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Abstract� Priority trees �p�trees� are a certain variety of binary trees of size n constructed
from permutations of the numbers �� � � � � n� In this paper we analyse several parameters
depending on n �the size� and j �a number between � and n�� such as the length of the
left path �connecting the root and the leftmost leaf�� the height of node j �� distance from
the root�� the number of left edges on the path from the root to the node j� the number of
descendants of node j� the number of key comparisons when inserting an element between
j and j � �� the number of key comparisons when cutting the p�trees into two p�trees� the
number of nodes with �� � or 	 children� Methodologically� recursions are set up according to
a fundamental decomposition of the family A of p�trees �using auxiliary quantities B and C�

using generating functions� they lead to systems of di�erential equations that can be solved
explicitly with some e�orts� The quantities of interest can then be identi�ed as coe
cients
in the explicit forms of the generating functions�

�� Introduction

Priority trees �or �p�trees� for short� are a data structure to implement priority queues�
There exist applications of priority queues e� g� in operating systems like job scheduling or
resource management and in discrete event simulation models� Each element in a priority
queue has a �xed associated key value which determines its priority� The lower the key value
of an element in the queue is� the higher is its priority� Such a queue must support the two
basic operations of inserting an element with an arbitrary given priority �Insert� and of
removing the element with the highest priority �Delete��

A p�tree is either empty or it consists of a sequence of nodes with non�increasing keys� the
so called �left path�� such that to each node on the left path except the last one� there is
associated a possibly empty p�tree� the �right subtree�� If z is a node on the left path with
key l and x being its left successor with key k� then all nodes yi of the right path associated
with z have key values si ranked between k and l� or more precisely k � si � l� The element
with the smallest key value �i� e� with the highest priority� is the terminal node of the left
path and is called the �left leaf��

To insert a new element p into a p�tree T the following recursive algorithm Insert can be
applied	

� If T is empty or the root of T has a key not greater than p� then let p be the new root
and T its left subtree�

� Otherwise search down the left path of T for the �rst node x that has a key that is not
greater than p�

This research was supported by the Austrian Research Society �FWF� under the project number P�	����
MAT� Additional new results about priority trees may be found in �����
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Figure �� Generation of a p�tree�

� If no such node exists� then append p to the left path as the new left leaf�
� Otherwise denote the predecessor of x by z� so that the key of p is ranked between

the keys of x and z� In this case the algorithm Insert �of node p� will be applied
recursively to the right subtree of z�

As an example how the algorithm Insert works we show in Figure � the generation of the
p�tree from the permutation � � 
 � � ��

�� The mathematical methods

For the mathematical analysis of this data structure we consider the model that all n� per�
mutations of the numbers �� � � � � n generating a p�tree of size n are equally likely�

We will not decompose the p�tree into the left path and the right subtrees and treat the
components separately as it was done in ��
�� but rather work with � families of combinatorial
objects A� B and C� The family A are the ordinary p�trees� that are generated from random
permutations by starting with the empty tree� the family B are p�trees that are generated by
starting with one additional element ���� and the family C are p�trees that are generated
by starting with the extra element �����

For the following we assume that these additional elements are not counted for the size of an
object� which means that the size of an object is the number of nodes� without the elements
�� and ��� Again all n� permutations from � to n are assumed to be equally likely to
generate an object of size n from the families A� B and C�

For the forthcoming analysis the following decompositions of the families A� B and C w� r� t�
the �rst element k of a random permutation of the numbers from �� �� � � � � n are essential as
is shown in Figures �� � and ��

The parameters of the p�trees that we are going to analyse in this paper satisfy recursions
which are consequences of the decompositions of the families A� B and C� Using generating
functions� these recurrences translate into a system of di�erential equations� Although in
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most cases these di�erential equations for the distributions seem to be not tractable� we can
at least compute the expectations for the considered parameters�

Here is an example
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Figure �� A p�tree constructed from the permutation � �� � � � � � �
 
 � ��
The lenght of the left path is �� the height of node � is �� the number of
descendants of node � is �� the number of left edges leading to node � is �� the
number of nodes with 
���� successors is ���� �� The number of comparisons
to insert a node ��� is ��

�� The length of the left path

In order to use the p�trees as a data structure for priority queue administration it is necessary
to be able to remove on demand the element with the highest priority �i� e� with the smallest
key� from the queue� In a p�tree this element� is the leaf of the left path starting at the root�

In the following we consider the distributions of the height of the element with highest priority
in p�trees� Therefore we have to consider the distributions of the length of the left paths in
in the families A� B and C� That means� we have to count the number of nodes on the direct
path from the root to the left leaf� To obtain easier recurrences it is advantageous to count
the element �� for the length of the left path in the family B but not the element �� in
the family C�

Decomposing the families A� B and C according to the �rst element k of a random permutation
with n elements as described above� we obtain the following recurrences for the probabilities
An�m� Bn�m and Cn�m� that an object of these families with size n has a left path of length
m	

An�m �
�

n

nX
k��

mX
i��

Cn�k�iBk���m�i for n � � � ��a�

Bn�m �
�

n

nX
k��

Bk���m�� for n � � � ��b�

Cn�m �
�

n

nX
k��

Cn�k�m�� for n � � � ��c�

A��m � ���m � B��m � ���m � and C��m � ���m � ��d�



AVERAGE CASE�ANALYSIS OF PRIORITY TREES 	

With the bivariate generating functions

A�z� v� �
X
n��

X
m��

An�mz
nvm� B�z� v� �

X
n��

X
m��

Bn�mz
nvm� and C�z� v� �

X
n��

X
m��

Cn�mz
nvm

we get from ��� by multiplying with nzn��vm and summing up over all m � 
 and n � � the
following system of di�erential equations

�

�z
A�z� v� � B�z� v�C�z� v� � ��a�

�

�z
B�z� v� �

v

�� z
B�z� v� � ��b�

�

�z
C�z� v� �

v

�� z
C�z� v� � ��c�

with initial values A�
� v� � �� B�
� v� � v� and C�
� v� � ��

From ��b� we obtain

d �B�z� v��

B�z� v�
� d �logB�z� v�� �

v

�� z
dz � ���

which leads through integration and adjusting to the initial values to the solution

B�z� v� �
v

��� z�v
� ���

Analogously we get from ��c� for C�z� v� the solution

C�z� v� �
�

��� z�v
� ���

With ��a� these expressions for B�z� v� and C�z� v� lead to the following equations for A�z� v�

�

�z
A�z� v� �

v

��� z��v
� �
�

from which we get by integration the solution

A�z� v� �
�

�� �v

�
�� v � v

��� z��v��

�
� ���

In the following we denote the signless Stirling numbers of the �rst kind by
�
n
m

�
� They are

given by the relation �see e� g� ����X
n��

nX
m��

�
n

m

�
zn

n�
vm �

�

��� z�v
� ���

With this equation the coe�cients of B�z� v� and C�z� v� are obtained immediately whereas
for the coe�cients of A�z� v� we get

An�m �
�

n
�zn��vm�

�

�z
A�z� v� �

�

n
�zn��vm�

v

��� z��v

�
�m��

n
�zn��vm���

�

��� z�v
�

�m��
�
n��
m��

�
n�

�
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This leads to the following

Theorem ���� The probabilities An�m� Bn�m and Cn�m of the length of the left paths in objects
of the families A� B and C of size n� i� e� the probabilities� that an object of size n has a left
path length m� are given by

An�m �
�m��

�
n��
m��

�
n�

for n � � � ��a�

Bn�m �

�
n

m��
�

n�
for n � � � ��b�

Cn�m �

�
n
m

�
n�

for n � � � ��c�

To get the expectations An� Bn and Cn of the length of the left paths in objects of size n in
the families A� B and C we de�ne

A�z� �
�

�v
A�z� v�

����
v��

� B�z� �
�

�v
B�z� v�

����
v��

and C�z� �
�

�v
C�z� v�

����
v��

� ��
�

Then these expectations are given by An � �zn�A�z�� Bn � �zn�B�z� and Cn � �zn�C�z��

Di�erentiating the equations ���� ��� and �
� with respect to v and evaluating at v � � leads
to

�

�z
A�z� �

�

�v

�
�

�z
A�z� v�

�����
v��

�
�

��� z��
log

�
�

�� z

�
�

�

��� z��
� ���a�

B�z� �
�

�v
B�z� v�

����
v��

�
�

�� z
�

�

�� z
log

�
�

�� z

�
� ���b�

C�z� �
�

�v
C�z� v�

����
v��

�
�

�� z
log

�
�

�� z

�
� ���c�

To extract the coe�cients of such expressions we need the formulas �see ����

�zn�
�

��� z����
log

�
�

�� z

�
� �Hn�� �H��

�
n � �

n

�
� ���a�

�zn�
�

��� z����
log�

�
�

�� z

�
�
�

�Hn�� �H��� �
�
H

���
n�� �H���

�

���n � �

n

�
� ���b�

where Hn �
Pn

k��
�
k

respectively H
�m�
n �

Pn
k��

�
km

denote the harmonic numbers�

Then with ���a� we obtain from ����

Theorem ���� The expectations An� Bn and Cn for the lengths of the left paths in objects
of size n in the families A� B and C are given by

An � �Hn � � for n � � � A� � 
 � ���a�

Bn � Hn � � for n � � � B� � � � ���b�

Cn � Hn for n � � � C� � 
 � ���c�
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In the following we denote by �An the second factorial moment of the length of the left path in

p�trees of size n� Furthermore we de�ne �A�z� � ��

�v�
A�z� v�

���
v��

� Then the auxiliary quantity

�An is given by �An � �zn� �A�z��

Di�erentiating �
� two times with respect to v and evaluating at v � � leads to

�

�z
�A�z� �

�

��� z��
log�

�
�

�� z

�
�

�

��� z��
log

�
�

�� z

�
� ����

With ���� we get the coe�cients �An and so we have

Lemma ���� The second factorial moment �An of the length of the left path in p�trees of size
n is given by

�An � �H�
n � �Hn � �H���

n � � for n � � � �A� � 
 � ����

The variance �An of the length of the left path in p�trees of size n is given by the relation

�An � �An � An � A�
n

and therefore we get

Theorem ���� The variance �An of the length of the left path in p�trees of size n is given by

�An � �Hn � �H���
n � � for n � � � �A� � 
 � ��
�

The asymptotic behaviour of the lengths of the left paths in p�trees is described in the
following theorem�

Theorem ���� The sequence of random variables

��n �
�n � �n

�n

converges weakly to the standard normal �Gaussian� distribution� Here the random variables
�n denote the distributions of the lengths of the left paths in p�trees of size n with expectation
�n and variance ��n� That means we have

P�a � ��n � b� � �p
��

Z b

a

e�
t�

� dt ����

and further

�n � � logn � O��� and ��n � � logn �O���

for n���

Proof� With the asymptotic expansions of the harmonic numbers

Hn � logn � 	 �
�

�n
� �

��n�
�O

�
�

n�

�
� ���a�

H���
n �

��



� �

n
�

�

�n�
�O

�
�

n�

�
���b�

we get from the exact formulas ���a� and ��
� immediately

�n � An � � logn �O��� and ��n � �An � � logn �O��� �
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To prove the theorem we use a method that is described in �
�� We start with the sequence
of the characteristic functions 
��n�t� � E�ei�

�

n t� of the ��n and show� that this sequence

converges pointwise to the characteristic function e�
t�

� of the standard normal distribution�
In other words� we show� that


��n�t� � e�
t�

� ����

for every t � R and n � �� By the continuity theorem for characteristic functions of Paul
L�evy �see e� g� ����� we can then deduce from ���� the weak convergence of the distribution
functions �����

From the bivariate generating function A�z� v� of the probabilities An�m� that the length of
the left path in a p�tree of size n is equal m as given by ���� we obtain with

An�v� � �zn�A�z� v�

the probability generating function of the �n� First we obtain

An�v� �
�

n
�zn���

�

�z
A�z� v� �

�

n
�zn���

v

��� z��v
�

v

�v � �

�
n � �v � �

n

�
�

With the asymptotic expansion for �xed ��
n � �

n

�
�

�n � �� � �n � � � �� � � ��n � ��

��� � ��
�

n�

��� � ��
�
�

� � O
�

�

n

��
�

we get

An�v� �
v

�v � �

�
n � �v � �

n

�
�

v n�v��

���v�
�
�

� � O
�

�

n

��
��
�

for �xed v and n���

For the characteristic functions 
��n�t� of the ��n we have then


��n�t� � E�ei�
�

n t� �
X
m

P���n � m� � eimt �
X
m

P��n � �n � �nm� � eimt

�
X
m��

P��n � m� � eitm��n
�n �

X
m��

An�me
it
m��n
�n � e

� i�nt
�n An�e

it
�n � �

With ��
� we get the expansion

An�e
it
�n � �

e
i t
�n

���ei
t
�n �

exp
�

� logn�ei
t
�n � ��

�
�
�

� � O
�

�

n

��
� exp

�
� logn�ei

t
�n � ��

�
� �� � o���� � exp

�
� logn

it

�n
� t�

���n

�
� �� � o����

� exp

�
� logn

it

�n
� t�

�

�
� �� � o���� �

This leads to


��n�t� � e
� i�nt

�n An�e
it
�n � � exp

�
�� logn

it

�n

�
exp

�
� logn

it

�n
� t�

�

�
� �� � o����
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� e�
t�

� � �� � o����� e�
t�

�

for a �xed t and n � �� With the continuity theorem of L�evy the theorem is completely
proved�

�� The height of the nodes

In the following we consider the distributions of the height of the nodes with key j of objects
of size n in the families A� B and C� To be precise� we say that the height of a node j is the
number of nodes between the root and the node j�

With An�j�m� Bn�j�m and Cn�j�m we denote the probabilities� that the node with key j in an
corresponding object of size n has height m� To get a recurrence for these quantities� we use
the already treated distribution of the length of the left path in objects of the family C� To
avoid confusion� from now on the probability� that the length of the left path in an object of
size n in the family C is equal m� is denoted by pn�m� With ��� and ��c� we have for pn�m�
respectively its generating function p�z� v� �

P
n��

P
m�� pn�mz

nvm�

pn�m �

�
n
m

�
n�

and p�z� v� �
�

��� z�v
� ����

With these remarks we get by means of decomposing the families A� B and C according to
the �rst element k of a random permutation following recurrences for � � j � n

An�j�m �
�

n

	
j��X
k��

Cn�k�j�k�m � pn�j�m�� �
nX

k�j��

mX
i��

pn�k�i Bk���j�m�i

�A � ���a�

Bn�j�m �
�

n

	
j��X
k��

An�k�j�k�m�� � �m�� �
nX

k�j��

Bk���j�m��

�A � ���b�

Cn�j�m �
�

n

	
j��X
k��

Cn�k�j�k�m � pn�j�m�� �
nX

k�j��

m��X
i��

pn�k�iAk���j�m���i

�A � ���c�

Introducing the trivariate generating functions

A�z� u� v� �
X
j��

X
n�j

X
m��

An�j�mz
nujvm � B�z� u� v� �

X
j��

X
n�j

X
m��

Bn�j�mz
nujvm and

C�z� u� v� �
X
j��

X
n�j

X
m��

Cn�j�mz
nujvm �

we get from ���� by multiplying with nzn��ujvm and summing up over all n � j � � and
m � 
 the following system of linear di�erential equations

�

�z
A�z� u� v� �

u

�� uz
C�z� u� v� �

vu

�� uz
p�z� v� � p�z� v�B�z� u� v� � ���a�

�

�z
B�z� u� v� �

vu

�� uz
A�z� u� v� �

v�u

��� z���� uz�
�

v

�� z
B�z� u� v� � ���b�
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�

�z
C�z� u� v� �

u

�� uz
C�z� u� v� �

vu

�� uz
p�z� v� � v p�z� v�A�z� u� v� � ���c�

This system of di�erential equations seems to be not tractable� but it is helpful to get factorial
moments of the distribution of the height of nodes in p�trees� in particular the expectation�

Then the ordinary generating functions

A�z� u� �
X
n��

nX
j��

An�jz
nuj � B�z� u� �

X
n��

nX
j��

Bn�jz
nuj � C�z� u� �

X
n��

nX
j��

Cn�jz
nuj

of the expectations An�j � Bn�j and Cn�j of the heights of the node j in objects of size n in the
families A� B and C ful�ll the relations

A�z� u� �
�

�v
A�z� u� v�

����
v��

� B�z� u� �
�

�v
B�z� u� v�

����
v��

� C�z� u� �
�

�v
C�z� u� v�

����
v��

�

Di�erentiating ���� with respect to v and evaluating at v � � leads to the following system
of linear di�erential equation for A�z� u�� B�z� u� and C�z� u�

�

�z
A�z� u� �

u

�� uz
C�z� u� �

�

�� z
B�z� u� � f��z� u� � ���a�

�

�z
B�z� u� �

u

�� uz
A�z� u� �

�

�� z
B�z� u� � f��z� u� � ���b�

�

�z
C�z� u� �

u

�� uz
C�z� u� �

�

�� z
A�z� u� � f��z� u� ���c�

with

f��z� u� �
u

��� z���� uz�
�

u

��� z���� uz�
log

�
�

�� z

�
�

uz

��� z����� uz�
log

�
�

�� z

�
�

f��z� u� �
u�z

��� z���� uz��
�

�u

��� z���� uz�
�

uz

��� z����� uz�
�

f��z� u� �
u

��� z���� uz�
�

u

��� z���� uz�
log

�
�

�� z

�
�

uz

��� z����� uz�

�
uz

��� z����� uz�
log

�
�

�� z

�
�

In the following this system of di�erential equations will be converted to a single di�erential

equation for A�z� u�� To do this� we introduce two functions eB�z� u� and eC�z� u� which are

given by the relations B�z� u� �
eB�z�u�
��z and C�z� u� �

eC�z�u�
��uz �

Then we get from ����

�

�z
A�z� u� �

u

��� uz��
eC�z� u� �

�

��� z��
eB�z� u� � f��z� u� � ���a�
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�

�� z

�

�z
eB�z� u� �

u

�� uz
A�z� u� � f��z� u� � ���b�

�

�� uz

�

�z
eC�z� u� �

�

�� z
A�z� u� � f��z� u� � ���c�

To eliminate eB�z� u�� we extract it from ���a�� di�erentiate with respect to z and multiply
by �

��z � This leads to

eB�z� u� � ��� z��
�

�z
A�z� u�� u��� z��

��� uz��
eC�z� u�� ��� z��f��z� u� � ��
a�

�

�� z

�

�z
eB�z� u� � ��

�

�z
A�z� u� � ��� z�

��

�z�
A�z� u�� u��� z�

��� uz��
�

�z
eC�z� u�

� �u�u� ��

��� uz��
eC�z� u�� �

�� z

�

�z

�
��� z��f��z� u�



� ��
b�

Inserting ��
b� in ���� leads to the following system of di�erential equations for A�z� u� andeC�z� u�

u

�� uz
A�z� u� � �

�

�z
A�z� u�� ��� z�

��

�z�
A�z� u� �

u��� z�

��� uz��
�

�z
eC�z� u�

�
�u�u� ��

��� uz��
eC�z� u� � �f��z� u�� �

�� z

�

�z

�
��� z��f��z� u�



�

���a�

�

�� uz

�

�z
eC�z� u� �

�

�� z
A�z� u� � f��z� u� � ���b�

To eliminate also eC�z� u�� we insert equation ���b� in ���a� and solve for eC�z� u�� This leads
to

eC�z� u� � � ��� uz��

u� �
A�z� u�� ��� uz��

u�u� ��

�

�z
A�z� u� �

��� z���� uz��

�u�u� ��

��

�z�
A�z� u�

� ��� uz��

�u�u� ��
f��z� u�� ��� uz��

�u�u� ����� z�

�

�z

�
��� z��f��z� u�



����

� ��� uz����� z�

��u� ��
f��z� u� �

Di�erentiating this equation with respect to z and multiplying by �
��uz gives a di�erential

equation for A�z� u� after insertion in ���a��

�uz � u� �

��� z���� u�
A�z� u�� �

�� uz

�� u

�

�z
A�z� u��

� �

�

��� uz���uz � u� ��

u��� u�

��

�z�
A�z� u�� �

�

��� uz����� z�

u��� u�

��

�z�
A�z� u�

� f��z� u� �
�

�� uz

�

�z

�
��� uz��

�u�u� ��
f��z� u��

�
��� uz��

�u�u� ����� z�

�

�z

�
��� z��f��z� u�



�

��� uz����� z�

��u� ��
f��z� u�

�
�

����
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Resubstituting f��z� u�� f��z� u� and f��z� u� and taking the initial values A��� � 
� A��� � ��
A��� � � and A��� � � into account leads to the following linear di�erential equation of order
� for A�z� u� with the given initial conditions	

�uz � u� �

��� z���� u�
A�z� u�� �

�� uz

�� u

�

�z
A�z� u�� �

�

��� uz���uz � u� ��

u��� u�

��

�z�
A�z� u�

� �

�

��� uz����� z�

u��� u�

��

�z�
A�z� u� �

uz � u� �

��� z����� u�
�

A�
� u� � 
 �
�

�z
A�z� u�

����
z��

� u �
��

�z�
A�z� u�

����
z��

� �
�
�u � u�



�

��
�

Now we have to �nd � linearly independent solutions of the corresponding homogeneous
di�erential equation

�uz � u � �

��� z���� u�
Ah�z� u�� �

�� uz

�� u

�

�z
Ah�z� u��

� �

�

��� uz���uz � u� ��

u��� u�

��

�z�
Ah�z� u�� �

�

��� uz����� z�

u��� u�

��

�z�
Ah�z� u� � 
 �

����

then we can apply the variation of the parameter method ���� in order to solve ��
��

From the homogeneous system of linear di�erential equations corrresponding to system ����

�

�z
Ah�z� u� �

u

�� uz
Ch�z� u� �

�

�� z
Bh�z� u� � ���a�

�

�z
Bh�z� u� �

u

�� uz
Ah�z� u� �

�

�� z
Bh�z� u� � ���b�

�

�z
Ch�z� u� �

u

�� uz
Ch�z� u� �

�

�� z
Ah�z� u� ���c�

it is easy to see that there exists a one dimensional solution space with Ah�z� u� � Bh�z� u� �
Ch�z� u�� The corresponding di�erential equation

�

�z
Ah�z� u� �

u

�� uz
Ah�z� u� �

�

�� z
Ah�z� u� ����

has the solution

Ah�z� u� �
k��u�

��� z���� uz�
� ����

To reduce the order of the di�erential equation ����� we substitute

A�z� u� �
E�z� u�

��� z���� uz�
and F �z� u� �

�

�z
E�z� u�

with functions E�z� u� and F �z� u� �method of d�Alembert ������ This leads to the linear
di�erential equation of order �

�

��� z���� u�
F �z� u�� �

�

�� uz

��� u�u

��

�z�
F �z� u� � 
 � ����
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Using the substitution z � �� ��u
u
t and the notation eF �t� u� � F ��� ��u

u
t� u�� the di�erential

equation ���� transforms into the hypergeometric equation

t��� t�
��

�t�
F �t� u� � �F �t� u� � 
 � ��
�

Now we recall ���� that for all c 	� �� �� � � � a one dimensional solution space of the hypergeo�
metric di�erential equation

t��� t�f ���t� � �c� �� � a � b�t�f ��t�� abf�t� � 
 ����

is in a neighborhood of t � 
 given by

k�t�t��c �F�

�
a� c � �� b� c � �

�� c

���� t� � ����

where �F� denotes a hypergeometric function ����

In our instance the parameters are c � 
� a � �� and b � �� thus the above hypergeometric
function degenerates to a polynomial� and we get one solution of ��
� aseF �t� u� � t � t� � ����

Resubstituting leads to a one dimensional solution space

F �z� u� � k��u���� z���� uz� ��
�

of �����

Introducing new functions G�z� u� and H�z� u� by

F �z� u� � ��� z���� uz�G�z� u� and H�z� u� �
�

�z
G�z� u� � ����

we get from ���� a linear di�erential equation of order one	

���uz � u� ����� uz�

��� u�u
H�z� u�� �

�

��� z���� uz��

��� u�u

�

�z
H�z� u� � 
 � ����

This equation has the solution

H�z� u� �
k��u�

��� z����� uz��
� ����

with a function k��u�� depending only on u�

Adding the three linearly independent solutions ����� ��
� and ���� we get by resubstituting
the complete solution of the homogeneous di�erential equation ����

Ah�z� u� �
c��u�

��� z���� uz�
�

c��u�

��� z���� uz�

Z z

�
��� t���� ut�dt

�
c��u�

��� z���� uz�

Z z

�

�
��� x���� ux�

Z x

�

�

��� t����� ut��
dt

�
dx

����
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or� integrated�

Ah�z� u� �
c��u�

��� z���� uz�
� c��u�

z�
� �uz � �z � �uz��

��� z���� uz�

� c��u�

�
� 
��� uz���uz � �u � ��

�� z
log

�
�

�� uz

�
�


��� z���uz � � � u�u�

�� uz
log

�
�

�� z

�
� �u� �����u�z� � ��u�u� ��z � �u� � �u� ��

��� z���� uz�

�
�

����

Now the variation of the parameter method leads after insertion of the initial conditions to
the following solution of the generating function A�z� u� of the expectations of the height of
node j in a p�tree of size n	

A�z� u� �
�

�
��u�z � u� � u�

Z z

�

�

��� t����� ut��
log

�
�

�� t

�
dt

�
�

�

��� u��

�� z

Z z

�

�

��� t����� ut��
log

�
�

�� t

�
dt

�
�

�

u

��� z���� uz�
log�

�
�

�� z

�
�

�

�

u��u�z � u� � �uz � �u� ��

��� u��
log

�
�

�� z

�
�

�

�

u

��� u���� z�
log

�
�

�� z

�
� �

�

�

��� z��
log

�
�

�� z

�
� �

�

�
u� ��u

��� u���� uz�
log

�
�

�� z

�
� �

�

u�u � ����uz � u� ��

��� u��
log

�
�

�� uz

�
� �

�

u � �

��� u���� z�
log

�
�

�� uz

�
� �

�

u�z

��� u��
�

u

��� u���� uz�
� �

�

�u � �

��� u���� z�
�

�

�

�

��� z��
� ��
�

To extract the coe�cients from equation ��
�� we use apart from the formulas ���� also

�
znuj

� Z z

�

�

��� t����� ut��
log

�
�

�� t

�
dt �

�j � ���n� j�

n
�Hn�j � �� � ���a�

�
znuj

� �

�� z

Z z

�

�

��� t����� ut��
log

�
�

�� t

�
dt

� �j � �� ��n� j � ��Hn�j � ��n� j��� j�j � ��

	
 nX
k�j��

Hk�j
k

� �Hn �Hj�

�A �

���b�
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Theorem ���� The expectation An�j of the height of the node with key j in a p�tree of size
n is for � � j � n given by

An�j � ��

�

nX
k�j��

Hk�j
k

�
�

�
�Hn �Hj� �

��
� l�l� ��Hl � �

� l
�

n� �
�

�
��l � ���Hl � �

�l
� � l

n

�
�

�
�H�

l�� �H
���
l��� �

�

�
Hl�� � � �

�

��l � ��
with l 	� n� j �

����

Now we evaluate our �ndings asymptotically� under the assumptions j �xed j 
 �n� with


 � � � � n� j �xed� In order to handle the sum
Pn

k�j��
Hk�j

k
asymptotically we state the

following relations

nX
k�j��

Hk�j
k

�

j��X
k��

Hn�k
k

�
�

�

�
H�
n �H���

n

�
� �

�

�
H�
j�� � H

���
j��

�
� HnHj�� � ���a�

jX
k��

Hn�k
k

�
jX

k��

Hk

n� k
� HjHn�j�� � ���b�

which can be proved by means of generating functions�

For a �xed ratio � � j

n
with 
 � � � � we use for n� � the expansion

jX
k��

Hn�k
k

� log� n � �log � � �	� logn � 	� � 	 log �� dilog��� �� � o��� � ��
�

which can be proved by means of Euler�s summation formula after applying the asymptotics
for the harmonic numbers �it can also be found in ������ We recall the de�nition of the
dilogarithm dilogz �see e� g� ����

dilogz �

Z z

�

log t

�� t
dt � ����

Combining ����� ���� and ��
� we get the following lemma�

Lemma ���� The sum
Pn

k�j��
Hk�j

k
has the following asymptotic equivalents�

nX
k�j��

Hk�j
k

�
�

�
log� n � 	 logn � ��

��
�

	�

�
� H�

j

�
�

Hj

j
� H

���
j

�
� O

�
�

n

�
for �xed j �

���a�

nX
k�j��

Hk�j
k

� O
�

�

n

�
for �xed l � n � j � ���b�

nX
k�j��

Hk�j
k

� � log � logn � O��� for j � �n and 
 � � � � � ���c�

With the relations ���� and ���� we get from ���� the following corollary�
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Corollary ���� The expectation An�j of the height of the node with key j in a p�tree of size
n is for n�� asymptotically given by

An�j � � logn � O��� for �xed j � ���a�

An�j �
�

�
H�
l�� �

�

�
Hl�� � �

�
H

���
l�� � � �

�

��l � ��
�O

�
�

n

�
for �xed l � n � j � ���b�

An�j �
�

�
log� n �

�
��

�
�� �

�

�
� �

�

�
	 �

�

�
�

�

�
log ��

�

�
log��� ��

�
logn � O���

for j � �n and 
 � � � � �

���c�

Also of interest are the expectations An of the height of a random node in a p�tree of size n�
Because of

An �
�

n

nX
j��

An�j

these parameters are easily obtained by summing up ����� With basic summation formulas
for the harmonic numbers and the relation

nX
j��

nX
k�j��

Hk�j
k

�
nX

k��

�

k

k��X
j��

Hk�j �
nX

k��

�

k
�kHk � k� �

nX
k��

Hk � n � �n � ��Hn � �n � ����

we get

Corollary ���� The expectation An of the height of a randomly chosen node in a p�tree of
size n is given by

An �
n � �

�n
H�
n �

���n � ��

�n
Hn � n � �

�n
H���
n � ��n � �

��n
for n � � and A� � � ����

or asymptotically by

An �
�

�
log� n �

�
�

�
	 �

�

�

�
log n � O��� for n�� � ��
�

�� The number of left edges to a node

As opposed to the previous section we consider here the edges from the root to a speci�ed
node� but only the leftsided edges� In this way we get an impression of the leftist shape of
the tree�

Here we denote by A
�L�
n�j � B

�L�
n�j and C

�L�
n�j the expectations of the number of leftsided edges from

the root to the node with key j in objects of size n in the families A� B and C�

To obtain recurrences for these parameters� we use the already computed expectation of the
length of the left path of objects in the family C of size n� As was shown in section �� this
expectation is Hn�

Decomposing the families A� B and C according to the �rst element k of a random permuta�
tion� we get for � � j � n the following recurrences

A
�L�
n�j �

�

n

	
j��X
k��

C
�L�
n�k�j�k � Hn�j �

nX
k�j��

�
B
�L�
k���j � Hn�k

��A � ���a�
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B
�L�
n�j �

�

n

	
j��X
k��

A
�L�
n�k�j�k � � �

nX
k�j��

�
B
�L�
k���j � �

��A � ���b�

C
�L�
n�j �

�

n

	
j��X
k��

C
�L�
n�k�j�k � Hn�j �

nX
k�j��

�
A
�L�
k���j � Hn�k

��A � ���c�

with initial values A
�L�
��� � 
� B

�L�
��� � 
 and C

�L�
��� � 
�

With the bivariate generating functions A�L��z� u� �
P

j��
P

n�j A
�L�
n�jz

nuj etc� the above

recurrences �multiplied by nzn��uj and summed up over all n � j � �� lead to the following
system of di�erential equations

�

�z
A�L��z� u� �

u

�� uz
C�L��z� u� �

�

�� z
B�L��z� u� � f��z� u� � ���a�

�

�z
B�L��z� u� �

u

�� uz
A�L��z� u� �

�

�� z
B�L��z� u� � f��z� u� � ���b�

�

�z
C�L��z� u� �

u

�� uz
C�L��z� u� �

�

�� z
A�L��z� u� � f��z� u� � ���c�

with

f��z� u� �
u

��� z���� uz�
log

�
�

�� z

�
�

uz

��� z����� uz�
log

�
�

�� z

�
�

f��z� u� �
u

��� z���� uz�
�

uz

��� z����� uz�
�

f��z� u� �
u

��� z���� uz�
log

�
�

�� z

�
�

uz

��� z����� uz�
log

�
�

�� z

�
�

This system of di�erential equations can be solved analogously to ����� This leads to the

bivariate generating function A�L��z� u� of the expectations A
�L�
n�j of the number of leftsided

edges from the root to the node j	

A�L��z� u� �

�
�

�
u��uz � u � �� �

�

�

�u� ���

�� z

�Z z

�

�

��� t����� ut��
log

�
�

�� t

�
dt

�

�
��

�

u�

��� uz���� u�
�

�

�

u

��� z���� u�

�
log�

�
�

�� z

�
�

�
�

�

�u � ����uz � u� ��u

��� u��
�

�

�

u

��� z���� u�
� �

�

�

��� z��
�

� �

�

��u� ��u

��� uz���� u�

�
log

�
�

�� z

�
�

�
��

�

�u � ����uz � u� ��u

��� u��
� �

�

u � �

��� z���� u�

�
log

�
�

�� uz

�
�

�

�

u�z

��� u��
� �

�

�u� �

��� z���� u�
�

�

�

�

��� z��
�

�

�

u

��� uz���� u�
� ����

Extracting the coe�cients using ���� and ���� we obtain
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Theorem ���� The expectation A
�L�
n�j of the number of leftsided edges from the root to the

node with key j in a p�tree of size n is for � � j � n given by

A
�L�
n�j � ��

�

nX
k�j��

Hk�j
k

�
�

�
H�
n�j � Hn �Hj � �

�
H

���
n�j

�

�
� �

�

�

�j � ���

n
� �

�

�j � ���j � ��

n� �
�

�

�

�

n � j � �

�
Hn�j � �

�

��j � ����j � ��

n
�

�

� �
�j � ���

n � �
�

�

�

�

n� j � �
�

�

�j
� �

�
�

The expectation A
�R�
n�j of the number of rightsided edges from the root to the node j in a

p�tree of size n is easy to obtain using the relation

A
�R�
n�j � An�j � ��A

�L�
n�j � �
��

Theorem ���� The expectation A
�R�
n�j of the number of rightsided edges from the root to the

node with key j in a p�tree of size n is for n � j � � given by

A
�R�
n�j �

�

�
Hn�j � �

�
Hn �

�

�
Hj �

�

�

�j� � �j � �

n
� �

�

�j � ���

n� �
�

�

�

�

n� j � �
� �

�j
� �

�
� �
��

With the relations ���� and ���� we get the following asymptotic corollaries�

Corollary ���� The expectation A
�L�
n�j of the number of leftsided edges from the root to the

node with key j in a p�tree of size n is for n�� asymptotically given by

A
�L�
n�j � � logn �O��� for �xed j � �
�a�

A
�L�
n�j �

�

�
H�
l � Hl � �

�
� �

�
H

���
l �

�

�

Hl

l � �
�

�

�

�

l � �
� O

�
�

n

�
for �xed l � n� j � �
�b�

A
�L�
n�j �

�

�
log� n �

�
��

�
�� �

�

�
� �

�

�
	 � � �

�

�
log � �

�

�
log��� ��

�
logn � O���

for j � �n and 
 � � � � �

�
�c�

Corollary ���� The expectation A
�R�
n�j of the number of rightsided edges from the root to the

node with key j in a p�tree of size n is for n�� asymptotically given by

A
�R�
n�j �

�

�
Hj � �

�
� �

�j
� O

�
�

n

�
for �xed j � �
�a�

A
�R�
n�j �

�

�
Hl � �

�
�

�

�

�

l � �
�O

�
�

n

�
for �xed l � n� j � �
�b�

A
�R�
n�j �

�

�
logn � �

�
�� �

�

�
�� �

�
�

�

�
	 �

�

�
log ��

�

�
log��� �� �O

�
�

n

�
for j � �n and 
 � � � � �

�
�c�
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� The number of descendants

In the following we consider the number of descendants of particular nodes in objects of the
families A� B and C� The number of descendants of a node x is here de�ned as the size of
the subtree rooted at node x�

To get recurrences for the expectations An�j � Bn�j and Cn�j of the number of descendants of
the node with key j of objects in the families A� B and C of size n� we introduce auxiliary

parameters qn�j � C
�Q�
n�j and C

��Q�
n�j �

Here qn�j is the probability� that the node with key j in an object of C of size n is positioned
on the left path� that means� that node j lies on the path from the root to the left leaf�
This is equivalent to the condition� that the node j is a left�to�right maximum in a random
permutation of size n� and so we get

qn�j �
�

n � j � �
�

With C
�Q�
n�j we denote the conditional expectation of the number of desendants of node j in

an object of C with size n� under the condition� that the node j lies on the left path�

Consequently C
��Q�
n�j denotes the conditional expectation of the number of descendants of node

j in an object of C with size n under the condition� that the node j does not lie on the left
path�

Decomposing the families A� B and C according to the �rst element k of a random permutation
leads for n � j � � to the following recurrences

An�j �
�

n

��j��X
k��

�
qn�k�j�k

�
C
�Q�
n�k�j�k � k

�
� ��� qn�k�j�k�C

��Q�
n�k�j�k

�
� j �

nX
k�j��

Bk���j

�� �

�
�a�

Bn�j �
�

n

��j��X
k��

An�k�j�k � j �
nX

k�j��

Bk���j

�� � �
�b�

Cn�j �
�

n

��j��X
k��

�
qn�k�j�k

�
C
�Q�
n�k�j�k � k

�
� ��� qn�k�j�k�C

��Q�
n�k�j�k

�
� j �

nX
k�j��

Ak���j

�� �

�
�c�

With the trivial equivalence

Cn�j � qn�jC
�Q�
n�j � ��� qn�j�C

��Q�
n�j �

the system �
�� leads for n � j � � to the recurrences

An�j �
�

n

	
j��X
k��

�
Cn�k�j�k �

k

n� j � �

�
� j �

nX
k�j��

Bk���j

�A � �

a�
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Bn�j �
�

n

	
j��X
k��

An�k�j�k � j �
nX

k�j��

Bk���j

�A � �

b�

Cn�j �
�

n

	
j��X
k��

�
Cn�k�j�k �

k

n� j � �

�
� j �

nX
k�j��

Ak���j

�A � �

c�

with initial values A��� � 
� B��� � 
 and C��� � 
�

Introducing bivariate generating functions A�z� u� �
P

j��
P

n�j An�jz
nuj etc� we get from

the system of recurrences �

� by multiplication with nzn��uj and summing up over all
n � j � � the following system of di�erential equations

�

�z
A�z� u� �

u

�� uz
C�z� u� �

�

�� z
B�z� u� � f��z� u� � �
�a�

�

�z
B�z� u� �

u

�� uz
A�z� u� �

�

�� z
B�z� u� � f��z� u� � �
�b�

�

�z
C�z� u� �

u

�� uz
C�z� u� �

�

�� z
A�z� u� � f��z� u� �
�c�

with

f��z� u� �
u�

��� uz��
log

�
�

�� z

�
�

u

��� z���� uz��
�

f��z� u� �
u

��� z���� uz��
�

f��z� u� �
u�

��� uz��
log

�
�

�� z

�
�

u

��� z���� uz��
�

This system can be solved analogously to ����� and we get for A�z� u�

A�z� u� �

�
��

�
uz �

�



u �

�



�

�

�

�u� ���

u��� z�

� �

�

�u� ���

�� uz

�Z z

�

�

��� t����� ut��
log

�
�

�� t

�
dt

�

�
��




��uz � u � ��u

��� u��
�

�

�

�

��� z���� u�
� �

�

u

��� uz���� u�

�
log�

�
�

�� z

�
�

�
�

�

�

��uz � u � ��u

��� u��
�

�

�

u

��� uz���� u�

�
log

�
�

�� z

�
log

�
�

�� uz

�
�

�
��




��uz � u � ��u

��� u��
� �




�

��� z���� u�

�
log�

�
�

�� uz

�
�

�
��

�

u

��� u��
�

�

�

�

��� z���� u�
� �

�

�

��� z��u
� �

�

u

��� uz���� u�

�
�

�

u

��� uz��

�
log

�
�

�� z

�
�

�
�

�

u

��� u��
� �

�

�

��� z���� u�
�

�

�

u

��� uz���� u�

�
log

�
�

�� uz

�



AVERAGE CASE�ANALYSIS OF PRIORITY TREES ��

�
�




�uz � u� �

�� u
�

�




u� � �

��� z���� u�u
�

�

�

�

��� z��u
�

�

�

�

��� uz���� u�
� �
��

To extract the coe�cients of this expression� we need apart from ���� and ���� the following
equations

�znuj �
�

��� u��
log

�
�

�� z

�
log

�
�

�� uz

�
� � �

�
j �

�

�

j� � �j � �

n
Hj �

�

�

n� � �jn� �n � j� � �j � �

n
�Hn�� �Hn�j��� � �
�a�

�znuj �
�

��� u���� uz�
log

�
�

�� z

�
log

�
�

�� uz

�
�

jX
k��

Hk

n� k
� �
�b�

Then we get from �
�� for the desired expectations

An�j �
�

�

j��X
k��

Hk

n� k
�

nX
k�j��

Hk�j
k

� �



H�
n �

�

�
H�
n�j �

�

�
Hn�jHn � �



H�
j

�
�




j � 


j
Hn � �




j � 


j
Hn�j � �




n�j � 
n� � �nj� � nj � 
n � �j�

n�n � ��j
Hj ��
�

�
�



H���
n � �

�
H

���
n�j �

�



H

���
j �

�




n� � 
n�j � �nj� � �nj � n � �j� � �j� � j

n�n � ���n� j � ��
�

which can be simpli�ed by use of equations ����� This leads to

Theorem 	��� The expectation An�j of the number of descendants of the node with key j in
a p�tree of size n is for � � j � n given by

An�j �
�

�

jX
k��

Hn�k
k

� �

�
H�
n�j �

�

�
Hn�jHn � �

�
Hn�jHj � �

�
H�
n �HnHj �

�

�
H�
j

� �



Hn�j �

�



Hn �

�
��



�

�

�

j�j � ��

n � �
� j�

�n

�
Hj � �

�
H

���
n�j �

�

�
H���
n �

�

�
H

���
j ����

�
j

n� j � �
� �

�

j�j � ��

n� �
�

�




j��j � ��

n
�

�



�

To evaluate our �ndings asymptotically� under the assumptions j �xed j 
 �n� with 
 � � �

� n� j� we state here the following lemma� that handles the sum
Pj

k��
Hn�k

k
asymptotically�

It can be obtained easily from ���� by use of �����

Lemma 	��� The sum
Pj

k��
Hn�k

k
has the following asymptotic equivalents�

jX
k��

Hn�k
k

� Hj logn � 	Hj �O
�

�

n

�
for �xed j � ���a�

jX
k��

Hn�k
k

� log� n � �	 logn � 	� � ��



�O

�
�

n

�
for �xed l � n� j � ���b�
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jX
k��

Hn�k
k

� log��n� � �log � � �	� logn � 	� � 	 log �� dilog��� �� � o���

for j � �n and 
 � � � � �

���c�

Now we obtain from ���a� by use of the previous lemma

Corollary 	��� The expectation An�j of the number of descendants with key j in a p�tree of
size n is for n�� asymptotically given by

An�j �
�

�
H�
j �

�



Hj �

�

�
H

���
j �

�



� O

�
�

n

�
for �xed j � ���a�

An�j �
n

l � �
� Hl logn � O��� for �xed l � n� j � ���b�

An�j �
�

�
log� n �

�
�

�
�� � �

�
�� �



�

�

�
	 �

�

�
log �� �

�
log��� ��

�
logn �O���

for j � �n and 
 � � � � �

���c�

�� The number of key comparisons when inserting an element

To insert a new element into a p�tree we need the recursive algorithm Insert as described in
section �� Here we are interested in the average number of key comparisons that are made�
when a particular new element is inserted into a random p�tree�

In the following we denote by A
�I�
n�j � B

�I�
n�j and C

�I�
n�j the expectations of the number of key

comparisons� that are made when inserting the element with key j � �
� with j � Zand


 � j � n into an object of size n of the families A� B and C�

Decomposing the families A� B and C according to the �rst element k of a random permutation
leads for n � � and 
 � j � n to the following recurrences

A
�I�
n�j �

�

n

	
 jX
k��

C
�I�
n�k�j�k �

nX
k�j��

�
B
�I�
k���j � Hn�k

��A � ���a�

B
�I �
n�j �

�

n

	
 jX
k��

�
A
�I�
n�k�j�k � �

�
�

nX
k�j��

�
B
�I�
k���j � �

��A � ���b�

C
�I �
n�j �

�

n

	
 jX
k��

C
�I�
n�k�j�k �

nX
k�j��

�
A
�I�
k���j � Hn�k � �

��A � ���c�

with the initial values A
�I�
��� � 
� B

�I�
��� � � and C

�I�
��� � ��

Multiplying ���� by nzn��uj and summing up leads by use of the bivariate generating func�
tions

A�I��z� u� �
X
j��

X
n�j

A
�I�
n�jz

nuj � B�I��z� u� �
X
j��

X
n�j

B
�I�
n�jz

nuj � C�I ��z� u� �
X
j��

X
n�j

C
�I �
n�jz

nuj
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to the following system of di�erential equations

�

�z
A�I��z� u� �

u

�� uz
C�I��z� u� �

�

�� z
B�I��z� u� � f��z� u� � ���a�

�

�z
B�I��z� u� �

u

�� uz
A�I��z� u� �

�

�� z
B�I��z� u� � f��z� u� � ���b�

�

�z
C�I��z� u� �

u

�� uz
C�I��z� u� �

�

�� z
A�I��z� u� � f��z� u� ���c�

with

f��z� u� �
�

��� z����� uz�
log

�
�

�� z

�
�

f��z� u� �
�u

��� z���� uz��
�

�

��� z����� uz�
�

f��z� u� �
�

��� z����� uz�
log

�
�

�� z

�
�

�

��� z����� uz�
�

Analogously to the previous sections we �nd as solution of ���� for A�I��z� u�	

A�I��z� u� �

�
�

�
uz � �

�
u� �

�
�

�

�

�u� ���

��� z�u

�Z z

�

�

��� t����� ut��
log

�
�

�� t

�
dt

�

�
��

�

u

��� uz���� u�
�

�

�

�

��� z���� u�

�
log�

�
�

�� z

�
�

�
�

�

�u � ����uz � u� ��

��� u��
�

�

�

�

��� z���� u�
� �

�

�

��� z��u

� �

�

u� � �u� �

��� uz���� u�

�
log

�
�

�� z

�
�

�
��

�

�u � ����uz � u� ��

��� u��
� �

�

u � �

��� z�u

�
log

�
�

�� uz

�
�

�

�

uz

��� u�
�

�

�

�u� � �u� �

��� z���� u�u
�

�

�

�

��� z��u
� �

�

�u� �

��� uz���� u�
� ��
�

Extracting the coe�cients leads to

Theorem 
��� The expectation A
�I�
n�j of the number of key comparisons� that are made by

inserting a new element with key j � �
� with the procedure Insert in a p�tree of size n is

given by

A
�I�
n�j � ��

�

nX
k�j��

Hk�j
k

�
�

�
H�
n�j �

�
��

�
� �

�j

�
Hn �

�
�

�
�

�

�j

�
Hj

�

�
�

�
�

�

�j
�

�

�

j�

n
� �

�

j�j � ��

n� �

�
Hn�j � �

�
H

���
n�j �

�

�

j��j � ��

n
�

�

�

j� � j � �

n� �

�
�

�

�

n� j � �
�

�

�

�

n� j
� �

�

�

j � �
� �

�j
for � � j � n� � �

����

A�I�
n�n � � for n � � � A

�I�
��� � 
 � A

�I �
n�� � �Hn � � for n � � �
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We also state the following asymptotic equivalents

Corollary 
��� The expectation A
�I�
n�j of the number of key comparisons� that are made when

inserting a new element with key j � �
� with the procedure Insert in a p�tree of size n is for

n�� asymptotically given by

A
�I�
n�j � � logn � O��� for �xed j � ���a�

A
�I�
n�j �

�

�
H�
l �

�

�
Hl � �

�
� �

�
H

���
l

�
�

�l
�

�

��l � ��
� O

�
�

n

�
for �xed l � n� j � ���b�

A
�I�
n�j �

�

�
log� n �

�
��

�
�� �

�

�
� �

�

�
	 �

�

�
�

�

�
log � �

�

�
log��� ��

�
� O���

for j � �n and 
 � � � � �

���c�

Furthermore we get for the arithmetic mean A
�I�
n � �

n��

Pn
j��A

�I�
n�j of the number of key

comparisons when inserting a new element in a p�tree of size n by summing up ���a�

Corollary 
��� The expectation A
�I�
n of the number of key comparisons� that are made when

inserting a randomly chosen element from the set
�
�
� �

�
� � � � � �

n��
�

�
with the algorithm Insert

in a p�tree of size n is given by

A�I�
n �

�

�
H�
n�� �

�


�
Hn�� � �

�
H

���
n�� �

��

��
for n � � � A

�I�
� � � � ����

This result can be found already in ��
��

�� Analysis of a procedure to split p�trees

Beside the algorithms Insert and Delete to insert resp� remove an element of a p�tree� we
consider here the algorithm Cut to split a p�tree at an arbitrary place into two p�trees� This
procedure was introduced in ����� Thereby a tree T will be split into two p�trees according
to a given key s in such a way that one tree T� contains all nodes from T with keys less or
equal s� whereas the remaining tree T � T� contains all nodes with keys greater than s� The
trees obtained in this way might also be empty�

In more detail� the recursive algorithm Cut reads as follows� �We use the abbreviation T �x�
for the subtree with node x as root� when x is a node of the tree T ��

�� �a� If T is empty or the root of T has a smaller key than s� then set T� 	� T � set T 	� �
and terminate�

�b� Otherwise set T� 	� � and go to step ��
�� Move along the left path of T until the �rst node y with key less or equal s is found�

�a� If no such node is found� terminate�
�b� Otherwise we denote by z the predecessor of y� Then it is known that s lies between

the keys of y and z�
�i� If the right subtree of z is empty� then set T� 	� T �y� and T 	� T � T �y��
�ii� Otherwise attach the right subtree of z between z and the left son of z and set

the right subtree of the node z empty� Search the left leaf of T �z� and connect
the node y to it� Finally repeat step � starting from the node z�
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In ���� it was stated� that the number of key comparisons splitting a randomly generated
p�tree according to a key s in this algorithm is the same as the number of key comparisons
inserting the element s in the tree� This is not fully correct� although the di�erence is
marginal�

To analyse this parameter� we denote by A
�C�
n�j � B

�C�
n�j and C

�C�
n�j the expectations of the number

of key comparisons� that are made by cutting an object of size n of the families A� B and C
according to the key j � �

� with j �Zand 
 � j � n�

To get recurrences we decompose the object families w� r� t� the �rst element k of a random
permutation� When the tree is cut at the position k � �

� � that means that j � k� then k

is compared with the key a second time� whenever the node with key k has a predecessor
with nonempty right subtree� In the following recurrence this fact leads in opposition to the
recurrence ���� for the insertion algorithm to the additional functions r��n� j�� r��n� j� and
r��n� j��

We have for n � � and n � j � 


A
�C�
n�j �

�

n

	
 jX
k��

C
�C�
n�k�j�k �

nX
k�j��

�
B
�C�
k���j � Hn�k

�
� r��n� j�

�A � ��
a�

B
�C�
n�j �

�

n

	
 jX
k��

�
A
�C�
n�k�j�k � �

�
�

nX
k�j��

�
B
�C�
k���j � �

�
� r��n� j�

�A � ��
b�

C
�C�
n�j �

�

n

	
 jX
k��

C
�C�
n�k�j�k �

nX
k�j��

�
A
�C�
k���j � Hn�k � �

�
� r��n� j�

�A � ��
c�

with

r��n� j� �

�
�� �

n�j for � � j � n � � �


 otherwise �

r��n� j� �

�
� for � � j � n� � �


 otherwise �

r��n� j� �

�
�� �

n�j for � � j � n � � �


 otherwise

and the initial values A
�C�
��� � 
� B

�C�
��� � � and C

�C�
��� � ��

Introducing the usual generating functions A�C��z� u� �
P

j��
P

n�j A
�C�
n�jz

nuj etc� these re�

currences lead �by multiplying with nzn��uj and summing up� to the following system of
di�erential equations�

�

�z
A�C��z� u� �

u

�� uz
C�C��z� u� �

�

�� z
B�C��z� u� � f��z� u� � ���a�

�

�z
B�C��z� u� �

u

�� uz
A�C��z� u� �

�

�� z
B�C��z� u� � f��z� u� � ���b�
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�

�z
C�C��z� u� �

u

�� uz
C�C��z� u� �

�

�� z
A�C��z� u� � f��z� u� ���c�

with

f��z� u� �
�

��� z����� uz�
log

�
�

�� z

�
�

uz

��� z���� uz�
� u

�� uz
log

�
�

�� z

�
�

f��z� u� �
�u

��� z���� uz��
�

�

��� z����� uz�
�

uz

��� z���� uz�
�

f��z� u� �
�

��� z����� uz�
log

�
�

�� z

�
�

�

��� z����� uz�
�

uz

��� z���� uz�

� u

�� uz
log

�
�

�� z

�
�

We get the following solution for the generating function

A�C��z� u� �

�
�

�
uz � �

�
u� �

�
�

�

�

�u� ���

��� z�u

�Z z

�

�

��� t����� ut��
log

�
�

�� t

�
dt

�

�
��

�

u

��� uz���� u�
�

�

�

�

��� z���� u�

�
log�

�
�

�� z

�
�

�
�

�

��uz � u� ��u

��� u��
�

�

�

�

��� z���� u�
� �

�

�

��� z��u

� �

�

�u � 
�u

��� uz���� u�

�
log

�
�

�� z

�
�

�
��

�

��uz � u� ��u

��� u��
� �

�

�

��� z�

�
log

�
�

�� uz

�
�

�

�

uz � u � �

�� u
�

�

�

�

�� uz
� �

�

�u � �

��� z�u
�

�

�

�

��� z��u
����

and� by extracting the coe�cients� the following theorem�

Theorem ���� The expectation A
�I�
n�j of the number of key comparisons� that are made by

cutting a p�tree of size n with the algorithm Cut w� r� t� to an element with key j� �
� is given

by

A
�C�
n�j � ��

�

nX
k�j��

Hk�j
k

�
�

�
H�
n�j �

�
��

�
� �

�j

�
Hn �

�
�

�
�

�

�j

�
Hj

�

�
�

�
�

�

�j
�

�

�

j�

n
� �

�

j�j � ��

n � �

�
Hn�j � �

�
H

���
n�j �

�j� � �j � �

�n

�
�

�

�j � ���j � ��

n� �
�

�

�

�

n� j � �
� �

�j
�

�

�
for � � j � n � � �

����

A�C�
n�n � � for n � � � A

�C�
��� � 
 � A

�C�
n�� � �Hn � � for n � � �

We have the following asymptotic equivalents

Corollary ���� The expectation A
�I�
n�j of the number of key comparisons� that are made by

cutting a p�tree of size n with the algorithm Cut w� r� t� to an element with key j � �
� is for
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n�� asymptotically given by

A
�C�
n�j � � logn �O��� for �xed j � ���a�

A
�C�
n�j �

�

�
H�
l �

�

�
Hl � �

�
H

���
l �

�

��l � ��
� O

�
�

n

�
for �xed l � n� j � ���b�

A
�C�
n�j �

�

�
log� n �

�
��

�
�� �

�

�
� �

�

�
	 �

�

�
�

�

�
log � �

�

�
log��� ��

�
�O���

for j � �n and 
 � � � � �

���c�

Furthermore we state

Corollary ���� The expectation A
�C�
n of the number of key comparisons� that are made by

cutting a p�tree of size n with the algorithm Cut w� r� t� to a randomly chosen element from
the set

�
�
� �

�
� � � � � �

n��
�

�
is given by

A�C�
n �

�

�
H�
n�� �

�


�
Hn�� � �

�
H

���
n�� �

��n � �


���n � ��
for n � � � A

�C�
� � � � ����

�� The number of nodes with 
� � and � children

In this section we consider the number of nodes in a randomly generated p�tree with 
� � or
� internal nodes as successors� First we state the following nonobvious relation between the
p�trees and binary search trees�

Theorem ���� The distribution of the number of nodes with 
� � or � children in a p�tree
of size n is equal to the distribution of the number of nodes with 
� � or � children in random
binary search trees of size n�

Proof� At �rst we remark� that to prove the theorem it is enough to show� that the number
of leaves in p�trees and binary search trees are identically distributed� If we denote in an
arbitrary binary tree of size n with n�� n� resp� n� the number of nodes with 
� � and �
children� then we have by counting the nodes and the edges in the tree the following relations

n� � n� � n� � n and n� � �n� � n � � �

Therefore n� and n� are obtained from n� via

n� � n � �� �n� and n� � n� � � �

Now we show� that the number of leaves in p�trees and binary search trees of the same size
are identically distributed� We denote here by Fn�m the number of binary search trees of size
n with exactly m leaves� They ful�ll for n � � the following recurrence

Fn�m �
�

n

nX
k��

mX
l��

Fk���l � Fn�k�m�l � ��
�

with initial values F��� � � and F��� � ��

Introducing the bivariate generating function F �z� v� of the Fn�m

F �z� v� �
X
n��

X
m��

Fn�mz
nvm �



�� A� PANHOLZER AND H� PRODINGER

the above recurrence ��
� leads �by multiplying with nzn��vm and summing up� to the linear
di�erential equation

�

�z
F �z� v� � F ��z� v� � v � � � F �
� v� � � � ����

Now it su�ces to show� that the generating function A�z� v� of the number An�m of p�trees
of size n with exactly m leaves ful�ll the same di�erential equation�

Decomposing the objects of the families A� B and C w� r� t� the �rst element k of a random
permutation with n elements� the probabilities An�m� Bn�m resp� Cn�m� that an object of size
n of the corresponding family has exactly m leaves leads for n � � to the following recurrence

An�m �
�

n

nX
k��

mX
i��

Cn�k�i �Bk���m�i � ���a�

Bn�m �
�

n

nX
k��

mX
i��

An�k�i �Bk���m�i � ���b�

Cn�m �
�

n

nX
k��

mX
i��

Cn�k�i �Ak���m�i ���c�

with initial values A��m � ���m� B��m � ���m and C��m � ���m�

Introducing the usual generating functions A�z� v� �
P

n��
P

m��An�mz
nvm etc� the above

recurrences lead by multiplying with nzn��vm and summing up to the following system of
di�erential equations

�

�z
A�z� v� � B�z� v�C�z� v� � ���a�

�

�z
B�z� v� � A�z� v�B�z� v� � ���b�

�

�z
C�z� v� � A�z� v�C�z� v� � ���c�

with the initial values A�
� v� � �� B�
� v� � v and C�
� v� � ��

Di�erentiating equation ���a� with respect to z leads to

��

�z�
A�z� v� �

�

�z
B�z� v�C�z� v� � B�z� v�

�

�z
C�z� v� � ��
�

Now we substitute �
�z
B�z� v� and �

�z
C�z� v� in ��
� by the corresponding right sides of the

equations ���b� and ���c�� Then we get

��

�z�
A�z� v� � �A�z� v�B�z� v�C�z� v� � ����
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Substituting the factor B�z� v�C�z� v� in this equation by �
�z
A�z� v� according to ���a�� we

get the following nonlinear di�erential equation of order � for A�z� v�	

��

�z�
A�z� v� � �A�z� v�

�

�z
A�z� v� �

A�
� v� � � �
�

�z
A�z� v�

����
z��

� v � ����

This di�erential equation is of the type A
��

� f�A�A
�

�� that means the variable z does not
appear explicitly� To handle such an equation� we de�ne a function q�A� v� of A and v� with
�
�z
A�z� v� � q�A� v� �see e� g� ������ We get then from ���� a di�erential equation for the

function q by the following procedure	

dq

dA
�

dq

dz

dz

dA
�

dq

dz

�
dA
dz

�
��

�z�
A

�
�
�z
A

� �A � ����

This di�erential equation has the solution

q�A� v� � A�z� v�� � c��v� ����

with a function c��v��

With q�A� v� � �
�z
A�z� v� and �tting to the initial conditions we get the same �rst order

di�erential equation for A�z� v� as we obtained for F �z� v�

�

�z
A�z� v� � A�z� v��� ��� v� � A�
� v� � � � ����

and this su�ces to prove the theorem�

Of course this di�erential equation can be solved� and we get

A�z� v� �
p

�� v � � v
p

�� v

v � �� �
p

�� v

�
e��

p
��v z � ��
�

Therefore we can apply theorems that were proved by Devroye in ��� for the distribution of
the nodes with 
� � and � children in binary search trees to the instance of p�trees� Denoting
the random variables for the number of nodes with 
� � resp� � children in p�trees of size n

with I
���
n � I

���
n and I

���
n � we get

Theorem ���� For the expectations E
�
I
�i�
n

�
and the variances V

�
I
�i�
n

�
with 
 � i � �� we

have the following asymptotic expansions for n��
E

�
I���n

�

 n

�
� E

�
I���n

�

 n

�
� E

�
I���n

�

 n

�
�

V

�
I���n

�

 �

��
n � V

�
I���n

�

 �

��
n � V

�
I���n

�

 �

��
n �

Furthermore the sequence of random variables

I
���
n � n

�q
�
�	n

�
I
���
n � n

�q
�
�	n

and
I
���
n � n

�q
�
�	n
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is for n�� weakly convergent to the standard �Gaussian� normal distribution N �
� ���
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