and the union of two Muchnik
degrees is their infimum.

In [18], mass problems are also used for analogues of cardinal characteristics.

Rather than looking at the forcing used to change the value of the cardinals, they



looked at the families that witness the cardinality. They consider a mass problem,
a class of sets or functions, containing all families with a property. Working in
computability, we need only consider countable families. As such, we can code

the family as a single object:

Definition 1.11. Given a function f : w — w, we define the columns of f by
fll sz f({z,e)). Similarly, for a set F' C w, the columns of F are defined as
Fll = {2 : (x,e) € F}. This allows us to code a sequence (z.).c,, of functions or

sets as a single universal object z where zl = z, for each e.

We can use this to define analogues of cardinal characteristics as a mass prob-
lem of codes for sequences with some property.
In [18], analogues of the cardinal characteristics a, t, u, and i are defined in

this way. We will focus on their analogues of a and t:

Definition 1.12 (A). A sequence (Ge)eew of computable sets is called almost
disjoint if its members have pairwise finite intersections. Such a family is maximal
almost disjoint (MAD) if for any computable set H there is some e such that G.NH
is infinite. Let A be the mass problem of MAD families.

Definition 1.13 (7). A sequence (Ge)cew of infinite computable sets is called a
tower if we have for every e that G..1 C* G, and G, \ G4 is infinite. Such a
tower is maximal if for any infinite computable set H there is some e such that

H \ G, is infinite. Let T be the mass problem of maximal towers.

It was shown in [18, Fact 2.2] that these mass problems are Medvedev equiva-
lent. In Section 2, we will give a weaker alternative to T that could better reflect
the set-theoretic relations between cardinal characteristics. The author’s previous
work [21] built on the framework in [18] and defined an analogue for maximal
ideal independent families of sets. They also consider the complexity of maximal
independent and maximal ideal independent families in the cases of other Boolean
algebras of sets, the w-computably approximable and K-trivial sets respectively.

Mass problems with the Muchnik reduction can be argued to be a more natural
structure than the Turing degrees to study computational complexity. By choos-
ing a canonical representative for each Muchnik degree, the union of its members,
we can see that the Muchnik degrees form a lattice: For any two Muchnik de-
grees, their join can be given as their union, and their meet can be given as their
intersection.

Both nonlowness classes and mass problems provide correspondents of cardi-

nal characteristics which somewhat faithfully reflect the relations in set theory.



More equivalences arise in these computability-theoretic settings, which suggests
that there is often an inherent complexity in separating cardinal characteristics.
Kihara’s work [17] on analogues in hyperarithmetical theory reinforces this. The
mass problem analogy is more general and more closely reflects the families in set

theory.

1.3 Weihrauch problems and morphisms

Weihrauch problems provide an abstract structure that allows for the represen-
tation of various cardinal characteristics. As this structure is not tied to the
set-theoretic nature of the cardinal characteristics themselves, it is also useful in
defining computability-theoretic analogues. We give an exposition on this frame-
work here; it will be referenced in Section 3.

Fremlin [8] observed that various cardinal characteristics, including those in
Cichon’s diagram, can be expressed as the least size of a set which witnesses the
totality of some relation. For example, the relation associated with 0 is <* on
elements of “w. We have that 0 is the least size of a set of functions F' such that
for any h € “w there is f € F such that f <* h. By substituting a different
relation in place of <*, we obtain various other cardinal characteristics.

Vojtas [36] came up with a general framework of this form. He studied re-
ductions between these relational structures and gave them the name generalised
Galois-Tukey connections. Part of the motivation for this framework is that these
relational structures and their Galois-Tukey connections can be studied indepen-
dently of the cardinalities associated with them, and so they are still interesting
to study even if CH holds.

We follow the treatment of [10]. They survey the usage of these relations
in the study of cardinal characteristics in both set theory and computability,
using terminology which is widespread due to its independent development in

computable analysis and reverse mathematics:

Definition 1.14. A Weihrauch problem is defined as a triple A = (Ajust, Asol, A)
where Ajugi, Asol € “w and A C A X Ao, Elements of A are referred to as
instances and elements of Ay, are referred to as solutions. We say that b € Agy

is a solution for A € A;« if aAb.

The simplest examples are the Weihrauch problems we associate with 0 and b:
Let Dom = (“w,“w,<*) and Esc = (“w,“w,<*). The cardinal characteristic
associated with such a problem is defined in a way that generalises the correspon-

dence we have between these problems and cardinal characteristics:



Definition 1.15. A complete solution set for a Weihrauch problem A is one that
for each instance a € Aj., contains a solution b € Ay, for a. The cardinal

characteristic associated with A is defined as:
Card(A) = min{|C| : C' is a complete solution set for A}.

We see immediately from the definitions that © = Card(Dom) and b =
Card(Esc). In [10], it is observed that the flexibility in this definition also allows
for abstraction of the computability-theoretic analogues for cardinal characteris-
tics defined by Rupprecht [30] and in [4]:

Definition 1.16. Given a Weihrauch problem A, define

AT

inst —

{a € Ajust : @ computable},
and A’ | similarly. The highness class associated with A is defined as:

H(A) = {Z: (3b <y Z)(Va € A]

inst

)@ Ab]}.

We have that H(Dom) is the class of oracles which compute dominating func-
tions, and H(Esc) is the class of oracles which compute hyperimmune functions.
The reader may notice that the order is changed from what was proposed by
Rupprecht [30] and in [4]. The forcing analogy is dual to the associated highness
class; in [10], it is suggested that the nonlowness class via the dual problem may

be more natural to consider:
Definition 1.17. Given a Weihrauch problem A = (A;.q, Asol, A), define its dual
At = Ay, Ainst, AL) where

bAta < —aAb.

The associated nonlowness class associated with A is NL(A) = H(A'), explicitly:

NL(A) ={Z: (Fa <7 Z)(Vb € AL ))[-aAb]}.

sol

Then we have NL(Dom) as the class of oracles which compute hyperimmune
functions, and NL(Esc) those which compute dominating functions. It should
be noted that cardinal characteristics and highness classes themselves do not
inherently have duals. There are no canonical Weihrauch problems associated

with these objects; we use the ones most convenient concerning relations between
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problems and duality. As an example, 9 = Card(“w,“w, <) but the dual of this
Weihrauch problem has associated cardinal V.

Blass [2] used the term morphism in place of the term Galois-Tukey connection
used by Vojtas [36]. The following effective notion is proposed in [10], ensuring it

also gives relations between highness or nonlowness classes:

Definition 1.18. An effective morphism ¢ from Weihrauch problems A to B is
a pair of hyperarithmetic piecewise computable maps @ins; : Ainst — Binst and
©sol @ Bsol = Agsol such that whenever a € Ajg, b € Biol, and g (a) Bb, then
aApsi(b). Write A — B if there is an effective morphism from A to B.

Binst7 Bsol
Pinst ) Psol
Ainst7 Asol

Figure 3: An effective morphism

An effective morphism implies the relations we want in both the set-theoretic

and computability-theoretic settings:

Proposition 1.19. Let A and B be Weihrauch problems. Suppose A — B. Then
e Card(A) < Card(B),
e H(B) CH(A), and
e NL(A) C NL(B).

This is very much not an equivalence. Some relations between associated
cardinal characteristics will hold where there is no effective morphism between
the Weihrauch problems. It is even possible that two Weihrauch problems
share an associated cardinal characteristic without an effective morphism, see
[10, Lemma 4.22]. As demonstrated by the collapsing of relations in Cichon’s
diagram demonstrated in [4], relations in the computability setting also do not
imply the existence of an effective morphism. There are often techniques in com-
putability that make heavy use of the countability of the setting, or that we can
uniformly approximate every computable function.

Conventions for and clarifications of notation can be found in Appendix A.
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2 Mass Problems of Sequences of Functions

The almost disjointness number a and the tower number t, Definitions 1.12 and
1.13 respectively, are two of the most well-researched cardinal characteristics.
Replacing sets in the definitions of a and t with functions, we can obtain two

more cardinal characteristics:

Definition 2.1. A family G C “w is called eventually different (ED) if any pair
of elements agree only on a finite set of inputs. The family G is maximal (MED)

if it is maximal among such families under inclusion. Define:
a. = min{|G| : G C “w is MED}.

Definition 2.2. A family G C “w is called a tower if it is linearly ordered by
>*. The family G is maximal if there is no function f such that f <* g for every
g € G. Define:

t. = min{|G| : G C “w is a maximal tower}.

The cardinal a, was introduced by Zhang [37] based on a suggestion by B.
Velickovi¢. Blass et al. [3] give a survey of some fundamental results about a. and
related cardinal characteristics. Towers in “w were first studied by Dordal [6] and
related to several cardinal characteristics in [w]®.

Lempp, Miller, Nies, and Soskova [18] introduce mass problems as an analogy
for cardinal characteristics in the setting of computability. They give some exam-
ples in mass problems of sequences of computable sets. We develop this further
and study mass problems of sequences of computable functions, specifically, ana-
logues of the cardinal characteristics b, a., and t.. The analogues as mass problems
will be called B, AF, and TF, respectively. Their members will be sequences of
functions coded as a single universal function, as in Definition 1.11. We relate
these to the mass problems 7 and A of sequences of sets studied in [18].

Through observing relations to well-studied notions such as hyperimmune and
non-low sets, we can obtain separations between some of these mass problems.
This contrasts work in [18] and by the author [21] on mass problems of some
necessarily more complex objects, which all coincide with high sets in the Muchnik
degrees.

In addition to studying the mass problems, we get results on the descriptive

complexity of the sequences of functions themselves.
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[ NonLow | [ B2ZAF |

[18, 3.1] 2.22 2.6

T 18, 22] A Hyplmm

=)

Figure 4: Muchnik relations between mass problems. Dotted lines indicate
relations not known to be strict.

AF | Def. 2.3 MED families of functions.

TF | Def. 2.4 Maximal towers of functions.

B Def. 2.5 <*-unbounded families of functions.
A Def. 1.12 | MAD families of sets.

T Def. 1.13 | Maximal towers of sets.

T Def. 2.18 | Maximal weak towers of sets.

P Def. 2.19 | Families with the pseudointersection property.

Figure 5: Summary of mass problems.

2.1 Analogues of a, and ¢,

Recall that in [18], analogues are defined for the cardinal characteristics a and t
as mass problems consisting of sequences with specific properties. In the same

way, we define the following analogues for a, and t.:

Definition 2.3 (AF). A sequence (ge)cec. of computable functions is called even-
tually different if its members are pairwise eventually different. Such a family
is maximal (MED) if for any computable function h there is some e such that
ge =° h. Let AF be the mass problem of MED families.

Definition 2.4 (TF). A sequence (ge)ce,, of unbounded computable functions is
called a tower if g.11 <* g. and g1 <™ g. for every e. Such a tower is mazimal
if for any unbounded computable function A such that g, <® h for some e. Let

T F be the mass problem of maximal towers.

The notion of an MED family is directly analogous to MAD families of sets.
Given a family of functions, we can consider the corresponding family of sets
obtained by taking the graph of each function. The family of graphs is AD if and
only if the family of functions is ED. The family of graphs is maximal among AD
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families of graphs if and only the family of functions is MED. Note that there is no
direct correspondence; not every set is identified with the graph of a function. A
similar analogy in the other direction can be obtained by taking the characteristic
functions of members of a family of sets.

The notion of a tower of functions is more loosely associated with the notion
of a tower of sets. Each value can potentially decrease many times without ever
increasing, rather than only once. The relations between these classes of families
of functions and those of families of sets will be investigated further in Section 2.2.

We do not need to only consider mass problems of families with internal struc-

ture. We define an analogue for b in the same way:

Definition 2.5 (B). A sequence (f.)ce, of computable functions is called <*-
unbounded if there is no computable function A which dominates every f.. Let B

be the mass problem of <*-unbounded sequences.

A clear example is that any sequence which contains every computable function
is <*-unbounded: for each h computable, h + 1 is not dominated by h. It is easy
to see that there is a <*-unbounded family below (": let f.(x) be @.(x) unless
there is some y < x where p.(y) 1, if there is then f, can take the value 0 for all
but finitely many inputs.

This notion of <*-unbounded families is one of various notions that take a
property of a single noncomputable object and pull it apart into computable
components. In this case, the property for a single object is hyperimmunity. A
hyperimmune function is one that is not dominated by any computable function;
a <*-unbounded family is one with members that are not uniformly dominated by
any computable function. Often in these cases, we can recover the single object

property from the property for families:

Remark 2.6. For any (fe)ec, € B, the map & — max.., fe(x) is hyperimmune.
Thus, Hyplmm <, B.

As we show in Corollary 2.29, this Medvedev relation is strict. This is not the
case in general; we take a brief aside to show that every dominating function com-
putes a <*-dominating (or cofinal) sequence. Thus, the following mass problem
analogue of the cardinal characteristic 9 will not provide us with any unexpected

results.

Definition 2.7 (D). A sequence (fe)ee,, of computable functions is called <*-
dominating if for any computable function h there is some e such that h <* f,.

Let D be the mass problem of <*-dominating sequences.
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The following result also provides a connection in this framework to the main
focus of the work in [18]. It was shown that the mass problem of dominating
functions DomFcn is Medvedev equivalent to both the mass problem equivalents

for the ultrafilter number and the independence number.

Proposition 2.8. DomFcen =, D. That is, there are Turing functionals that

compute from every <*-dominating family a dominating function, and vice versa.

Proof. Tt is easy to see DomFcn <; D, the argument is the same as Remark 2.6.

If (fe)ecw € D then the map = — max., fe(x) is dominating.

For the other reduction, let h € DomFcn. For each e, define

Peetn(x)(T) i (Vy < 2) e ctn@ (W),

0 otherwise.

fe(z) =

Each f, is either . or takes the value 0 on all but finitely many inputs, and so
fe is always computable.

Whenever ¢, is a total function, the map 1. :  — ps|pes(z) ] ] is also total
and computable, and thus dominated by h. Hence, when ¢, is total @ p(z)(2)
converges on all but finitely many x, so we can take the maximum of the stages of
convergence for all other x to find some N where ¢, yip()(2) always converges.
There will be some index ¢ > N for ¢, and so fo = p.. Thus (fe)eecw contains

every computable function and so is <*-dominating. O

This argument does not work to compute <*-unbounded families from hyper-
immune functions. We rely on convergence on a cofinite set with a dominating
function to ensure that each function of the constructed sequence is computable
individually. Attempting this with a hyperimmune function, we can only deter-
mine its behaviour on an infinite set.

It does turn out that a similar construction can be used to show that B and
AF are Medvedev-equivalent in this setting. Using the fact that each element of
a <*-unbounded sequence is computable we can work to make each element of
the MED family computable. This result contrasts with the case in set theory;
it is consistent with ZFC that b < a.. The argument relies on the computability
setting and on the sequence structure of our families; there is no analogue in set

theory.

Proposition 2.9. AF <, B. That is, there is a Turing functional that computes
from every <*-unbounded family of functions a MED family.
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Proof. Let (f.)ecw € B. We will construct a family ¢ = (gex)e ke Where each g
is an attempt to make a computable function which is infinitely often equal to ..
For each e, k define:

Pe, f(z) (T) if (Vn < (e, k))[@e, () (@)} 7 gn()],

Geu(x) = .
1 + max, (k) gn(x) otherwise.

This uses only a single fj to compute its value, and hence g, is computable. At
no point can g x(x) be defined to be equal to g,(z) for n < (e, k), so g is ED.
For each index e, if ¢, is total then the function ¢, : x — us[pes(z) L] is
also total and computable. Hence, there is some k such that f; > 1.. For the
infinitely many = where fi(x) > 9.(x), we have ¢, f, )(z) | . For each such =,
either g x(x) = @e(x) or there is n < (e, k) with ¢,,(z) = @c(z). Thus, there must
be some n < (e, k) where g, = ¢, and so g is MED. ]

Remark 2.10. Every MED family is an <*-unbounded family of functions. Thus,
B=, AF

Proof. We see that B <, AF holds by inclusion: if i is computable and g, =* h+1
then h <* g.. Thus, together with Proposition 2.9 we obtain the equivalence
B=, AF. O

The specification of towers using a descending sequence of functions is not
arbitrary in the computability case. If we replace the above definition of towers
with one for ascending sequences of functions, then the mass problem will coincide
in the Medvedev degrees with B and AJF: Every maximal ascending tower is an
<*-unbounded sequence. Given any <*-unbounded sequence, we can obtain a
maximal ascending tower. In fact, we can obtain some other nice properties

which make this result useful to reference:

Remark 2.11. Every <*-unbounded sequence of functions computes an
<*-unbounded sequence of strictly increasing functions which is linearly

ordered by <.

Proof. Let (f.)ec, € B. For each e we have f/(x) = x + maxy, f.(k) strictly
increasing. The sequence (ge)ec., defined by g = > .. (1 + f) is as required. [

The following result can be obtained from results in the next section; we give
another proof via Proposition 2.21 and Theorem 2.22. However, the tools used
for a direct proof are helpful for working with descending towers of functions in

general. We include such a proof.
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Theorem 2.12. TF <, B. That is, there is a Turing functional that from every
<*-unbounded sequence of functions computes a maximal (descending) tower of

functions.

In fact, this relation is strict in that there is a maximal tower which computes
no <*-unbounded sequence. This follows from Corollary 2.25 below.

Roughly speaking, we want to take a well-behaved ascending tower and map
each of its constituent functions to something that behaves like an inverse. The

following definition is sufficient:

Definition 2.13. Let f € “w be unbounded. Define f < f by

f(x) = pn[f(n) > z].

Unless f is the identity function, this is not a true inverse, but it achieves the
goal of mapping fast-growing functions to slow-growing ones. We can observe that
for nondecreasing functions, -~ is an involution:

J(x) = pnlpk(f(K) > n] > ) = pnlk < = — f(k) < n] = max f(k) = f'(2).

k<x
Now we can prove the result:

Proof (of Theorem 2.12). Let f = (fe)ecw € B. Assume without loss of generality
that f is in the nice form described in Remark 2.11. We claim that g = ( fe)eew is
a (descending) tower of functions.

Fix some index e. For all  we have

fe(x) = :un[fe(n) > .Z’] Z :un[fe-i-l(n) > Z’] - fe-&-l(m)a

as fer1 > fe. Hence ( fe>eew is linearly ordered by >.
We show that inequality holds on an unbounded and hence infinite set. Sup-
pose we have x such that f.(z) = f.i1(z) =: k. By the definition of * and the

assumptions on f, we have

felk = 1) < fera(k = 1) <z < fo(k) < fera(k)

and k is least such that this holds. Thus, we get foi1(f.(k)) = k < fo(f.(k)),
giving us an inequality for an input greater than z. Hence, the set of points where
inequality holds is unbounded.

To show the tower ¢ is maximal, let A be an arbitrary unbounded computable
function. Fix e such that the set I = {z : f.(x) > h(z)} is infinite. For z € I

17



feJrl(k).

(k) e, @
SR
fe+1(k - 1). .
fe(k - 1). :
k=1 k= f(x)
- fe+1(fe(k))

Figure 6: Illustration of the argument that (f.).c, is strictly ordered by >*.

we have that f.(h(z)) < = < I/(h(z)) by definitions. As A’ is the cumulative
maximum of h, and iL(Q?) is always the least input to h that crosses a threshold,
we always have W/ (h(z)) = h(h(z)). Thus, for 2 € I we have f.(h(z)) < h(h(z))
and so fe <* h as required. O]

To verify that these notions are nontrivial, we show that no maximal tower of

functions is computable:

Proposition 2.14. Every g = (ge)ecw € TF computes an unbounded function p
such that p <* g. for every e. By maximality of g, p and thus g are necessarily

noncomputable.

Proof. Let g = (ge)ecww € TF. We define p to be unbounded on a sequence

(Tn)new, and 0 elsewhere. Define z,, recursively as follows: Let xy = 0. Define:

Tpr1 = min{z > z, : gor1(x) > gn(z,) and (VE < n)[gns1(z) < gu(2)]}.

This is well defined as each function g. is unbounded, and for £k < e we have
ge <* gi. Define:
gn(x) if = x,,
p(z) = ,
0 otherwise.
The function p is strictly increasing on the sequence ()¢, and hence unbounded.

For each n and = > x, we have p(z) < g,(x), and so p <* g,. ]

We take a moment to consider a natural property of such associated functions:

Remark 2.15. If (ge)ecw is @ maximal tower, and p is a function such that p <* g,

for every e then p does not dominate any unbounded computable function.

Proof. For every unbounded computable function h, there is an index e such that
p <" g <= h. O

18



There would be some hope that we can study functions that do not domi-
nate any unbounded computable function in order to find a lower bound on the
complexity of towers of functions. Unfortunately, it is not so.

Generally, the easiest approach to constructing such a function is to ensure it
has value 0 on a set which meets every infinite computable set infinitely often, its
behaviour elsewhere has no relevant effect. In this way, we can observe that there

is such a function in every noncomputable degree:

Proposition 2.16. Suppose Z is a noncomputable set. Then there is an un-
bounded function p =7 Z which does not dominate any unbounded computable

function.

Proof. Define I = {Z | n:n € w}, where the initial segments of Z are identified

with natural numbers. The set I is immune and I =7 Z. Define:

x ifxrel,
p(x) =
0 otherwise.

The set [ is infinite, so p is unbounded. If A is an unbounded computable function,
then the set H = {x : h(x) > 0} is infinite and computable, and so H \.1 is infinite.

For each z € H ~. I we have p(x) = 0 < h(x) and so p does not dominate h. We

can recover I as {z : p(z) > 0} and so their degrees coincide. O

In the case that such a function happens to be monotone, we can observe that

then the function must have hyperimmune degree:

Proposition 2.17. Let p be an unbounded and monotone function that does not
dominate any unbounded computable function. Then p computes a hyperimmune

function.

Proof. Recall the * operator from Definition 2.13. We show that p is not
hyperimmune-free. Let h be computable. If h is bounded, we are done. In
the unbounded case, the argument is analogous to the maximality argument in
Theorem 2.12, so we omit details: If A is unbounded, then h is well-defined and
so the set I = {x : p(x) < h(x)} is infinite. As both p and h are monotone, h[I]

is an infinite set of witnesses to p(z) > h(zx). O

2.2 Medvedev relations between sequences of sets and of

functions

Recall Definitions 1.12 and 1.13 as given in [18] for the mass problems A and

T of MAD families and maximal towers of sets, respectively. Also, consider the
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following notions:

Definition 2.18 (7). A sequence of sets (G.).c,, is called a weak tower if it is
linearly ordered by O*. A weak tower is maximal if there is no infinite computable
set R such that R C* GG, for all e. Let 7~ be the mass problem of maximal weak

towers.

Definition 2.19 (P). Recall that a family has the strong finite intersection prop-
erty (SFIP) if any finite subfamily has infinite intersection. A family (G.)ce, is
said to have the pseudointersection property if it has the SFIP and there is no
infinite computable set R such that R C* G, for all e. Let P be the mass problem

of families with the pseudointersection property.

In the set theory case, there is no difference between strong and weak towers
as we define them here, any weak tower in set theory yields a strong tower of at
most the same cardinality by taking a representative from each =*-equivalence
class. In computability theory, there is no obvious way to do this. For cardinal
characteristics, we have only p = t < a, so weak towers may provide a closer
correspondence to the set theory case. It is not currently known whether or not
T~ =, T, but there is no clear evidence for such a reduction.

The set theory argument of p = tis the celebrated work of Malliaris and Shelah

[19]. We obtain the analogous result, trivial in comparison:

Remark 2.20. T~ =, P. That is, there are Turing functionals that from every
maximal weak tower compute a family with the pseudointersection property and

vice versa.

Proof. Every maximal weak tower has the pseudointersection property, as every
finite subset has a C*-minimal element. Hence, 7~ <, P by inclusion.
If (Ge)ecw € P then the sequence of partial intersections ([),<, Gk)ecw 1S &

weak maximal tower. Hence, P <, 7T . O

We will show the connections between the mass problems for families of sets

and those for functions defined above.

Proposition 2.21. TF <, T. That is, there is a Turing functional that from

every maximal tower of sets computes a maximal tower of functions.

Proof. Let (G.)eew € T. Define the tower of functions (ge)eecw by

x ifxred,,
ge(T) =
0 otherwise.
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As each set G, is infinite, each function g¢. is unbounded. @ We have
Jer1() > ge(x) if and only if z € Gei1 N\ G, and so only finitely often. Hence
ger1(x) <* ge(x). Similarly, ger1 < ge if and only if € G\ Gy1 which is infinite,
and S0 ger1 <™ ge. Hence (ge)ecw is a tower of functions.

To show maximality, let A be an unbounded computable function. Let
H = {x: h(z) > 0}. As H is computable, we can fix e such that H \ G, is infinite.
For each z € H \ G, we have ¢g.(z) = 0 < h(z), and so h is not dominated by ge.
Hence (ge)ecw € TF. O

Perhaps the most interesting and difficult question regarding the mass prob-
lems of sequences of functions defined in this section is whether there is a Muchnik
or Medvedev reduction between AF and A. It is not clear that there should be
any such relation. One can attempt to consider reductions that take functions to
their graphs or sets to their characteristic functions and such reductions do indeed
preserve the disjointness requirements. However, not every set is the graph of a
function, and not every function is 2-valued or indeed has infinite support, and so
the results will not be maximal.

In fact, it is true that A <, AF, but we do not use the internal structure of

the MED family in the reduction:

Theorem 2.22. T <, B. That is, there is a Turing functional that from every

<*-unbounded family of functions computes a mazximal tower of sets.

Proof. Let f = (fe)ecw be an <*-unbounded family of functions, with the prop-
erties specified in Remark 2.11. That is, each f. is strictly increasing, and f is
linearly ordered by <. We aim to further alter the family so that the sequence of
ranges forms our maximal tower. We construct a family ¢ = (ge)ecw <7 [ such
that:

(1) For each e, f. < g, so g is <*-unbounded,
(2) for each e, g. is computable and increasing, so ran(g.) is computable,
(3) for each pair e < k, ran(gx) C ran(g.) and ran(g.) \ ran(gx) is infinite.

Unboundedness of g will provide maximality for the tower of ranges.
The idea is to make the ranges of each g, thinner than the previous, by skipping

values that are too small to satisfy the above properties. We never run out of
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space to push the output further within the range of the previous g., as each is

unbounded.

We define g recursively. Let gg = fo. For each e and x, let

Ne,a: = max{fe+1(x), T§l<axX ge-l-l(y)}v

and

Ge+1(z) = min{y € ran(g.) : (3z € ran(ge))[Ner < 2z < y|}.

Each function f. and previously defined function g, is unbounded, so there are
always infinitely many attained values above the maximum of a finite set, and
g is well defined. For each e and z, we have foi1(z) < N, < geq1(z), and so
(1) holds. Similarly, for y < = we have ge11(y) < ger1(x) SO gey1 is increasing.
As gey1(x) is computed using a finite number of other computable functions, it
is computable, and so (2) holds. By definition, g.,1 always outputs members of
the range of g., so ran(g.+1) C ran(g.). We also have that there is always some
member of ran(g.) strictly between g.,1(x) and gey1(z 4+ 1), so infinitely many

members of ran(g.) are omitted, and (3) holds. Hence, (ran(ge))ecw is a tower of

sets.
Jeceo ° o L J o [} ) ) L] ® °
fet1® d i
Je+1 o o o

Figure 7: Illustration of how the ranges of each g. are made to form a tower.

In Figure 7, we can see how, with each value included in the range of the
next function, an element of the previous range is left out. Also observe how
Jet1 > fer1 so <*-unboundedness of the sequence is preserved.

To show maximality, let R be an infinite computable set, and let p be the
increasing computable function enumerating R. By <*-unboundedness of g, fix e

such that there are infinitely many x with p(2x) < g.(x). For these = we have:

[ran(g.) N [0, p(22)]| < =,
lran(p) N [0, p(22)]| = 2.

As R = ran(p), for an infinite set of z we thus have that |R \ ran(g.)| > =, and
so R~ ran(g.) is infinite. Thus, (ran(ge))ecw € 7T O
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2.3 Separating mass problems

It can be difficult to show that a mass problem is not reducible to another. One
has to show that there is a member of one problem that does not compute any
member of the other. If we have an example of a non-reduction between two

well-studied classes, then it may be useful:

Proposition 2.23 ([18], Thm. 3.1). 7 <, NonLow. That is, there is a Turing

functional that from every non-low set computes a maximal tower of sets. O

We know that every <*-unbounded sequence of functions computes a hyper-
immune function, so to show that 7 #,, B it suffices to show there is a non-low

hyperimmune-free set.

Remark 2.24. HypImm <+, NonLow. That is, there exists a non-low set of

hyperimmune-free degree.

Proof. Every noncomputable low set has hyperimmune degree, so any noncom-
putable hyperimmune-free set must be non-low. Thus, applying the basis theorem
for hyperimmune-free sets (e.g. [26, Thm. 1.8.42]) to any II}-class without com-

putable members yields a non-low hyperimmune-free set. O]

Corollary 2.25. There is a mazximal tower of sets which does nmot compute any
<*-unbounded sequence of functions. Thus, T #., B and hence T < B.

Proof. Take a hyperimmune-free non-low set, as in Proposition 2.24. The maximal
tower of sets G it computes by Proposition 2.23 cannot compute any hyperimmune
function, but every <*-unbounded family of functions computes a hyperimmune
function by Remark 2.6. Hence, G does not compute any <*-unbounded family

of functions. N

While we know that no member of mass problems defined as in Sections 2.1
and 2.2 is computable, we would also like to know if there is some such class with
members in every noncomputable degree. This is not the case. The following

definition gives us a lower bound for the complexity of any such mass problem.

Definition 2.26 ([18], Def. 3.3). An oracle Z is called indez guessable if () com-
putes from k an index for ®7 whenever ®Z is computable. That is, there is a

Turing functional I' such that
®Z is computable = &7 = Cro(r)-

The functional I" does not need to be total.
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Of course, we need to verify that this notion is nontrivial for it to be useful.

Proposition 2.27 ([18], Prop. 2.4). Every AY 1-generic set is index guessable.

In particular, there s a noncomputable index guessable set. [

It was shown in [18, Prop. 2.4] that no index guessable set computes an element
of 7. This is the strongest result they need, as 7 is the Muchnik-least mass
problem they consider. We adapt the argument to be more general, so as to suit

any analogues of cardinal characteristics in this framework:

Proposition 2.28. Let P be a property of sequences of computable functions such
that if f = (fe)ecw has property P, then:

1. f is noncomputable,
2. if f = (fe>e€w and f. =* f. for each e, then f has property P.
Then no index guessable oracle computes a sequence with property P.

Proof. Let Z be index guessable. With a view to contradition, suppose that
f = (fe)eew has property P, and f < Z via ®,. Using the index k, we can find
a computable function g such that quz(e) = fe. Thus, there is a Turing functional
[’ such that f., = @5(6) = @ro/(g(e) and thus by the Limit Lemma there is a
computable function h such that f. = @im, nes). Define f = (fe)eew as follows:
Fix e and x. Let s > = be least such that ¢y ) s(z)]. Define fe(x) = Qhle,s),s(T).
As for a fixed e, there are only finitely many s where ¢y s) # fe, we have that
fe =* f.. Thus, f would have property P but be computable. O

This also yields the promised separation between Hyplmm and B:

Corollary 2.29. There exists a hyperimmune function which computes no <*-

unbounded family of functions. Thus, HypImm %#,, B and hence Hyplmm <, B.

Proof. We saw in Remark 2.6 that HypImm <, B.
By Proposition 2.27 there is a noncomputable AY index guessable set. Every
noncomputable AY degree is hyperimmune, and by Proposition 2.28 it must not

compute a <*-unbounded sequence of functions. O

2.4 Descriptive complexity of MED families

In both the set theory and computability settings, the question of the descriptive
complexity of these families proves interesting. As we know, there are AJ members

for each of our mass problem analogues of cardinal characteristics, the immediate
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question is whether they can be c.e. or co-c.e. Maximal towers of sets must not
be c.e., as per [18, Fact 2.3]. The argument requires no alteration to show that
no maximal weak tower of sets can be c.e. either. We provide the argument they

outline:

Remark 2.30. If G = (G.)cc., 18 a maximal weak tower of sets, then G is not c.e.

Proof. Let zy be the first element enumerated into Gy. For each n, let x,.1 be

the first element enumerated into () G; which is greater than z,. Then,

i<n+1
X ={z; 11 € w} C* G, for each i and X is enumerated in increasing order and is

hence computable. O

We can give a similar argument for towers of functions, showing that no max-
imal tower of functions can be approximated from below in the same manner as

c.e. sets. We hence define c.e. functions as follows:

Definition 2.31. A function f is called computably enumerable (c.e.) if there is
a uniformly computable sequence (f,)nen such that fo =0, f = lim, f,, and for

every x there is at most one n such that f,(x) # foi1(z).

Proposition 2.32. If g = (ge)ecw s a mazimal tower of functions, then g is not

C.€.

Proof. Suppose that g is c.e. Note that the map (e, x,s) — g.s(x) is computable
and total. Define uniformly computable sequences (s,)ne,, and (x,)ne, as follows:

Let (so,z0) = (s, z)[ge.s(x) > 0]. For each n, define:

(Snt1, Tnt1) = (S, ) [gn+1s(x) >n+1 and = > z,)].

The sequence of x,, is increasing, so the sequence (Z,)ne, is computable. Thus,
the function

Gns, () if © =z,
0 if © ¢ {xn}new

is computable but dominated by every ge. O

p(z) =

The Muchnik equivalence between A and T maps co-c.e. sets to c.e. ones and
vice versa, hence there cannot be any co-c.e. MAD family. In [18], it is shown that
there is a c.e. MAD family, and in fact every noncomputable c.e. degree computes

one:

Theorem 2.33 ([18], Thm. 5.1). For each noncomputable c.e. set A, there is a
c.e. MAD family G <p A. [

25



In particular, there is a low MAD family, and so we get the strict inequality
A <, NonLow. This also shows that there is a co-c.e. maximal tower.

The notion of c.e. functions in Definition 2.31 does not make sense to use for an
MED family of functions as each pair of members can only have common value 0 in
finitely many places. In its place, we can consider a uniformly computable family
of partial computable functions that each extend to a total computable function.
To get an analogous result to Theorem 2.33, we identify partial functions with
their graphs.

Say a family of partial computable functions (. ).c,, is MED if ¢, N9y, is finite
for all e, k and for any computable function A there is e such that h =* .. We

obtain the following as an analogue of Theorem 2.33.

Theorem 2.34. For each noncomputable c.e. set A there is a MED family of
partial computable functions 0 = (V.)eew, such that each ¥, extends to a total com-

putable function, and the graph of ¥ is c.e. and below A.

Proof. Let (pe)eew be a uniform enumeration of partial computable functions built
up in stages such that if p.(z) converges at stage s then it does not change value
at any stage after s. This reflects c.e. sets having computable approximations
from below.

Recall that we identify functions with their graphs. We consider the following

requirements:

P If o N U ¥; is infinite, then |9, N .| > k.
i<(e,k)

We say that P. is permanently satisfied at stage s if [Je s N e s| > k.

Construction.
Stage s > 0: See if there is n := (e, k) < s such that P,y is not permanently
satisfied and there is x such that

1) @es(x)d and (Vi < (e, k))[pe,s(x) # Vi s-1(2)],
2) if ﬁe,sfl(y)\l/ then y<uz,
3) Asrl’#As—l[$'

If found, choose n least and then z least that meet the above conditions (1)—(3).
Define 9, s(x) = @e.s(x).

Verification.

Each 9, has its graph enumerated in increasing order of inputs, and hence can
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be extended to a total computable function. The graph of the universal function

9 is enumerated as permitted by A, and so ¥ <7 A.
Claim 2.35. Each requirement F, j, is satisfied.

Suppose there are e, k such that P, is not satisfied by the construction. We
achieve a contradiction by a permitting argument. Choose (e, k) to be the least
example of P, failing, suppose at stage s that |[J.s N @es| = k. Its assumption

holds, so we ~\ Uicer
eventually satisfy (1). All but finitely many of those = will also always satisfy

>192- is infinite, and so there are infinitely many = that will

(2) as U, settles by stage s. Thus, there is a c.e. sequence r; < 3 < --- of
elements which simultaneously satisfy (1) and (2) at all stages above s, and a
corresponding c.e. sequence s; < sy < --- of stages such that for all i, we have
@es;(z;) }, and no element y < z; enters A at a stage ¢ > s;. Otherwise all
conditions (1)—(3) would have been met by z; simultaneously for sufficiently large
stages and ¥.(z;) would converge past stage s. Define B.(y) = A, (y) for all
y < z;; B, is computable. As each A [|x; settles by stage s;, we have that B, = A,

contradicting the noncomputability of A. Hence P, indeed was satisfied.
Claim 2.36. ¥ is MED.
Let e < m, we claim that |9, N ¥J,,| < m. Suppose J.(z) = U, (z). If V.(2)

converges first at stage s due to the action of P,, then 0, (x)] as e < (m, k) for
every k so (1) would forbid 9,,(x) from being altered after stage s. Thus, also by
(1), n < m as otherwise P, cannot have acted to define . ;(z). Each P, only acts
to define at most a single value of 9., so there are at most m many such x with
Ve(z) = Upn(z). Hence, 9 is ED.

For each e such that ¢, is total, either ¥, N ¢, is infinite as the hypothesis of
each P, is met, or there is £ such that the hypothesis for F, j is not met. If so,
then there is i < (e, k) such that ¢; N ¢, is infinite. Hence, ¥ is MED. O
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3 Mass Problems and Cichoni’s Diagram

The abstraction to Weihrauch problems under various names has been an im-
portant part of creating a framework for working with cardinal characteristics.
Greenberg, Kuyper, and Turetsky [10] show that this framework serves equally
well for the analogues studied in computability, with an effectivity condition placed
on reductions between problems. The main focus of their work is on reconstruct-
ing the classical results about Cichon’s diagram from set theory and the results by
Brendle et al. [4] in computability, using the framework of Weihrauch problems
as an abstraction of both.

To consider effective analogues of much of Cichont’s diagram, we need codes for
meagre and null sets. It is sufficient to consider codes for 39 meagre sets and IT9
null sets. Recall that we identify sequences of sets or functions with a single object
via Definition 1.11, and trees can be identified with sets by identifying strings with
natural numbers. We can code a closed nowhere dense set C' by a nowhere dense
tree T' where C' = [T]. Thus, a code for a meagre set M is a sequence (T},) e, of
nowhere dense trees such that M =, [7},]. Similarly, we code an open set U by
a set whose complement is a code for a closed set. A code for a null set N is a
pair of sequences (Up,)ne, of coded open sets and (x,)ne, such that N =, U,
T, is the measure \(U,), and z,, < 27"

Again, for the following definitions from [10] Z is a non-principal ideal on an
infinite set X.

Definition 3.1. Define Capture(Z) as the problem of finding an element of Z
containing a given element of X. That is, Capture(Z) = (X,Z, €).

Definition 3.2. The problem Pass(Z) is the dual of Capture(Z), the problem

of finding an element of X outside of a given element of Z. That is, Pass(Z) =
(Z,X,2).

Definition 3.3. Define Supset(Z) as the problem of finding an element of 7
containing a given other element of Z. That is, Supset(Z) = (Z,Z, C).

Definition 3.4. The problem Spill(Z) is the dual of Supset(Z), the problem of
finding an element of Z which is not contained in a given element of X. That is,
Spill(Z) = (Z,Z. 2).

We will primarily focus on the ideals M of X9 meagre subsets of “w and N of
I15 null subsets of “2.

The aim of this section is to survey and make use of the results in [10] to

construct an analogue of Cichont’s diagram in computability with the setting of

28



mass problems. The constructions of morphisms are all from their work; we
present them with more detail for clarity and verify any additional properties we

need.

3.1 Computable morphisms

We build on the framework of [10] and associate a mass problem to each Weihrauch
problem. Many results analogous to those for cardinal characteristics or nonlow-

ness classes can be obtained in this way.

Definition 3.5. Let A = (A, Asol, A) be a Weihrauch problem. Recall that
Al and AT

inst sol

Define

are the sets of computable instances and solutions, respectively.

MP(A) = {{fe)ecw : Ve[fe € Ayy] and (Va € Al )TelaAf]}.

This is the collection of complete solution sets, interpreted as sequences coded by
a single object, restricting to computable instances and solutions. Let MPZ(A)

be the relativisation to Z.

Recall the Weihrauch problems corresponding to 9 and b: Dom = (“w,“w, <*)
and Esc = (Yw,“w, <*). We have that MP(Dom) = D and MP(Esc) = B.

To make use of this framework to obtain results for the setting of mass prob-
lems, we observe that whenever a morphism is computable, we obtain the corre-

sponding Medvedev reduction between the associated mass problems:

Proposition 3.6. If A — B via a morphism ins, Psol Such that there are (not
necessarily total) Turing functionals @is and g such that ping(a) = P and
Vst (b) = B, for every a € AL, and b € BL,, then MP(A) <, MP(B). We also
get that MP(B1) <, MP(A™).

Proof. Let T be the Turing functional where if b = (b.)ce, € MP(B) then

Fb(ev x) = Q)ls’gl(x) = (Psol(be)<x)7
and let
(fe)ecw = I’ = (x> Fb(evx»eew-

Now for any a € Al ., ®¢_. € B’ so there is e with ®¢_ Bb, and so aA®", that

inst inst sol’

is, aAf.. Hence (fe)eew € MP(A). O
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The additional requirement on the computability of the morphism is neces-
sary. Without it, we cannot guarantee that (f.) <7 (b.) so there may not be a
Muchnik/Medvedev reduction. Almost all of the morphisms demonstrated in [10]
are in fact computable, we will discuss those which are not in Section 3.2.

The following easy example is instructive:

Remark 3.7. The morphism Esc — Dom is computable. Hence, B <, D.

Proof. Let @, be the identity. Let &4, map a function f to f + 1. If h is
dominated by f, then f -+ 1 is infinitely often greater than h.
Thus, each <*-dominating sequence (fe)ec, computes a <*-unbounded se-

quence {fe + 1)ecw- O

This case is also interesting in that it is self-dual. There is no general reduction

between a Weihrauch problem and its dual.

3.2 Computably coded meagre sets

We define mass problem analogues of the cardinals associated with the meagre

ideal using their respective Weihrauch problems.

Definition 3.8 (Add(M)). Define Add(M) = MP(Spill(M)). That is, the mass
problem Add(M) is the class of sequences (M,).c, of computable meagre sets
such that for any computable meagre set M there is e such that M, ¢ M.

Definition 3.9 (Cov(M)). Define Cov(M) = MP(Capture(M)). That is, the
mass problem Cov(M) is the class of sequences (M,).c, of computable meagre

sets such that for every computable function f there is e such that f € M..

Definition 3.10 (Non(M)). Define Non(M) = MP(Pass(M)). That is, the
mass problem Non(M) is the class of sequences (fe.)ce, of computable functions

such that for any computable meagre set M there is e such that f. ¢ M.

Definition 3.11 (Cof(M)). Define Cof(M) = MP(Supset(M)). That is, the
mass problem Cof(M) is the class of sequences (M), of computable meagre

sets such that for any computable meagre set M there is e such that M C M,.

The morphisms defined in [10] between these Weihrauch problems are all com-
putable. We present them below with additional detail and highlight this fact. In
each case, we note that Proposition 3.6 gives the corresponding and dual Medvedev

reductions.
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Proposition 3.12. The morphism Pass(M) — Supset(M) is computable.
Hence, Non(M) <, Cof(M) and Add(M) <; Cov(M).

Proof. Let @y, be the identity. Let &4, map a code for a meagre set M to a func-
tion f & M: If M = (T,)ne. is a code for a meagre set we let 0 = min(““w \ Tp)
and 0,41 = min([o,,]~ N\ Tp,41) for n > 0. Then, ¥ = o, ¢ M. This is well
defined as long as each tree T,, is nowhere dense.

If M and B are meagre sets, and ®. C B, then ®Z ¢ B and hence is not

inst sol

in M. O

The morphisms that relate these to the problem Dom are also computable,

giving us the picture regarding Baire space:

Proposition 3.13. The morphism Capture(M) — Dom is computable. Hence,
Cov(M) <; D and B <; Non(M).

Proof. Let Py, be the identity. Let &g, map a function g to the meagre set
of functions f <* g. We obtain the code for such as a union of trees T,,
0 (T} ) new, Where

T, ={o:Vkin <k <|o| = o(k) <g(k)]}.

If f and ¢ are computable functions, and o = f <* g, then f € ®? O

inst — sol*

Proposition 3.14. The morphism Dom — Supset(M) is computable. Hence,
D <, Cof(M) and Add(M) <, B.

Proof. Let &, map a function f to the meagre set of all f-dominated functions,
as in Proposition 3.13. For ®g,, we map a meagre set M to a function g such
that if M contains all f-dominated functions, then f <* g. Let M = (T},),cw be a
code for a meagre set, and assume without loss of generality that T, C 77 C ---.
For each n, k, define the finite set

S ={7 €T, :|7| = k Amaxranger < k},

and recursively find o, so that (S, s onx) NT, = 0.

M _
sol

Define ¢g(0) = 0 and g(n + 1) = maxrange o, 1,4(,). Let @ g. We can
define the intervals

Jn = [g(n), g(n) + |ongml]-

Now, suppose towards contradiction that there is a (non-decreasing) function f

such that every f-dominated function is contained in M, and g does not dominate
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f. There is then an infinite set X such that g [ X < f | X. We can assume that
X is such that the intervals J, are pairwise disjoint for n € X. Define x such that
x| Jyp = Ongm) for each n € X, and x(n) =0 forn ¢ J, . Jn. Foreachn € X
we have x ¢ T,, by the definition of 0, 4., and so x ¢ M.
< g(n) < f(0).
but i € J, and so i > g(n) > n and f is non-decreasing so f(n) < f(i). Thus,
r< fandsoxe M.
If f is a computable function and M is a meagre set, and @ . C M, then M

inst

Forn € X and i € J,, we have that (i) € range(o, g(n)) 50 (%)

contains all f-dominated functions and so f <* ®M. O]

3.3 Computably coded null sets

As with meagre sets above, the morphisms between the Weihrauch problems for

the null ideal are computable:

Proposition 3.15. The morphism Capture(N) — Supset(N) is computable.
Hence, Cov(N) <4 Cof(N) and Add(N) <; Non(N).

Proof. Let ®y,q map a point x to the null set {z}, coded as ([z[n]"),en. The
respective sequence of measures is just (27"),c,. Let @y be the identity.
If 2 is computable and N is a null set, and ®f , = {z} C N, then we have

st

that z € N = VN O

sol*

Proposition 3.16. The morphism Pass(N) — Supset(N) is computable. Hence,
Non(N) <; Cof(N) and Add(N) <; Cov(N).

Proof. Let ®j,s be the identity. Let ®g, map a null set N = (1), U, to a point
y ¢ N. We achieve this by finding y ¢ U;, which can be done as A(U;) < 3.
For each finite string o we have that A([o] \ U;) is computable from \(U; \ [o])
which can be uniformly computed from U; and A(U;): it can be approximated
from below by using the coding U; = |J,[0] and observing that the nature of
each [0,,] \ [0] is easy to determine. From above we use A(U;) and U; N [o] in the
same way. Thus, we can always find the next bit to make A([y [ n] ~\ U;) > 0 and
in this way construct all of y.

If N and N are null sets, and N, = N C N, then CDS]EI is not in N and so it

1mns

is also not in V. O

Connecting these to the previous Weihrauch problems is more involved. In

order to relate the ideals of meagre and null sets, it will be much easier to bridge
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the difference in underlying spaces first. Let M be the ideal of X9 meagre subsets
of “2. The map p : “w — “2 is defined [10] by

p(f) =0/©10/M10/@7 ...

a computable bijection from elements of “w to infinite subsets of w. They also use

the same notation for the map p : <“w — <“2 where
p((ng, -+ ,my)) = 0™01 - - 071

From these they define maps p* and p, which are useful for converting between

meagre sets in M and in Mg:
p*(M) = p_l[M]7

p«(M) = p[M]U{z € “2: x is finite}.

These maps preserve meagreness. Codes for their outputs can be obtained effec-

tively from codes for their inputs: In the case of p*, map

<Tn>n€w = <p_1 [Tn] >n€w-

It is slightly more complicated for p,: for each n, let

T, ={p(c) 0" :0€T,and k €c wyU {7 : |77 (1)| < n},
and map (T,)ne, to <Tn>n€w.
We can use these maps to obtain the desired effective morphisms between

Weihrauch problems.

Proposition 3.17. The morphisms Supset(M) <> Supset(M¢) are computable.
Hence, Cof(M) =4 Cof(M¢) and Add(M) =5 Add(M)

Proof. In the forwards direction, let ®;,s map a meagre set M to p,(M) and
d.,) map M to p*(M). We obtain the morphism if p,(M) C M implies that
M C p*(M). This holds as p never outputs finite elements of “2, so p* o p, is the
identity as p is injective.

In the reverse direction, let ®;,c map a meagre set M to p*(M) and Py, map
M to p.(M). Similarly, we need that p*(M) C M implies that M C p,(M). This
also follows immediately once we disregard finite elements.

These maps are computable, as described above, so we obtain the desired
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relations between mass problems. O]

Unfortunately, we do not get a computable equivalence for the remaining prob-

lems. One direction does hold:

Proposition 3.18. The morphism Capture(M) — Capture(Mc) is computable.
Hence, Cov(M) <, Cov(M¢) and Non(M¢) <, Non(M)

Proof. Let @y, map a function f to p(f), and let &g, map a meagre set M to
p*(M). Clearly, if p(f) € M then f € p*(M) by definition. These maps are
computable. O

There is an effective morphism Capture(M¢) — Capture(M) described by
[10, Lemma 3.7]. They want to use p~! for instances and p, for solutions, but
this fails to be computable as there is no computable way of telling whether an
instance is infinite, i.e. an element of the range of p. This is not a proof that
the mass problems differ in Muchnik degree, but a result to the contrary would
be surprising. We can get one of the corresponding Medvedev reductions as the

solution map here is indeed computable:

Proposition 3.19. Cov(M) =, Cov(Mc). That is, every sequence of computable
codes for meagre sets in Baire space which together cover “w N AY computes a
sequence of computable codes for meagre sets in Cantor space which together cover

“2NAY, and vice versa.

Proof. One direction was shown in Proposition 3.18.  For the other, let
(Me)eecw € Cov(M). We argue that (p.(M,))eew € Cov(Me). Fix x € “2 com-
putable. If x is finite, then it is a member of each p,(M,). If z is infinite, then
p~1(x) is defined and is hence contained in some M,, then by the definition of p,,

we will have z € p,(M.) and we are done. O

Thankfully, the direction we do have for Non(M) and Non(M) is the one we
need to maintain the structure of Cichont’s diagram. All that remains is to connect
the mass problems for the meagre and null ideals. One morphism [10] makes use

of the following well-known fact, for which we give the author’s preferred proof:

Proposition 3.20. There is a meagre set M with a computable code and a null

set N with a computable code which form a partition of “2.

Proof. Let P = {p; : i € w} be a computable listing of a countable dense subset of
“2, for example, the binary representations of the rational numbers in [0, 1]. For
each i and n, let U, = [p; | (i +n)]. We have for each n that V,, = |J, U;, is an
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open cover of P with measure bounded by Y, 27(+™ = 27" We also have that
the complement of V,, must be nowhere dense, as V,, is dense open. Thus, the set
M, Vs will be null, and its complement is a countable union of nowhere dense sets

and is hence meagre. O

We use this in order to map points in Cantor space to null and meagre sets,

and this satisfies our desired properties for the following morphism:

Proposition 3.21. The morphism Capture(Me) — Pass(N) is computable.
Hence, Cov(M¢) <s Non(M) and Non(N') <, Cov(M¢).

Proof. By Proposition 3.20, fix computable meagre and null sets M and N re-
spectively which partition “2. Let A be the symmetric difference operation on

members of “2, and consider the induced operation with a set on one side:
AY ={zAy:yeY}.

Let &y, take a point x and map it to tAN. Similarly, let @, take a point y and
map it to yAM.
Firstly, note that these maps preserve measure and category, as for any x and

basic open set [o] we have
zAlo] = [(z [o])Ad],

a basic open set with the same measure.
If 2,y € “2 are computable, and 7 = AN By then Ay ¢ N so xAy € M

ms

and r € yAM = &Y O

sol*

The reduction in the following is shown in [10] indirectly via several reductions
through other Weihrauch problems. The tools they use are not relevant for this
section of this thesis, so we suggest that the reader verifies through their proof

that this morphism is computable.

Proposition 3.22. The morphism Supset(M¢c) — Supset(N) is computable.
Hence, Cof(M¢) <; Cof(N) and Add(N) <, Add(M¢). O

We can thus observe that all the relations in Cichon’s diagram hold in this

mass problem analogy.
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Cov(N) — Non(M¢) — Non(M) — Cof (M) — Cof (M) — Cof(N)
I
D
I
Add(N) — Add(M¢) — Add(M) — Cov(M) — Cov(Me) — Non(N)

!
B
!

Figure 8: Cichori’s diagram for mass problems. Arrows indicate Medvedev re-
ductions. Double lines indicate Medvedev equivalence.

3.4 Relationship with the forcing analogy

Showing there is no reduction between two of these mass problems is difficult. In
the previous section we used the fact that there is a nonlow hyperimmune-free
degree to show that 7 %4 B. There may be hope to use a similar non-reduction
between well-studied classes of oracles to show other non-reductions between mass
problem analogues of cardinal characteristics.

The first step towards this is to find lower bounds for the complexity of several
of our mass problems. The forcing analogy looked at by Rupprecht [30], Brendle

et al. [4], and in [10] is a natural first place to look.

Definition 3.23. Members of H(Supset(M)) are referred to as meagre engulfing.
That is, meagre engulfing oracles are those that compute a code for a meagre set

which contains all computable meagre sets.

Definition 3.24. Members of H(Capture(M)) are referred to as weakly meagre
engulfing. That is, weakly meagre engulfing oracles are that which compute a

code for a meagre set which contains all computable reals.

Remark 3.25. Members of H(Pass(M)) are exactly the oracles that compute a
weakly 1-generic set. Members of H(Spill(M)) are exactly the oracles that are

not low for weak 1-genericity. O]

For this case with meagre sets, we do indeed get lower bounds from these
definitions. We show that for each Weihrauch problem A that in [10] are associated
with the meagre ideal we get H(A) <, MP(A):

Proposition 3.26. The following Medvedev relations hold:

a) H(Supset(M)) <, Cof(M). That is, every cofinal sequence in (M N AY, C)

is meagre engulfing.

b) H(Capture(M)) <, Cov(M). That is, every unbounded sequence in
(MNAYC) is weakly meagre engulfing.
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¢) H(Spill(M)) <, Add(M). That is, no sequence of computable codes for
meagre sets with the property that every computable real is an element of

some member is low for weak 1-genericity.

d) H(Pass(M)) <; Non(M). That is, every sequence of computable reals with
the property that no computable meagre set contains the whole sequence com-

putes a weakly 1-generic set.

Proof. Given a sequence of codes for meagre sets (Me)eew = ((Tek)kew)ecw, DOtE
that the union J . M, is coded by (T¢k)erew. This reduction suffices for (a),
(b), and (c):

For (a), if (M.) € Cof(M) then each computable meagre set is contained
in some M, and thus in their union. For (b), if (M,.) € Cov(M) then each

computable real is contained in some M, and thus in their union. For (c), if

ecw

(M.) € Add(M) then no computable meagre set contains every M., hence no
computable meagre set contains their union.

For (d), recall that the weakly 1-generic degrees are precisely the hyperimmune
degrees. We know from Proposition 2.6 and Proposition 3.13 that HypImm <
B <; Non(M). O

Definition 3.27. Members of H(Supset(N)) are referred to as null engulfing.
That is, null engulfing oracles are those that compute a code for a null set that

contains all computable null sets. The term Schnorr engulfing has also been used.

Definition 3.28. Members of H(Capture(N)) are referred to as weakly null en-
gulfing. That is, weakly null engulfing oracles are those that compute a code for
a null set that contains all computable reals. The term weakly Schnorr engulfing

has also been used.

Remark 3.29. Members of H(Pass(N)) are exactly the oracles that compute a
Schnorr random set. Members of H(Spill(A)) are exactly the oracles that are not

low for Schnorr randomness. O

Obtaining an analogous result to Proposition 3.26 would not be simple. Unlike
the case for meagre sets, given a sequence of codes for null sets, it is not straight-
forward to obtain a code for their union, or even for a null set containing their
union. We also cannot rely on a collapse in relations between highness classes, as
in the case with hyperimmune and weakly 1-generic degrees to show a sequence
of functions not contained in any computable null set would compute a Schnorr

random.
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4 A IY-class which is MED

Aside from the question of their cardinality, MAD families have been of interest
to set theory for a long time. Their existence, assuming the axiom of choice, is
an easy application of Zorn’s lemma, so natural questions arise concerning the
situation without choice and about the definability of MAD families.

Mathias [20] in 1977 showed that the existence of a Mahlo cardinal suffices
to construct a model of ZF+DC+ “There do not exist any MAD families”. He
asked how far the consistency strength could be lowered, and no progress on the
problem was made for a long time. Térnquist [34] in 2015 showed that Solovay’s
model has the desired properties and hence an inaccessible cardinal suffices. This
question was answered definitively by Horowitz and Shelah [14], who show that
no large cardinal assumption is required; that ZF+DC+ “There do not exist any
MAD families” is equiconsistent with ZFC.

Mathias [20] also showed that there are no analytic MAD families. In some
sense, this is the best result possible, Miller and Kunen [22] showed that assuming
V' = L, there is a coanalytic MAD family. Térnquist [35] later gave a simple proof
that the existence of a 3 MAD family implies the existence of a coanalytic (IT1)
MAD family, more easily proving the result of Miller and Kunen.

MAD families in other spaces have been considered, notably MAD families
in “w. Much of this thesis will concern such families, but previously a stronger
notion has been more studied and is more closely related to MAD families of
sets of natural numbers. A wvan Douwen MAD family is a subset of “w where
no two elements agree infinitely often, and every partial function h : Cw —
w agrees infinitely often with some member. Replacing partial functions with
total functions in the definition yields the notion of mazimal eventually different
(MED) families. The question of the existence of van Douwen MAD families was
a longstanding problem. Zhang [38] showed that they exist assuming Martin’s
Axiom. Raghavan [28] showed that their existence is provable in ZFC.

Kastermans et al. [15] investigate a different, stronger version of maximal
eventually different families, showing they cannot be analytic. They ask whether
the usual, weaker condition can be analytic. This was answered positively by
Horowitz and Shelah [13] who construct a Borel MED family. Schrittesser [32]

improved this to the best possible result, proving the following:
Theorem 4.1. There is a MED family that is effectively closed.

We present Schrittesser’s [31] updated construction with a view to making the

argument more accessible and filling in some details. We then build on this result
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and show that the computable members of this I1{ MED family are in fact MED

for the computable functions.

It is easy to create a large family of eventually different functions by taking every
function and incorporating redundancy: Identifying finite strings with natural
numbers, for each function g € “w, we consider the map n — ¢ | n. The family
of these maps is eventually different, but it is certainly not maximal, and it is
difficult to make changes to create a maximal family. By also adding a second
parameter, we will make multiple attempts for each g to be infinitely often equal
to a member of our family. We encode g € “w and ¢ € “2 together as a single
function g).

Eventually, in order to make these functions MED, we will make changes to
each g() so that the altered function g is infinitely equal often to g if some
conditions are met. We will either construct h,d such that iL(d) =% g or show

that there must be some binary sequence ¢ meeting some conditions which imply
Gy == 9.

The key property is that the inputs where ¢ takes the value 1 will impose a
constraint on which greater inputs can take the value 1. We say that c is self-
refining. In particular, for all such ¢, the family of their supports will be almost
disjoint. From ¢ and the support of a self-refining ¢, we build a set B(g,c) on

which we will make the changes to g(.).

4.1 Schrittesser’s construction

Much of the notation in this section has been changed from the original text, so as
to be easier to read. Throughout this proof, the sets w, <“2, <“w, and Uye,, (2 x ‘w)
will be identified via fixed computable bijections. To remind the reader of this, ~
will often be used in place of = where two types have been identified, and # may
be used to directly denote the coding function.

When discussing the binary representation of a number, we use the reverse
convention for place value, for example: 001, is the binary representation for
four, and 0101, is the binary representation for ten. Let bin(n) be the binary
representation of n as a string following this convention.

We use the following definitions when working with binary strings and se-

quences in the construction of the MED family:

Definition 4.2. For each o € <¥2, define
I, ={n:0 < bin(n)}.
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We say that o is self-refining if when we have elements r < s such that
o(r) =o0(s) =1then s € I,41.

A sequence ¢ € “2 is self-refining if each initial segment ¢ [ n is self-refining.

As an example, ;g = {10, 1015, 1001, 1011,,---} = {1,5,9,13,---}, and
o = 100001 is self-refining as o~'[1] = {0,5} and 5 = 101, € I10.

A key property of self-refining sequences is that the collection of their supports
is AD. This will be used to create another family of AD sets, which will be essential
in ensuring maximality of the final ED family without making any two functions

infinitely often equal.

Claim 4.3. The family {¢7'[1] : ¢ self-refining } is AD.

Proof. Observe that if ¢ < 7 then I, C I,, and that if ¢ and 7 have the same
length but are not equal then I, N I, = 0.

If ¢ # d then there is n such that ¢ | n # d | n and so ¢ '[1] C* I, and
d~'[1] C* Iy, which are disjoint. O

Now we can work on constructing the MED family.

Definition 4.4. For every pair of functions g € “w and ¢ € “2, define g(¢) : w — w
by

ge(n) = (g ITn.cln)
where we identify |J,(‘w x 2) with w. Similarly, if o € <2 then let g(,) be the

partial function defined as above on n < |o].

While this family is ED, it is far from maximal. For each g that is almost
everywhere different from each h(g, we will change some g(.) to be equal in value
to g on an infinite set.

First, we want some condition that implies ¢ is infinitely often equal to some
h(y. Consider the following relation <9, a restriction of the usual ordering on w

to where the strings identified with the images under g are compatible.

Definition 4.5. Let ¢ € “w, and ng,n; € w. Define (n;,7;) ~ g(n;) for each
i € {0,1}. Define ng <9 ny if:

® Ny <Ny,
e |n;| = |7i| = n; for each i € {0,1},

® 1o <n and 1o < Ty.
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If an infinite set I C w is linearly ordered by <9 then the 7, 7 associated with
g(n) for n € I are compatible and their union gives a pair h,d. Such h,d would

satisfy hy [ I = g | I as for each n € I there are 7, 7 such that

h(n) = (b [ n,d [ n)=(n,7) = g(n).

If there is no such I, then we want to alter some g to be infinitely often equal

to g. To avoid conflicts we would only want g to be equal on a thin set, B(g, ¢):

Definition 4.6. For every pair of functions g € “w and ¢ € “2, define

B(g,c) ={2-#(g [ n): c(n) = 1}~ A{n 2 g(n) = g (n)}-

We use that the supports of self-refining sequences are AD to show that the
sets B(g,c) inherit this property; they can thus be used to avoid introducing

infinitely often equal functions in our ED family.

Claim 4.7. The family {B(g, c) : ¢ self-refining } is AD.

Proof. Recall that <“w and w are identified via a computable bijection #. Note
that for any g, the map n +— 2-#(g [ n) is injective. As B(g,¢) is a subset of the
image of ¢ ![1] under that map, if ¢ and d differ then B(g,c) and B(h,d) will be

AD. If g and h differ, then the sets {2-#(g [ n) :n € w} and {2-#(h [ n) :n € w}
are AD, and so B(g,c) and B(h,d) will be AD. O

To simplify the notation and break up the combinatorics in the maximality

proof below, it is helpful to define 19 to be the image of I, under the above map:

Definition 4.8. For g € “w and o € <“2, define:

I9={2-#(gIn):nel,}.
Remark 4.9. Fix { € w. For any g, h € “w and 0,7 € “2, the intersection 19 N I"

is finite.

Proof. Let (g,0) and (h,7) be distinct. If g # h then for all but finitely many
n the initial segments g [ n and h | n will be distinct. Thus, as n — 2 - #(n)
is injective, I N I" is finite. If g = h, then 0 # 7 so I, N I, = (). Thus, as
n— 2-#(g | n) is injective, 19 N I" is finite. O

Now everything is in place to define our MED family:
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Definition 4.10. For every pair of functions g € “w and ¢ € 2, define g : w —
w by

ie (n) = g(n)  n€ B(g,c), B(g,c) | nis a <%antichain, and ¢ | n is self-refining,
gie)\n
gey(n) otherwise.

Let £ = {g) : g € “w,c €“2}.

1, Def. 4.2
self-refining | Def. 4.2
9(e) Def. 4.4
=<9 Def. 4.5
B(g,c) Def. 4.6
VEL Def. 4.8
9(e) Def. 4.10

Figure 9: References for notation and terminology used in this proof.

For each g € “w we want either some pair h,d such that hg = g and we
preserve this in B(d), or some c such that g.) =* g due to the changes made on
inputs in B(g,c). The following lemma shows us that this construction ensures

that one of these will occur, and thus maximality of £ will follow.
Lemma 4.11. For any g € “w, one of the following holds:

1. There is an infinite set I which is linearly ordered by <9. The definition of
<9 thus gwes functions h € “w and d € “2 with g [ I = h [ I. We get
that I N B(h,d) is finite.

2. There is a self-refining function ¢ which takes the value 1 infinitely often
and it is such that B(g,c) is a <9-antichain.

Proof. We prove the first case under the assumption that a statement holds, and
if not then we obtain the second case.
Define C'= {0 € <“2: |o| = 0 or ¢ ends with 1}. In this proof, where ¢ and

ng are specified, let oy = 670" ~171"1. We consider the assumption:
(3o € C)(Vno € I7)[9(no) # gy (n0) A (Fna € I3 )(no < n1)]  (4.1)

Fix o witnessing the first quantifier in (4.1), and let ng = min 9. From (4.1) we

obtain n; € I such that ny < n;. Recursively choosing o1 = o, 0= lorl™]
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and ngyq € Ig,m such that ny <9 ng.q1, we define a set I = {ny : k € w} which is

linearly ordered by <9. This gives us h and d such that g [ I = h) [ 1.

As gy is equal to g on I, but g is distinct from g,) at each point in I, we

have that I}, N7 “is finite. Thus, as B(h,d) €* I}, and I C* IZ | we have
that B(h,d) NI is finite.
Now assume that (4.1) fails, and thus we have the following:

(Vo € C)(Ing € 12)[g(n0) = g(or)(n0) V (VN1 € 12 )= (ng <9 ny)] (4.2)

Let 0p = () and ng witnessing the second quantifier in (4.2). Similarly to above,
recursively choose nj and o1 such that o1 = JkAO”’“_‘”klAl, and so they witness
(4.2). Let ¢ = Uye, ok- By the choices of 0y, observe that c is self-refining and
takes the value 1 infinitely often. Whenever ny satisfies the first disjunct, we have
ni, ¢ B(g,c). We get that B(g,c) = {ny : k > 0 and g(ni) # 9(oy,,)(nx)}, which
is a <9%-antichain by the second disjunct for each member and that for any two

indices ¢ < k we have n;, € 13, O

From Lemma 4.11 it is not hard to show that £ is maximal:

Claim 4.12. The family £ is MED.

Proof. First, we show that £ is ED. Let fy, fi € £ be distinct members. Let
g,c and h,d such that fy = g and f; = ﬁ(d). By definition, were f; and f; to
agree on infinitely many points, then all but finitely many of them would be in
B(g,c¢) U B(h,d). By symmetry, it suffices to show that

X ={n € B(g,c) \ B(h,d) : §)(n) = hia)(n)}

is finite, as }Al(d) agrees with h(g on the complement of B(h,d). X is a subset of
B(g,c) so gy | X = g I X. If X is infinite, then g and h(y; agree on an

infinite set, and so (g,c¢) = (h,d) and fy = fi, contradicting our assumption.

Fix g € “w. If the first case of Lemma 4.11 holds, then there is an infinite set [
and h,d such that g [ I = h(g [ I and INB(h,d) is finite. As INB(h,d) is finite,
g also agrees with iz(d) on infinitely many points.

If the second case holds, then there is ¢ self-refining which takes the value 1
infinitely often and it is such that B(g,c) is a <%-antichain. If B(g,c) is infinite,
then g | B(g,¢c) = g¢) | B(g,c) and we are done. If B(g,c) is finite, then there

are infinitely many n such that g(n) = g()(n) and so we certainly have that
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Finally, we prove that &£ is a II%class. It will be helpful to extend a few
of the above definitions to work with finite strings. The following are simply

approximations of the infinite versions above:

Definition 4.13. For each ¢ € <“w and ¢ € <“2 such that || = |o| define

B((,0) ={2-#(C In) :n <[ofand o(n) = 1} \{n: ((n) = (C [ n,0 [ n)}.

Also, for ( € *Yw and ng,n; € w with (n;,7;) =~ ((n;) for each ¢ € {0,1}, define

ng <¢ ny if
o ng < ny < |,
e |n;| = || = n; for each i € {0, 1},
e 1y <m and 19 < Ty.
We build a tree of approximations to the elements g of &:

Proof of Theorem 4.1. Define the tree T C <“w as the set of £ € <“w such that
for all odd k < [£| we have |(| = |o| = k where ((,0) ~ £(k), and for every n < k:
If all of the following conditions hold:

e o is self-refining,
e B(¢,0)Nn is a <*-antichain, and
e n € B((0)

then £(n) = ((n), otherwise £(n) ~ (¢ [ n,o [ n).

The set of self-refining strings is computable, and each set B((, o) is finite, so
the relevant properties are decidable. Hence T' is computable.

As each set B(g,c) contains only even values, each element g, € € has value
g(e)(n) on all odd values n so we can recover finite segments of g and ¢ on those
values. Fixing arbitrary £ < g, for odd k < |{| and (¢, o) =~ £(k) we indeed have
that the above requirement holds by the definition of §.). Hence each g € [T].

If we take a path f € [T] we have for all odd k that ((,0x) ~ f(k) with
|Ck| = |ok| = k and for odd ¢ > k that (}, < ¢, and o}, < 04. Defining g = ;. ,qq S
and ¢ = J; oqq 0r We have f = g by the above requirement, and so f € &.
Hence &€ = [T7]. O
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4.2 Computable members of &

While the computability theoretic notion of MED families defined in Section 2 is
useful in that it can be coded as a single object, it has various differences from
the set theoretic notion. In particular, it enforces an arbitrary ordering on the
family, which is encoded in the object itself. Another computability theoretic
approach is to look only at the computable members of a family, disregarding
the rest. If we are looking at a kind of family with a strict internal structure,
then the descriptive complexity may be interesting. We show that Schrittesser’s
construction witnesses the existence of a IIY family whose members are MED

relative to computable functions:

Theorem 4.14. Let € be the 1Y MED family constructed in the proof of Theo-
rem 4.1. The computable members of £ are MED for computable functions. That

18, each computable function is infinitely often equal to some computable member

of €.

Verifying this comes down to showing that for any computable g, the witnesses
for maximality obtained in Lemma 4.11 will also be computable. The argument
in Lemma 4.11 makes use of elements of the sets 19, so we first check that we can

easily work with these sets:

Remark 4.15. For any computable g € “w and o € <“2, the set ¢ is computable

uniformly in g and o.

Proof. Recall that <“w and w are identified via a computable bijection #. Observe
that
n €l < nevenand # '(n/2) < g and |# ' (n/2)| € I,.

This can be decided uniformly in ¢ and o. O]

The key idea in the following effective version of Lemma 4.11 is that while for
each g we have no effective way to tell which case in Lemma 4.11 will hold, in
particular whether (4.1) holds or not, in either case the construction of a function
in £ which is infinitely often equal to g will be computable. We do not need to
be able to know which function in £ is infinitely often equal to g, just that there

is at least one.
Lemma 4.16. For any computable g € “w, one of the following holds:

1. There is a computable infinite set I which is linearly ordered by <9. The
definition of <9 thus gives computable functions h € “w and d € “2 with
g1 =halI Wegetthat INB(h,d) is finite and so g [ I =" ﬁ(d) 1.
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2. There is a computable and self-refining function ¢ such that B(g,c) is an
infinite <9-antichain. Thus, g | B(g,c) = g« | B(g,c).

Proof. We show that the proof of Lemma 4.11 yields computable functions in
either case.

Recall that we define C' = {0 € <“2 : |o| = 0 or o ends with 1}, and where
o and ng are specified, we let oy = ¢70™~171"1. Again, consider the following

assumption:
(30 € C)(Vno € I9)[g(no) # Gior)(no) A (Fna € I3, )(no <7 n1)] (4.3)

Under the assumption of (4.3), fix o witness the first quantifier. As o is finite, it
does not matter that we cannot obtain it uniformly in g; it adds no computational
complexity of its own. As the set I¢ is computable, by Remark 4.15, the following
process yields an infinite set I: Let ny = min I9. This defines o, as above, so by
(4.3), take ny € I¢, such that ng < n;. Recursively choosing oy = o), 0™ 17¢71
and ng,q € ngﬂ such that ng <9 ngyq,

we define a computable set [ = {ny, : k € w} which is linearly ordered by <9.

Define (ny, ;) ~ g(ny) for each k. Let h = U, mx and d = J, 7. The
functions h and d will be computable as I and g are computable. The proof that
glIl=* iL(d) I I needs no further verification from the proof of Lemma 4.11.

If (4.3) fails then we have:

(Vo € C)(Fng € I3)[g(n0) = g(o1)(n0) V (V1 € I3 )=(no <7 m1)] (4.4)

Define the sequence oy, recursively as in the proof of Lemma 4.11. The existential
statement and computability of I uniformly in o make sure that each successive
ng can be found. By the assumption of (4.4) and the computability of 19 this
process is computable, and so ¢ = | J, o, is computable. The rest of the verification

is unchanged from the proof of Lemma 4.11. O]

Similarly to before, this is sufficient to prove that the computable members of

& are MED relative to the computable functions:

Proof of Theorem 4.14. As &€ as a whole is ED, its computable members certainly
are. Let g be a computable function. By Lemma 4.16 we know that for any
computable g € “w, there are computable functions h € “w and d € “2 such
that g = ﬁ(d). The definition of fz(d) checks only finite conditions, and so B(d) is
computable. Thus, there is a computable member of £ which is infinitely often

equal to g. O
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5 Discussion

The framework of mass problems that Lempp, Miller, Nies, and Soskova [18] used
for computability-theoretic analogues of cardinal characteristics is very flexible in
representing the kinds of families relevant to cardinal characteristics research for
various purposes in computability. We have built on their work to give analogues
for several other cardinal characteristics and shown relations to those they defined.

The computability-theoretic MED families and towers of functions discussed
in Section 2 show that there is a rich structure of these mass problem analogues
around the MAD families and towers of sets discussed by in [18]. In particular,
these mass problems do not seem to coincide in the Muchnik or Medvedev degrees
with any well-studied notions. The analogues of the cardinals in Cichon’s diagram
discussed in Section 3 witness the flexibility of this framework. It fits well into
the general framework by Greenberg, Kuyper, and Turetsky [10]; associating mass
problems to their Weihrauch problems and the relations follow from computable
morphisms.

A key point in both Sections 2 and 3 is the contrast between the mass prob-
lems analogy of families of sets or functions, and the highness classes analogy of
the corresponding forcing methods in set theory. Several similarities and differ-
ences between the two frameworks can be observed. In both frameworks, we can
observe that many relations collapse once the degrees are necessarily high. This
is often the case as high sets are sufficient to compute all but a finite amount
of information from computable sets from their indices in a uniform way. Aside
from the absolute complexity of the analogues, the framework of mass problems
allows us to find analogues of cardinal characteristics that highness classes do not.
Cardinal characteristics corresponding to families with internal structure cannot
be described with the same kind of relational structure as the ones in Cichon’s
diagram.

In the setting of highness classes, it has proven interesting to consider re-
lations other than Turing reductions. Kihara [17] investigated the case where
an analogue of Cichon’s diagram is obtained for the hyperarithmetical sets and
hyperarithmetical reducibility. Fewer relations collapse in this setting compared
to with computable sets, but some of the classes still coincide. Recent work by
Greenberg and Osso [11] considered the case of Turing reduction modulo the ideal
of hyperarithmetical sets. They show that in this case, even further separations
can be obtained, in particular between the analogous versions of high, (strong)
meagre engulfing, and (strong) null engulfing oracles. This answers several ques-

tions asked in [10, Section 8]. One can ask similar questions in the setting of mass
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problems. It would be an interesting direction to see which relations or separa-
tions between mass problems could be obtained when considering alternatives to
the computable sets or functions and the Turing reduction.

The mass problem framework this thesis focused on is flexible but has signif-
icant differences from the set theory setting. The sequences we associate with
kinds of set-theoretic families encode the family alongside an arbitrary ordering.
This ordering carries with it its own complexity and may be useful in computing
members of other classes, yielding results that may have no set-theoretic analogue
for a reason not inherent to computability. Perhaps one can find a way of repre-
senting analogues for the set-theoretic family that does not enforce an arbitrary
ordering. One possibility is to consider the paths through a tree; Question 5.3

below is in this direction.

5.1 Open questions

Separating mass problems in the Muchnik degrees has proven difficult, and so

there are several questions left open from Sections 2 and 3:
Question 5.1. Which, if any, of the following Muchnik relations hold?

a) T <, TF: Do mazimal towers of functions compute mazimal towers of

sets?

b) T <w T : Do maximal weak towers of sets compute mazximal towers of

sets?

c) TF <y, T : Do mazimal weak towers of sets compute mazximal towers of

functions?

d) T— <u, TF: Do mazimal towers of functions compute maximal weak towers
of sets?

A negative answer to any part of Question 5.1 would, by Proposition 2.28 and
the known relations between these mass problems, show that index guessability
is not equivalent to computing no maximal tower of sets, and thus would answer
a question from [18].

We can ask a similar question about the analogues of cardinals in Cichon'’s

diagram:

Question 5.2. Which Muchnik relations in Cichon’s diagram for mass problems,

Figure 8, can be reversed?
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Clearly B <, D as there are low <*-unbounded families. Aside from this,
little is known for sure. It seems very possible that the mass problems in Figure 8
above D are Medvedev equivalent to it. Highness is enough to compute members
of many mass problem analogues of cardinal characteristics, as shown in [18]
with ultrafilter bases and maximal independent families, and the author [21] with
maximal ideal independent families.

In Section 4.2, we saw that there is a I1{-class whose computable members are
MED for computable functions. Although there is no IIY MAD family (indeed, no
analytic MAD family) in the set theory setting, we can ask about the computable

members:

Question 5.3. Is there a 119-class P such that the computable members of P are
pairwise AD and for any computable set R there is a computable set X € P such
that X N R is infinite?

As there is no constraint on the noncomputable members of P, there is no im-
mediate reason that this would contradict the known results about MAD families

in set theory.
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A Notation and Conventions

Cardinal characteristics a,b,c, -
Cardinals Ky A
Finite binary strings O, T, p
Finite natural number strings n,C, &
Infinite binary sequences c,d
Total natural number functions f,9,h,p

Partial natural number functions | ¢, ¥,

Turing functionals IRV
Ideals of families of reals Z, M,N
Mass problems A B C,---

Figure 10: Naming conventions.

The collection of infinite sets of natural numbers is written [w]“. The collection
of natural number functions is written “w, and similar spaces notated analogously.

For a relation R C X x X, we define relations on “X by xR*y if x(n)Ry(n) for
all but finitely many n € w, and R®y if z(n)Ry(n) for infinitely many n € w.
The latter is used to avoid ambiguity of the form R*. For example, if f : n — 100n
and g — n? then f <* g.

We refer to a fixed computable bijection (-,-) : w X w — w.

20



References

1]

[10]

[11]

[12]

Tomek Bartoszynski. “Combinatorial aspects of measure and category”. eng.
In: Fundamenta Mathematicae 127.3 (1987), pp. 225-239.

Andreas Blass. “Combinatorial Cardinal Characteristics of the Contin-
uum”. In: Handbook of Set Theory. Ed. by Matthew Foreman and Akihiro
Kanamorri. Springer Netherlands, 2010, pp. 395-489.

Andreas Blass, Tapani Hyttinen, and Yi Zhang. MAD families and their
neighbours. Preprint. 2007. URL: https://dept.math.1lsa.umich.edu/
~ablass/madfam.pdf.

Jorg Brendle, Andrew Brooke-Taylor, Keng Meng Ng, and André Nies. “An
Analogy between Cardinal Characteristics and Highness Properties of Ora-
cles”. In: Proceedings of the 13th Asian Logic Conference. 2015, pp. 1-28.

Paul Cohen. “The Independence Of The Continuum Hypothesis”. In: Pro-
ceedings of the National Academy of Sciences 50.6 (1963), pp. 1143-1148.

w

Peter Dordal. “Towers in [w]¥ and w“”. In: Annals of Pure and Applied
Logic 45.3 (1989), pp. 247-276. 1sSN: 0168-0072. DOIL: https://doi.org/

10.1016/0168-0072(89)90038-9.

David Fremlin. “Cichont’s diagram”. In: Sémin. Initiation Anal. 23éme
Année-1983/84, Exp. No. 5. Ed. by G. Choquet, M. Rogalski, and J. Saint-
Raymond. 1984.

David Fremlin. “Real-valued measurable cardinals”. In: Israel Math. Conf.
Proc. 6 (Jan. 1993).

Martin Goldstern, Jakob Kellner, Diego Mejia, and Saharon Shelah. “Ci-
chort’s maximum without large cardinals”. In: Journal of the European
Mathematical Society (JEMS) 24.11 (2022), pp. 3951-3967.

Noam Greenberg, Rutger Kuyper, and Dan Turetsky. “Cardinal invari-
ants, non-lowness classes, and Weihrauch reducibility”. In: Computability
8 (2019), pp. 305-346. DOI: 10.3233/COM-180219.

Noam Greenberg and Gian Marco Osso. Forcing and classes of HYP-
dominating functions. Preprint. 2026. arXiv: 2602.03391 [math.L0]. URL:
https://arxiv.org/abs/2602.03391.

Kurt Godel. “Consistency-Proof for the Generalized Continuum-
Hypothesisl”. In: Proceedings of the National Academy of Sciences
25.4 (1939), pp. 220-224.

o1


https://dept.math.lsa.umich.edu/~ablass/madfam.pdf
https://dept.math.lsa.umich.edu/~ablass/madfam.pdf
https://doi.org/https://doi.org/10.1016/0168-0072(89)90038-9
https://doi.org/https://doi.org/10.1016/0168-0072(89)90038-9
https://doi.org/10.3233/COM-180219
https://arxiv.org/abs/2602.03391
https://arxiv.org/abs/2602.03391

[13]

[14]

[15]

[16]

[17]

[18]

[20]

[21]

[22]

[23]

[24]

Haim Horowitz and Saharon Shelah. “A Borel maximal eventually different
family”. In: Ann. Pure Appl. Logic 175.1, part B (2024), Paper No. 103334,
8. ISSN: 0168-0072. DOT: 10.1016/j.apal.2023.103334.

Haim Horowitz and Saharon Shelah. “On the Non-Existence of Mad Fam-
ilies”. In: Archive for Mathematical Logic 58.3-4 (2019), pp. 325-338. DOI:
10.1007/s00153-018-0640-5.

Bart Kastermans, Juris Steprans, and Yi Zhang. “Analytic and Coanalytic
Families of Almost Disjoint Functions”. In: The Journal of Symbolic Logic
73.4 (2008), pp. 1158-1172.

Miroslav Katétov. “Remarks on characters and pseudocharacters”. In: Com-

mentationes Mathematicae Universitatis Carolinae 001.1 (1960), pp. 20-25.

Takayuki Kihara. “Higher randomness and lim-sup forcing within and be-
yond hyperarithmetic”. In: Sets and Computations. 2017, pp. 117-155. DOTI:
10.1142/9789813223523_0006.

Steffen Lempp, Joseph S. Miller, André Nies, and Mariya I. Soskova. “Maxi-
mal Towers and Ultrafilter Bases in Computability Theory”. In: The Journal
of Symbolic Logic 88.3 (2023), pp. 1170-1190. poI: 10.1017/js1.2022.60.

Maryanthe Malliaris and Saharon Shelah. “Cofinality spectrum theorems in
model theory, set theory, and general topology”. In: J. Amer. Math. Soc.
29.1 (2016), pp. 237-297. DOIL: 10.1090/jams830.

Adrian Mathias. “Happy families”. In: Annals of Mathematical Logic 12.1
(1977), pp. 59-111.

Logan McDonald. Cardinal Characteristics and Computability. Honours dis-
sertation. 2024. URL: https://arxiv.org/abs/2503.04192.

Arnold Miller. “Infinite Combinatorics and Definability”. In: Ann. Pure
Appl. Log. 41 (1989), pp. 179-203.

Benoit Monin. “An answer to the Gamma question”. In: Proceedings of the

33rd Annual IEEE Symposium on LICS. 2018, pp. 730-738.

Benoit Monin and André Nies. “Muchnik degrees and cardinal character-
istics”. In: The Journal of Symbolic Logic 86.2 (2021), pp. 471-498. DOTI:
10.1017/3js1.2020.1.

Benoit Monin and André Nies. “A Unifying Approach to the Gamma Ques-
tion”. In: 2015 30th Annual ACM/IEEE Symposium on Logic in Computer
Science. 2015, pp. 585-596.

52


https://doi.org/10.1016/j.apal.2023.103334
https://doi.org/10.1007/s00153-018-0640-5
https://doi.org/10.1142/9789813223523_0006
https://doi.org/10.1017/jsl.2022.60
https://doi.org/10.1090/jams830
https://arxiv.org/abs/2503.04192
https://doi.org/10.1017/jsl.2020.1

[26]

[27]

33]

[34]

André Nies. Computability and Randomness. Oxford, England: Oxford Uni-
versity Press UK, 2008.

Ivan Ongay-Valverde and Paul Tveite. “Computable analogs of cardinal
characteristics: Prediction and rearrangement”. In: Annals of Pure and Ap-
plied Logic 172.1 (2021). DOI: https://doi.org/10.1016/j.apal.2020.
102872.

Dilip Raghavan. “There is a van Douwen MAD family”. In: Transactions of
the American Mathematical Society 362.11 (2010), pp. 5879-5891. (Visited
on 02/02/2026).

Fritz Rothberger. “Une remarque concernant ’hypothese du continu”. FRA.
In: Fundamenta Mathematicae 31.1 (1938), pp. 224-226.

Nicholas Rupprecht. “Effective Correspondents to Cardinal Characteristics
in Cichoni’s Diagram”. PhD thesis. University of Michigan, 2010.

David Schrittesser. “Compactness of maximal eventually different families”.
In: Bulletin of the London Mathematical Society 50.2 (2018), pp. 340-348.

David Schrittesser. On Horowitz and Shelah’s Borel maximal eventually dif-
ferent famaily. Preprint. 2017. arXiv: 1703.01806 [math.LO]. URL: https:
//arxiv.org/abs/1703.01806.

Saharon Shelah. “Can you take Solovay’s inaccessible away?” In: Israel J.
Math. 48.1 (1984), pp. 1-47. 18SN: 0021-2172. DOT: 10.1007/BF02760522.

Asger Tornquist. “Definability and almost disjoint families”. In: Advances
in Mathematics 330 (2018), pp. 61-73. DOIL: https://doi.org/10.1016/
j.aim.2018.03.005.

Asger Tornquist. “X} and I} Mad Families”. In: The Journal of Symbolic
Logic 78.4 (2009), 1181-1182. por: 10.2178/js1.7804080.

Peter Vojtas. “Generalized Galois-Tukey-connections between explicit rela-
tions on classical objects of real analysis”. In: Israel Mathematical Confer-

ence Proceedings 6 (Jan. 1993).

Yi Zhang. “On a Class of M.A.D. Families”. In: The Journal of Symbolic
Logic 64.2 (1999), pp. 737-746.

Yi Zhang. “Towards a Problem of E. Van Douwen and A. Miller”. In: Math-
ematical Logic Quarterly 45.2 (1999), pp. 183-188. pOI: 10.1002/malq.
19990450203.

23


https://doi.org/https://doi.org/10.1016/j.apal.2020.102872
https://doi.org/https://doi.org/10.1016/j.apal.2020.102872
https://arxiv.org/abs/1703.01806
https://arxiv.org/abs/1703.01806
https://arxiv.org/abs/1703.01806
https://doi.org/10.1007/BF02760522
https://doi.org/https://doi.org/10.1016/j.aim.2018.03.005
https://doi.org/https://doi.org/10.1016/j.aim.2018.03.005
https://doi.org/10.2178/jsl.7804080
https://doi.org/10.1002/malq.19990450203
https://doi.org/10.1002/malq.19990450203

	Introduction
	Cardinal characteristics of the continuum
	Nonlowness classes and mass problems
	Weihrauch problems and morphisms

	Mass Problems of Sequences of Functions
	Analogues of ae and te
	Medvedev relations between sequences of sets and of functions
	Separating mass problems
	Descriptive complexity of MED families

	Mass Problems and Cichoń's Diagram
	Computable morphisms
	Computably coded meagre sets
	Computably coded null sets
	Relationship with the forcing analogy

	A 01-class which is MED
	Schrittesser's construction
	Computable members of E

	Discussion
	Open questions

	Notation and Conventions
	References

