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A unifiedtreatmentof parametersrelevant to factoringpolynomialsover finite fieldsis
given. Theframework isbasedongeneratingfunctionsfor describingparametersof interest
andon singularityanalysisfor extractingasymptoticvalues. An outcomeis a complete
analysisof the standardpolynomial factorizationchain that is basedon elimination of
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statisticsonpolynomialsover finite fieldsareobtainedin thecourseof theanalysis.
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INTRODUCTION

Factoringpolynomialsover finite fields intervenesin many areasof computer
scienceandcomputationalmathematicslike symboliccomputationat large[24],
polynomialfactorizationovertheintegers[12,40], cryptography[10,44,48], num-
ber theory[5], or codingtheory[4]. The implicationsincludefinding complete
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2 P. FLAJOLET, X. GOURDON,D. PANARIO

partial fraction decompositions,designingcyclic redundancy codes,computing
thenumberof pointson elliptic curves,andbuilding arithmeticpublic key cryp-
tosystems.In particular, thefactorizationof randompolynomialsoverfinite fields
is directlyneededin therandomizedindex calculusmethodfor computingdiscrete
logarithmsoverfinite fields[48].

This paperderivesbasicprobabilisticpropertiesof randompolynomialsover
finite fieldsthatareof interestin thestudyof polynomialfactorizationalgorithms.
We show that themaincharacteristicsof randompolynomialcanbetreatedsys-
tematicallyby methodsof “analytic combinatorics”basedon the combineduse
of generatingfunctionsandof singularity analysis. Our objectof study is the
classicalfactorizationchainwhich is describedin Fig. 1 andwhich, despiteits
simplicity, doesnot appearto have beentotally analysedsofar. In this paper, we
provideacompleteaverage-caseanalysis.

In asymptoticterms,thealgorithmthatwestudyneednotbethefastestavailable
atthemoment;comparewith [25,26,34,55,56]. For instance,Shoup[55] provides
the average-caseanalysisof analgorithmheproposesandhis highly interesting
methodsare basedon estimatesfor the numberof solutionsof equationsover
finite fields and Weil’s bounds—thescopeis however quite different from the
framework of thispaper. Oneof thegoodreasonsfor studyingtheclassicalchain
isthatit isrepresentativeof whatisoftenimplementedin generalpurposecomputer
algebrasystemsandof whatis likely to bepracticallyrelevantfor many problems
of “moderate”size. In effect, the book by Geddeset al. [28] describesa chain
very muchsimilar to ourson which thedesignof polynomialfactorizationin the02143�5�6

systemis based—afact easilyconfirmedby tracingfacilities available
underthe system. Knuth’s authoritative treatise[40] andthe remarkablerecent
bookof von zur GathenandGerhard[24] exposethefundamentalaspectsof the
classicalchainin detail. We referglobally to [40, p. 449] and[24, pp. 393–397]
for thehistoricalcontext of this andcloselyrelatedalgorithms,with someof the
originatorsbeingLegendre,Gauß,Galois,Berlekamp,Cantor, andZassenhaus.

An importantreasonfor our interestin thesequestionsis methodological.In-
deed,thedisciplineof analysingcompletelyanalgorithm,which is in theline of
Knuth’sworks[39, 40, 41, 42], revealsparametersthatareof generalinterestfor
polynomialfactorizationalgorithmsandfor problemsthatdealwith polynomials
overfinite fieldsat large. A specificillustrationis thepaperof PanarioandRich-
mond[52] thatdealswith testingpolynomialirreducibility alonglinessimilar to
thoseof thepresentpaper.

Algorithmicframework. Let 7�8 bethefinite field with 9 elements.Thealgo-
rithmicproblemthatweaddressisasfollows:givenamonicunivariatepolynomial:<; 7�8�= >�? , find thecompletefactorization

:A@B:DCFEGIHJHJH : C�KL , where
: G	MJN�NJNJM :"O are

pairwisedistinctmonicirreduciblepolynomialsand P G*M�NJN�NJM P L are(strictly) pos-
itive integers.Thebasicfactorizationchain(seeFig. 1) operatesin threestages.
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FIG. 1. Thecompletefactorizationchain.

ERF: eliminationof repeatedfactors replacesa polynomial

:V@y:DC EG H�HJH : C KL
by asquarefreeonethatcontainsall theirreduciblefactorsof theoriginalpolyno-
mial but with exponentsreducedto 1:

:{z|~}�@y�`�p: � N
DDF: distinct-degreefactorizationsplitsasquarefreepolynomialinto polyno-

mialswhoseirreduciblefactorsall have thesamedegree:

}�z|�� G H ��� HJH�H ��� where
� O @ ������J�����r��� O :

� N
EDF: equal-degreefactorizationcompletelysplits a polynomial whoseirre-

duciblefactorsarealreadyconstrainedto have thesamedegree:

��O�z|���O	� G HJHJH ��O	� �%� where ���J��� ��O	�
� @y��� N

An oftenusedvariantof thefirst stageis:

SFF: squarefreefactorizationdeterminesdirectlythedecomposition
:�@y�¡ *¢   

wherethe
¢  

aresquarefreeandpairwisecoprimesothat
¢   @£� C �F�  �:

�
.
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As implied by theresultsof Section2 thedifferencein costsinducedby thetwo
versions,ERFandSFF, is marginal,while considerationof ERFgreatlysimplifies
thewholeanalysis.Wereferglobally to [24, Ch.14] for acompletediscussionof
this andotheralgorithmicaspects.

Givenapolynomialover theintegers,like¢�@ >�¤¦¥¨§�>�©.ª¬«�>!­®¥¨§�>�¯�ª±°�>!²®¥<°">�³#ª¬>�´#ª2> � ¥<°">�ªkµ M
mostgeneral-purposecomputeralgebrawill approachthefactorizationvia mod-
ular reductions.For instance,thereductionmodulo5 gives:·¶ � ¢¹¸�º �¼» �S@ >!¤.ª½°">�©.ª¬«�>!­�ª½°">�¯.ª±°�>!².ª½§">�³.ª¬>�´+ª2> � ª½§">�ªpµ N
Eliminationof repeatedfactors(ERF)is easilyachievedby gcdcomputationsand
it produces,modulo5, thepartialfactorization:{@ ��>�ª¬« �r}�@ ��>�ª¬« � ��> © ª¬§�> ­ ª±°�> ¯ ª2«�> ² ª¬> ³ ª½«�> ´ ª¬>�ª2« � N (1)

The next phaseof distinct-degreefactorization(DDF) then uncovers a partial
factorizationof theeighthdegreefactoras}�@d� G H ���¾@À¿ > � ª±°�>�ª±°*Á H ¿ >�¯.ª¬>�²+ª¬§�>�³.ª¬>�´.ª½§"> � ª¬>�ª½°�Á N (2)

There,in twosuccessivesteps,thegroupsof factorsof degree1 (theremustbetwo
suchfactors)andof degree2 (theremustbethreesuchfactors)havebeenisolated.
Finally, the secondandsixth degreepolynomialsaresplit by two separatecalls
to theequal-degreefactorization(EDF) algorithminto their linearandquadratic
factors:� G @ ��>¼ª¬§ � �Â>�ª2« � M � � @ �Â> � ª¬>�ªpµ � ��> � ª2>�ª½° � ��> � ª¬«�>�ªpµ � N (3)

In thisway, thecompletefactorizationof
:

modulo5 is obtainedfrom (1), (2), (3)::{@ �Â>�ª½§ � �Â>�ª¬« � � ��> � ª¬>�ªkµ � ��> � ª¬>�ª±° � �Â> � ª¬«�>�ªpµ � N
Variousmethods,notdiscussedin thispaper, thenpermitonetolift thefactorization
to the integers; see[24, Ch. 15]. Here, this eventuallyproducesthe complete
factorizationover ÃÄ= >�? ,:·@ �Â>Å¥Qµ � � ��> � ¥¡>�ªkµ � ��> � ª¬>�ªkµ � �Â> ´ ¥¨> � ªkµ � N
In this case,the squarefreefactorization(SFF)approachwould only leadto ex-
tractingtherepeatedfactor �Â>Å¥Qµ � � , or ��>�ª2« � � ¸�º �¼» , atanearlystage.
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Computationalmodel. We fix a finite field 7�8 with 9 @ÀÆ!Ç
(
Æ

prime) and
considerthe ring of polynomials 7�8�= >�? ; see[4, 24, 28, 40, 45] for background.
The probabilistic model assumesall 9 � monic polynomialsof degree È to be
equallylikely andall average-caseanalysesareexpressedasasymptoticformsinÈ , the degreeof the polynomial to be factored. The complexity modelassumes
that a basicfield operationhascost Év�%µ � , the cost of a sum is Év��È � , and the
costof a product,a division or a gcd is Év��È � � , whenappliedto polynomialsof
degree ÊUÈ . For dominantasymptotics, we canfreely restrict our attentionto
polynomialproductsandgcds.We take as ËÌ��È �.@dÍ G È � thecostof multiplying
two polynomialsof degreelessthan È moduloa polynomialof degree È , andasÎ ��È ��@pÍ � È � thecostof agcdbetweenapolynomialof degreeÈ andapolynomial
of degreeat most È . (There,

Í G and
ÍJ�

aresystemandimplementationdependent
constants.)What we have in mind is a generalpurposefactorizationalgorithm
typically appliedto polynomialsof moderatesizeanddegree,whereoperations
areoftenimplementedbyquadraticalgorithms.Similarstudiescouldbeconducted
usingFFT (fastFouriertransform)basedalgorithms.

Summaryof results. Figure2 summarizestheinterplaybetweenprobabilistic
propertiesof randompolynomialsandpolynomialfactorization.We offer herea
few comments.

A randompolynomialof degree È is irreduciblewith a small probability of
about µ*Ï�È andhascloseto Ð º �SÈ factorson averageandwith a high probability
(Section1). Thus,thefactorizationof a randompolynomialover a finite field is
almostsurelynontrivial. Eachof thevariousphasesof polynomialfactorization
hasits own“physics”with implicationsonthecorrespondingcosts.Hereis abrief
summary.

ERF: The first phaseof the factorizationis the elimination of repeatedfac-
tors,ERF. It is deterministicanddescribedin Section2. This ERFstagereturns
the squarefreepart of the original polynomial in which eachirreduciblefactor
of the original polynomialappearsexactly once(the remainingfactorsform the
non-squarefreepart). In fact,thesquarefreepolynomialshave a positive density
(asymptotically)andthenon-squarefreepartof arandompolynomialis with high
probability of degree ÉÅ�rµ � asexpressedby Theorem2.1. In a precisetechnical
sense,the cost of the ERF phaseis asymptoticallythat of a singlegcd (Theo-
rem2.2),sothatmostof thefactorizationcostresultsfrom thesubsequentphases,
namely, DDF andEDF.

DDF: The secondphaseDDF, alsodeterministicanddescribedin Section3,
splits the squarefreepart

}
of the polynomialto be factoredinto a product

}¨@� G H � � HJH�H � � , where
��O

is formedby theproductof all theirreduciblefactorsof
}
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Phase Properties Refs.

(Sec.1) Fractionof irreduciblesis ÑUÒÓ . Eq.(8); [4, 40]
The numberof irreduciblefactorshasmean ÑÔÖÕ	×XØ

anda limiting Gaussianlaw.
Eq.(13); [4, 7, 21, 40]

ERF
(Sec.2)

NonsquarefreeparthassizeÙÄÚ�Û�Ü onaverageand
with highprobability.

Thm.2.1; [4, 9, 18]

Algorithmic costof ERFis ÑpÝÞÚ Ø Ü on average
andwith high probability

Thm 2.2; [18]

DDF
(Sec.3)

Largestdegreeis ßÞÚ Ø Ü with Dickmandistribu-
tion andmeanÑ ×àØ where

×jáâ¬ã á ä*åJæ	ç*å . Thm 3.1; [30, 50]

Modified Dickmanlawshold for two largestde-
grees.

Thm 3.2; [30, 50]

Algorithmic cost of DDF is ÙÄÚ Ø!è Ú Ø Ü ÔÖÕ	×Xé Ü ;
threestoppingrulesarecompared.

Thm 3.3; [18]

(Sec.4) DDF yieldsacompletefactorizationwith proba-
bility closeto ê*ë
ì . Thm 4.1; [18, 32,38]

Total degreeof unfactoredpart after DDF has
mean ÙÄÚ ÔÖÕ	×àØ Ü , but “soft” distribution tails and
standarddeviation Ù¹Úîí Ø Ü .

Thm 4.2; [18, 35]

ERF
(Sec.5)

Theprobabilityof repeatedirreduciblefactorsof
degree ï is approximatelyPoissonÚ�Û�ð�ï�Ü Thm 5.1; [37]

Algorithmic costof ERFis Ù¹Ú Ø�ñ�ÔÖÕ�×àé Ü onaver-
age,asopposedto a worst-caseÙ¹Ú Ø�ò�ÔóÕ�×àé Ü . Thm 5.2; [18]

FIG. 2. Main propertiesof randompolynomialsof degreeô andof correspondingfactorizations,
togetherwith somerelevant references.Here õ¡ö÷ô�ø®ù úQû Ò ô ñ representsthe costof a polynomial
multiplicationand ü.öýô
ø[ù úVû ñ ô ñ thecostof agcd.

thathave degree
�
. A randompolynomialhaswith high probabilityseverallarge

factors,thatis,of degreesþ���È � . ThisisquantifiedbyTheorems3.1and3.2where
theDickmanfunctionandsomeof its relativesserveto expressthecorresponding
probabilitydistributions.Suchestimatesformthebasisof aprecisecomparisonof
threestoppingrules: the“naı̈ve” rule,the“half-degree”ruleandthe“early abort”
rule whosecostsarefound to be in the approximateproportion µ{ÿýÿ ´³ ÿýÿ

�
´ ; see

Theorem3.3. At the endof the DDF phase,the factorizationis completewith
a probability rangingasymptoticallybetween� N »�� and � N ��� (Theorem4.1). In
addition,thenumberof degreevaluessuchthatmorethanoneirreduciblefactor
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of that degreeoccursis typically Év�%µ � , and the total degreepassedto EDF isÉÅ�ÂÐ º ��È � on average,thoughit hasa largevariability (Theorem4.2).
EDF: Thethird phase,EDF,is arandomizedproceduredescribedin Section5.

It involves a recursive refinementprocessbasedon randomizedsplittings that
turnsout to becloselyrelatedto digital trees,alsoknown as“tries”, see[41]. The
analysiscombinespropertiesof polynomials(Theorem5.1)with propertiesof the
splitting process(Lemma5.1). As a consequence,the expectedcostof EDF is
provedto becomparatively small,being Év��È � Ð º �.9 � (Theorem5.2).

Precisestatementsaregivenin thenext sectionswith anexplicit dependenceon
thefield cardinality 9 . (Someof theminvolvenumber-theoreticfunctionsthatcan
be bothevaluatedandestimatedeasily.) A simplifiedpictureis asfollows. The
ERFphaseinvolveswith highprobabilitylittle morethanasinglepolynomialgcd,
sothat its expectedcostis Év��È � � . TheDDF phaseof cost Év��È ´ Ð º �.9 � (bothon
averageandin the worst-case)is the onethat is mostintensive computationally,
wherecontrol by the “early-abort” strategy is expectedto bring gainscloseto
36%. The last phaseof EDF is typically executedlessthan 50% of the time
andits cost, Év��È � Ð º ��9 � on average,is againsmall comparedto thatof DDF. A
comparisonbetweenworst-casecostsandaverage-casecostsfor eachphaseis
drawn in Section6.

Noteonmethodology. An earlierbutalmostidenticalversionof thispapersub-
mittedtoanotherjournaldedicatedtocomputingwasmetwith sharpcriticismfrom
two referees.Onecriticismhadto do with theasymptoticallysuboptimalcharac-
terof thealgorithmsthatweanalyse.However, record-breakingcomputationsare
onlyonefacetof thestoryand,fromtheauthors’experiencewith computeralgebra
systems,muchusageinvolvespolynomialsof moderatedegreehaving moderately
largecoefficients.For this,goodimplementationsaredefinitelywanted;thus,we
claim somejustificationfor interestin algorithmsthataresuboptimalin thestrict
asymptoticsensebut mayverywell turnoutin many practicalcontextsto perform
betterthanasymptoticallyoptimalalgorithms.

Anothercriticismhadtodowith themodelof randompolynomialsthatweadopt,
namelytheuniformdistributionoverthe 9 � polynomialsof degreeÈ . Onereferee
said: “mostpolynomialsare not sampledat randomover thesetof all polynomi-
als”. This is certainlytrue in a narrow-mindedperspective. However, we make
thefollowing observations: ��� � a largebodyof algorithmsbuilding on top of fac-
torizationoverfinite fieldsdo alreadyinvolvea randomizationthatis expectedto
“propagate”,seefor exampleBen-Or’sconstructionof irreduciblepolynomials[3]
or theindex calculusmethoddescribedin [48]; ����� � nooneis awareof any explicit
constructionlaw thatwouldbiaspolynomialstowardsbeingmorelikely to beirre-
duciblethanfactorizable[47, Problem27]—indeedsucha law would bea major
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discovery!—sothat the randomnessassumption,even if somewhatheuristic1, is
onedecentway of copingwith the currentlack of our knowledge; ������� � simu-
lationsamply confirm that many varietiesof polynomialsproducedby all sorts
of processesbehave “as expected”with respectto factorization(seebelow for a
striking example); ���
	 � accordingly, thereexist severaltheoreticalresultsdemon-
stratingrigorously the fact that varioussystematic“laws” producepolynomials
whosebehaviour with respectto factorizationis just aspredictedby theuniform
randomnessmodel. As a typical illustrationof the latterpoint, Hensley [33] has
establisheda “Dirichlet’ s theorem”for thering of polynomialsover a finite field
to theeffect thatthedistributionof irreduciblesin any arithmeticprogression(i.e.,
a sequence

} �Â> � ÈS�Â> � ª � �Â> � with
} M � fixed)conformsto “normality”.

To demonstrateour point,hereis aneasilyreproducibleexperiment.We build
quitespecificpolynomialsby adeterministicprocessandexaminethemeannum-
berof irreduciblefactorsthatthey contain.Let

Æ �
bethe� thprimeandlet ËÌ��È M
� �

betheHankel matrix filled with primesstartingwith
Æ L : the ��� M � � entryof Ë isÆ  �� � � L�� G ; the testpolynomial � � � L ��> �{; ÃÄ= >�? is the characteristicpolynomial

of ËÌ��È M
� � . In the experiment,we fix the dimensionÈ @ °�� andreducethe �
polynomialsmodulovariousprimes

Æ
(actuallythe primesof rank « M µ�� M �"« NJNJN )

uponaveragingover values� @ � M�NJNJNJM
��� . Hereis theobservedmeanover each
sampleof size100ascomparedto thevaluespredictedby theuniformmodeland
givenin [40, Ex. 4.6.2.5].

Æ
7 53 311 1619 8161 38873

Exactmean 3.690 3.607 3.599 3.598 3.597 3.597
Samplemean 3.84 3.57 3.60 3.53 3.40 3.50

We purposelytook herea small sampleof specialpolynomials(characteristic
polynomials)associatedwith structured matrices(of Hankel type)built on par-
ticular coefficients(heretheprimenumbers).Weindeedverify thattheempirical
dataconformquitewell to whattheuniformrandomnessmodelpredicts.

Thispaperconstitutesthejournalversionof anextendedabstractpresentedatthe
ICALP’96 Conference[18]. It is alsoorganizedasasurvey of majorprobabilistic
propertiesof polynomialsthatarerelevantto basicfactorizationalgorithms.

1. ANALYTIC–COMBIN ATORIAL METHODS

Ò For instancethedesignof Pollard’s “rho method”for integerfactoringis entirelybasedonsimilar
heuristicsregardingintegers;thesewerelaterlargely vindicatedby Bach[2].
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This sectiongathersbasictoolsneededto analysepropertiesof randompoly-
nomials. It centresaroundthe useof generatingfunctions,eitherunivariateor
multivariate,whosefunctional relationsreflect the algebraicdecompositionsof
variousclassesof polynomials.Theasymptoticanalysisof coefficientsof gener-
atingfunctionsis thenattainedbymeansof singularities.Theresultsin thissection
areclassical,but they areneededto setthestagefor subsequentanalyses.General
referencesfor this sectionareChapter3 of Berlekamp’s book [4], the exercise
section4.6.2of Knuth’s book [40], the paper[19] or Odlyzko’s survey [49] for
asymptotictechniques,andthebook[20] for theinterplaybetweencombinatorial
andanalyticmethods.

1.1. Generating functions

We presentfirst a few generalprinciplesthat enableoneto setup “symboli-
cally” equationsfor generatingfunctionsstartingfrom combinatorialspecifica-
tions. Givena combinatorialobject � , theformal identity

µµ®¥�� @ µ.ª��Aª�� � ª HJH�H
generatessymbolicallyarbitrarysequencescomposedof � . Let � bea family of
“primiti ve” combinatorialobjects.Then,theproducts�d@ ���� � �%µ#ª�� � M and ! @ ��"� � �%µ®¥#� � � G N (4)

generaterespectively the classof all finite setsandmultisets(setswith possible
repetitions)of elementstaken from � . (This resultssimply from expansionby
distributivity andtheremarkaboveconcerningthemeaningof �%µ®¥#� � � G .)

We now specializethediscussionto monicpolynomials2 andtake � to be the
collectionof all monicirreduciblepolynomials.Then,by theuniquefactorization
propertyof polynomials,! givesrise to thecollectionof all monicpolynomials
and

�
becomesthecollectionof all monicsquarefreepolynomialsover 7 8 . Let $

bea formal variable,and % �&% bethedegreeof thepolynomial � . Thesubstitution� z| $�' � ' in formalsumsandproductsof objectsgivesriseto countinggenerating
function. For � itself identified with the formal sum ( �"� � � , the generating
functionis ) �*$ �S@,+�"� � $ ' � ' @-+ � ) � $ � M
ñ
All subsequentenumerationresultsarefor polynomialsnormailizedsoasto bemonic.
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where
) �

is the numberof polynomialsin � having degree È . Similarly, the
generatingfunctionsof

�
and! areobtainedasreflexesof thedecompositions(4):. �*$ �±@ ���� � �%µ.ª/$ ' � ' � @ 0�� � G �%µ#ª/$ � �21
34 �*$ �Q@ ���� � �%µ®¥�$ ' � ' � � G @ 0�� � G �%µ¦¥�$ � � �"1 3 N (5)

The coefficients
. � @ = $ � ? . �*$ � and

4 � @ = $ � ? 4 �*$ � evaluateto thenumberof
monicsquarefreepolynomialsof degree È , andto thenumberof monicpolyno-
mials of degree È , respectively. Obviously,

4 � @ 9 � , andthereforewe have a
priori 4 ��$ �S@ µµ®¥<95$ N (6)

In otherwords,we know
4 ��$ � elementarilywhile

) �*$ � and
. �*$ � areboundby

their relationsto
4 ��$ � .

First andforemost,the numberof irreduciblepolynomials,
) �

, is determined
implicitly from thesecondequationof (5) that relatesit to

4 ��$ � . A well-known
processbasedon theMoebiusinversionformulagivesit in explicit form; see[9,
p. 41], andTheorem3.43in [4, p. 84]. Indeed,takinglogarithmsandrearranging
thesumsleadsto

Ð º � µµ®¥<95$ @60+O � G ) ��$ O �� M and
9 �È @ + O ' �

) ��7 O� N (7)

Therelationis thensolvedfor
) �

by meansof Moebiusinversion,whichyields) � @ µÈ + O ' �98 � ��� 9 �:7 O M and
) ��$ �S@ 0+O � G 8 � ���� Ð º � µµ®¥<95$ O N

In summary:;=<=>@?BA
Thenumber

) �
of irreduciblepolynomialsover 7�8�= >�? satisfies) �Å@ µÈ + O ' �98 � ��� 9 ��7 O @ 9 �È ªQÉDC 9 ��7`�ÈFE N (8)

Thus,a fractionverycloseto µ�Ï*È of thepolynomialsof degreeÈ is irreducible.

This theoremis ananalogueof theprimenumbertheoremfor integers.As an
aside,it wasfirst provenby Gaussin thecaseof primefieldsandit appearedin
his posthumousopus[27]; seealso[15, 53] for earlyreferences.
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Next the number
. �

of squarefreepolynomialsis entirely determinedby the
knowledgeof

) �
, givenEquation(5). A directway to make

. �
explicit goesas

follows: eachpolynomial
:

factorsuniquelyas
:·@HG H2I � , where

G
is asquarefree

polynomialand I is anarbitrarypolynomial(separatetheirreduciblefactorsof
:

accordingto theparity of their exponents).We thushave
4 ��$ �+@J. ��$ � H 4 ��$ � � ,

sothat . �*$ �S@ 4 �*$ �4 ��$ � � @ µ®¥¨95$ �µ®¥<95$ N
Thus,thenumberof squarefreepolynomialsof degreeÈ in 7 8 = >�? is. �¼@LK 9 � if È @ � M µ�M9 � � G �Â9Þ¥Qµ � if È#Nk° N (9)

This resultseemsto haveappearedfor thefirst time in Carlitz’s study[9].

1.2. Parameters

Weneedextensionsof thesymbolic methodin ordertotakecareof characteristic
parametersof polynomialfactorization.Let O bea classof monicpolynomials,
andP someinteger–valuedparameteron O . Then,thebivariategeneratingfunctionQ ��$ M2R �S@D+�"��S $ ' � ' RUT � � �
is suchthat the coefficient = $ � R O ? Q ��$ M2R � representsthe numberof polynomials
of degree È in O with P –parameterequalto

�
. Bivariategeneratingfunctions

containall informationrelatedto the distribution of a parameter. Averagesand
standarddeviationsareobtainedby successive differentiationsof thesebivariate
generatingfunctionswith respectto R (thevariablemarkingtheparameter),and
thenby settingR @ µ .

If theparameterP isadditive,meaningthat P.� : H ¢��S@ P.� :D� ªVP.� ¢�� for relatively
prime

: M ¢v; 7�8�= >�? , thenproductdecompositionsof theform (5) generalizeunder
the translationrule � z| $ ' � ' R T � � � . The techniqueof rearranginglogarithmsof
infinite productsemployed in (7) is thenusefulin simplifying suchexpressions.
For instance,thebivariategeneratingfunctionof all polynomialswith P thenumber
of their irreduciblefactors(multiplicity beingcounted)is4 ��$ M2R �(@ ��XW G �rµ®¥ R $ � � �"1�3 @ ��Y[Z#\ 0+O � G R O ) ��$ O �� ] N (10)

Much useis madeof this techniquein thenext four sections.
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A graphicalrenderingof thefactorizationtypesof 5 polynomialsof degree100over ^:_ :

Eachcircle representsthedegreeof an irreduciblefactorwith thecircle areasbeingpro-
portionalto degrees.On this experiment,the5 factorizationtypesfoundare` Ûba å a2c�a-Ûdc�a ä cfe�a ` ç a
g�a åJä a äJæ e�a ` Ûba�Û�a å a2h5a2i�a-Û�Ûba�Ûdc�a
h ç e�a ` Û�a�Ûba-Û�a�Ûba2h5a2c�Û
e�a ` å a å ajc ä e á
Thisillustratesthepropertythatfactorizationsoverfinitefieldsareusuallynontrivial andthat
theretendstobeoneorafew irreduciblefactorsof comparativelylargedegree(Theorems3.1
and3.2).

FIG. 3. Simulationsof randompolynomialfactorizations.

1.3. Asymptotic analysis

Generatingfunctionsencodecompleteinformationon their coefficients. Fur-
thermore,thebehaviour of ageneratingfunctionnearits dominantpositivesingu-
larity (“dominant” meansin this context “of smallestmodulus”)is an important
sourceof coefficientasymptotics.

Thegeneratingfunctions
: ��$ � tobestudiedin thispaperaresingularat $ @ µ�Ï�9

andmosthavethereanisolatedsingularity. Consequently, theircoefficients
:��¼@

= $ � ? : ��$ � satisfyanestimateof theform
: �lk 9 �[m ��È � , whereÐ�n ¸po2q Zr% m �ÂÈ � % G 7`� @µ is a subexponentialfactorthat reflectsthenatureof thesingularityat $ @ µ�Ï�9 .

In particular, anexpansionnear $ @ µ*Ï�9 of theform

: ��$ �(@ µ�rµ®¥¨95$ �2s C�Ð º � µµ®¥<95$ E O �%µ.ª/t��%µ �r� (11)

translatesinto coefficientsby themethodknown assingularityanalysis[19, 49]:

: � @ = $ � ? : ��$ �(@ 9 � È s � Gu ��v � ��Ð º �SÈ � O �%µ#ª/t��%µ �r� N (12)

Thetransitionfrom(11)to(12) isensuredbytransfertheoremsthatrequireanalytic
continuationof

: �*$ � outsideits circle of convergence,a conditionthatis verified
by inspectionin mostcasesconsideredhere.

A typicalinstanceis theanalysisof thenumberof irreduciblefactorsin arandom
polynomialof degreeÈ . Thebivariategeneratingfunctionappearsalreadyin (10).
Differentiatingwith respectto R , settingR @ µ andthenanalysingthesingularity
at R @ µ providesmomentestimates[40, Ex. 4.6.2.5];methodsthatbuild further
on singularityanalysisevengiveaccessto a limiting distribution [7, 21].
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Let w � betherandomvariablethatrepresentsthenumberof irreducible

factorsin a randompolynomialof degreeÈ . Thenthemeanx¦��w � � andvariancey{z�| ��w � � satisfyx ��w � �S@ Ð º �SÈ¼ªQÉv�%µ � M y{z�| ��w � �S@ Ð º ��È¼ªQÉÅ�rµ � N (13)

In additionthedistributionof ��w � ¥�x¦��w � �r� Ï@} y{z�| ��w � � is asymptoticallynor-
mal.

Thus,thefactorizationof a polynomialis with highprobabilitynontrivial; see
Figure3 for agraphicillustration.

AnotherusefulasymptoticcoefficientextractionmethodisDarboux’smethod[13,
32] whoseprincipleisasfollows: if ananalyticfunction

: ��$ � definedin theclosed
disk % $U%
Ê 1 is

�
timescontinuouslydifferentiable( ~ O ) on % $U% @ µ , thenits coeffi-

cientssatisfy

= $ � ? : �*$ �(@ t��%µ�Ï*È O � N (14)

A recourseto Darboux’s methodis neededin Section4, given the existenceof
naturalboundariesfor generatingfunctionsthatoccurspecificallythere.

1.4. The permutation model and largefields

The following fact is well-known: As thecardinality 9 of thefield 7�8 goesto
infinity ( È stayingfixed!), the joint distribution of the degreesof the irreducible
factorsin arandompolynomialof degree È convergestothejoint distributionof the
lengthsof cyclesin arandompermutationof size È . Thispropertyis visibleat the
generatingfunctionslevel,wheneverageneratingfunctionof polynomialstakenat$
Ï"9 converges(as 9 |��

) to thecorrespondingexponentialgeneratingfunction
of permutations.For instance,thegeneratingfunctionof all monicpolynomials,
whennormalizedwith thechangeof variable$ z| $
Ï"9 , is4 C $ 9 E @ µµ®¥�$ @ 0+� ��� È�� $ �È�� M
which is alsotheexponentialgeneratingfunctionof all permutations.Similarly,
we have ) C $ 9�E |� 8
� 0 � Ð º � µµ®¥�$ @ 0+� � G ��È{¥±µ � � $ �È�� M
the exponentialgeneratingfunction of cyclic permutations. The relation (10)
between

4 �*$ � and
) ��$ � thatexpressestheuniquefactorizationpropertyfor poly-



14 P. FLAJOLET, X. GOURDON,D. PANARIO

������,���'�&����¬^
_
�SR`� Tv������W����*)X�"�
��Y4Zm T%]pm!,"' R`�SuF�{��Y4Z¼� T%]d��x�m�Z{o T%]dm�,"'(RFm�u��DY4Z� �D�����Qo@�[� \ '�� m T�]pm�x�o�Z{o T%]km!,�'(RFm�u%��Y ��'SZ��� mJ��� \ �������p� T%]k�U��^
_
�(RFm��DR \ x"�DY
Y¡�!�4Z������&�����Rr�DY4Z a!b � b ��cdc"e�&���������������f����'SZ
FIG. 4. Theeliminationof repeatedfactorsalgorithm(ERF).

nomialsreducesas 9 |��
to

µµ®¥�$ @ �fYXZ�C�Ð º � µµ®¥�$�E M
which is well-kknown to expresstheuniquedecompositionof permutationsinto
cycles;see[20, 29] for background.

Thisgivesriseto ausefulheuristic:probabilisticpropertiesof polynomialfac-
torizationareexpectedtohaveashaperesemblingthatof correspondingproperties
of thecycledecompositionof permutations3. A preciseinstanceof thisfactismen-
tionedby GreeneandKnuth[32] in connectionwith theprobabilitythatarandom
polynomialadmitsfactorsof distinct degrees,which, for large 9 andlarge È is
foundto approachP ��� . Suchphenomenaareclearlyusefulin understandingthe
behaviour of polynomialfactorizationsin fieldsof “large” cardinalities—thecase
of “small” fieldsthenappearingasa“ 9 –deformation”with atypically mild effect.
Section4 providesseveralexamplesrelatedto quantifyingtheoutputof theDDF
factorization.

2. ELIMIN ATION OF REPEATED FACTORS(ERF)

Thefirststepin thefactorizationchainsummarizedin Figure4 is theelimination
of itsrepeatedfactors.In characteristiczero,thisisachievedthankstothefollowing
property: A gcd betweena polynomial

:
and its derivative

:U�
extracts all the

repeatedfactorsof
:

.
In 7 8 with 9 @ Æ Ç

and
Æ

a prime number, additionalcontrol is neededin
orderto dealwith

Æ
th powerswhosederivativesareidentically 0. The first line

of the algorithm in Figure 4 collectsin � one copy of eachof the irreducible
factorsof

:
, except the oneswhosemultiplicity is a multiple of

Æ
. The whileò

Thereis a similar “resemblance”betweenpropertiesof naturalnumberswhoserepresentationin
base� haslength ô andpolynomialsof degree ô in ���[� � � . For additive properties,this corresponds
to a roughequivalencebetweenadditionswith or without carries;for mixed additive-multiplicative
properties,theanalogylies however fardeeperandis accordinglymuchlessunderstood.
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loopstoresin
¢

thefactorswhosemultiplicity is apowerof
Æ
, withouteliminating

their repetitions. The last part of the algorithmaddsto � the factorsin
¢

with
repetitionseliminated.Theauxiliarycomputationof

Æ
th roots,

¢ G 7��
, is performed

in the classicalway [28, p. 344], using the identity � } � ª � � � G 7j� @ � } ª ���
.

Thereexistalternativealgorithmsgiving thefull squarefreefactorization(see[40],
Ex. 4.6.2.36);however, as Theorem2.1 below shows, the reductionof degree
inducedby theadditionalcomputationaleffort isonly Év�%µ � . Wehaveoptedfor the
eliminationof repeatedfactorsby ERF(ratherthanthemorecommonsquarefree
factorizationSFF)asthe analysisdevelopsmoretransparentlywhile the overall
costsof thecompletefactorizationchainareonly verymarginally affectedby the
algorithmchosenfor thefirst stage.�����X�U ��[¡£¢�A¥¤[A ��� � A randompolynomialof degree ÈDN ° in 7 8 = >�? has a
probability µ®¥Qµ*Ï�9 to besquarefree.����� � Thetotal degree ¦ of the non-squarefreepart of a randompolynomialof
degree È hasan expectedvaluethat tendsto thelimit§ 8 @¨+O W G � ) O

9 � O ¥¨9 O M
in addition,thequantity

§ 8 satisfies
§ 8 k µ*Ï"9 as 9 |��

.�����
� � Thetail probabilitiesof ¦ decayexponentiallyfast:©ª| ��¦�� :D�S@y� M % : % @ È �S@ É«\¬C °§�E O ] N

Proof. Part ��� � is a classicalresultthatwe havealreadyderivedin (9). As for
part ���
� � , thebivariategeneratingfunctionof thedegreeof thenon-squarefreepart
of monicpolynomialsin 7�8�= >�? is, by thesymbolicmethodof Section1,4 ��$ M2R �(@ �O W G C µ.ª $ Oµ®¥ R O $ O E 1 � N
The meandegreeof the non-squarefreepart is obtainedby setting R @ µ in the
derivative of

4 �*$ M
R � with respectto R and the asymptoticestimatefollows by
singularityanalysis,­ 4 ��$ M2R �­ R ®®®® ¯ � G @ 4 ��$ � H +O W G ) O $ � Oµ®¥�$ Ok° � G 7 8 µµ®¥¨95$ +O W G ) O 9 � � Oµ®¥<9 � O M
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hencethestatedvalueof
§ 8 . Theasymptoticlimit of

§ 8 as 9 |F�
is obtained

from thereby theexpansion
� ) OÄ@ 9 O ª±Év�Â9 O 7`� � .

As regardspart ������� � , considerthefunction
4 �*$ M §�Ï"° � andcompareit with

. �*$ � ,
thegeneratingfunctionof squarefreepolynomials:4 ��$ M §
Ï"° �. �*$ � @ �O W G \Xµ.ª $ � O � ´� � O�rµ.ª±$ O � �%µ®¥j� ´� � O $ O � ] 1 � N
The infinite productis convergentandanalytic in a disk that properlycontains% $U%#Ê µ�Ï�9 . Thus,

4 �*$ M §�Ï"° � hasa simplepole at $ @ µ*Ï"9 , andby singularity
analysis,onehas

µ9 � = $ � ? 4 ��$ M §
Ï"° �à¶ µ9 � +' � ' � � C § °UE�² �ý�	� @ Év�%µ � N
Thustheexpectationx¦�F�Â§
Ï"° � ² � remainsbounded,which impliestheexponential

tail bound.

Theorem2.1 hasmeaningfulconsequencesfor the recursive structureof the����,������
procedure.Theexponentialtail of Part ���
��� � impliesthatany polynomially

boundedfunctionof thenon-squarefreepart staysof order ÉÅ�rµ � on average.In
particular, the overall cost of the recursive calls (Step4 in the top-level factor
procedureof Figure1) is Év�%µ � onaverage.Accordingly, theERFphasehasacost
entirelydominatedby thatof its first gcd,namely�:³��D� : M :U�ý� .�����X�U ��[¡£¢�A´¢�A

The expectedcost of the ERF phaseapplied to a random
polynomialof degree È is asymptoticallythatof a singlegcd,

Í@µ9¶¬·Ä� k ÍJ� È � N

3. DISTINCT-DEGREE FACTORIZATION (DDF)

Thesecondstageof thefactorizationchainis thedistinct-degreefactorization
and it involvessplitting a squarefreepolynomial into polynomialswhoseirre-
duciblefactorsall have the samedegree. This meansexpressingthe squarefree
polynomial

}
in theform

� G H ��� HJH�H ��� where
� O

is theproductof all theirreducible
factorsof degree

�
thatfigurein

}
(assumedto besquarefree).Thebasicalgorithm

is describedin Fig.5 andits designreliesonthefollowingproperty(see,e.g.,[45],
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������,���'�&����¬i
i
�SR-�ÀTv������W����*)X�"�
��Y4Zs b � b ��cQ�½)����D��,pc"e�&������������
�¬������W����	)X�"����t� T%]d'���m(R-��Y4Zvm T%]d�(Z{� T%]H¸�Z�����po T�] \ ���j�q'��\ 
 � T�]p���	e±)!��'dmSZg 
 h®s�o�t T%]pm!,"' Rr��¹�¸�u%m�Y4Zn 
 m T�]dm�x�h®s�o�tSZa!b � b � �	������&��p�
��,�������c½���d'���m-��]�o�fw 
 ���kh®s�o�t¨�[� \ �������p� T�]p�j)���'kmy�!�4Z��'SZ������&�����Rrh®s \ t.
�h®s g t�


�
�h+s ��t�Y4Za h®s�o�tq��c±������'.
{���B�*�
����'.
V���d'���m#
%]�o�f����'SZ
FIG. 5. The“basicstrategy” of thedistinct-degreefactorizationalgorithm(DDF).

p. 91, Theorem3.20): For
� N µ , thepolynomial º O ÿ @ > 8 � ¥2> ; 7�8�= >�? is the

product of all monic irreduciblepolynomialsin 7�8�= >�? whosedegreedivides
�
.

Thussweepingoversuccessivevaluesof
�

andcomputinggcd’swith º O leadsto
a partialfactorization.Threedifferentstoppingrulescanbeconsidered:

— Thebasicstrategyexploresall thevalues
�¼@ µ N�N È andcorrespondsto the

versiongivenin thealgorithmin Fig. 5.

— Thehalf-degreestrategyconsistsin stoppingtheDDF loopwhen
�¼@ ÈXÏ�° ,

sinceat thatmomenttheremainingfactoris either µ or irreducible.

— Theearly-abortstrategystopsthemainloopof DDF assoonas ° � exceeds
the degreeof the remainingfactor

¢
. In this case,the remainingfactor is by

necessityirreducible.

The first rule is too näıve to be of algorithmic interestbut it servesthe purpose
of introducingthe basicmethodsneeded.The analysesarecarriedout in Sub-
section3.2. They benefitfrom informationsregardingthetwo largestirreducible
factorsof a randompolynomial,a topic that we addressfirst in Subsection3.1.
SeeFigures6 and7 for numericaldata.

3.1. Distrib ution of largestdegreesof factors

A randompolynomial has with high probability several irreducible factors
whosedegreeis of theorderof È . Thedistribution of the largestdegreeamong
the irreducible factorsof a randompolynomial over 7�8 underliesmany prob-
lems dealingwith polynomialsover finite fields. For instance,informationon



18 P. FLAJOLET, X. GOURDON,D. PANARIO

this distribution is usefulwhencomputingdiscretelogarithmsin orderto discard
polynomialsthatcannotbewritten in termsof smoothones[48].

Specifically, weconsiderthetwo largestdegrees»½¼ G�¾� , »¿¼ � ¾� of thedistinctfactors
of a randompolynomialof degreeÈ in 7�8 . Statisticson thelargestdegreeof the
irreduciblefactorsof arandompolynomialin 7 8 = >�? havealreadybeenconsidered
in theliterature.Car[8] firstobtainedanasymptoticexpressionfor thecumulative
distribution functionof » ¼ G�¾� in termsof theDickmanfunction. This functionis a
classicalnumber-theoreticfunctionthatwasoriginally introducedto describethe
distribution of thelargestprimedivisor of a randominteger. We referto [14, 16,
41, 43,57] asgeneralreferencesto theDickmanfunctionin relationto arithmetic
problems,especiallyTenebaum’sanalytictreatmentof theDickmanfunction[57],
the paperof Knuth andTrabbPardoon integer factorization[43], andKnuth’s
accountin [41, Sec.4.5.4].;=<=>@?BA

Thedistributionof thelargestdegree» ¼ G�¾� satisfiesfor all > ; �*� M µ � :
Ð�n ¸� � 0 ©{|�À » ¼ G�¾� Ê±>ÂÁ @Ã· �Â> � M

where
· ��> �S@ ¦��%µ�Ï*> � and¦ denotestheDickmanfunction. TheDickmanfunction

is definedastheuniquecontinuoussolutionof thedifference-differentialequation¦!� R �S@ µ �*��Ê R Ê£µ � M R ¦[Ä%� R �S@ ¥Å¦�� R ¥Qµ � � R�Æ µ � N (15)

In particular, onehas x¦�*» ¼ G�¾� � k �SÈ M
where� N@ � N ��°�«�§�° is known asGolomb’sconstant;see[17].

In thecontext of this paper, fine propertiesof » ¼ G�¾� , » ¼ � ¾� provide insighton the
stoppingconditionfor the DDF stage.The statementsof Theorems3.1 and3.2
that follow areborrowed4 from [50]. The proofsgiven in [50] rely on an orig-
inal approachof Gourdon[30, 31] that leadsto local limit theorems. Indeed,
Theorems3.1,3.2 below, give the asymptoticdistribution of the two largestde-
grees»½¼ G�¾� M »¿¼ � ¾� wherethe limit densityfunctionsareaccessedvia their Laplace
transforms.A key rôleis playedby theexponentialintegralfunction

µ
definedbyµ � I ��@¨Ç � 0È P �UÉ	FÊ 	 NË

Theauthorstakethisopportunityto correctmistakesin thestatementsof Theorems1and2 of [50]:
the error termsinadvertentlywritten thereasmultiplicative termsshouldbe readasadditive correc-
tion terms(in accordanceto the proofsthat stand). SeeTenenbaum’s informative review of [50] in
MathematicalReviews, 2001,in press.
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FIG. 6. A plot of the“density” of thelargestirreduciblefactordegreefor polynomialsof � _ � � � :
the representationof öÌ��ô�ø�Í�ÎFöÐÏ Ò ú���ô�ø , for degreesô�ú/ÑdÒ2Ó2Ó2ÓjÒ*ÔdÕ and �×ÖØ� ÙbÒjÑ�� (dashedlines)
shows fastconvergenceagainstthelimit Ú�öÌ��ø (continuouscurve).�����X�U ��[¡JÛ"A¥¤[A

The largestdegree »½¼ G�¾� amongthe irreduciblefactors of a
randompolynomialof degree È over 7 8 satisfiesthe“local limit” estimate©ª| �*» ¼ G�¾� @ÃÜ·�.@ µÜ :½Ý Ü ÈØÞ ªQÉ C Ð º �SÈÜ � E M
where

: � 8 � isacontinuousfunctionthatisdefinedbytheinverseLaplaceintegral:

: � 8 ��@ µ°5ß�� Ç G �[  0G �   0 P �Uà �Ìá�â	�� P � G � á���â Ê � N (16)

In otherwords,thelargestdegreeisonaverageÉÅ�ÂÈ � , andtheprobabilitythatits
valueequals

Ü
is about µ�Ï Ü with a modulationfactorthatinvolvestheDickman

function. (It canbeverifiedby directLaplacetransformcalculationsthat
: � 8 �S@¦!�rµ*Ï 8 ¥kµ � , with ¦ theDickmanfunctionasdefinedby (15).) Thenext theorem

shows thatsimilar estimatesinvolving “Dickman-like” functionshold if a gapis
imposedor if oneconsidersthejoint distributionof thetwo largestfactors.�����X�U ��[¡JÛ"A´¢�A

Thetwo largestdegrees» ¼ G�¾� and » ¼ � ¾� of thedistinct factors
of a randompolynomialof degree È in 7�8 satisfy

��� � for ��Ê Ü ÊQÈ ,©{| �*» ¼ G�¾� @ÃÜ M » ¼ � ¾� Ê Ü Ï"° �S@ µÜ ¢ G Ý Ü ÈØÞ ªQÉDC Ð º ��ÈÜ � E M
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FIG. 7. Two largestdegreesfor 1,000randompolynomialsof degree ôvúÃÑ2ÙdÙ in � _ � � � : each
circle representsa valueof thepair öÐÏ Ò Ò
Ï ñ ø .
where

¢ G � 8 � is definedby theinverseLaplaceintegral,

¢ G � 8 ��@ µ°5ß�� Ç G �[  0G �   0 P �Uà �Ìá�â 7`� �� P � G � á���â Ê �ÂM
����� � for ��Ê Ü{�¬ãäÜ G Ê±È ,©ª| �*» ¼ G�¾� @HÜ G M » ¼ � ¾� @HÜ{�	�S@ µÜ G Ü � ¢�� Ý Ü GÈ M Ü{�È£Þ ªQÉLC Ð º �SÈÜ G Ü �� E M

where
¢ � � 8 G*M 8 � � is definedby

¢ � � 8 G�M 8 � �S@ µ°5ß�� Ç G �[  0G �   0 P �Uà �Ìá5åæâ��� P � G � á E � á å ��â Ê � N
Figure7exemplifiesthephenomenaatstakebymeansof simulations.Estimates

similar to Theorems3.1and3.2hold for largestcyclesin permutations[54] (this
is in agreementwith the earlierdiscussionof the randompermutationmodelof
Section1.4)andfor integersasshown by KnuthandTrabbPardoin [43]. Arratia,
Barbour, and Tavaré [1] presentan interestingasymptoticmodel, the Poisson-
Dirichletprocess,thatputsthesefactsin perspectiveandcoversrandommappings,
integerpartitions,permutations,integers,aswell aspolynomials.

3.2. Analysisof the distinct-degreefactorization

Themainresultof thissection,Theorem3.3,providesaquantitativecomparison
of the threestoppingrulesfor the DDF algorithm. It is basedon threelemmas,
onefor eachof thestrategiesto beanalysed.
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We first fix somenotation.TheDDF algorithmin its basicversionis specified
in Fig. 5. The computationin Step1 is doneby meansof the classicalbinary
poweringmethod[40, p. 441-442]thatleadsto introducingtwo number-theoretic
functions.ç �[è:é�ê"éÐ?=é¥�UêëÛ�A¥¤[A

The function ìD�Â9 � is the numberof onesin the binary
representationof 9 . Thefunction í4�î9 � is definedasíX�Â9 �.@«î Ð º � � 9bï+ª±ìD�î9 � ¥±µ M (17)

andit representsthenumberof productsneededto compute� 8 ¸�º � ¢ by binary
powering.

By theexponentialtail resultof Theorem2.1,weneedonly considerthecostof
DDFappliedto thesquarefreepart

}
of theinputpolynomial

:
, andoursubsequent

analysesareall relative to thestatisticsinducedby arandominput
:

of degreeÈ .
Let Ê O denotethe degreeof polynomial

¢
whenthe

�
th iterationof the main

loopof DDF starts.TheparameterÊ O is alsothesumof thedegreesof thedistinct
factorsof

:
with degree N � .�����X�U ��[¡JÛ"AðÛ"A

Theexpectedcostof theDDF phasesatisfies

Í »Ø» · ��ñ��� k 8 ��ñ�� �*íX�Â9 �%Í G ª ÍJ�	� È ´ íX�Â9 �#@Dî Ð º � � 9bï+ª±ìD�î9 � ¥±µ M
where 8 ��ñ�� is a constantdependingon thestrategy ò ,

8 �ÌóX� @ »µ*° N@ � N «:�:���[� M 8 �ÌôöõS� @ »µ�� @ � N §�µ	°�» M8 � àÂ÷ � @ »µ*° ¥ µ§ Ç 0� P � �
ø �fYXZ¿C[¥ Ç 0ø P � ¯R Ê R E µ®¥¡> �> Ê > N@ � N °�����ù � ��§�§��[� M
for thebasic �*ú � , half-degree �*û�» � or early-abort� µ9üÞ�

strategy, respectively.

Proof. Thecostof thebasicDDF is
§ G ª §#� ª § ´ ª § ³ , where

§ �
denotes

thecostof line number� in thealgorithmof Fig 5. Let
§ �

betheexpectationof§ �
. Themeannumberof irreduciblefactorsof

:
is Év��Ð º �.È � , sothat

§ ´ ª § ³ @ÉÅ�ÂÈ � Ð º �SÈ � ; thusit sufficesto consider
§ G ª § �

.
Thequantity Ê O is thesumof thedegreesof thedistinctfactorsof

:
with degreeN �

. Then,thequantity
§ G ª § �

is equalto �*íX�Â9 ��Í G ª Í � �2ý , whereýl@ +Gÿþ O þ�� Ê � O M (18)
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with
�

thestoppingvaluefor theDDF loop. We have
� @ È for thebasicstrat-

egy,
� @ ÈXÏ�° for thehalf degreerule,

� @y¸ z Y À » G Ï"° M » � Á for theearlyabort
strategy, where» G , » � arethelargestandsecondlargestdegreeof thedistinctirre-
duciblefactorsof thepolynomial.Thetheoremfollowsfrom thethreelemmasbe-

low.

By (18) takenwith
� @ È , theanalysisof thebasicstrategy only involvesan

additive parameterof polynomialfactorizations.It is thusdealtwith directly by
bivariategeneratingfunctionsandsingularity analysis,assummarizedin Section1.
Theestimatealsoserves(by difference)in theanalysisof theothertwo strategies.� �X¡ ¡ö<�Û"A¥¤[A

Theexpectedvalueof
ý

in thebasicstrategysatisfies,as È |��
,ý �Ìóà�� k »µ*° È[´ N

Proof. TheparameterÊ O is by definitionthesumof thedegreesof thedistinct
factorsof

:
with individualdegree N � andtheparameter

ý �ÌóX�
of (18) is

ý ��óX� @( � O � G Ê � O . Thebivariategeneratingfunctionof Ê O is,by thebasicdecompositions,4 O �*$ M
R �(@ �� � O C µµ®¥�$ � E 1 � �� W O C µSª R � $ �µ®¥�$ � E 1 � N
Theexpectedvalueof

ý ��óX�
is thengivenbyý �ÌóX�� @ µ9 � = $ � ?����*$ � M ���*$ �S@-+O W G C ­ � 4 O­ R � �*$ M
R � ª

­ 4 O­ R �*$ M
R � E ®®®® ¯ � G N
The basicrelation (5) and a computationof ���*$ � by logarithmic derivatives

imply that ����$ �S@ 4 �*$ � ��� G ��$ � ª�� � ��$ �r� where

� G ��$ �S@ +� W G � ´ ) � ��$
�
¥�$ � � � and � � ��$ �S@ +O W G 	
 +� W O � ) � $ ���


�
N

Thefunction � G ��$ � is a simplevariantof
) �*$ � , namely� G �*$ �S@ C@$ ÊÊ $ÂE ´ C ) ��$ � ¥ µù ) ��$ � � E N

Thus, � G �*$ � hasits dominantsingularityat $ @ µ*Ï�9 andnearthis point,4 ��$ � � G ��$ � k °�rµ®¥¨95$ � ³ N
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Singularityanalysisthenyields = $ � ? 4 ��$ � � G ��$ � k 9 � È ´ Ï�§ .
Wenext turnto � � ��$ � . Theestimate� ) � @ 9 � ª·ÉÅ�î9 � 7F� � entails,for % $"% ã µ!ª�� ,+� W O � ) � C $ 9�E

�
@ $ Oµ®¥�$ ª±ò O ��$ � M ò O ��$ �S@ É C $ O9 O 7`� E M

sothat� � C $ 9�E @ $ �µ�ª/$ µ�rµ®¥�$ � ´ ª±ò®��$ � M ò®�*$ �S@ +O W G C °�$ O ò O ��$ �µ®¥�$ ª/ò O ��$ � � E N
The boundssatisfiedby ò O �*$ � make ò®��$ � regular beyond the unit disk. Thus,
singularityanalysiscanbeappliedto thefunction

4 ��$�Ï�9 � � � �*$
Ï"9 � . Therearetwo
dominantsingularitiesat µ and ¥ µ , but theoneat $ @ µ hasgreaterweight. The
resultingestimate,as $ | µ ,4 C $ 9 E � � C $ 9 E k µ°��%µ®¥�$ � ³ M
implies that the È th coefficient is asymptoticto È ´ Ï
µ*° . Thus, finally,

ý ��óX�� k
�%µ�Ï�§¾ªpµ*Ï
µ*° � È ´ @ »�È ´ Ï�µ	° .

Theanalysisof thehalf-degreerule is relatedto Theorem3.1sinceit involves
the distribution of » ¼ G�¾ . In fact, it only dependson areaswherethe Dickman
functionsimplifiessothata directargumentcanbeapplied.� �X¡ ¡ö<�Û"A´¢�A

The expectedvalue of
ý

for the half-degree rule satisfies,asÈ |��
, ý �ÌôöõS�� k »µb� È[´ N

Proof. We now have
ý �ÌôöõS� @ ( O þ ��7`� Ê � O . It sufficesto considerthediffer-

ence
ý��#@«ý �ÌóX� ¥ ý ��ô õS� @ ( ��7`� � O þ � Ê � O . If the largestdegree »½¼ G�¾� satisfies» ¼ G�¾� ÊqÈXÏ"° , we have

ý��(@ � . Otherwisewe have
ý�� @ ��» ¼ G�¾� ¥ î ÈXÏ�° ï � ��» ¼ G�¾� � �

sincetherecanbeonly onefactorof degreelargerthan ÈXÏ"° , namely »¿¼ G�¾� . Thus,
themeanvalueof

ý��
is givenbyý � � @ +��7`� � O þ � ©ª| �*» ¼ G�¾� @y��� Ý � ¥�� È °�� Þ � � N (19)
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By thesymbolicmethodof Section1, thegeneratingfunctionof polynomials
for which all factorshavedegree Ê Ü

is

P Ç ��$ �S@ Ç�O � G C µµ+¥�$ O E 1 � N (20)

Thus,thegeneratingfunctionof polynomialsfor which » ¼ G�¾� @ÃÜ
isQ Ç ��$ �S@ P Ç �*$ � ¥#P Ç � G �*$ �S@ P Ç ��$ ��� µ®¥j�%µ®¥�$ Ç � 1���� M (21)

andtheprobability
©ª| �*» ¼ G�¾� @p���

is relatedto this generatingfunctionby©ª| �*» ¼ G�¾� @d����@ µ9 � = $ � ? Q�O �*$ � N
When

� Æ ÈXÏ"° , the È th coefficientof
Q O ��$ � is obtainedfromQ�O ��$ � @ 4 ��$ ��� µ®¥Q�rµ®¥�$ O � 1 � �®���� O �%µ¦¥�$ � � 1 � @ 4 ��$ ��� ) O $ O ªQÉÅ�*$ � � G � �

which entails
©ª| �*» ¼ G�¾� @ ���Ä@ ) O Ï�9 O k µ*Ï � for ÈXÏ�° ã � ÊIÈ . Pluggingthis

estimateinto (19)gives
ý � � k ²³`© È ´ . Thus

ý �Ìô õ��� @ ý �Ìóà�� ¥ ý � � k ²G ¯ È ´ .
The early-abortstrategy needsto be handledin a moretechnicalway. There

is a striking parallelwith the analysisof integer factoringby trial divisions,as
givenby Knuth andTrabb-Pardo[43]. Thejoint distribution of » G�M » � statedin
Theorem3.2now intervenes.� �X¡ ¡ö<�Û"AðÛ"A

Theexpectedvalueof
ý

in theearly-abortrule satisfies,as È |�
, ý � àÂ÷ �� k�� È[´ M

where� @ »µ	° ¥ µ§ Ç 0� P � �æø �fYXZ C ¥ Ç 0ø P � ¯R Ê R E µ®¥¨> �> Ê > N@ � N °����:ù � ��§�§:��� N
(22)

Proof. ��� � Algebra. As above, we denoteby » G the degreeof the largest
irreduciblefactorof

:
, andby » � the degreeof the secondlargestirreducible

factorof
:

(set » � @ � if
:

is irreducible). The iterationis now abortedat step
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� � @k¸ z Y À î » G Ï"°5ï M » � Á and
ý � àB÷ � @ ( O þ O�� Ê � O . Considerthedifferenceý � � @Hý �Ìóà� ¥ ý � àB÷ � @ +�� "!$#&% õ E 7F�(' � õ å�) � O þ � Ê � O N

We needto provethemean-valueestimate
ý � � � k � ²G � ¥ � � È ´ .

We have
ý�� �D@ ��» G ¥ î » G Ï"° ï � » �G if » G Ï"° NÃ» � , and

ý�� ��@ ��» G ¥�» � � » �G if» G Ï"° ã » � . Thus,themeanvalueof
ý�� �

isý � � � @ �+õ E � G » �G C » G ¥+* » G°-,�E ©{| �*» ¼ G�¾� @ » G*M » ¼ � ¾� Êp» G Ï�° � (23)

ª +õ å � õ E þ � õ å » �G ��» G ¥�» � � ©{| ��» ¼ G�¾� @ » G�M » ¼ � ¾� @ » � � N
Hence,thegeneratingfunction .��*$ � of thecumulatedvaluesof theparameter

ý � �
is expressiblein termsof thegeneratingfunction /Q õ E ��$ � of polynomialsfor which» ¼ G�¾� @ » G M » ¼ � ¾� Ê±» G Ï�° , andthegeneratingfunction

Q õ E � õ å �*$ � of polynomials

for which » ¼ G�¾� @ » G M » ¼ � ¾� @ » � . By symbolicmethods,thegeneratingfunction
of polynomialsfor which »¿¼ G�¾� @ÃÜ

and »½¼ � ¾� Ê Ü Ï�° is/Q Ç ��$ �S@ P % Ç 7F�(' ��$ � ) Ç $ Çµ®¥�$ Ç M (24)

with P Ç ��$ � definedin (20). In thesameway, thegeneratingfunctionof polyno-
mialswith » ¼ � ¾G @HÜ G and » ¼ � ¾� @HÜ{�

,
Ü·�¬ã±Ü G isQ Ç E � Ç å ��$ �S@ Q Ç å �*$ � ) Ç E $ Ç Eµ®¥�$ Ç E M (25)

with
Q Ç ��$ � definedin (21). Thus,.���$ �S@¨+ õ E C@» G ¥ * » G° ,UE » �G /Q õ E ��$ � ª +õ å � õ E þ � õ å �*» G ¥V» � � » �G Q õ E � õ å ��$ � N

����� � Analysis.Theanalysisof thegeneratingfunction .��*$ � nearthepositivesin-
gularity $ @ µ*Ï"9 is doneby approximatingsumswith integrals(Euler-Maclaurin
summation).Thefollowing propertysummarizeswhatis needed.� �10U<" =éÐ?��"¡öé¥>-2&�[¡ö<"éÐê43U�[ 6587d?=é¥¡ö<�?=�UA

Theremaindersof the logarithmic
series,� Ç ��$ � ÿ @ ( O � Ç $ O Ï � , areapproximablein termsof theexponentialinte-
gral, � Ç �îP � â �S@Hµ � Ü � � ªQÉDC µÜ E M (26)
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wherethe É –errortermis uniform with respectto � Æ � .

Justifyingthis for any � Æ � only requiresthe EulerMaclaurinformulaand
“subtractionof singularities”,� Ç �ÂP � â �±@ Ç � 0â \ +O � Ç P � O ¯ ] Ê R @-Ç � 0Ç â P �UÉ 	�Ï ÜP É 7 Ç ¥±µ Ê 		@ µ � Ü � � ª ¶ Ç � Ü � � M ¶ Ç � R �S@ µÜ Ç � 0¯ P �UÉ � Ý 	Ü Þ�Ê 	 M
with ���*$ �S@ µ*Ï��ÂP ° ¥Qµ � ¥Qµ*Ï5$ thatis continuousover thepositivehalf-line.

Theestimateof Equation(26)appliedto P Ç ��$ � and
Q Ç �*$ � entails

P Ç C P � â9«E @ P �"à � Ç â�� ��9 � G 7 Ç �µ®¥<P � â M Q Ç C P � â9DE @ P �"à � Ç â�� ��9 � G 7 Ç �µ®¥<P � â P � Ç âÜ N
(27)

When$ @ P � È Ï�9 with I Æ � , theevaluation(27)togetherwith theexpressions(24)
and(25)of theinterveninggeneratingfunctionsgive/Q õ E ��$ �;: P � È õ E» G P �"à � % õ E 7`�"' È �I M Q õ E � õ å �*$ �;: P � �Ìõ E � õ å � È» G » � P �"à �Ìõ å È �I N
Approximatingsumsby integrals,when $ @ P � È Ï"9 with I | � � , yields.���$ � k µ° I Ç 0� > � P � È ø P �"à � ø È 7F� � Ê >Dª µ I Ç=< � ø � � < ��>X¥?> � > � P � � ø � < � È>@> P �"à � È < � Ê > Ê > N
Thechangeof variablesI > z| > and I > z| > , rephrasesthedoubleintegralas. C P � È9ëE k «I ³ Ç 0� > � P � �
ø �"à � ø � Ê >�ª µI ³ Ç 0� P � � < °¦ª�>�¥¨P � < � °¦ª¬§A>Þª±°B> � �> Ê > N
Theseintegralssimplify underpartial integration,andonefinds. C P � È9 E kDCI ³ � I | � � � M C @ »° ¥�� � N (28)

�����
� � Coefficients.Theasymptoticform(28)of .��*$ � asI | � is consistentwith
theassertionthat

= $ � ?�.��*$ � kEC� 9 � È[´ M (29)

thoughit doesnotimply it. Indeed,anasymptoticestimatelike(28) is confinedto
thevicinity of therealline,sinceit canbeprovedthatthefunction .���$ � admitsits
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circle of convergenceasa naturalboundary. Thussingularityanalysiscannotbe
applied.(A Tauberiantheoremcould betried,butTauberiansideconditionsappear
to bedelicateto establish.)We thenproceedinsteadby anAbelianargumentthat
is basedon a directproofof existenceof thelimitF ÿ @ Ð�n ¸� � 0 µ9 � È ´ = $ � ?�.��*$ � N (30)

Indeed,Theorem3.2appliedto Formula(23)guaranteestheexistenceof thelimit
in (30)sinceý � � �«k �+õ E � G » G C » G ¥+* » G°�,�E ¢ G C » GÈ-E

ª +õ å � õ E þ � õ å » G C » G» � ¥Qµ E ¢ � C » GÈ M » �È¨Ek G Ç G� > �° ¢ G ��> � Ê >¼ª Ç G� >�\ Ç øøb7`� C > > ¥±µ E ¢ � ��> M > � Ê > ] Ê >IH¨È[´ M
where,in thesecondline, Riemannsumshave beenapproximatedby integrals.

Thisissufficienttoconcludeontheexistenceof F in (30). Thisvaluemustthenbe

identicalto C Ï�� in accordancewith (28)and(29).

The constant
�

in the above proof is a closerelative of the famousGolomb
constantthat intervenesin the expectationof the longestcycle in a randomper-
mutation[54].

Theglobalsavings of the earlyabortstrategy is thusof 36%comparedto the
basicstrategy, andof 15%comparedto thehalf-degreerule. Theexpectedcostof
DDF is Év��È ´ Ð º ��9 � andthiscostdominatesin thewholefactorizationchain.

4. THE OUTPUT CONFIGURATION OF DDF

TheDDF proceduredoesnotcompletelyfactora polynomialthathasdifferent
irreduciblefactorsof thesamedegree.However,asshownby thefollowingresults,
“most” of thefactoringhasbeencompletedafterDDF. First, theDDF procedure
producesa completefactorizationwith asymptoticprobability greaterthan µ*Ï�°
(Theorem4.1). Next, the numberof calls to the subsequentphaseof EDF, that
is to say the numberof degreevaluesfor which more than one factor occurs,
is only Év�%µ � , and the sumof the degreeswherethis happens(the total degree
of the fragmentspassedto EDF) is Év��Ð º �.È � . However, this total degreehasa
fairly largevariability sothatthecostof EDF (to beanalysedin thenext section)
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is comparatively small but not entirelynegligible. Theorem4.2 quantifiessome
of thesephenomena.They areestablishedhereby meansof a hybridizationof
singularityanalysisandDarboux’smethod,ageneraltechniquethatweexplainin
somedetailwhenwe first encounterit in thenext theorem.�����X�U ��[¡KJUA¥¤[A

Theasymptoticprobability for thedistinct-degreefactoriza-
tion to bethecompletefactorizationisC 8 @ �O W G CDµ.ª ) O

9 O ¥±µ�E �%µ®¥<9 � O � 1 � N
In particular: C � N@ � N ����»�� M C ´ N@ � N ��µ	°�§ M C ² N@ � N »�ù���µ M C ³-­ N@ � N »���§�» M C � ²`­ N@� N »���µ�ù , and C 0 @ P ��� N@ � N »���µ�« M where L is Euler’sconstant.

Proof. ��� � Permutationmodel. We startwith theanalysisof thepermutation
model,asthisillustratesa“bare-bones”versionof themethod.By remarksabove,
this correspondsto the limit case9 @,�

. Theprobability thata permutationof
length È hasall its cyclesof differentlengthsis = $ � ? · �*$ � , wherethegenerating
function

· �*$ � is susceptibleto avarietyof expressionsobtainedby thetechnique
of convergencefactors:· �*$ � ÿ @ 0�O � G CDµ.ª $ O� E@ P �"° µ.ª $µ®¥�$ 0�O � � CDµ.ª $ O� E P �"° � 7 O@ C µ�ª/$µ+¥�$ ��Y[Z C ¥ µ° Li

�M� $ � � E E
H \ P �"° � ° å 7`� 0�O � � C µ.ª $ O� E P �U° � 7 O � ° å � 7 � � O å � ]@ ò®�*$ � H ¶ �*$ � N

(31)

HereLi
� �*$ � ÿ @ ( O W G $ O Ï � � is theclassicaldilogarithmfunction.Thefirst factor,ò®��$ � , in thebottomequalityof (31)satisfiestheconditionsof singularityanalysis,

while the secondone,
¶ ��$ � is continuouslydifferentiable(of class ~ G ) on the

closedunit disc » , sinceit is of the form P L � ° � wherethecoefficient = $ � ? � �*$ � isÉÅ�ÂÈ � ´ � .
Wethushaveasituationwherethegeneratingfunctionof interestis theproduct

of asingularpart ò¦��$ � thatsatisfiesstronganalyticitypropertiesoutsideof $ @ON µ ,
andof afunction

¶ �*$ � of theDarbouxtypethatissmoothontheclosedunitdisc » .
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We only needto justify the fact that dominantasymptoticsof the coefficients= $ � ? · ��$ � canbeextracted“as though”
¶ ��$ � wereitself analyticon » .

Thelocalexpansionsof ò®��$ � at its singularities
N µ arereadilyfoundto be

ò � G ��$ �Q@ °"P �QP � � � 7`� C µµ®¥�$ ª¬Ð º � P G 7`�°��rµ®¥�$ � ªQÉÅ�F�%µ¦¥�$ � Ð º � � �rµ®¥�$ �r� Eò � G ��$ �±@ µ« P �QP � � � 7`� � °���$Þªkµ � ª±Év�r�*$Þªpµ � Ð º �!��$ ªpµ �F� M
with theerrortermsbeing ~ � on » . In summary, wehave foundthat· ��$ �S@ C�°�P ��P � � � 7`� µµ®¥�$ ª2Ð º �!�%µ®¥�$ � ª I ��$ � E H ¶ �*$ � M (32)

for someI ��$ � thatis ~ � , and
¶ ��$ � thatis ~ G on » .

Theexpansion
¶ ��$ � @ ¶ �%µ � ªSR���$ � �*$¹¥pµ � with a function R��*$ � that is ~ � ,

canthenbe insertedin (32). Darboux’s methodappliesto theresultingform for· ��$ � (seethediscussionrelative to Equation(14) in Section1.3),andonehas

= $ � ? · ��$ �S@ ° ¶ �rµ � P �QP � � � 7`� ª�t��rµ � M ¶ �%µ � ÿ @ P � G 7`� 0�O � � CDµ.ª µ� E P � G 7 O � G 7 � � O å � N
This finally simplifiesusingtheinfinite productformulafor

u �rµ � :
= $ � ? · ��$ �S@ 0�O � G C[µ.ª µ� E P � G 7 O ª t��rµ �S@ P ��� ª/t��%µ � N

This last estimatehasbeenalreadyestablishedby GreeneandKnuth [32] by
meansof a Tauberianargumentcombinedwith bootstrapping.Themethodused
hereis in contrasta hybrid of singularityanalysisandof Darboux’s method. It
canbe employedto derive completeasymptoticexpansions,with rootsof unity
thatintervenein successiveasymptotictermscorrespondingtosmallerandsmaller
singularityweights.(This leadsto fluctuatingtermsinvolving successiverootsof
unity.)����� � Finite fieldmodel.Wenext turnto thecaseof afinite field of fixedcardinal-
ity 9 to which thesameprinciplesapply. Thegeneratingfunctionof polynomials
with irreduciblefactorsall of distinct degrees(but with single factorspossibly
repeated)is, by standarddecompositionformulæ,· ��$ �(@ �O W G � µ.ª ) O �*$ O ª/$ � O ª/$ ´ O ª HJHJH � � @ �O W G C[µ�ª ) O $ Oµ®¥�$ O E N (33)



30 P. FLAJOLET, X. GOURDON,D. PANARIO

An equivalentform thatrevealsthepole-likesingularityat $ @ µ*Ï�9 is obtainedby
multiplying eachtermof theproduct(33)by �%µ®¥�$ O � 1 � ,· ��$ �S@ µµ®¥<95$ �O W G C µ.ª ) O $ Oµ®¥�$ O E �rµ¦¥�$ O � 1 � N
Thus,as $ | 9 � G , we have· ��$ � k C 8µ®¥<95$ M C 8 @ 0�O � G C µ.ª ) O µ9 O ¥±µ@E �rµ®¥¨9 � O � 1 � M (34)

andtheprecedingdiscussionapplies,with therôleof thedilogarithmfunctionnow
playedby T

� ��$ �S@ 0+O � G C ) O
9 O ¥Qµ@E � $ O N

Thehybridmethodthenyields,

= $ � ? · C $ 9�E @ C 8Sª/t��%µ � M
which,by (34), is ourstatement.

Theorem4.1 wasobtainedby KnopfmacherandWarlimont [38] andindepen-
dentlyby theauthorsin [18]. Themethodsusedin [18] aswell asin thepresent
paperarehowever ratherdifferentfrom thoseof [38]. The paper[38] usesele-
mentarytechniquesandderivesconstructivebounds.Themethodsdevelopedhere
aregearedtowardsfull asymptoticexpansionsandhavebeensuccessfullyusedby
Gourdon[30] to solve theGolomb-Knuthconjecture[39, Ex. 1.3.3.23]regarding
theexpectationof maximalcycle lengthsin randompermutations.�����X�U ��[¡KJUA´¢�A

Thenumber
� � of degreevaluesfor which there is more than

oneirreduciblefactor producedbyDDF hasan average that is asymptoticto the
constant

8 � @ +O W G �rµ®¥¨9 � O � 1 � C[�rµ®¥¨9 � O � �U1 � ¥Qµ®¥ ) O 9 � Oµ®¥¨9 � O E N
Thetotaldegree

� G of thecorrespondingpolynomialshasexpectation Ð º �DÈ(ª¹Év�%µ �
andstandard deviationof order U È .
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Proof. Givena family V of elements,theexpression

����&W µµ+¥#�
formally generatesall (finite) multisetsof elementstakenfrom V . Theexpression

µ.ª +�"�&W �µ®¥#� ª R \ ����&W µµ®¥�� ¥Qµ®¥ +�"�&W �µ®¥#� ]
formally generatesall multisetseachaffectedby a coefficient of R if thereare
differentelementscomprisingthemultiset,andby acoefficient of µ otherwise.This
appliesto theclassof irreduciblepolynomialsof eachdegree È , taking V @ � � .
Thus, the bivariategeneratingfunction of the number

� � of degreevaluesfor
which therearerepeatedelementsis4 � ��$ M2R �(@ �O W G CDµ.ª ) O $ Oµ®¥�$ O ª R CD�%µ¾¥�$ O � �U1 � ¥Qµ®¥ ) O $ Oµ®¥�$ O E E N (35)

Thelogarithmicderivativewith respectto R satisfies4 �� ��$ M µ �4 � ��$ M µ � @-+O W G �%µ®¥�$ O � 1 � C[�rµ®¥�$ O � �U1 � ¥Qµ®¥ ) O $ Oµ®¥�$ O E N (36)

By ourgeneraldiscussionof thehybridsingularityanalysisandDarbouxmethod,
thequantity

� � hasanexpectationthatis asymptoticto thelimit 8 � of
4 �� ��$ M µ � Ï4 � ��$ M µ � as $ | µ�Ï�9 . Thisquantityis thusnothingbut thevalueof theright hand

sideof (36)at $ @ µ�Ï�9 .
For thesum

� G of thedegreesof thesepolynomials,anadaptationof (35)yields
thebivariategeneratingfunction,4 G ��$ M2R �(@ �O W G \ C µ.ª R O $ Oµ®¥�$ O E 1 � ¥j� R O ¥±µ � ) O $ Oµ®¥�$ O ] N
We only discussbriefly thefirst momentof

� G . Themeanvalueis 9 � � = $ � ? ¶ �*$ � ,
where

¶ �*$ � equals
4 �G ��$ M2R � % ¯ � G . Thanksto theexpansion

� ) O�@ 9 O ªjÉÅ�î9 O 7`� � ,
near$ @ µ�Ï�9 , ¶ �*$ � is asymptoticto �%µX¥Å95$ � � G Ð º ���rµ4¥Å95$ � � G . Thus,theexpecta-
tionof

� G takenoverpolynomialsof degree È is 9 � � = $ � ? ¶ �*$ � k Ð º ��È . Thesecond
factorial momentof

� G is obtainedby a further differentiationof
4 G ��$ M2R � atR @ µ .
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The analysisof
� G in Theorem4.2 wasgiven in [18] andKnopfmacher[35]

hasindependentlyobtainedanestimateof thefirst two momentsof
� � .

It shouldbeclearthatthehybrid asymptoticmethodhasgreatflexibility . As a
final illustration,wediscussaquestionof vonzurGathenandconsiderthequantity/� thatis thelargestdegreefor which two or morefactorsoccur. Thegenerating
functionof polynomialssuchthat /� Ê � is in this case· � L � ��$ �S@ �O þ L �rµ®¥�$ O �d�"1 � �O � L C[µ.ª ) O $ Oµ®¥�$ O E N
Thus,theprobabilityof /� Ê � is, for largedegreeÈ andfixed � , asymptotictoC � L �8 @ �O � L �rµ®¥¨9 � O � �U1 � C µ.ª ) O 9 � Oµ®¥¨9 � O E M (37)

andfor largefield cardinalities,theseconstantshavea limit,C � L �0 @ P ��� �O þ L CDµ.ª µ� E � G P G 7 O N (38)

We have µ ¥ C � L �8 @ Év�%µ�Ï � � for all fixed 9 , somerepresentative valueswith9 @ �
being:C 0 N@ � N »���µJ« M C � G �0 N@ � N �5��§�µ M C � � �0 N@ � N ù�§:ù�� M C � ² �0 N@ � N � µ5� ��M C � G �`�0 N@ � N � »�« ��N

Thus,(37) and(38) give the following simplifiedpicturein the asymptoticlimit
( È and 9 large).;=<=>@?BA

A randompolynomialhasa small number, Év�%µ � , of “colliding” de-
grees;the largestcolliding degreehasa probability distribution tail that decays
like ÉÅ�rµ*Ï � � � (for � ÊjÈXÏ�° ). Becauseof this slow tail decay, thelargestcolliding
degreealonehasa first momentthat is Év� (yL � � G �Å@ ÉÅ�ÂÐ º ��È � , but a second
momentthatis ÉÅ� (pL µ �S@ Év��È � .

Theseobservationsareseento beconsistentwith whatTheorem4.2asserts.

5. EQUAL-DEGREE FACTORIZATION (EDF)

After thefirst two stagesof thegeneralalgorithm,thefactorizationproblemhas
beeneventuallyreducedto factoringacollectionof monicsquarefreepolynomials��O

all of whoseirreduciblefactorshave the same(known) degree
�
. The third

stepin thefactorizationprocess,theequal-degreefactorizationalgorithm(EDF),
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FIG. 8. Theequal-degreefactorizationalgorithm(EDF).

focuseson polynomialswith this specialform. Our referencechain usesthe
classicalCantor-Zassenhausalgorithm[6] for thispurpose.Theanalysiscombines
a recursivepartitioningproblemakin to digital trees—alsoknown as“tries” [41,
46]— togetherwith estimateson the degreesof irreduciblefactorsof random
polynomials[37]. The net result is that the global costof EDF is quadratic,a
sharpcontrastwith thecubiccostof DDF. For convenience,we first assumethat9 is odd,andrelegateto Section5.4 thecaseof a characteristicequalto 2.

The EDF algorithmis describedin Fig. 8, andwe briefly recall the principle
here.X  =éÐêU>@éZY\[ ���Uè]5 ç ;ÅA

Let C bea polynomialthatis a productof � irreducible
factorsC @p: G MJN�NJNJM : � , with each

:  
of degree

�
. TheChineseremaindertheorem

impliesthering homomorphism,

7�8�= >�?ÂÏ�� C � k@ 7�8�= >�?�Ï�� : G �8^ H�HJH ^ 7�8�= >�?�Ï�� : � � M
andarandomelement� of 7�8�= >�?ÂÏ�� C � isassociatedtoa � -tuple �
� G�MJN�NJNJM � � � , where
each�   is a randomelementof 7�8�= >�?�Ï�� :   � .

Thefollowingsplittingprinciplemakesit possibletoisolatethevarious
:  

. Since
each

:  
is irreducible,the multiplicative groupof eachcomponent7�8�= >�?ÂÏ�� :   � is

a field isomorphicto 7 8 � . Sucha groupbeingcyclic, therearethe samenum-

ber �î9 O ¥jµ � Ï"° of squaresandnonsquares.Thetest � � 8 � � G � 7`�  @ µ discriminates
thesquaresin this multiplicativegroup. Thus,takinga random� andcomputing} ÿ @ � � 8 � � G � 7`� ¥Aµ ¸�º � C , wehavethat �:³��[� } M C � “extracts”theproductof all the:  

for which � is a squarein 7 8 = >�?ÂÏ�� :   � .
Fromthealgorithmicstandpoint,takingrandompolynomials� , leadstosucces-

siverefinementsof eachfactorC @y��O knownto becomposedsolelyof irreducible
polynomialsof degree

�
. The computationdevelopsasa tree(Figure9). From
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ABCDE

1

BE

E B

ACD

ACD

C AD

A D

FIG. 9. A treeof successive refinementsby EDFof thefactorization_Dúa`cbed�Ïgf .

the probabilisticpoint of view, eachcomponent�   that is randomin 7�8�= >�?ÂÏ�� :   �
hasprobability v @ G� ¥ G� 8 of beingdiscriminatedby the gcd testandthedual

probability, h @ G� ª G� 8 of beinga nonsquare—the(small)differencebetweenv
and h is accountedfor by thepossibilityof having noninvertiblecomponents.

Then,theanalysisof the completeEDF phase(Section5.3) requiresa purely
combinatorialanalysisof what takesplaceat eachdegree

�
(Section5.2) com-

binedwith an estimateof the probability that thereare � irreduciblefactorsof
degree

�
in arandompolynomialof degreeÈ . Theseprobabilitiesgiveinteresting

informationonrandompolynomialsandhavebeenobtainedby Knopfmacherand
Knopfmacher[37] whoseresultswe recall in Section5.1.

5.1. Irr educiblefactors of eachdegree

Let i � � ��� be therandomvariablecountingthenumberof distinct irreducible
factorsof degree

�
in a randompolynomialof degree È . We considerhere

�
as

fixed. The correspondingprobability distribution wasgiven in [37]. It canbe
easilycomputedby thedecompositiontechniquesof Section1, aswe now show.�����X�U ��[¡kj�A¥¤

(KnopfmacherandKnopfmacher). Theprobabilitythatthere
are � distinct irreduciblefactorsof degree

�
in a randompolynomialof degree È

is, for È large enough��È/N � ) O"�
, givenby thebinomialdistribution l�� ) O M 9 � O � ,

namely,

©{|fÀ i � � ����@ �=Á @ C ) O� E �Â9 � O � � �%µ¾¥¨9 � O �j1 � � � N
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Proof. The bivariategeneratingfunction for the numberof irreduciblesof
degree

�
is, by thebasicdecomposition,. O ��$ M2R �½@ CDµ.ª R $ Oµ®¥�$ O E 1 � ��nm� O �rµ®¥�$ � � �"1�o

@ µµ®¥¨95$ �%µ.ªd� R ¥Qµ � $ O � 1 � N
Theasymptoticsas È | �

arederivedfrom thepolarsingularityat $ @ µ*Ï�9 : the
probabilitygeneratingfunctionof thedistribution is in thelimit È |��

,

�%µ.ªd� R ¥±µ � 9 � O � 1 � M
thatistosay, theprobabilitygeneratingfunctionof abinomial distribution l � ) O M 9 � O � .
As is easilyobserved,thisasymptoticformulais evenexactassoonas È�N � ) O

.

SinceabinomialdistributioncorrespondingtorareeventsconvergestoaPoisson
distribution,onehas:;=<=>@?BA

Theprobabilitydistribution of thenumberof factorsof degree
�

in a
randompolynomialof degreeÈ is approximatelyaPoissonlaw of parameterµ*Ï � ,©{|�À i � � ���S@ �=Á : P � G 7 O � � ���� N

This fact is in accordancewith theknown distribution of cycle lengthsin the
randompermutationmodel[54]. The tablebelow providesnumericalvaluesof©{|�À i � � ���¼@ �=Á for � @ µ M ° M § , when

�Q@ µ M ° M § . The datacorrespondingto
degreeÈ @ °�� (for valuesof 9 @ ° M µ � ) show anexcellentfit with thePoissonlaw
( 9 @-�

), evenin thenon-asymptoticregime.

é ï â Û ï â å ï â çp â Û p â å p â ç p â Û p â å p â ç p â Û p â å p â ç
2 0.250 0.250 0.187 0.750 0.187 0.046 0.765 0.191 0.035

17 0.356 0.356 0.188 0.624 0.293 0.069 0.717 0.238 0.0396q 0.367 0.367 0.183 0.606 0.303 0.075 0.716 0.238 0.039

5.2. EDF and splitting tr ees
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Foreachvalueof
�
, wecanregardtheEDFphaseasanabstractsplittingprocess

asfollows. Startwith agroup
Î

formedof
Ü

individuals.(In EDF, if thedegreeof��O
is
� � , then,

ÜÀ@ � .) By flippingcoins,separate
Î

randomlyinto twosubgroups,Î � and
Î G , with theprobabilitiesfor eachelementto besentto

Î � and
Î G beingv and h . Theprocessis repeatedrecursively until all elementshavebeenisolated.

Clearly, any suchrecursiveexecutionis describedby abinarytree(Figure9). The
correspondingrandomnessmodel©{| � % Î � % @HÜ � ®® % Î % @ÃÜ � @ C ÜÜ � E v Ç � h Ç � Ç � Mv @ µ° ¥ µ°�9 M h @ µ° ª µ°"9 M

(39)

that is inducedby independentsplittingsthencoincideswith theoneunderlying
digital trees. Giventheimportanceof thedigital treein thedesignandanalysisof
algorithmsmany propertiesareknown. We cite here:;=<=>@?BA

The expectationof the numberof binary nodesin a splitting tree,
relative to

Ü
individualsandwith probabilities�*v M h � , isÜû �%µ#ªsr*� Ü �r� ª/t�� Ü � M û @ v¹Ð º � � µv ª�h Ð º � � µh M

with r	� Ü·� a fluctuatingfunctionof amplitudetypically
ã µ�� � ² . Theexpectation

of theheightof thetreeis

°t Ð º � � Ü ªQÉÅ�rµ � M t @ Ð º � � �*v � ª�h � � � G N
Thesizeestimatedueto Knuth andDe Bruijn around1965(publishedin the

1973edition of [41]) involvesthe entropy function û ; the heightestimatefirst
appearedin [22] (a paperalreadymotivatedby polynomial factorization)andit
involves the “coincidenceprobability” v � ªuh � . Nowadays,theseresultsare
bestunderstoodin the context of Vallée’s generaltheoryof dynamicalsources;
see[11, 58]. As a consequenceof theseestimates,splitting treestendto befairly
well balancedso that thecostof anEDF phaseis expectedto becloseto thatof
aperfectsplitting. Thelemmabelow providesanexplicit expressionfor thecosts
inducedby thecomputationalmodelat hand.� �X¡ ¡ö<vj�A¥¤[A

The expectedcost
§ � � O

of the EDF algorithm applied to any
productof � irreduciblefactorsof degree

�
is\ �!�Ì�¹¥±µ �°�v�h ª�� 0+Ç ��� Ç+ � ��� C Ü w E v Ç � � h � � µ®¥j�%µ®¥�v Ç � � h � � � � G � ] � 8 O"Í G ª Í � �F� � M
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where 8 O @ íX�r�î9 O ¥±µ � Ï�° �(@ � Ð º � � 8 � � G� � ª±ì Ý 8 � � G� Þ ¥±µ N
Proof. It is convenientto regardanexecutionof thesplittingprocessasatreeI

andto consider, with I � M I G therootsubtrees,ageneralcostfunctionof theadditive
type, § = I ? @ P ' È ' ª § = I � ?
ª § = I G ? N (40)

Here P ' È ' is a (problemspecific)“toll” functionthatdependson thesize % I % , thatis
to say, thenumberof irreduciblefactors(of degree

�
) to beseparated.

Thesubtreesizesobey theBernoulliprobabilityof (39). Also thesubproblems
describedby I � M I G have, by design,the samecharacteristicsas the whole tree.
Thus,theexpectationC � of

§ = I ? over treesof size � satisfiestherecurrenceC � @ P � ª �+ � ��� C � w E v � h � � � � C � ª C � � ���S@ P � ª �+ � ��� C � w E ��v � h � � � ª/v � � � h � � C � N
This translatesin termsof theexponentialgeneratingfunctions§ �*$ ��@¨+"� C � $ � Ï��=� M µ ��$ �S@ +"� P

� $ � Ï��=� M
into thefunctionalequation§ ��$ �S@ µ ��$ � ª¬Pyx ° § ��v $ � ª¬P s ° § �zhÂ$ � N
This differenceequationiterates,leadingto theexplicit generatingfunctionsolu-
tion § �*$ ��@ 0+� ���

�+� ��� C � w E µ ��v � � � h � $ � P ° � G � s �|{ o x o � N (41)

Theanalysisis completedby specializingthisdiscussionto theEDFcosts.The
toll functionthatarisesfrom thetop-level executionof theEDFprocedureis then} P � @ � 8 O Í G ª ÍJ��� � � � � � M
for �pN ° . There, 8 O is the numberof multiplicationsof the binary powering
method,andthequadraticcostsareinducedby thenäıve multiplicationandgcd
algorithmsconsideredhere.Thetoll function P

� @ � � �rµD¥ � G � � � correspondsto the
generatingfunction

µ ��$ �#@ $!�ÂP ° �%µ#ª±$ � ¥jµ � in (41). Extractingcoefficientsof
theresultinggeneratingfunction

§ ��$ � in (41)andrescalingby
} P � Ï�P � thenyieldsthe

statement.
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5.3. Completeanalysis

Completingthe analysisof EDF only requiresweighting the costsgiven by
Lemma5.1 by theprobability

©ª| ��i � � ���¾@ � � of finding � irreduciblefactorsof
degree

�
givenby Theorem5.1. By Lemma5.1,thecostis of theform Év�Ì� � � ´ � ,

andby Theorem5.1, theprobabilitiesareapproximatelyP � G 7 O � � � Ïf��� ; thus,we
expectthetotal costof theDDF phaseto beof theorderof+ O*� � � � � � ´ � H C � � ���� E @ Év��È � � N
Themainresultof thissectiongivesafirm basisto thisheuristiccomputationand
determinestheimpliedconstant.In ordertoprovethefinalestimateof Theorem5.2
below, we needtwo technicallemmas.� �X¡ ¡ö<vj�A´¢�A

When
�¼| �

, onehasfor all � such that
� ��ÊQÈ©{| �~i � � ���.@ � ��@ � 1 �� �

9 O
� �%µ.ªQÉÅ�rµ*Ï ���r� M

wherethe ÉÅ�rµ*Ï ��� is uniformin � . Moreover, thefollowinguniformestimateholds©{| �~i � � ���S@ � �S@ É C µ��� � � E N
Proof. When

� �¼Ê±È , Theorem5.1yields©{| �~i � � ���S@ � �S@ � 1 �� �
9 O
� �%µ�ª�� � M � @ �+ � � G �%¥ µ � � � 1 � �

�
� �
9 O`� M � @k¸ n��4� î ÈXÏ � ï�¥ª� M ) O ¥ª� � N

When
�

is large,onehas� @ ÉÅ�rµ*Ï ��� since

% � %�Ê 1 � � �+ � � G � 1 � �
�
� �
9 O`� @ �%µ.ª½9 � O � 1 � � � ¥±µ Ê£�%µ#ª½9 � O � 1 � ¥±µ @ ÉÅ�rµ*Ï ��� N

This provesthefirst estimate.As for thesecondone,it sufficesto notethat

C ) O� E Ê ) �O��� @ É C 9 O ���� � � E M
andto usethefirst estimateof thelemma.
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Theaveragecosts

§ � � O
of Lemma5.1satisfyfor all

�§ � � O @¨§ G � O @ � M § � � O @ °v�h � 8 O"Í G ª Í � ��� � M
and,uniformly, § � � O @ Év�Ì� � � ´ � N

Proof. Thefirstrelationsaredirectapplicationsof Lemma5.1. For theestimate
of

§ � � O
, theinequality µ®¥Q�rµ®¥ R � � � G Ê£��� ¥Qµ � R implies§ � � O Ê

	
 ����� ¥Qµ �°�v�h ª#� +Ç W � Ç+ � ��� C Ü w E �Ì�Ä¥Qµ � v � � Ç � � � h � � �
 � 8 O Í G ª Í��	��� �
@ �!�Ì�¹¥±µ �v�h � 8 O Í G ª Í��	��� � N

Thelastequalityholdssince+Ç W � Ç+ � ��� C Ü w E v � � Ç � � � h � � @ +Ç W � ��v � ª-h � � Ç @ µ°�v�h N
Since8 O @ Év� ��� , thestatementfollows.

We arenow readyto provethemainresultof thissection.�����X�U ��[¡kj�A´¢�A
Theexpectedcostof theEDF phasesatisfies

Í@µ » · �lk Í Gv�h�� ��7`�(�+O � G 8 O M 8 O @ *%Ð º � � 9 O ¥±µ° , ª±ì C 9 O ¥±µ° E ¥±µ N
In addition,thiscostis ÉÅ�ÂÈ � Ð º ��9 � and

Í@µ » · �lk C §« Í G 9 �9 � ¥Qµ Ð º � � 9 E �%µ�ª�� � � H È � M ¥ µ§ ª�t��rµ � Ê�� � Ê µ§ ª�t��%µ � N
(42)

Proof. The intuition behindthe proof is that the major contribution comes
from situationswherejust 2 factorsarepresent,the othercaseshaving globally
a very small probability of occurrence. Let

µ¾O
be the expectedvalue of the
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cost of the EDF algorithm correspondingto degree
�
. By definition, we haveµ¾OÄ@ ( � W!� ©{| �~i � � ����@ � �@§ � � O , where

§ � � O
is givenby Lemma5.1.

When ° � ÊQÈ , Lemma5.2andLemma5.3entail,as
�¼| �

,µ » · O @ §#� � O � 1 �� �9 � O �rµ.ª±Év�%µ�Ï ���F� ª +� W ´ É«C � � ���� � � � ´ E @ Í Gv�h 8 O ª±Év�%µ � N
When ° � Æ È , wehave

µ » ·àOÄ@ � . Thus,theoverallcostof theEDFcomponent
is ( O µ O @�� Es x ( � ��7`�(�O � G 8 O ª{ÉÅ�ÂÈ � . Thesecondformof thecostisobtainedfrom
thegeneralinequality µ�ÊJìD� Ü·� Ê µ+ª±Ð º � � Ü , uponsubtractingfrom ìD� Ü � its

“meanvalue”
G� Ð º � � Ü .

Thequantity � � in the statementmeasuresthedefault of uniformity in binary
representationsof numbersrelatedto the powersof 9 . Under the unprovenas-
sumptionthat suchrepresentationsbehave like randomintegers,the arithmetic
function � � shouldbecloseto � . This assumptionis well supportedby empirical
evidence:for instance,with 9 @ µ5� , we have� ² @ ¥ � N «�°�» M � G � @ ¥ � N ����� M � � � @ ¥ � N ��°�« M � ² � @ ¥ � N ��µ�� N
For all practicalpurposes,we maysafelyregard � � asbeingasymptoticto 0.

5.4. Equal-degreefactorization in characteristic 2

In theprevioussections,we haveanalysedin detailtheequal-degreefactoriza-
tionoverfinitefieldswith oddcharacteristic.For thesecases,wehavefollowedthe
algorithmby CantorandZassenhaus[6] who alsoprovidea solutionfor theeven
casethat relieson factoringthepolynomialin a quadraticextension.Ben-Or[3]
showed that this detouris not neededwhile proposinga methodbasedon trace
computations.

Tracecomputationsintroduceonly a small changein the EDF algorithm of
Fig. 8. Let

Ü
besuchthat 9 @ ° Ç . In orderto computethe traces,we replace

line µ by

\ ��
 � T%]j�I����� g ������R g � g Y��.




������DR g �DR%o")�¹ \ Y�YV)���'kh.Z
Weobservethattheanalysisfor theoddcaseis valid for theevencase.First,the

splitting processis thesame(with probabilitiesv @ h @ µ*Ï"° ). Then,thecostof
computingline

\ �
is thesameasthecostof computingline

\
in Fig.8. Indeed,the

tracecomputationscanbedeterminedusingbasically
�XÜ

productsof apolynomial
containing� factorsof degree

�
. Thiscostsessentially

�[Ü �Ì� ��� � @y� ´ � � Ð º ��9 , the
samecostasin theoddcase.
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Phase Worst-case Average-case

ERF Év��È � � ÍJ� È �
DDF Év��È ´ Ð º ��9 � � N °����:ù � �
í4�î9 ��Í G ª ÍJ��� È ´
EDF Év��È ´ Ð º ��9 � Ý ´³ Í G 8 å8 å � G Ð º �.9 H È � Þ �rµ N G´ ª t��rµ �F�

FIG. 10. A comparisonof theworstcasesandtheaveragecasesof thethreephasesof polynomial
factorization.(Thecostof multiplying two polynomialsof degreelessthan ô moduloapolynomial Ú
of degree ô is û Ò ô ñ , andthecostof agcdbetweenÚ andapolynomialof degreelessthan ô is û ñ ô ñ .
Thenumberof productsneededto compute� � mod Ú is �
ö���ø!ú�������� ñ �(������ö���ø\�ØÑ .)

6. CONCLUSIONS

In thispaperwehaveshown how analyticcombinatoricsadaptswell to thecase
of polynomialsover finite fields. A systematicusageof this methodologyleads
notonly to thederivationof basicprobabilisticpropertiesof randompolynomials
over finite fieldsbut alsoto the average-caseanalysisof a completepolynomial
factoringalgorithm.Figure10summarizesthemainresultsof thepaperin termsof
theaverage-caseanalysisof thefactoringalgorithmandit providesa comparison
with worst-casebehaviour.

It shouldbeclearthata largenumberof variantsof thefactorizationchaincan
beanalysedby ourmethods.For instance,specificsof theeliminationof repeated
factorsstagearelargelyimmaterialfromtheexpectedcomplexity standpoint,since
they leadto identicalresultsin asymptoticterms.A radicalpossibility is thento
bypasscompletelythe first stage. In this variant, DDF not only producesthe
polynomialsfor the EDF part but alsoreturnsa polynomialcontainingthe non-
squarefreepartof theoriginal polynomial. Oncemore,thereis no differencein
asymptoticterms.

Severalauthors[26, 34] havestatedthatfromaworst-caseperspective,andeven
whenconsideringfastarithmeticinsteadof theclassicalone,DDFis thebottleneck
for the factorizationprocess.Our resultsconfirmthatsuchis alsothecasefrom
anaverage-caseperspective. Chapter15of therecentbook[24] furtherillustrates
this point with strikinggraphics.

Finally, weshouldmentionhereafew otheralgorithmsthathavebeensubjected
to a “Knuthian” analysissimilar to whatwasconductedhere.PanarioandRich-
mondanalysein [52] theirreducibility testof Ben-Orthat is basedon trial DDF:
the analysisinvolvesstatisticson smallestdegreesof irreduciblefactorsandthe
Buchstabfunction,adualof theDickmanfunction. Rabin’sprobabilisticconstruc-
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tion of irreduciblepolynomialsis alsodealtwith in [51]. Lastbut not least,the
Euclideanalgorithmturnsout to besomewhateasierto analysefor polynomials
thanfor integers:seetheanalysesby KnopfmacherandKnopfmacher[36] aswell
asby FriesenandHensley [23].
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