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A unifiedtreatmenbf parameterselevantto factoringpolynomialsover finite fieldsis
given. Theframewvork is basedngeneratindunctionsfor describingparametersf interest
and on singularity analysisfor extractingasymptoticvalues. An outcomeis a complete
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repeatedactors,distinct degreefactorization,andequaldegreeseparation.Several basic
statisticson polynomialsover finite fieldsareobtainedn the courseof theanalysis.

Key Words:  Analysis of algorithms,analytic combinatorics computeralgebra finite
fields,factorizationalgorithms randompolynomials

INTRODUCTION

Factoringpolynomialsover finite fieldsintervenesin mary areasof computer
scienceandcomputationamathematicdik e symboliccomputatiorat large [24],
polynomialfactorizatiorovertheintegers[12, 40Q], cryptography10, 44, 48], num-
bertheory[5], or codingtheory[4]. Theimplicationsincludefinding complete
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2 P. FLAJOLET, X. GOURDON,D. PANARIO

partial fraction decompositionsgdesigningcyclic redundang codes,computing
the numberof pointson elliptic curves,andbuilding arithmeticpublic key cryp-
tosystemslIn particular thefactorizatiorof randompolynomialsoverfinite fields
is directlyneededn therandomizedndex calculusmethodfor computingdiscrete
logarithmsoverfinite fields[48].

This paperderivesbasicprobabilisticpropertiesof randompolynomialsover
finite fieldsthatareof interestn thestudyof polynomialfactorizatioralgorithms.
We show thatthe main characteristicef randompolynomialcanbe treatedsys-
tematicallyby methodsof “analytic combinatorics"basedon the combineduse
of generatingfunctionsand of singularity analysis. Our objectof studyis the
classicalfactorizationchainwhich is describedn Fig. 1 andwhich, despiteits
simplicity, doesnot appeato have beentotally analysedsofar. In this paperwe
provide acompleteaverage-casanalysis.

In asymptotiderms thealgorithmthatwe studyneedhotbethefastestvailable
atthemomentcomparewith [25, 26, 34, 55,56]. ForinstanceShoup55] provides
the average-casanalysisof an algorithmhe proposesandhis highly interesting
methodsare basedon estimatedor the numberof solutionsof equationsover
finite fields and Weil's bounds—thescopeis however quite differentfrom the
framework of this paper Oneof thegoodreasonsgor studyingthe classicakhain
isthatit isrepresentatie of whatis oftenimplementedn gereralpurposecomputer
algebrasystemsandof whatis lik ely to bepracticallyrelevantfor mary problems
of “moderate”size. In effect, the book by Geddeset al. [28] describes chain
very muchsimilar to ourson which the designof polynomialfactorizationin the
MAPLE systemis based—dact easily confirmedby tracingfacilities available
underthe system. Knuth'’s authoritatve treatise[40] andthe remarkablerecent
book of von zur Gathenand Gerhard[24] exposethe fundamentahspect®f the
classicalchainin detail. We referglobally to [40, p. 449] and[24, pp. 393-397]
for the historicalcontext of this andcloselyrelatedalgorithms,with someof the
originatorsbeingLegendre Gaul3 Galois,Berlekamp Cantor andZassenhaus.

An importantreasorfor our interestin thesequestionss methodological.In-
deed thedisciplineof analysingcompletelyan algorithm,whichis in theline of
Knuth’sworks[39, 40, 41, 42), revealsparametershatareof generainterestfor
polynomialfactorizatioralgorithmsandfor problemsthatdealwith polynomials
over finite fieldsatlarge. A specificillustrationis the paperof PanarioandRich-
mond[52] thatdealswith testingpolynomialirreducibility alonglines similar to
thoseof the presenpaper

Algorithmicframewvork. LetF, bethefinite field with ¢ elements Thealgo-
rithmic problemthatwe addressis asfollows: givenamonicunivarige polynomial
f € Fy[z], find the completefactorizationf = f{* --- f¢, wherefy,..., fi are
pairwisedistinctmonicirreduciblepolynomialsande, . . ., e, are(strictly) pos-
itive integers. The basicfactorizationchain(seeFig. 1) operatesn threestages.



ANALYSIS OF POLYNOMIAL FACTORIZATION 3

procedure factor(f : polynomial);

1. a:=ERF(f);
{"a" is squarefree}

2. b:=DDF(a);
{"b" is a partial fact. into distinct degrees}
F:=1;

3. for k from 1 to n do

F:=F.EDF(b[k],k);
{refine distinct degree fact. for deg. "k"}
od;
4. return(F.factor(f/a));
end;

FIG. 1. Thecompletefactorizationchain.

ERF: eliminationof repeatedactors replaces polynomial

f=gee e

by asquarefre®nethatcontainsall theirreduciblefactorsof the original polyno-
mial but with exponentseducedo 1:

fea=]114
J
DDF: distinct-dgyreefactorizationsplitsa squarefre@olynomialinto polyno-

mialswhoseirreduciblefactorsall have the samedegree:

a— by -by---b, Where b = H fi-
deg(f;)=k

EDF: equal-dgreefactorizationcompletelysplits a polynomial whoseirre-
duciblefactorsarealreadyconstrainedo have the samedegree:

by — bk,l s bk,gk where deg(bk,j = k)

An oftenusedvariantof thefirst stageis:

SFF: squaefreefactorizationdetermineslirectlythedecanpositionf = []; g¢
wheretheg; aresquarefreandpairwisecoprimesothatg; =[], _; f;.
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As implied by theresultsof Section2 the differencein costsinducedby the two
versionsERFandSFF, is maiginal, while consideratiorof ERFgreatlysimplifies
thewholeanalysis.We refergloballyto [24, Ch. 14] for acompletediscussiorof
this andotheralgorithmicaspects.

Givenapolynomialovertheintegers,like

g=2"—32% +42" — 325+ 22° — 22" + 2® + 22 — 22+ 1,

mostgeneral-purposeomputeralgebrawill approachthe factorizationvia mod-
ular reductions.For instancethereductionmodulo5 gives

f=(gmod5) =2 +22% + 427 + 225+ 22° + 32" + 2% + 2% + 3z + 1.

Eliminationof repeatedactors(ERF)is easilyachievedby gcdcomputationsand
it producesmodulo5, the partialfactorization

f=@+4)a=(z+4)(2® +32" + 225 +42° + 2* + 423 + 2+ 4). (1)

The next phaseof distinct-deyreefactorization(DDF) then uncovers a partial
factorizationof the eighthdegreefactoras

a=b-by=[2"+20+2] - [2°+2° +32* +2* +32* +z+2]. (2

There,in two successie stepsthegroupsof factorsof degreel (theremustbetwo

suchfactors)andof degree2 (theremustbethreesuchfactors)ave beenisolated.
Finally, the secondand sixth degreepolynomialsare split by two separatecalls
to the equal-dgreefactorization(EDF) algorithminto their linear andquadratic
factors:

bi=(2+3)(z+4), bo=0@"+z+1)@*+z+2)(z*+42+1). (3)
In thisway, thecompletefactorizatiorof f modulo5is obtainedrom (1), (2), (3):
f=@+3)(z+4)?*@* +z+1)(2* +2+2)(z® + 4z + 1).

Variousmethodsnotdiscusseth thispaperthenpermitonetolift thefactorization
to the integers; see[24, Ch. 15]. Here, this eventually producesthe complete
factorizationover Z[z],

f=@E@-1% -+ +z+1) (> —22+1).

In this case the squarefredactorization(SFF) approachwould only leadto ex-
tractingtherepeatedactor(z — 1)2, or (z + 4)? mod 5, atanearlystage.
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Computationalmodel. We fix a finite field F, with ¢ = p™ (p prime) and
considerthe ring of polynomialsF, [z]; see[4, 24, 28, 40, 45] for background.
The probabilistic model assumesll ¢™ monic polynomialsof degreen to be
equallylikely andall average-casanalysesreexpressedsasymptotiformsin
n, the degreeof the polynomialto be factored. The compl&ity modelassumes
that a basicfield operationhascostO(1), the costof a sumis O(n), andthe
costof a product,a division or agcdis O(n?), whenappliedto polynomialsof
degree< n. For dominantasymptoticswe canfreely restrict our attentionto
polynomialproductsandgcds. We take as M (n) = 7yn? the costof multiplying
two polynomialsof degreelessthann moduloa polynomialof degreen, andas
G(n) = mn? thecostof agcdbetweerapolynomialof degreen andapolynomial
of degreeatmostn. (There,r; andr, aresystemandimplementatiordependent
constants.)Whatwe have in mind is a generalpurposefactorizationalgorithm
typically appliedto polynomialsof moderatesize and degree,whereoperations
areoftenimplementedy quadratialgarithms. Similarstudiesouldbeconducted
usingFFT (fastFouriertransform)basedalgorithms.

Summanpofresults. Figure2 summarizesheinterplaybetweerprobabilistic
propertiesof randompolynomialsand polynomialfactorization.We offer herea
few comments.

A randompolynomial of degreen is irreduciblewith a small probability of
aboutl/n andhascloseto log n factorson averageandwith a high probability
(Sectionl). Thus,thefactorizationof a randompolynomialover a finite field is
almostsurelynontrivial. Eachof the variousphasef polynomialfactorization
hasits own “physics”with implicationsonthecorrespondingosts.Hereis abrief
summary

ERF: The first phaseof the factorizationis the elimination of repeatedac-
tors, ERF It is deterministicanddescribedn Section2. This ERF stagereturns
the squaefree part of the original polynomialin which eachirreduciblefactor
of the original polynomialappearsxactly once(the remainingfactorsform the
non-squaefreepart). In fact,the squarefregoolynomialshave a positive density
(asymptotically)andthenon-squarefrepartof arandompolynomialis with high
probability of degreeO(1) asexpressedy Theorem?2.1. In a precisetechnical
sense the costof the ERF phaseis asymptoticallythat of a singlegcd (Theo-
remz2.2),sothatmostof thefactorizatiorcostresultsfrom thesubsequerhases,
namely DDF andEDF

DDF: The secondphaseDDF, alsodeterministicand describedn Section3,
splits the squarefregpart a of the polynomialto be factoredinto a producta =
by - ba - - - by, Whereb, is formedby the productof all theirreduciblefactorsof a
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Phase Properties Refs.

(Sec.1) Fractionof irreducibless ~ % Eq.(8); [4, 4Q]
The numberof irreduciblefactorshasmean~  Eq.(13);[4, 7,21, 40]
log n andalimiting Gaussiadaw.

ERF NonsquarefreparthassizeO(1) onaverageand Thm.2.1;[4, 9, 18]
(Sec.2) with high probability
Algorithmic costof ERFis ~ G(n) onaverage Thm2.2;[18]
andwith high probability

DDF Largestdegreeis ©(n) with Dickmandistribu- Thm 3.1;[30, 50]

(Sec.3) tionandmean~ gn whereg = 0.62432.
Modified Dickmanlaws hold for two largestde- Thm 3.2;[30, 50]

grees.
Algorithmic costof DDF is O(nM(n)loggq); Thm3.3;[18]

threestoppingrulesarecompared.

(Sec.4) DDFyieldsacompletefactorizatiorwith proba- Thm4.1;[18, 32,38]
bility closetoe™".
Total degree of unfactoredpart after DDF has Thm4.2;[18, 35]
meanO(log n), but “soft” distribution tails and
standardleviation O(v/n).

ERF Theprobabilityof repeatedrreduciblefactorsof Thm5.1;[37]
(Sec5) degreek is approximatelyPoissoifl/k)
Algorithmic costof ERFis O(n? log ¢) onaver-  Thm5.2;[18]
age,asopposedo aworst-case? (n® log q).

FIG. 2. Main propertiesof randompolynomialsof degreen andof correspondindactorizations,
togetherwith somerelevant references.Here M (n) := 71n? representshe costof a polynomial
multiplicationandG(n) := T2n? thecostof agcd.

thathave degreek. A randompolynomialhaswith high probability severallarge
factorsthatis, of degreesd (n). Thisis quantifiedoy Theorems.1and 3.2where
the Dickmanfunctionandsomeof its relativessene to expresshecorresponding
probabilitydistributions. Suchestimate$orm the basisof aprecisecomparisorof
threestoppingrules: the“naive” rule, the“half-degree”rule andthe“early abort”
rule whosecostsarefoundto bein the approximateproportionl :: % : %; see
Theorem3.3. At the end of the DDF phase the factorizationis completewith
a probability rangingasymptoticallybetween0.56 and0.67 (Theorem4.1). In
addition,the numberof degreevaluessuchthatmorethanoneirreduciblefactor
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of that degreeoccursis typically O(1), andthe total degree passedo EDF is
O(logn) onaveragethoughit hasa largevariability (Theorem4.2).

EDF: Thethird phaseEDF, is arandomizedgroceduralescribedn Sectionb.
It involves a recursve refinementprocessbasedon randomizedsplittings that
turnsoutto becloselyrelatedto digital treesalsoknown as“tries”, se€[41]. The
analysiscombinegropertieof polynomials(Theorenb.1)with propertiesof the
splitting procesgLemmab.1). As a consequencehe expectedcostof EDF is
provedto be comparatiely small,beingO(n? log q) (Theorems.2).

Precisestatementaregivenin thenext sectionsvith anexplicit dependencen
thefield cardinalityq. (Someof theminvolve numbertheoretidunctionsthatcan
be both evaluatedandestimatedeasily) A simplified pictureis asfollows. The
ERFphasanvolveswith high probabilitylittle morethanasinglepolynomialgcd,
sothatits expectedcostis O(n?). The DDF phaseof costO(n? log q) (bothon
averageandin the worst-casejs the onethatis mostintensive computationally
where control by the “early-abort” strateyy is expectedto bring gainscloseto
36%. The last phaseof EDF is typically executedlessthan 50% of the time
andits cost,O(n? log q) on average s againsmall comparedo thatof DDF. A
comparisonbetweenworst-casecostsand average-caseostsfor eachphaseis
drawvnin Section6.

Noteonmethodolgy. An earlierbutalmostidenticalversionof thispapeisub-
mittedto anothejournaldedicatedo computing wasmetwith shap criticismfrom
two referees Onecriticism hadto do with theasymptoticallysuboptimakharac-
terof thealgorithmsthatwe analyse However, record-breakingomputationsre
only onefacetof thestoryand from theauthors’experiencevith computealgebra
systemsmuchusagénvolvespolynomialsof moderatalegreehaving moderately
large coeficients. For this, goodimplementationgredefinitelywanted;thus,we
claim somejustificationfor interestin algorithmsthataresuboptimain thestrict
asymptoticsenséout mayverywell turnoutin mary practicalcontextsto perform
betterthanasymptoticallyoptimalalgorithms.

Anothercriticismhadto dowith themodelof randan poynomialsthatweadopt,
namelytheuniformdistribution overtheg™ polynomialsof degreen. Onereferee
said: “mostpolynomialsare not sampledat randomover the setof all polynomi-
als’. Thisis certainlytruein a narrav-mindedperspectie. However, we make
thefollowing obsenations: (i) alargebody of algorithmsbuilding ontop of fac-
torizationoverfinite fieldsdo alreadyinvolve a randomizatiorthatis expectecto
“propagate” seefor exampleBen-Orsconstructiorof irreduciblepolynomialq 3]
or theindex calculusmethoddescribedn [48]; (i7) nooneis awareof ary explicit
constructioriaw thatwould biaspolynomialstowardsbeingmorelik ely to beirre-
duciblethanfactorizablg47, Problem27]—indeedsucha law would be a major
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discovery!—sothatthe randomnesassumptiongvenif somevhat heuristid, is
one decentway of copingwith the currentlack of our knowledge; (ii:) simu-
lations amply confirm that mary varietiesof polynomialsproducedby all sorts
of processebehae “as expected’with respecto factorization(seebelow for a
striking example);(iv) accordinglythereexist severaltheoreticaresultsdemon-
stratingrigorously the fact that varioussystematic’laws” producepolynomials
whosebehaiour with respecto factorizationis just aspredictedby the uniform
randomnessnodel. As atypicalillustration of the latter point, Hensley [33] has
established “Dirichlet’ s theorem™for the ring of polynomialsover a finite field

to theeffectthatthedistribution of irreduciblesn arny arithmeticprogressiori.e.,

asequence(z)n(z) + b(z) with a, b fixed)conformsto “normality”.

To demonstrat®ur point, hereis aneasilyreproducibleexperiment. We build
quitespecificpolynomialsby adeterministiqpprocesandexaminethemeannum-
berofirreduciblefactorsthatthey contain.Letp; bethejth primeandlet M (n, r)
bethe Hankel matrix filled with primesstartingwith p,.: the (i, j) entryof M is
Dit+j+r—1; thetestpolynomialZ,, . (z) € Z[z] is the characteristigpolynomial
of M(n,r). In the experiment,we fix the dimensionn = 20 andreducethe =
polynomialsmodulovariousprimesp (actuallythe primesof rank4,16,64...)
uponaveragingovervaluesr = 0,...,99. Hereis the obsernedmeanover each
sampleof sizel00ascomparedo thevaluespredictedby the uniform modeland
givenin [40, Ex. 4.6.2.5].

P |7 53 311 1619 8161 38873

Exactmean | 3.690 3.607 3.599 3.598 3.597 3.597
Samplemean| 3.84 357 3.60 353 340 3.50

We purposelytook herea small sampleof specialpolynomials(characteristic
polynomials)associateavith structuied matrices(of Hankel type) built on par-
ticular coeficients(herethe primenumbers) We indeedverify thattheempirical
dataconformquitewell to whatthe uniform randomnessodelpredicts.

Thispaperconstituteshejournalversionof anextencedabstracipresenedatthe
ICALP’96 Conferencgl8]. It is alsoorganizedasasurwey of majorprobabilistic
propertieof polynomialsthatarerelevantto basicfactorizationalgorithms.

1. ANALYTIC-COMBIN ATORIAL METHODS

IFor instancethe designof Pollards “rho method”for integer factoringis entirelybasedon similar
heuristicsregardingintegers;thesewerelaterlargely vindicatedby Bach[2].
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This sectiongathershasictools neededo analysepropertiesof randompoly-
nomials. It centresaroundthe useof generatingfunctions, either univariateor
multivariate, whosefunctional relationsreflectthe algebraicdecomposition®f
variousclasse®f polynomials. The asymptoticanalysisof coeficientsof gener
atingfunctionsisthenattainedby meanof singularities. Theresultsn thissection
areclassicalbut they areneededo setthe stagefor subsequerdnalysesGeneral
referencedor this sectionare Chapter3 of Berlekamps book [4], the exercise
section4.6.2of Knuth’'s book [40], the paper[19] or Odlyzko’s suney [49] for
asymptotidechniquesandthebook[20] for theinterplaybetweercombinatorial
andanalyticmethods.

1.1. Generatingfunctions

We presentffirst a few generalprinciplesthat enableoneto setup “symboli-
cally” equationsfor generatingunctionsstartingfrom combinatorialspecifica-
tions. Givena combinatoriabbjectw, theformalidentity

1
. =14 wt Wit
1-w

generatesymbolicallyarbitrarysequencesomposedf w. Let Z beafamily of
“primiti ve” combinatorialobjects.Then,the products

o=J[(0+w), and P=]J[0-w)" (4)

w€EL w€T

generataespectiely the classof all finite setsand multisets(setswith possible
repetitions)of elementgaken from Z. (This resultssimply from expansionby
distributivity andthe remarkabove concerninghe meaningof (1 — w)~1.)

We now specializethe discussiorto monic polynomialg andtake Z to be the
collectionof all monicirreduciblepolynomials.Then,by theuniquefactorization
propertyof polynomials,P givesriseto the collectionof all monic polynomials
andQ becomeshecollectionof all monicsquarefreg@olynomialsoverF, . Let z
beaformal variable,and|w| bethe degreeof the polynomialw. The substitution
w — 2! in formal sumsandproductsof objectsgivesriseto countinggenerating
function. For 7 itself identified with the formal sum3}_ _, w, the generating
functionis

I(z) = Zz‘w‘ = ZInzn,

w€T n

2All subsequergnumeratiomesultsarefor polynomialsnormailizedsoasto be monic.
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where I, is the numberof polynomialsin Z having degreen. Similarly, the
generatingunctionsof Q andP areobtainedasreflexesof thedecompositionf4):

Q) = JJa+z*) = JJa+=m"

w€eL no:ol (5)
Piz) = [Ja-2*) = [Ja-=""

wel n=1

The coeficients@, = [2"]Q(z) and P, = [2"]P(z) evaluateto the numberof
monic squarefreg@olynomialsof degreen, andto the numberof monic polyno-
mials of degreen, respectiely. Olviously, P, = ¢", andthereforewe have a
priori
P(z) = ! 6
()= 1= (6)
In otherwords,we know P(z) elementarilywhile I(z) andQ(z) areboundby
theirrelationsto P(z).

First andforemost,the numberof irreduciblepolynomials,I,,, is determined
implicitly from the secondequationof (5) thatrelatesit to P(z). A well-knawn
processdhasedon the Moebiusinversionformulagivesit in explicit form; see[9,
p.41],andTheoren3.43in [4, p. 84]. Indeed takinglogarithmsandrearranging
the sumsleadsto

1 > I(Zk) q" In/k
1 = — = . 7
g qz ; E and n kzl:j k ()

Therelationis thensolvedfor I,, by meansof Moebiusinversion,whichyields

1 = u(k) 1
I, =~ k)q"/* d  I(z)=) =21 .
" kEn w(k)g"®,  an (2) :?:1 K 08T %

In summary:

Fact. Thenumberl, of irreduciblepolynomialsoverF, [z] satisfies

1 n n/2
= — Tb/k = q— g
I=—% uk)g n+0(n>- ®)

k|n

Thus,afractionvery closeto 1/n of the polynomialsof degreen is irreducible.

Thistheoremis ananalogueof the prime numbertheoremfor integers.As an
aside,it wasfirst provenby Gaussin the caseof prime fields andit appearedn
his posthumou®pus[27]; seealso[15, 53] for earlyreferences.
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Next the number@),, of squarefregolynomialsis entirely determinedoy the
knowledgeof I,,, given Equation(5). A directway to make @,, explicit goesas
follows: eachpolynomial f factorsuniquelyasf = s - t2, wheres is asquarefree
polynomialandt is anarbitrarypolynomial (separateheirreduciblefactorsof f
accordingto the parity of their exponents).We thushave P(z) = Q(z) - P(z?),
sothat

P(z) 1-g¢2*
P(z?)  1-gqz’

Thus,thenumberof squarefregolynomialsof degreen in F, [z] is

Q(z) =

| q" ifn=0,1;

This resultseemdo have appearedor thefirst time in Carlitz's study[9].

1.2. Parameters

We needextension®f thesymbolic methad in ordertotakecareof charaderistic
parameter®f polynomialfactorization.Let ® be a classof monic polynomials,
andy someantegervaluedparameteon®. Then thebivariategeneratindunction

B(z,u) = Z Zlwlyx(w)

wed

is suchthat the coeficient [z"u*]¢(z,u) representshe numberof polynomials
of degreen in ® with y—parameteequalto k. Bivariate generatingunctions
containall informationrelatedto the distribution of a parameter Averagesand
standarddeviationsare obtainedby successie differentiationsof thesebivariate
generatingunctionswith respecto u (the variablemarkingthe parameter)and
thenby settingu = 1.

If theparametey is additive,meaninghatx(f-g) = x(f) + x(g) for relatively
prime f, g € F, [z], thenproductdecompositionsf theform (5) generalizainder
the translationrule w — z“luX(@) . Thetechniqueof rearrangingogarithmsof
infinite productsemployedin (7) is thenusefulin simplifying suchexpressions.
Forinstancethebivariategeneratindunctionof all polynomialswith y thenumber
of theirirreduciblefactors(multiplicity beingcounted)s

P(z,u) = H (1—uz®)""" = exp (i uk%k)> . (10)
k=1

n>1

Much useis madeof this techniquan thenext four sections.
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A graphicalrenderingof the factorizationtypesof 5 polynomialsof degreel100over F :

OOOQQ ooQQ ooooOOQQ oowOQ oo@

Eachcircle representshe degreeof anirreduciblefactorwith the circle areasbeingpro-
portionalto degrees.On this experiment the 5 factorizationtypesfoundare

[1,2,9,19,69], [3,7,26,64], [1,1,2,5,8,11,19,53], [1,1,1,1,5,91], [2,2,96].

Thisillustrateghepropertythatfactorizationsverfinite fieldsareusuallynontrivial andthat
theretendsobeoneorafew irreduciblefactorsof comparatielylargedegree(Theaems3. 1
and3.2).

FIG. 3. Simulationsof randompolynomialfactorizations.

1.3. Asymptotic analysis

Generatingunctionsencodecompleteinformationon their coeficients. Fur
thermorethebehaiour of ageneratingunctionnearits dominantpositive singu-
larity (“dominant” meansin this context “of smallestmodulus”)is animportant
sourceof coeficientasymptotics.

Thegeneratindunctionsf (z) to bestudiedin thispaperaresingularatz = 1/q
andmosthave thereanisolatedsingularity Consequentlytheir coeficientsf,, =
[2"]f(z) satisfyanestimateof theform f,, ~ ¢"6(n), wherelim sup |8(n)|"/" =
1 is a subexponentialfactorthatreflectsthe natureof the singularityat z = 1/q.
In particular anexpansiomearz = 1/q of theform

1 1 \*
flz) = T—qo)° (log m) (1+0(1)) (11)
translatesnto coeficientsby the methodknown assingularityanalysig19, 49]:
fu = 1) = "o (logm)* (1+ of1) (12
n=12"112) =0"F @ ogn o(1)).

Thetransitionfrom (11)to (12) isensuedby trarsfertheoremsthatrequire analytic
continuationof f(z) outsideits circle of corvergencea conditionthatis verified
by inspectionn mostcasesonsideredere.

A typicalinstancastheanalysisof thenumberof irredwciblefactasin arandom
polynomialof degreen. Thebivariategeneratindunctionappearsireadyin (10).
Differentiatingwith respecto u, settingu = 1 andthenanalysingthe singularity
atu = 1 providesmomentestimate$40, Ex. 4.6.2.5];methodshatbuild further
onsingularityanalysisavengive accesdo alimiting distribution[7, 21].
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Fact. Let X, betherandomvariablethatrepresentthenumberof irreducible
factorsin arandompolynomialof degreen. ThenthemeanE(X,,) andvariance
Var(X,,) satisfy

E(X,) =logn+ O(1), Var(X,,) = logn + O(1). (13)

In additionthedistribution of (X,, — E(X,,))/+/Var(X,,) is asymptoticallynor-
mal.

Thus,thefactorizationof a polynomialis with high probability nontrivial; see
Figure3 for agraphicillustration.

Anotherusefulasymptoticoeficientextractionmettodis Darboux' smethod[13,
32 whoseprincipleis asfollows: if ananalyticfunction f (z) definedn theclosed
disk |z| <1is k timescontinuouslydifferentiable(C¥) on |z| = 1, thenits coefi-
cientssatisfy

[2"]f(2) = o(1/n"). (14)

A recourseto Darboux’s methodis neededn Section4, given the existenceof
naturalboundariegor generatingunctionsthatoccurspecificallythere.

1.4. The permutation modeland largefields

The following factis well-known: As the cardinality ¢ of thefield F, goesto
infinity (n stayingfixed!), the joint distribution of the degreesof theirreducible
factordan arandompolynomial of degreen corvergesto thejoint distributionof the
lengthsof cyclesin arandompermutatiorof sizen. Thispropertyis visible atthe
generatindunctionslevel, wheneerageneratingunctionof polynomialstakenat
z/q converges(asq — oo) to the correspondingxponentialgeneratingunction
of permutations For instancethe generatingunction of all monic polynomials,
whennormalizedwith thechangeof variablez — 2/q, is

z 1 e
P - = = '—
(q) 1-2 T;)n n!’

which is alsothe exponentialgeneratingunction of all permutations.Similarly,
we have

z 1 2"
d i — 1=
I (q) (q—) )log T E (n 1).n!,

n=1

the exponentialgeneratingfunction of cyclic permutations. The relation (10)
betweenP(z) andI(z) thatexpressesheuniquefactorizationpropertyfor poly-
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procedure ERF(f : polynomial) ;
g := gcd(f,£’); h := £f/g; k := gcd(g,h);
while k<>1 do g := g/k; k := gcd(g,h) od;
if g <> 1 then h := h*ERF(g~(1/p)) fi;
return(h); {"h" is squarefree}

end;

FIG. 4. Theeliminationof repeatedactorsalgorithm(ERF).

nomialsreducesasq — oo to

1 e lo 1
T —ex
1-—z2 Plloe1—%)>

which is well-kknown to expressthe uniquedecompositiorof permutationsnto
cycles;see[20, 29 for background.

This givesriseto a usefulheuristic: probabilisticpropertiesof polynomialfac-
torizationareexpectedo haveashapeesemblinghatof correspondingroperties
of thecycledecompositiomf permutationd A preciseénstancef thisfactis men-
tionedby GreeneandKnuth [32] in connectiorwith theprobabilitythatarandom
polynomialadmitsfactorsof distinct degrees,which, for large ¢ andlarge n is
foundto approache=". Suchphenomenareclearlyusefulin understandinghe
behaiour of polynomialfactorizationsn fieldsof “large” cardinalities—thease
of “small” fieldsthenappearingasa“ g—deformation'with atypically mild effect.
Section4 providessereralexamplesrelatedto quantifyingthe outputof the DDF
factorization.

2. ELIMIN ATION OF REPEATED FACTORS (ERF)

Thefirststepin thefactorizatiorchainsummarizedn Figure4 istheelimination
of itsrepeatedactors.In characteristieero,thisis achieved thankstothefollowing
property: A gcd betweena polynomial f and its derivative f' extractsall the
repeatedactorsof f.

In F, with ¢ = p™ andp a prime numbey additional control is neededin
orderto dealwith pth powerswhosederivativesareidentically 0. Thefirst line
of the algorithmin Figure 4 collectsin h one copy of eachof the irreducible
factorsof f, exceptthe oneswhosemultiplicity is a multiple of p. The while

3Thereis a similar “resemblance’betweerpropertiesof naturalnumbersvhoserepresentatioin
baseg haslengthn andpolynomialsof degreen in F, [z]. For additive propertiesthis corresponds

to a roughequialencebetweenadditionswith or without carries;for mixed additve-multiplicatve
propertiesthe analogylies however far deeperandis accordinglymuchlessunderstood.
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loop storedn g thefactorswhosemultiplicity is apower of p, withouteliminating
their repetitions. The last part of the algorithmaddsto A the factorsin g with
repetitionseliminated. Theauxiliary computatiorof pth roots,g!/?, is performed
in the classicalway [28, p. 344], usingthe identity (a? + b?)'/? = (a + b).
Thereexist alternatve algorithmsgiving thefull squarefreéactorization(se€/40],
Ex. 4.6.2.36); however, as Theorem2.1 below shaws, the reductionof degree
inducedby theadditionalcomputationaéffortis only O(1). Wehaveoptedfor the
eliminationof repeatedactorsby ERF (ratherthanthe morecommonsquarefree
factorizationSFF) asthe analysisdevelopsmoretransparentlywhile the overall
costsof thecompletefactorizationchainareonly very maminally affectedby the
algorithmchoserfor thefirst stage.

THEOREM 2.1. (4) A randompolynomialof degreen > 2 in F,[z] hasa
probability 1 — 1/¢ to besquaefree

(74) Thetotal degreep of the non-squaefreepart of a randompolynomialof
degreen hasan expectedvaluethattendsto thelimit

kI,
Cy = Z 2% _ k)
k>1 g —4q

in addition,the quantityC,, satisfieC; ~ 1/g asq — oc.
(7i7) Thetail probabilitiesof p decayexponentiallyfast:

Pr(p(f) = b, |f| =n) = O <(§>k> .

Proof. Part (i) is aclassicaresultthatwe have alreadyderivedin (9). As for
part(ii), thebivariategeneratindunctionof thedegreeof thenon-squarefrepart
of monicpolynomialsin I, [x] is, by the symbolicmethodof Sectionl,

PL Te
E>1
The meandegreeof the non-squarefrepartis obtainedby settingu = 1 in the
derivative of P(z,u) with respectto + andthe asymptoticestimatefollows by
singularityanalysis,

OP(z,u) 22k
ou |, ~ PO Lhi

u=1 k>1
1 —2k

ZIqu_q—k’

E>1

z—)AlJ/q 1—gqz
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hencethe statedvalueof C,. Theasymptotidimit of C; asq — oo is obtained
from thereby theexpansionk I, = ¢* + O(¢*/?).

As regardspart(iii), considethefunctionP(z, 3/2) andcomparet with Q(z),
thegeneratindunctionof squarefregpolynomials:

P(2,3/2) 22k (3)k f
Q@) ‘H<”(1+zk)<1—<%)kzk>> ‘

k>1

The infinite productis corvergentand analyticin a disk that properly contains
|z| < 1/q. Thus, P(z,3/2) hasasimplepoleatz = 1/¢, andby singularity
analysispnehas

AlIPG3/2) = > (§> =0(1).

|fl=n

Thusthe expectatiorE((3/2)#) remainsboundedhich impliesthe exponential
tail bound. |

Theorem?2.1 hasmeaningfulconsequencefor the recursve structureof the
factor procedureTheexponentiaktail of Part(ii4) impliesthatary polynomially
boundedfunction of the non-squarefrepart staysof orderO(1) on average.In
particular the overall costof the recursve calls (Step4 in the top-level factor
procedureof Figurel)is O(1) onaverage.Accordingly, theERF phasehasacost
entirelydominatedby thatof its first gcd,namelyged(f, f).

THEOREM 2.2. The expectedcost of the ERF phaseappliedto a random
polynomialof degreen is asymptoticallythat of a singlegcd,

TERF,, ~ 7n?.

3. DISTINCT-DEGREE FACTORIZATION (DDF)

The secondstageof thefactorizationchainis the distinct-deyreefactorization
andit involves splitting a squarefregpolynomial into polynomialswhoseirre-
ducible factorsall have the samedegree. This meansexpressingthe squarefree
polynomiala in theform b, - b - - - b,, whereby, is theproductof all theirreducible
factorsof degreek thatfigurein a (assumedio besquarefree)Thebasicalgorithm
is describedn Fig. 5 andits desigrreliesonthefollowing property(seeg.g.,[45],
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procedure DDF(a : polynomial);

["a" is a monic squarefree polynomiall
n := deg(a); g := a; h := x;
for k := 1 to n do

1. h := h"q mod g;
2. blk] := gcd(h-x,g);
3. g := g/blk];
{"a" without factors of deg <=k}

4. if b[k] <> 1 then h := h mod g fi;

od;

return(b[1].b[2]...b[n]);

{b[k] is prod. of irred. of deg.=k}
end;

FIG. 5. The“basicstratgy” of thedistinct-dgreefactorizationalgorithm(DDF).

p. 91, Theorem3.20): For k > 1, the polynomiallly, := 29—z € F, [z] is the
productof all monicirreduciblepolynomialsin F,[z] whosedegree dividesk.
Thussweepingover successie valuesof £ andcomputingged's with II leadsto
apartialfactorization. Threedifferentstoppingrulescanbe considered:

— Thebasicstrategy exploresall thevaluesk = 1..n andcorrespondso the
versiongivenin thealgorithmin Fig. 5.

— Thehalf-deggreestrategy consistsn stoppingthe DDF loopwhenk = n/2,
sinceatthatmomenttheremainingfactoris either1 or irreducible.

— Theearly-abortstrategy stopsthe mainloop of DDF assoonas2k exceeds
the degree of the remainingfactor g. In this case,the remainingfactoris by
necessityrreducible.

Thefirst rule is too naive to be of algorithmicinterestbut it senesthe purpose
of introducingthe basicmethodsneeded. The analysesare carriedout in Sub-
section3.2. They benefitfrom informationsregardingthe two largestirreducible
factorsof a randompolynomial, a topic that we addresdirst in SubsectiorB.1.
SeeFigures6 and7 for numericaldata.

3.1. Distribution of largestdegreesof factors
A randompolynomial has with high probability several irreducible factors
whosedegreeis of the orderof n. Thedistribution of the largestdegreeamong
the irreducible factorsof a randompolynomial over F, underliesmary prob-
lems dealingwith polynomialsover finite fields. For instance,informationon
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this distribution is usefulwhencomputingdiscretelogarithmsin orderto discard
polynomialsthatcannotbewritten in termsof smoothones[48].

Specificallyweconsidethetwo IargesldegreesDL” , DE] ofthedistinctfactors
of arandompolynomialof degreen in F, . Statisticson thelargestdegreeof the
irreduciblefactorsof arandompolynomialin I, [z] have alreadybeenconsidered
in theliterature.Car[8] first obtainedanasymptotiexpressiorfor thecumulative
distribution functionof DL’ in termsof the Dickmanfunction This functionis a
classicahumbertheoreticfunctionthatwasoriginally introducedo describethe
distribution of thelargestprime divisor of arandominteger. We referto [14, 16,
41, 43,57] asgenerareferenceso the Dickmanfunctionin relationto arithmetic
problemsgspeciallyTenebaunsanalytictreatmenbf the Dickmanfunction[57],
the paperof Knuth and Trabb Pardo on integer factorization[43], and Knuth'’s
accountin [41, Sec.4.5.4].

Fact. Thedistribution of theIargestdegreeDLl] satisfiedor all z € (0,1):

lim Pr{Dlll < 2} = F(x),

n—oo

whereF'(z) = p(1/z) andp denotesheDickmanfunction. TheDickmanfunction
is definedastheuniquecontinuoussolutionof thedifference-diferentialequation

pu) =1 (0<u<), up (u) =—plu—1)  (u>1). (15)

In particular onehas
E(D})) ~ gn,
whereg = 0.62432 is known asGolomb's constantsee[17].

In the context of this paper fine propertiesof D[nl] , DE] provide insighton the
stoppingconditionfor the DDF stage. The statement®f Theorems3.1and 3.2
that follow are borroved* from [50]. The proofsgivenin [50] rely on an orig-
inal approachof Gourdon[30, 31] that leadsto local limit theorems. Indeed,
Theorems3.1, 3.2 belaw, give the asymptoticdistribution of the two largestde-
greesDL”, DE] wherethelimit densityfunctionsareaccessedia their Laplace
transforms A key rdleis playedby theexponentiaintegralfunction £ definedby

+oo —v
E(t) = / ° .
t

v

4Theauthorgake this opportunityto correctmistalesin thestatementsf Theoremsl and2 of [50]:
the errortermsinadertently written thereas multiplicative termsshouldbe readasadditive correc-
tion terms(in accordancéo the proofsthat stand). SeeTenenbaung informative review of [50] in
MathematicaReviews, 2001,in press.
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FIG. 6. A plot of the“density” of thelargestirreduciblefactordegreefor polynomialsof Fr [z]:
therepresentationf (zn) Pr(D1 = zn), for degreesn = 1,...,25 andz € [0, 1] (dashedines)
shavs fastconvemenceagainsthelimit f(z) (continuouscune).

THEOREM 3.1. The IargestdegreeD[r}] amongthe irreduciblefactors of a

randompolynomialof degreen over[F, satisfieghe“local limit” estimate

Pr(DI = m) = (B)+o (1‘352") ,

m n

whete f(u) is a continuoudunctionthatis definedby theinverseLaplaceintegral:

1 ltico ,—B(uh)
Fp) = / e ga-wh gp, (16)
1

21 —ioco

In otherwords,thelargestdegreeis onaverage?(n), andtheprobabilitythatits
valueequalsm is aboutl /m with a modulationfactorthatinvolvesthe Dickman
function. (It canbeverifiedby directLaplacetransformcalculationghat f (i) =
p(1/p — 1), with p the Dickmanfunctionasdefinedby (15).) Thenext theorem
shaws thatsimilar estimatesnvolving “Dickman-like” functionshold if a gapis
imposedor if oneconsiderghejoint distribution of thetwo largestfactors.

THEOREM 3.2. Thetwo IargestdegreesDLl] and D! of the distinctfactors
of a randompolynomialof degreen in F, satisfy

(H)for0 <m < n,

, 1 m logn
e} = m, D < mj2) = Lou (2) +0 (151),
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FIG. 7. Two largestdegreesfor 1,000randompolynomialsof degreen = 100 in F7[z]: each

circlerepresenta valueof thepair (D1, D2).

whete g; (1) is definedby theinverseLaplaceintegral,

1 [lHioe o—B(uh/2)
g1(p) = / —
1

= 1-p)h gp.
o € dh;

—1i00

(i9)for0 < my < my < n,

1 mip m logn
PO =, D) = ) = o (5 2) 0 (1250,

wheee g (u1, p2) is defineddy

1+ico  —F sh
1 / e 7 () e(l—ul—uz)h dh.
1

ga(p, p2) = -— A

21 —ico

Figure7 exemplifiesthepheromenaatstale by meanof simulatians. Estimates
similarto Theorems3.1and3.2 hold for largestcyclesin permutationg54] (this
is in agreemenwith the earlier discussiorof the randompermutationrmodel of
Sectionl.4)andfor integersasshovn by KnuthandTrabbPardoin [43]. Arratia,
Barbour and Tavaré [1] presentan interestingasymptoticmodel, the Poisson-
Dirichlet processthatputsthesdactsin perspectieandcoversrandommappings,
integer partitions,permutationsintegers,aswell aspolynomials.

3.2. Analysis of the distinct-degreefactorization

Themainresultof thissection,TheorenB.3,providesaquantitatvecomparison
of the threestoppingrulesfor the DDF algorithm. It is basedon threelemmas,
onefor eachof the stratgjiesto be analysed.
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We first fix somenotation. The DDF algorithmin its basicversionis specified
in Fig. 5. The computationin Step1l is doneby meansof the classicalbinary
poweringmethod40, p. 441-442]thatleadsto introducingtwo numbertheoretic
functions.

DerFINITION 3.1.  Thefunction v(q) is the numberof onesin the binary
representationf g. Thefunction A(q) is definedas

Ag) = |logy q| +v(q) — 1, 17)

andit representshe numberof productsneededo computeh? mod g by binary
powering.

By theexponentiakail resultof Theoren®.1,we needonly consideithe costof
DDF appliedto thesquarefre@arta of theinputpolynomial f, andoursubsequent
analysesreall relative to the statisticinducedby arandominput f of degreen.

Let dj, denotethe degreeof polynomialg whenthe kth iterationof the main
loop of DDF starts.The parameted;, is alsothesumof the degreesof thedistinct
factorsof f with degree> k.

THEOREM 3.3. Theexpectedcostof the DDF phasesatisfies
—(S
TDDFy ~ uS (Ag)m +m)n’  Ma) = llogy g +v(g) — 1,

whee 19 is a constantdependingn the strategy S,

5 5
(B) — 2 - . (HD) _ © _ .
M o5 = 046667, L -5 = 03125,
5 1 o] © o—u 1— .’L'2
(EA) - 2 _ —2z _ Z d dr = 0.2
u 5 3/0 e 2% exp ( /z - u) —— dz = 0.2668903307,

for thebasic(B), half-degree(H D) or early-abort(E A) strategy, respectively

Proof. Thecostof thebasicDDF is C; + C» + C3 + Cy, whereC; denotes
the costof line number;j in the algorithmof Fig 5. Let C; be the expectationof
C,;. Themeannumberof irreduciblefactorsof f is O(log n), sothatCs + Cy =
O(n?logn); thusit sufiicesto considerC; + C,.

Thequantitydy, is thesumof thedegreesof thedistinctfactorsof f with degree
> k. Then,thequantityC; + C- is equalto (A(¢)71 + 72)o, where

o= > d (18)

1<k<N
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with N the stoppingvaluefor the DDF loop. We have N = n for the basicstrat-
egy, N = n/2 for thehalf degreerule, N = max{D; /2, D5} for theearlyabort
strat@yy, whereD,, D, arethelargestandsecondargestdegreeof thedistinctirre-
duciblefactorsof thepolynomial. Thetheorenfollowsfrom thethreelemmase-

low. |

By (18) takenwith N = n, the analysisof the basicstrateyy only involvesan
additive parametenf polynomialfactorizations.It is thusdealtwith directly by
bivariategeneratindunctionsand singuarity analysis,assummarizedh Sectionl.
Theestimatealsosenes(by difference)n theanalysisof the othertwo strateyies.

LemMA 3.1. Theexpectedialueofs in thebasicstrategy satisfiesasn — oo,

B 5
( )N— 3
o, "

Proof. Theparameted,, is by definitionthe sumof thedegreesof the distinct
factorsof f with individual degree> k andthe parametet(5) of (18)is ¢(B) =
> r—, dz. Thebivariategeneratindunctionof dy, is, by thebasicdecompositions,

1 L R AN
Pk(z,u):H<1_zj> H(l-l—ujl_zj) .
izk

i<k

Theexpectedvalueof o(?) is thengivenby

o= B €0 =3 (G + )

q E>1

u=1

The basicrelation (5) and a computationof £(z) by logarithmic derivatives
imply thaté(z) = P(2) (&1(z) + &(z)) where

a(x) =) i’ -2)  and &)=} (Zﬂjzf’) :

i>1 k>1 \j>k

Thefunction&; (z) is asimplevariantof I(z), namely

f1(2) = (di) (10~ 21e0).

Thus, &1 (2) hasits dominantsingularityat z = 1/¢ andnearthis point,

2

P(2)é1(2) ~ A=)
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Singularityanalysisthenyields[z"]P(z2)&1(z) ~ ¢" n3/3.
We next turnto & (). TheestimateI; = ¢7 + O(¢?/?) entailsfor |z| < 1+,

YL (i)j _ lz_kz +5u(2), Sulz) =0 (q%) ,

izk 4

sothat

6 (E) _ 11—2 ﬁ +5(), Se)=3 (Qik%’“iz) + Sk(z)2> .

q E>1

The boundssatisfiedby S (z) make S(z) regular beyond the unit disk. Thus,
singularityanalysiscanbe appliedto thefunction P(z/q)&2(z/q). Therearetwo
dominantsingularitiesat1 and—1, buttheoneat z = 1 hasgreatemweight. The
resultingestimateasz — 1,

z z 1
PlZ 2y ——
<q> © (4) 2(1 - 2)*
implies that the nth coeficient is asymptoticto n3/12. Thus, finally, E%B) ~
(1/3+1/12)n® = 5n3/12. |

The analysisof the half-degreerule is relatedto Theorem3.1 sinceit involves

the distribution of DI, In fact, it only dependson areaswherethe Dickman
functionsimplifiessothata directargumentcanbe applied.

LeEmMA 3.2. The expectedvalue of ¢ for the half-deggreerule satisfies,as
n — oo,

D) | O 3

" 16

Proof. Wenow haveo#P) =37, d;. It sufficesto considerthe differ-
enceo’ = o' —oHP) =37\, i If the largestdegree D}, satisfies

plll < n/2, we have o’ = 0. Otherwisewe have o’ = (DLI] — |n/2]) (DLI])2
sincetherecanbe only onefactorof degreelargerthann /2, namerD[nl]. Thus,
themeanvalueof ¢’ is givenby

du= Y Pr(DY =k (k - [gJ) k2. (19)

n/2<k<n
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By the symbolicmethodof Sectionl, the generatingunction of polynomials
for which all factorshave degree< m is

m 1 Ik
xm(2) =[] (m) : (20)
k=1
Thus,thegeneratingunction of polynomialsfor which D%] =mis

¢m(z) = Xm(z) - Xm—l(z) = Xm(z) (1 - (1 - Zm)lm) ’ (21)

andtheprobabilityPr(DQ] = k) is relatedto this generatingunctionby
M = gy = Lyn
Pr(D)!' =k) = q—n[z |k (2).

Whenk > n/2, thenth coeficientof ¢, (z) is obtainedfrom

o1 (2) = P(2) (1 — (1 —2F)"¥) H(l — 2 = P(2) (It2* + O(z"))

>k

which entailsPr(DY! = k) = I,/¢* ~ 1/k for n/2 < k < n. Pluggingthis

estimatento (19) givesa’, ~ & n3. Thusal' ) = 54 — o' ~ & n®. |

The early-abortstratgy needsto be handledin a moretechnicalway. There
is a striking parallelwith the analysisof integer factoringby trial divisions, as
givenby Knuth and Trabb-Rardo[43]. Thejoint distribution of Dy, D, statedin
Theorem3.2now intervenes.

LeEmMA 3.3. Theexpectedvalueof ¢ in theearly-abortrule satisfiesasn —

FEA) L g3,

1 00 oo _—u 1— 2
s=2 _1 / e 2% exp <_ / ¢ du) m"” dz = 0.2668903307.
0 x

12 3 u
(22)

Proof. (i) Algebra. As aborve, we denoteby D; the degreeof the largest
irreduciblefactorof f, andby D, the degreeof the secondargestirreducible
factorof f (setD, = 0 if f isirreducible). Theiterationis now abortedat step
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ko = max{|D;/2|, Dy} andg(F4) = > k<k, di- Considerthedifference

o' =oB) — o(BA) = z dz.
max{|D1/2],D2}<k<n

We needto provethemean-alueestimates”,, ~ (3 — §)n®.
We have o' = (Dl — I_D1/2J)Df if D1/2 > Do, ando" = (Dl — DQ)Df if
D, /2 < D,. Thus,themeanvalueof ¢” is

n
A o (D1 - {%J) P(D = D, D < Dy/2)  (23)
D=1
+ Y. D}(Dy-Dy)Pr(D}l = Dy, DIl = D).
D2<D1<2D2

Hencethegeneratindgunction¥ (z) of thecunmulatedvaluesof theparameerc”
is expressibldén termsof thegeneratingiunctiongp1 (z) of polynomialsfor which
pill = Dl,DEI < D, /2, andthegeneratingunction¢p, p,(z) of polynomials
for which DLI] = Dy, DE] = D,. By symbolicmethodsthe generatindunction
of polynomialsfor which DQ] =m andDE] <m/2is

I,z2™

1—m (24)

b (2) = X|my2) (2)

with x,,(z) definedin (20). In the sameway, the generatingunction of polyno-
mialswith DI = m; and DS = my, ma < my is

B mn(2) = bn(2) T2 (25)
with ¢, (2) definedin (21). Thus,
¥0)=% (0= | 3] ) 00+ X (0i-DIDIén.u(a)

D1 D2<D1§2D2

(4é) Analysis.Theanalysif thegeneratindunction¥ (z) nearthepositivesin-
gularity z = 1/¢ is doneby approximatingsumswith integrals(EulerMaclaurin
summation).Thefollowing propertysummarizesvhatis needed.

LoGARITHMIC REMAINDER ESTIMATE. Theremainderof thelogarithmic
seriesyy, (2) := Y-, 27 /k, areapproximablén termsof the exponentialinte-
gral,

rm(e ") = E(mh) + O (%) , (26)
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wherethe O—errortermis uniform with respecto h > 0.

Justifyingthis for ary A > 0 only requiresthe Euler Maclaurinformulaand
“subtractionof singularities”,

+oo +o0
—h _ —ku _ —v v/m d_U
rm (e )—/h (Ze )du—/ e Py

k>m mh

E(mh) + R, (mh), Ry (u) = %/:_oo e 'n (%) dv,

with n(2) = 1/(e* — 1) — 1/z thatis continuousover the positive half-line.
Theestimateof Equation(26) appliedto x,,,(z) andé,, (z) entails

e—h B e—E(mh)—i—O(l/m) e—h B e—E(mh)+O(1/m) e—mh
Xm\ 7 ) = l—eh 7 "\q ) 1—eh m
(27)

Whenz = e~t/qwith ¢ > 0, theevaluation(27)togethemwith theexpression§24)
and(25) of theinterveninggeneratingunctionsgive

e—tD1 67E(LD1/2Jt) ef(D1+D2)t efE(th)

¢D1 (Z) ~ D1 t ) ¢D1,D2 (Z) ~ D1D2 ¢

Approximatingsumsby integrals,whenz = e~*/q with t — 0%, yields
% —(z+y)t
U(z) ~ —/ zle tre Blt/2) dm—}—l/ (x—y)$2eie*E(ty) dz dy.
Y y<z<2y Ty
Thechangeof variablesz — x andty — y, rephraseshedoubleintegral as

)\ e__t ~ é /oo $26—2z—E‘(z) d.QH-l /00 6—292 +y— e—y(2 + 3y + 2:‘/2) dy

Thesentegralssimplify underpartialintegration,andonefinds

et c n 5

(#41) Coeficients. Theasymptotidorm (28) of ¥ (z) ast — 0 is consistentvith
theassertiorthat
[2"]¥ (=) ~ g™, (29)

thoughit doesnotimply it. Indeed anasymptoticestimatdik e (28)is confinedto
thevicinity of therealline, sinceit canbeprovedthatthefunction ¥ (z) admitsits
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circle of corvergenceasa naturalboundary Thussingularityanalysiscannotbe
applied.(A Tauberiartheorencoud betried, but Tauberiarsideconditiorsappear
to bedelicateto establish.)We thenproceednsteacby an Abelianargumentthat
is basedon adirectproof of existenceof thelimit

. 1 .,
w:= 71131;0 pro [P (2). (30)
Indeed,Theorem3.2appliedto Formula(23) guaranteetheexistenceof thelimit
in (30) since

_ n D D
7o~ 3 ou(o-[3]) 0 (3)
Di=1
D, D, D,
Di|— -1 _—,—
+ Z 1(1)2 )92(7’7/, n)

Dy<D;<2D5

~ VOI z—;gl(w) dﬂf+/olﬂrj (/;2 (% - 1) gz(m,y)dy) dw] n?,

where,in the secondine, Riemannsumshave beenapproximatedy integrals.
Thisis sufficientto concludeontheexistenceof w in (30). Thisvaluemustthenbe

identicalto ¢/6 in accordancevith (28) and(29). 1

The constants in the above proof is a closerelative of the famousGolomb
constantthatintervenesin the expectationof the longestcycle in a randomper
mutation[54].

The global savings of the early abortstrateyy is thusof 36% comparedo the
basicstratayy, andof 15%comparedo thehalf-degreerule. Theexpectedcostof
DDF is O(n?® log q) andthis costdominatesn thewholefactorizationchain.

4. THE OUTPUT CONFIGURATION OF DDF

The DDF proceduraloesnot completelyfactora polynomialthathasdifferent
irreduciblefactorsof thesamedegree.However, asshavn by thefollowing results,
“most” of thefactoringhasbeencompletedafter DDF. First,the DDF procedure
producesa completefactorizationwith asymptoticprobability greaterthan1/2
(Theorem4.1). Next, the numberof calls to the subsequenphaseof EDF, that
is to say the numberof degreevaluesfor which more than one factor occurs,
is only O(1), andthe sumof the degreeswherethis happengthe total degree
of the fragmentspassedo EDF) is O(logn). However, this total degreehasa
fairly largevariability sothatthe costof EDF (to beanalysedn the next section)
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is comparatiely small but not entirely negligible. Theorem4.2 quantifiessome
of thesephenomena.They are establishedhereby meansof a hybridizationof

singularityanalysisandDarbouxs method a generatechniquehatwe explainin

somedetailwhenwe first encounteit in the next theorem.

THEOREM 4.1. Theasymptotigrobability for the distinct-degyreefactoriza-
tion to bethe completefactorizationis

co=]] (1 + q,ff 1) (1—q By,

k>1

In particular: co = 0.6656, c3 = 0.6123, ¢; = 0.5861, ca7 = 0.5635, cos7 =
0.5618, andcs = e~ = 0.5614, whele ~ is Euler's constant.

Proof. (i) Permutationmodel. We startwith the analysisof the permutation
model,asthisillustratesa“bare-bonestersionof themethod.By remarksabove,
this correspondso the limit caseg = oo. The probability thata permutationof
lengthn hasall its cyclesof differentlengthsis [2"]F(z), wherethe generating
function F'(z) is susceptibleo a variety of expression®btainedby thetechnique
of corvergencefactors:

ok
)

F(z) = H (1+
+z = Pl k
_ —z - —2"/k
= e 1 H(l-i- )e
2

k=1
>) (32)
2 z
>ez’“/k+z2’“/(2k2))

HereLis(2) := Y, 2" /k* istheclassicabilogarithmfunction. Thefirstfactor
S(z), in thebottomequalityof (31) satisfieshe conditionsof singularityanalysis,
while the secondone, R(z) is continuouslydifferentiable(of classC!) on the
closedunit disc D, sinceit is of theform e”(2) wherethe coeficient [2"]r(z) is
O(n=3).

We thushave asituationwherethegeneratingunctionof interestis theproduct
of asingulamartS(z) thatsatisfiestronganalyticitypropertieutsideof z = +1,
andof afunctionR(z) of theDarbouxtypethatis smoothontheclosedunitdiscD.

| %
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We only needto justify the fact that dominantasymptoticsof the coeficients
[2"]F(2) canbeextracted‘as though” R(z) wereitself analyticon D.
Thelocal expansionf S(z) atits singularitiest1 arereadilyfoundto be

1/2

Sy1(z) = 2e7¢)/2 (1 i ot log 20— +O((1 = 2)log?(1 — z)))
1

S_1(z) = Ze—<<2>/2 (2(z +1) + O((z + 1) log(z + 1)),
with theerrortermsbeingC® on D. In summarywe have foundthat
F(z)= (26_4(2)/2i +log(l—2)+ t(z)) - R(2), (32)

for somet(z) thatis C°, and R(z) thatis C* on D.

The expansionR(z) = R(1) + U(z)(z — 1) with afunctionU (z) thatis C°,
canthenbeinsertedin (32). Darbouxs methodappliesto the resultingform for
F(z) (seethediscussiorrelative to Equation(14) in Sectionl.3),andonehas

[2"|F(2) = 2R(1)e /2 + o(1), R(1) :== /> ] (1 + %) e~ /kH1/ (k%)
k=2
Thisfinally simplifiesusingtheinfinite productformulafor T'(1):
[2"F(z) = [] (1 + 1) ek 4 o(1) = e 4 o(1).
k=1 k

This last estimatehasbeenalreadyestablishedy Greeneand Knuth [32] by
meansof a Tauberiamrgumentcombinedwith bootstrapping.The methodused
hereis in contrasta hybrid of singularityanalysisand of Darbouxs method. It
canbe employedto derive completeasymptoticexpansionswith rootsof unity
thatintervenein successieasymptotidermscorrespondingp smallerandsmaller
singularityweights.(This leadsto fluctuatingtermsinvolving successie rootsof
unity.)

(i%) Finite field model.We next turnto thecaseof afinite field of fixedcardinal-
ity ¢ to whichthesameprinciplesapply. Thegeneratingunctionof polynomials
with irreduciblefactorsall of distinct degrees(but with single factorspossibly
repeated)s, by standardlecompositiofformulae,

ok
F(z)= H (T4 I (2 + 22+ 2% +..)) = H <1+Ik1_zk>' (33)

k>1 k>1
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An equialentform thatrevealsthepole-like singularityat = = 1/¢ is obtainedby
multiplying eachtermof the product(33) by (1 — z¥)’*,

k

F(z) = l—lqz II <1+Ik1fzk> (1 — 2k,

E>1

Thus,asz — ¢!, we have

o

c 1 _
F(Z)Nl_qqz, Cq=H(1+Ikm) 1—g "™, (34
k=1

andtheprecedingliscussiorapplieswith therole of thedilogarithmfunctionnow
playedby

Thehybrid methodthenyields,
["F <2> =¢, +0(1),

which, by (34),is our statement. |

Theoremd.1 wasobtainedby KnopfmachermandWarlimont[38] andindepen-
dently by the authorsin [18]. The methodsusedin [18] aswell asin the present
paperare however ratherdifferentfrom thoseof [38]. The paper[38] usesele-
mentarytechniquesndderivesconstructvebounds.Themethodslevelopedchere
aregearedowardsfull asymptotieexpansionsandhave beensuccessfullyusedoy
Gourdon[30] to solve the Golomb-Knuthconjecturg39, Ex. 1.3.3.23]regarding
the expectationof maximalcycle lengthsin randompermutations.

THEOREM 4.2. ThenumberN, of degreevaluesfor which there is more than
oneirr educiblefactor producedoy DDF hasan average thatis asymptotido the
constant

po=y (L—g *)k ((1 R R B ) :

T 1~k
k>1 1—gq

Thetotal degreeV; ofthecorrespondingrolynamialshasexpectatinlogn+O(1)
andstandad deviation of order y/n.
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Proof. Givenafamily F of elementsthe expression

1
=

weF

formally generateall (finite) multisetsof elementdakenfrom F. Theexpression

R I o R N L)
U;fl—w <we}_1—w u;fl—w
formally generatesll multisetseachaffectedby a coeficient of « if thereare
differentelementgomprisinghemultiset,andby acoefficient of 1 otherwise.This
appliesto the classof irreduciblepolynomialsof eachdegreen, taking F = Z,,.
Thus, the bivariate generatingfunction of the number N, of degreevaluesfor
whichtherearerepeatedlementss

k k
Py(z,u) = H <1 + IIiZ = +u ((1 )yl - IIi—zzk)> . (35

z
E>1

Thelogarithmicderivative with respecto u satisfies

Pi(z,1) . o I 2F
Pg(zyl) —g(l—zk)l ((l—zk) 1 —1——1_zk). (36)

By ourgenerabiscussiorof the hybrid singularityanalysisandDarbouxmethod,
the quantity Ny hasanexpectatiorthatis asymptoticto thelimit uq of Pj(z,1)/
Py(z,1) asz — 1/q. This quantityis thusnothingbut the valueof theright hand
sideof (36)atz = 1/q.

ForthesumN; of thedegreesof thesegpolynomialsanadaptatiorof (35)yields
thebivariategeneratingunction,

ok T ok
Pi(z,u) = H <<1+uk1 —zk> — (k= 1)1, m) .

E>1

We only discussbriefly thefirst momentof N;. Themeanvalueis ¢~ "[2"]R(z),

whereR(z) equalsP;(z,u)|,_, . Thanksto theexpansionkl;, = ¢* + O(¢"/?),

nearz = 1/q, R(z) isasymptotido (1 — gz) ' log(1 —qz)~'. Thus,theexpecta-
tion of IV, takenoverpolynomalsof degreen isq"[2"] R(z) ~ logn. Thesecond
factorial momentof N, is obtainedby a further differentiationof P;(z,u) at
u=1. ]
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The analysisof N; in Theorem4.2 wasgivenin [18] and Knopfmache35]
hasindependentlypbtainedan estimateof thefirst two momentsof Nj.

It shouldbe clearthatthe hybrid asymptoticnethodhasgreatflexibility. As a
finalillustration,wediscussquestiorof vonzur Gatherandconsidethequantity
N thatis the largestdegreefor which two or morefactorsoccur The generating
functionof ponnomiaIssuchthat]V < risinthiscase

k

F(z) = H(1 — )k H (1 +Ik1i—zk> .

k<7 k>r

Thus,the probability of N < ris, for largedegreen andfixedr, asymptotico

el = gu — gty (1 + Ik z qkk) , (37)
andfor largefield cardinalitiestheseconstanthiase a limit,
(") = ¢ N
dr)=e kl:[r(Hk) et/k, (38)

We have 1 — cff) = O(1/r) for all fixed ¢, somerepresentatie valueswith
q = oo being:

oo = 0.5614, ) =0.7631, 2 =0.8387, ) =0.9179, 10 =0.9549.

Thus, (37) and(38) give the following simplified picturein the asymptotidimit
(n andgq large).

FacT. A randompolynomialhasa small number O(1), of “colliding” de-
grees;the largestcolliding degreehasa probability distribution tail that decays
like O(1/7?) (for r < n/2). Becausef this slow tail decaythelargestcolliding
degreealonehasa first momentthatis O(}", r~*) = O(logn), but a second
momentthatis O(3", 1) = O(n).

Theseobsenationsareseeno be consistentvith whatTheoremé.2 asserts.

5. EQUAL-DEGREE FACTORIZATION (EDF)

After thefirsttwo stage®of thegenerahlgorithm,thefactorizatiorproblemhas
beeneventuallyreducedo factoringacollectionof monicsquarefre@olynomials
b all of whoseirreduciblefactorshave the same(known) degreek. The third
stepin thefactorizationprocessthe equal-dgreefactorizationalgorithm(EDF),
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procedure EDF(c : polynomial, k : integer);
{"c" is a product of irreducibles of degree "k"}
if degree(c) <= k then return(c) fi;
h := randpoly(degree(c)-1);
{draw a random polynomial}
a := h~((q"k-1)/2)-1 mod c;
2. d := gcd(a,c);
return(EDF(d,k) .EDF(c/d,k));

[y

end;

FIG. 8. Theequal-dgreefactorizationalgorithm(EDF).

focuseson polynomialswith this specialform. Our referencechain usesthe
classicalCantorZassenhauwslgorithm([6] for thispurpose.Theanalysissombines
arecursve partitioningproblemakin to digital trees—alsoknown as*“tries” [41,
46]— togetherwith estimateson the degreesof irreducible factorsof random
polynomials[37]. The netresultis that the global costof EDF is quadratic,a
sharpcontrastwith the cubic costof DDF. For corveniencewe first assumehat
q is odd,andrelegateto Section5.4 the caseof a characteristiequalto 2.

The EDF algorithmis describedn Fig. 8, andwe briefly recall the principle
here.

PrincipLE oF EDF. Letc beapolynomialthatis a productof j irreducible
factorsc = fi,..., f;, with eachf; of degreek. TheChineseremaindetheorem
impliesthering homomorphism,

Fo[2]/(c) = Fy 2]/ (fr) > - - x Fy[z]/(f;),

andarandomelement: of F, [z]/(c) isassociatetb aj-tuple(hq,. .., h;), where
eachh; is arandomelemenbf F, [z]/(f;).

Thefollowing splittingprinciplemakesit possiblgoisolatethevarous f;. Since
eachf; is irreducible,the multiplicative groupof eachcomponentt, [z]/(f;) is
afield isomorphicto F,x . Sucha groupbeingcyclic, thereare the samenum-

ber(¢¥ —1)/2 of squareandnonsquaresThetesthqu’1)/2 = 1 discriminates
the squaresn this multiplicative group. Thus,takingarandomh andcomputing
a:= h¢"=1/2 _1 mod ¢, wehavethatged(a, c) “extracts”theproductof all the
fi for which h is asquaren F, [z]/( f;).

Fromthealgorithmicstandpointtakingrandompolynomialsh, leadsto succes-
siverefinement®f eachfactore = b;, knownto becomposedolelyof irreducible
polynomialsof degreek. The computationdevelopsasa tree(Figure9). From
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ABCDE

ACD

PEAN

B 1 ACD

2
A/ iD

FIG. 9. A treeof successk refinementdy EDF of thefactorizationrb = ABCDE.

the probabilisticpoint of view, eachcomponenty; thatis randomin I, [z]/(f;)
hasprobability a = % — Zl—q of beingdiscriminatedby the gcd testandthe dual
probability, 3 = % + 2—1q of beinga nonsquare—thémall) differencebetweenm
andg is accountedor by the possibility of having nonirvertiblecomponents.

Then,the analysisof the completeEDF phase(Section5.3) requiresa purely
combinatorialanalysisof whattakes placeat eachdegreek (Section5.2) com-
bined with an estimateof the probability that thereare j irreduciblefactorsof
degreek in arandompolynomialof degreen. Theseprobabilitiesgiveinteresting
informationonrandompolynomialsandhave beenobtainecdby Knopfmacheand
Knopfmache[37] whoseresultswe recallin Section5.1.

5.1. Irr educiblefactors of eachdegree

Let k,,(k) betherandomvariablecountingthe numberof distinctirreducible
factorsof degreek in a randompolynomialof degreen. We considerherek as
fixed. The correspondingprobability distribution wasgivenin [37]. It canbe
easilycomputedby thedecompositiortechnique®f Sectionl, aswe now show.

THEOREM 5.1 (KnopfmachemandKnopfmacher). Theprobabilitythatthere
are j distinctirreduciblefactors of degreek in a randompolynomialof degreen
is, for n large enough(n > k1), givenby the binomial distribution B(Ix, ¢ *),
namely

.)(qk)fa gy,

Pe{en () =3} = (
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Proof.  The bivariategeneratingfunction for the numberof irreduciblesof
degreek is, by the basicdecomposition,

Qk(zau)

I
/N
—

+
<

[
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~
=
~~
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|
~
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—~
—
+
—~~
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|
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~—
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ol
~
I~
EY

Theasymptoticasn — oo arederivedfrom thepolarsingularityatz = 1/q: the
probability generatingunctionof thedistributionis in thelimit n — oo,

(1 + (U - l)q_k)1k7

thatisto say theprobabilitygereratirg functionof abinomial distribution B(I, g —*).
Asis easilyobsened,thisasymptotidormulais evenexactassoonasn > kIj. 1

SinceabinomialdistributioncorrespodingtorareevertscorvergestoaPoisson
distribution, onehas:

Fact. The probability distribution of the numberof factorsof degreek in a
randompolynomialof degreen is approximatelya Poissorlaw of parametet /&,

This factis in accordancevith the known distribution of cycle lengthsin the
randompermutationmodel[54]. The tablebelow providesnumericalvaluesof
Pr{kn(k) = j} for j = 1,2,3, whenk = 1,2,3. The datacorrespondingo
degreen = 20 (for valuesof ¢ = 2, 17) shov anexcellentfit with the Poissorlaw
(g = 00), evenin thenon-asymptoticegime.

k=1 k=2 k=

q
‘j=1 j=2 j=3|j=1 j=2 j=3|j=1 j=2 j=

2 || 0.250 0250 0.187 | 0.750 0.187 0.046 | 0.765 0.191 0.035

17 | 0.356 0.356 0.188 | 0.624 0.293 0.069 | 0.717 0.238 0.0396

oo || 0.367 0.367 0.183 | 0.606 0.303 0.075| 0.716 0.238 0.039

5.2. EDF and splitting trees
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For eachvalueof k, we canregardtheEDF phaseasanabstracsplittingprocess
asfollows. Startwith agroupG formedof m individuals. (In EDF if thedegreeof
by iskj,then,m = j.) By flipping coins separaté& randomlyinto two subgoups,
Gy andG1, with theprobabilitiesfor eachelemento besentto Go andG being
«a andf. Theprocesss repeatedecursvely until all elementhave beenisolated.
Clearly, any suchrecursve executionis describedy abinarytree(Figure9). The
correspondingandomnessodel

Pr (|Go| = mo | |G| =m) = <m>am°ﬁm_m°,
mg
1 1 1 1

a:§_2_q’ /3254‘2—(1,

(39)

thatis inducedby independensplittingsthencoincideswith the oneunderlying
digital trees Giventheimportanceof thedigital treein thedesignandanalysisof
algorithmsmary propertiesareknown. We cite here:

Fact. The expectationof the numberof binary nodesin a splitting tree,
relative to m individualsandwith probabilities(a, 3), is

m 1 1
ﬁ(1+€(m))+o(m)a H = alog, — + flog, ik

with e(m) afluctuatingfunctionof amplitudetypically < 10~°. Theexpectation
of the heightof thetreeis

2
Elog2m+0(1), K zlogz(oz2 +,32)*1.

The sizeestimatedueto Knuth and De Bruijn around1965 (publishedin the
1973 edition of [41]) involvesthe entrogy function H; the height estimatefirst
appearedn [22] (a paperalreadymotivatedby polynomialfactorization)andit
involves the “coincidenceprobability” o + 32?. Nowadays,theseresultsare
bestunderstoodn the context of Vallees generaltheory of dynamicalsources;
seg[11, 58]. As aconsequencef theseestimatessplitting treestendto befairly
well balancedso thatthe costof an EDF phaseis expectedto be closeto that of
aperfectsplitting. Thelemmabelow providesanexplicit expressiorfor the costs
inducedby thecomputationamodelat hand.

LEMMA 5.1. Theexpectedcost C; ; of the EDF algorithm applied to any
productof j irreduciblefactors of degreek is

m=0 (=0
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whee e = A((¢* — 1)/2) = [log, T3 | +» (£52) -1,

Proof. It is corveniento regardanexecutionof thesplittingprocesasatreet
andto consideywith ty, t; therootsubtreesageneratostfunctionof theadditive

type,
C[t] =ey + C[to] + C[tl]. (40)

Heree, is a(problemspecific)‘toll” functionthatdependonthesize|t|, thatis
to say thenumberof irreduciblefactors(of degreek) to be separated.

The subtreesizesobey the Bernoulli probability of (39). Also thesubproblems
describedby tg,t; have, by design,the samecharacteristicasthe whole tree.
Thus,theexpectationc; of C[t] overtreesof sizej satisfiesherecurrence

C]—eJ+Z(> EBJ E C£+C] f)—61+2<) K/Bj—f_*_aj—éﬂé)cg

£=0

This translatesn termsof the exponentialgeneratingunctions
2) =Y /i,  E(z)=)_ ej/j,
J J
into the functionalequation
C(z2) = E(z) + €°*C(az) + e**C(B2).

This differenceequationiterates)eadingto the explicit generatingunctionsolu-
tion

= i Z (ﬁ) E(a?~Btz)ex 1", (42)

=0 ¢=0
Theanalysiss completedby specializinghis discussiorio theEDF costs.The
toll functionthatarisesrom thetop-level executionof the EDF procedurds then

€; = (w1 + 1) (kj)?,

for j > 2. There,u; is the numberof multiplicationsof the binary powering
method,andthe quadraticcostsareinducedby the naive multiplicationandgcd
algorithmsconsideredhere. Thetoll functione; = j2(1—4;,;) correspondo the
generatingunction E(z) = z(e*(1 + z) — 1) in (41). Extractingcoeficientsof
theresultinggeneratindunctionC(z) in (41)andrescalingbye;/e; thenyieldsthe

statement. ||
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5.3. Completeanalysis

Completingthe analysisof EDF only requiresweighting the costsgiven by
Lemmab.1 by the probability Pr(x,, (k) = j) of finding j irreduciblefactorsof
degreek givenby Theorenb.1. By Lemmab5.1,the costis of theform O(j2k3),
andby Theorem5. 1, the probabilitiesare approximatelye=!/k~7 /5!; thus,we
expectthetotal costof the DDF phaseo be of theorderof

% (%K*) - (%) = O(n?).

Themainresultof this sectiongivesafirm basisto this heuristiccomputatiorand
determinesheimplied constantin orderto provethefinal estimateof Theorem5.2
below, we needtwo technicalemmas.

LEMMA 5.2. Whenk — oo, onehasfor all j sudthatkj <n

Iy,
Pr(kn(k) =Jj) = E;JTJ (1+0(1/k)),

i

wheretheO(1/k) isuniformin j. Moreover, thefollowinguniformestimateholds
P k)=34)=0 !
r(kn(k) = J) = i)

Proof. Whenkj < n, Theoremb.1lyields

(5)

T N (Ik*j)
Pr(kn (k) = j) = —=(14v), v =Y (=1)* =, N = min(|n/k]—j, Ir—j).

ke
q™ — q
Whenk is large,onehasv = O(1/k) since
I —j (kaj) )
ol <> g = A+ 1<+ - 1= 00/k).
=1

This provesthefirst estimate As for the secondbne, it sufficesto notethat

Ik Iz qkj
< -t = —-—
(j) =5~ 0Um )

andto usethefirst estimateof thelemma. |



ANALYSIS OF POLYNOMIAL FACTORIZATION 39
LemMA 5.3. Theaverge costsC} , of Lemmab.1satisfyfor all &

2
Co =Crr =0, Co = b (LrT1 + 72) K2,

and, uniformly,
Cir = O(2k>).

Proof. Thefirstrelationsaredirectapplication®of Lemma5.1. Fortheestimate
of Cj , theinequalityl — (1 — u)?=! < (j — 1)u implies

2(m—12) n2¢ 2
Cir < 2(15 + ZZ( )J—l (M08 | (e +72) k

m>0 {=0

= ]7('70(; 1) (Mle + T2) k2.

Thelastequalityholdssince

>3 ()t = Yt 4ty = 5L

m2>0 £=0 m>0

Sinceu, = O(k), thestatemenfollows. |

We arenow readyto prove the mainresultof this section.
THEOREM 5.2. Theexpectedcostof the EDF phasesatisfies

e ()

- [n/2] g
EDFn ~ 5 S, k= {logQ
k

In addition, this costis O(n? log q) and
—_— 3 ¢ 5 1 1
TEDF,, ~ 47'1q2 logzq (1+&,) -n°, -3 +o(l) <& < 5—}-0(1).
(42)
Proof. The intuition behindthe proof is that the major contribution comes

from situationswherejust 2 factorsare presentthe othercaseshaving globally
a very small probability of occurrence. Let Ej, be the expectedvalue of the
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costof the EDF algorithm correspondingo degreek. By definition, we have
By = Y5, Pr(sn(k) = j) Cjx, whereCj , is givenby Lemmab.1.

When2k < n, Lemma5.2andLemma5.3entail,ask — oo,
(IQ’C) k9 503 !

e L+01/k)+>.0 (TJ k ) = — u +O(1).

EDFy, = Ca 5
>3 @

When2k > n, wehave EDF}, = 0. Thus,theoverallcostof theEDF component
is> >, B, = & ZL’;/Iﬂ ur +O(n). Thesecondorm of thecostis obtainedrom
the generalinequalityl < v(m) < 1 + log, m, uponsubtractingrom v(m) its

nl

“meanvalue” 5 log, m. |

The quantity&,, in the statemenmeasureshe default of uniformity in binary
representationsf numbersrelatedto the powersof ¢. Underthe unproven as-
sumptionthat suchrepresentationbehae like randomintegers, the arithmetic
function¢,, shouldbecloseto 0. Thisassumptiors well supportedoy empirical
evidence:for instancewith ¢ = 17, we have

& = —0.425, &0 = —0.060, &y = —0.024, &5o = —0.016.

For all practicalpurposesywe may safelyregard¢,, asbeingasymptotico O.

5.4. Equal-degreefactorization in characteristic 2

In the previous sectionswe have analysedn detailtheequal-dgreefactoriza-
tion overfinite fieldswith oddcharacteristicFor thesecaseswe havefollowedthe
algorithmby CantorandZassenhaufg] who alsoprovide a solutionfor theeven
casethatrelieson factoringthe polynomialin a quadraticextension.Ben-Or[3]
shaved that this detouris not neededwhile proposinga methodbasedon trace
computations.

Trace computationgntroduceonly a small changein the EDF algorithm of
Fig. 8. Let m besuchthatq = 2™. In orderto computethe traces,we replace
line 1 by

1. a := h+h"2+h~(2"2)+...+h" (2" (km-1)) mod b;

We obsenrethattheanalysisor theoddcasds valid for theevencase.First, the
splitting processds the same(with probabilitiesa. = 8 = 1/2). Then,thecostof
computingdine 1’ isthesameasthecostof computingdine 1 in Fig. 8. Indeedthe
tracecomputationganbedeteminedusingbasically km productsof apolynomial
containingj factorsof degreek. Thiscostsessentiallykm(jk)? = k332 log g, the
samecostasin theoddcase.
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Phase Worst-case Average-case
ERF O(n?) Tan?
DDF  O(n®logq) 0.26689 (A\(¢)71 + 72) n®

EDF  O(n?logq) (gn q2110gq-n2) (141 +0(1))

>

FIG. 10. A comparisorof theworstcasesandtheaveragecase®f thethreephase®f polynomial
factorization.(Thecostof multiplying two polynomialsof degreelessthann moduloapolynomial f
of degreen is 71 n2, andthe costof agcdbetweenf anda polynomialof degreelessthann is Tan?.
Thenumberof productsneededo computeh? mod f is A(g) = [log, q] +v(g) — 1.)

6. CONCLUSIONS

In this papemwe have shovn how analyticcombinatoricadaptswvell to thecase
of polynomialsover finite fields. A systematiausageof this methodologyleads
notonly to thederivationof basicprobabilisticpropertieof randompolynomials
over finite fields but alsoto the average-casanalysisof a completepolynomial
factoringalgorithm.Figurel0summarizethemainresultsof thepaperin termsof
the average-casanalysisof thefactoringalgorithmandit providesa comparison
with worst-caséehaviour.

It shouldbe clearthata large numberof variantsof the factorizationchaincan
beanalysedy our methods.For instancespecificof theeliminationof repeated
factorsstagearelargelyimmateriafrom theexpectedcomplexity stangboint, since
they leadto identicalresultsin asymptoticterms. A radicalpossibilityis thento
bypasscompletelythe first stage. In this variant, DDF not only producesthe
polynomialsfor the EDF part but alsoreturnsa polynomial containingthe non-
squarefregoart of the original polynomial. Oncemore,thereis no differencein
asymptotiderms.

Severalauthorq26, 34] have statedhatfrom aworst-casgerspectre,andeven
whenconsiderindgastarithmeticnsteadf theclassicabne DDF is thebottleneck
for the factorizationprocess.Our resultsconfirmthatsuchis alsothe casefrom
anaverage-casperspectie. Chapterl5 of therecentbook[24] furtherillustrates
this pointwith striking graphics.

Finally, we shouldmentionhereafew otheralgorithmsthathave beensubjected
to a“Knuthian” analysissimilar to whatwasconductechere. PanarioandRich-
mondanalysen [52] theirreducibility testof Ben-Orthatis basedon trial DDF:
the analysisinvolvesstatisticson smallestdegreesof irreduciblefactorsandthe
Buchstaldunction,adualof theDickmanfunction. Rabinsprobabilisticconstruc-
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tion of irreduciblepolynomialsis alsodealtwith in [51]. Lastbut notleast,the
Euclideanalgorithmturnsout to be somevhateasierto analysefor polynomials
thanfor integers: seetheanalyse®y KnopfmacheandKnopfmachef36] aswell

asby FriesenandHenslg [23].
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