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ABSTRACT

QUANTUM RANDOM WALKS ON THE INTEGER LATTICE VIA GENERATING

FUNCTIONS

Andrew Eric Bressler

Advisor: Robin Pemantle

We analyze several families of one and two-dimensional nearest neighbor Quantum Random
Walks. Using a multivariate generating function analysis we give a simplified proof of a known
phenomenon for two-chirality walks on the line, namely that the walk has linear speed rather than
the diffusive behavior observed in classical random walks. We also demonstrate Airy phenomena
between the regions of polynomial and exponential decay. For a three-chirality walk on the line
we demonstrate similar behavior, with the addition of a bound state, in which the probability of
finding the particle at the origin does not go to zero with time. For each of these walks on the line
we obtain exact formulae for the leading asymptotic term of the wave function and the location
probabilities. Analyzing two-dimensional walks we again find a region of polynomial decay which
grows linearly with time. The limiting shape of the feasible region is, however, quite different.
The limit region turns out to be an algebraic set, which we characterize as the rational image of a
compact algebraic variety. We also compute the probability profile within the limit region, which
is essentially a negative power of the Gaussian curvature of the same algebraic variety. We close

with preliminary work concerning walks in higher dimensions.
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1 Introduction

In this thesis we will study methods to determine the asymptotics of multivariate sequences as-
sociated with Quantum Random Walks. A multivariate sequence is an array of numbers of the

form:

{an,---,m STy, T, € L}

which we will abbreviate as {a, : r € Z?}, where d will denote the dimension of the array unless
otherwise stated. For d < 3 we will let r, s and t denote 71, ro and 73, respectively. The generating
function for this sequence is the power series:
F(z1,...,2q) := Z AryrgZ1 e 2
2, €L Vi

which we abbreviate F'(z) = ) ;. arz". When we create a power series, we will often first deal
with it formally, without regard to its convergence. We will think of F(z) simply as an element
of C[[z]] or of C((z)) := C[[z]][1/7] if negative indices are required. For d < 3 we let z, y and z
denote z1, zo and z3, respectively.

Combinatorists have several methods for studying such arrays of numbers. These include,
but are not limited to, the determination of associated recurrence relations, generating functions,
asymptotics, and exact formulas for the elements of the array. While we will use each of these
techniques as the need arises, our ultimate goal will be the determination of asymptotics. To
establish asymptotics, the following notation will be important. If there exist M € RT and N € N
such that n > N implies |Z—:\ < M we say that a,, = O(b,). Alternatively if lim,,_ ‘g—: =0 we

a(n)

write that an, = o(bn). Lastly if lim, o 57 =1, we say that a(n) ~ b(n), while noting that this

is equivalent to “a(n) = (1 +0(1)) - b(n)”. In Chapter 2 we will see that asymptotics can often be
even more useful than the determination of an exact formula.
For each array we study, there will be some narrative that accompanies it. If the array counts

the elements of a sequence of sets, we will have a, € Z*. If it is a sequence of probabilities, then
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each a, will be in the interval [0, 1] and for each fixed to, we will have Z(Th_“’m)ezd Alryorarte) = 1o
It is also possible that a, € C, as will be the case with Quantum Random Walks.

Suppose the narrative is that a particle begins at the origin, moves to the right with prob-
ability p and stays still with probability 1 — p. Then if a, = a,, designates the probability
that the particle is at position r at time s, then it is immediate that a, € R and a,, = 0 for
r ¢ {0,1,---,s}. The recurrence relation for this sequence would be a, s = (1—p)a, s—1+par_1,5-1-
Using this relation as well as the initial values above, we can derive the generating function
F(z,y) = Z(r,s)e(z+)2 ar s 2"Y° = m. The algebraic variety associated to this gener-
ating function is the set of points where its denominator vanishes. This variety, known as the
singular variety, would thus be the set of points {(z,y) € C?: 1 — (1 — p+ px)y = 0}. In many
of the examples of interest to us, the generating function and singular variety will be necessary to
derive formulas and asymptotics for the terms of the sequence. We will demonstrate a class of ex-
amples, including the Quantum Random Walk, in which the key contribution towards asymptotics
comes from the Gaussian curvature of the singular variety.

In the case above, we can equate a, s with the probability of getting exactly r heads from s
coin flips. The binomial formula delivers a, s = (3)p"(1 —p)*" = (i)(ﬁ)r(l — p)®. Then using

Stirling’s Formula: n! ~ (2)"v/2mn, we obtain the asymptotic approximation:

i MG e R

s I—-p" r s—r)

The narrative above describes a variant of the classical random walk on the line in which
the particle moves to the left and right with probabilities p and 1 — p, respectively. Variants
of the classical random walk are used as the basis for algorithms for counting, sampling, and
testing properties such as satisfiability of Boolean formulae or graph connectivity. The probability
distribution of a particle undergoing a classical random walk converges to a normal distribution
as time s increases. The particle’s expected location is at the origin, and its standard deviation is

1\/s. As a result, Pr(z € [-M /s, M/s]) — 1 uniformly in s as M — oco.
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In contrast, in the Quantum Random Walk, it is not the particle’s probability distribution
that is directly affected by the coin flip, but its amplitude distribution, where probability will be
the square of the norm of the amplitude. This fact will necessitate the introduction of an extra
degree of freedom, called chirality or spin which will in turn lead to the phenomenon of quantum
interference. This setup, detailed in Chapter 4, results in a walk on the line with linear speed,
rather than the diffusive behavior of the classical walk. While it is yet to be determined whether a
quantum computer can be constructed on a large enough scale, or whether such a computer could
leverage the quadratic speedup of the Quantum Random Walk, it is evident that these walks merit
study.

In Chapter 2 of this thesis we review known results concerning asymptotics of univariate and
then multivariate generating functions. We interpret these results and apply them to easy exam-
ples. In Chapter 3 we supply further mathematical prerequisites for our results and applications
in Chapters 4 and 5. In particular, we summarize results from Differential Geometry and Com-
mutative Algebra that will be needed and are not known to combinatorists. In Section 4.1 we
give an in depth introduction to Quantum Random Walks. We then demonstrate the application
of Chapter 2 and Chapter 3 to QRWs on the line in Sections 4.2 and 4.4. Section 4.3 applies a
method for demonstrating Airy behavior in the region between those of exponential decay and
relatively uniform distribution. Chapter 5 develops and applies new theorems for the asymptotics

of various QRWs on the plane and begins a discussion of QRWs in dimension greater than 2.



2 Combinatorial and Asymptotic Background

2.1 Univariate Asymptotics and Methods

In the case of the univariate generating f(z) = Y > a,x™, the concept of an asymptotic approxi-

mation is straightforward. One seeks a well known function b(n) such that lim,, Z((Zg = 1, which
we have seen is denoted a(n) ~ b(n). The rate of growth of the coefficients will be dictated by the

singularities of f that are closest to the origin. This will be most apparent in the rational case.

2.1.1 Rational Functions

For any rational univariate generating function f(z) = ZE;;, with deg(g) = [ and deg(h) = m,

by the fundamental theorem of algebra there will always exist unique A,r; € C (with the r; in
order of ascending modulus) such that f(z) = 1-[;,1:’14(917% If the r; are distinct, then with
deg(p) = max{l —m,0} and s; € C, f(x) has the unique partial fraction decomposition f(x) =
plz) +30, 1_27’/” which expands formally to p(z) + 37", 327 s;(x/r;)". Then for n > deg(p),

there is the exact formula a,, = Z;ﬂ:l sjr> " and the asymptotic estimate a, ~ syry ™. If |ri| =

J
|ra| = ... =|rp|, the asymptotic estimate would be a,, = Zle sjr; . Thus in this simplest case,
the poles closest to the origin dictate asymptotics.

An example will help one develop a feel for the preference between an explicit formula and
asymptotics. In the case of the famous fibonacci sequence, ag =0, a1 = 1 and a,, = apn_1 + Gn_o
for n > 1. To solve for f(z) = > a,z™ we multiply each side of the recurrence relation by z"

and sum over n beginning with n = 2. The left hand side of the equation becomes >, a,z" =

f(z)—a1z—ag = f(x)—=z. The right hand side becomes >~ 5 an_12"+ > 0 5 an_oz™ = z(f(z)—

ao) + 22 f(z) = (v + 2?) f(x). Equating the two sides and solving for f(x) gives f(x) = =
In the form of the partial fraction decomposition above, 1 = =1EY5 py = Z1=V6 ) — %

and sg = —%, so for all n, a,, = % {(71?“/5)” - (713\/5)”} = % {(1'*'2‘/5)” - (1_2‘/5)"] At this

point one concerned with the number theoretic properties of the fibonacci numbers would want this
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formula. However, one concerned with the growth of the fibonacci numbers as n — oo would prefer
1 (17\/g)n < 1

n
] . In this particular case, since for all n, VA

the asymptotic estimate a, ~ —= 5

1 [1+\/5
V5

one can determine the n'" fibonacci number most efficiently by taking the asymptotic estimate
and rounding to the nearest integer.

Now we suppose that the r; are not distinct. In this case we show that asymptotics are dictated
by the pole of highest multiplicity among those closest to the origin. We will use the fact, proven
by induction and a simple substitution, that the coefficients of (1 — x/r;)~* are given by the

"+k_1)1"—". Again f(z) has a partial fraction decomposition, now of the form

equation a,, = ( i1 )T

23:1 ngl ﬁ where f has t distinct roots and 7; has multiplicity m;. The coefficients
J

m; ”+i71)r._". Now the leading terms are

. t
are then given by the formula: a, = >, 3% sij (")
those that minimize |r;| and among those, maximize ¢. If there is a unique root r;, of minimal

modulus and then of maximal multiplicity m;,, the coefficients have asymptotic approximation

. (ntmi,—1\ —n
an ~ Smjojo( mjy—1 )Tjo

2.1.2 Analytic Methods

At first we assume f(z) is rational with distinct simple poles and adopt the notation from the
prior section. It is worth noting that if we were to expand f(z) in a Laurent series around the pole

x = 1j, the coefficient of ﬁ, also known as the residue of f at r;, denoted RES (f,r;), would

be —s;jr;. RES(f,7;) can also be calculated as % Thus when the r; are distinct, without

_RES(frp) _ _ _a(ry)

calculating the partial fraction decomposition we determine s; = - R
J J J

If f(z) = >"77, ana™ is not rational we can still show that the singularities closest to the origin
play a pivotal role. If the closest singularity to the origin r; has modulus R, then R will be the

radius of convergence of the power series. Since R can be written as we know

limsup,,_, o |an|t/™"’
there exists N such that for all n > N, |a,| < (§ + €)™ while for infinitely many values of n,

lan] > (5 — €)™

As an example we consider the Catalan numbers. While this sequence is famous for having
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countless alternate definitions, we define a,, as the number of acceptable sequences of n left paren-
theses and n right parentheses such that for all 1 < j < n, the j* left parenthesis occurs before the
jt right parenthesis. In order to determine a recurrence relation, we let b, denote the number of
sequences of n left parenthesis and n right parenthesis such that for no 1 < 57 < n—1 can one cut off
the sequence after 2j parenthesis and have an acceptable sequence. In other words, one could say
that b,, counts minimal acceptable sequence. It is important to note that every sequence counted
by b,, begins with two left parenthesis and ends with two right parenthesis. If the second parenthe-
sis had been a right, then the first two parenthesis would have been an acceptable sequence, while
if the penultimate parenthesis had been a left, then the first 2n — 2 parenthesis would have been an
acceptable sequence. Since every acceptable sequence has some j such that the first 25 parenthesis
is a minimal acceptable sequence, we can write a,, = Z?:l bj - an—;. Meanwhile, if a minimal ac-
ceptable sequence sheds its first and last parentheses, the result is some (not necessarily minimal)
acceptable sequence, so b, = a,_1. Making this substitution in the recurrence relation above we
get a, = Z;—;l aj_1 - an—; as long as n > 0. In the language of generating functions, this implies
that f(z) = zf(2)? + 1. (The 1 on the right hand side accounts for the n = 0 case and the extra
x takes into account the fact that the a indices on the right side of the recurrence relation only
sum to n — 1.) Solving for f(z) then gives f(z) = @7 while the nonextraneous solution is

flz) =12z w as it is analytic at the origin. One can confirm this by rationalizing the numerator:

1= 31;45” =17 21—41' Using the binomial series expansion we get f(z) = f% Sy (k_,fm)xk*lélk
so a, = —% ("7;1{2)4”“. From a glance at the generating function, it is clear that R = 1/4, so we

would immediately know that a,, ~ p(n)4™ where p(n) is subexponential.

2.1.3 Saddle Point Methods

The coefficients of a generating function can be written in terms of the Cauchy integral as

1
an = — [ 27" F(2)dz
2mi J,
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where 7y is a contour around the origin with winding number 1. Once the coefficients are expressed
as integrals, one can attempt to apply the saddle point method, consisting of the following steps,

enumerated in Section 3.2 of [Pem09]:

1. Rewrite the integrand as e"?.
2. Locate the (discrete) set of zeroes of ¢'.
3. See if v can be deformed so as to minimize R{¢$} at such a point.

4. Estimate the integral by integrating a Taylor series development of the integrand term by

term.

If step 3 is successful, meaning that the modulus of the integrand falls steeply on either side of its
maximum, then multiplying this maximum by the length of the interval where the modulus is near
its maximum (or something slightly more fancy) will give a reasonable estimate for the integral.
While generically this cannot be done, this situation is analogous to one which we will explore in
several variables in Section 2.2, which is why we mention it here.

If step 3 cannot be achieved, but with the integrand rewritten as 1(z) exp(—Af(2)) the function
R{f} is minimized at a point zp in the interior of 7, then Hayman’s method [Hay56] can be
employed. If furthermore ¢ and f are smooth, and g%ﬂz(] # 0 then Hayman’s method gives the
estimate:

27
2o

L V() exp(=A(2)) ~ (a0)y | s exp(—AFa0)



2.2 Established Multivariate Results and Terminology

The subject of our attention henceforth will be a multivariate sequence with rational generating

G(z)

function F(z) = Ok To discuss the asymptotics of such a multivariate sequence takes a bit of

T

terminology. In contrast to the univariate case in which the index can only approach infinity in a
single direction, there are infinitely many directions to approach infinity in the multivariate case.
We address this issue by letting the final coefficient 74 go to infinity while keeping r;/rq roughly
fixed for each 1 < j < d—1. Thus when we refer to a direction in which we seek asymptotics, we refer
to the (d — 1)-tuple (r1/rq,...,r4—1/7ra4). In contrast to the readily determined and understood
results for univariate sequences, results in the multivariate case have proven significantly more
elusive. In his survey of asymptotic results, Bender [Ben74] wrote: “Practically nothing is known
about asymptotics for recursions in two variables even when a generating function is available.
Techniques for obtaining asymptotics from bivariate generating functions would be quite useful.”
The earliest set of results after the publishing of this statement can be referred to collectively as
GF-sequence methods. They involve dividing {a,} into a sequence of (d — 1)-dimensional arrays
indexed by r4. The other older results concern the algebraic extraction of individual diagonals and
are appropriately referred to as the diagonal method. We utilize this method in Section 4.4 when
our otherwise more powerful techniques fail us. Many of the more recent results involve the use
of contour integration, including those in [BM93], [PWO02], [PW04] and [PWO08]. The last three
of these serve as the launching off point for this thesis, and the remainder of this section draws
heavily from [PWO02] in particular. As the subsection titles below imply, the plan of [PW02] (when

dealing with a d-variate generating function F') is to:

1. Use the multidimensional Cauchy integral formula to represent a, as an integral over a d-

dimensional torus inside C®

2. Expand the surface of integration across a point z (depending on the direction in which

asymptotics may be computed) where F' is singular, and use the residue theorem to represent



ay as a (d — 1)-dimensional integral of one-variable residues.

3. Put this in the form of an integral [ exp(\f(z))(z)dz for which the large-\ asymptotics can

be read off from the theory of oscillating integrals.

2.2.1 Notation

Before moving on, we establish the terminology to be used throughout this section. Any notation
which is not explicitly overruled by a later one will persist throughout this thesis. We denote the
open domain of convergence of the power series as D. We assume that F' = G/H converges in a
neighborhood of the origin and can be analytically continued everywhere except a set V of complex
dimension d — 1 called the singular variety. In the cases of interest to us, we will be able to define
V more simply as V = {z : H(z) = 0}. For z € C? we let T(z) denote the torus consisting of points
w with |w;| = |z;| for 1 < j < d and let D(z) denote the closed polydisk consisting of points w
with |w;| < |z;] for 1 < j < d. It will be important that the domain D is a union of tori T(z)
and is logarithmically convex, meaning that the set logD := {x € R? : (e®1,...,e%) € D} is a
convex subset of R% as well as a subset closed under < in the coordinatewise partial order. In the
dimension two case we use (z, y) instead of (z1, z2) and (r, s) instead of (r1, r2). In dimension greater
than 2 we use z to denote (z1,...,24_1) in order to facilitate the decomposition C% = C¢~! x C.
Also we denote the partial derivative g—g as H; and in dimension 2 we use H, and H,. In
addition to the notation f ~ g introduced earlier, Pemantle [PW02] adds the notion of a function
f being rapidly decreasing if f(x) = O(z=N) for every N and the function f is exponentially
decreasing if f(x) = O(e™°®) for some ¢ > 0. More generally, we write f ~ > b,g, to mean that
f= 271:/:0 bngn + 0(gn), where b, € C and {g,} is a series of functions such that g,+1 = o(g,) for

each n.
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2.2.2 The Cauchy Integral

The first step in determination of multivariate asymptotics is the use of Cauchy’s integral formula:

1 \¢
_ —r—lF
ay (27ri> /T w (w)dw

where 7' is a torus surrounding the critical point z of F' that is relevant for r. We then aim to
rewrite wTLF(w) as exp(rqf(w))y(w) where ¢ will be a residue in r4 of F//wg while f is such

that exp(rqf) = (z/w)".

2.2.3 Ciritical Points

As in the univariate case, the points of V closest to the origin will be the most important in the
determination of asymptotics. In that light, we define a point z € V to be minimal if YV N D(z) C
T(z). In this case, we call the torus T(z) a minimal torus. If the above condition holds with V
replaced by a neighborhood of z in V, then we call z locally minimal. Furthermore, depending on
whether |V N D(z)| is 1, finite, or infinite, we call z strictly minimal, finitely minimal, or torally
minimal, respectively. While [PWO02] deals strictly with the finitely minimal case, we generalize to
the torally minimal case by Chapter 3 of this thesis.

If H vanishes to order 1 at z, we call z a simple pole of F'. At such a pole, VH does not vanish, so
by reordering our indices if necessary, we guarantee that H; # 0 at z. Thus by the implicit function
theorem there is a neighborhood of z where V may be parameterized by z4 = g(z1,...,24-1) for
some analytic function g. We reserve the notation g to refer to this parametrization for the

remainder of this chapter. Now on a neighborhood of z we define
R . W F(w,w
v(w) =~ lim_(w— g(w) T
w—g(W) w

Then for w € T(2) we write w; = z;e'%. For fixed r with ry # 0, we define a function f on a

neighborhood of z in T(z) by:
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As our integrals will be parameterized by 6, we compose each of f, g, and ¢ with the map

M) = M(6y,...,00-1) = (z1€°1,..., zq_1¢"%-1). We then define § := go M, f := fo M and

P i=1poM.

2.2.4 Oscillatory Integrals

Our first goal will be to show that the integrals we need to compute are in fact oscillatory, so that

we may use the stationary phase method to evaluate them. We do so by showing that to calculate

I= /T exp(—raf(0))(60))d6 (2.1)

we need only integrate over a neighborhood A of 0 in R4~!, then showing that f is analytic, Re
f>0, £(0) =0 and V£(0) = 0. The function f is referred to as the phase of the integral and the
plan is to show that asymptotics are dictated by the point where it is stationary when V f (0)=0.

Our first goal is satisfied by the following lemma:

Lemma 2.1 (Lemma 4.1 of [PW02]). Let z be a strictly minimal simple pole of F = G/H. Assume

that zgHy # 0. For a neighborhood N of 0 in R4 define a quantity

E:=(2m) iz /N exp(—r4f(0))0(0))do (2.2)
Then the quantity |z*||a, — | decreases exponentially as N remains fized and r — oo

PRrROOF: For € € (0, |z4|), let T be the torus T(z) shrunk in the last coordinate by e, that is, the

set of w for which |w;| = |z;|, 7 < d and |wq| = |z4] — e. Write Cauchy’s formula as an iterated

1 d dwy
=(— Tl JTOE(w)—= | dW 2.
o (27”) /r(z)w [/c1 Wy E(w) wq ] w 23)

Here C; is the circle of radius |zq| — €. Let K C T(z) be a compact set not containing z. For each

integral

fixed w € K, the function F(w,-) has a radius of convergence greater than |z4|. Hence the inner

integral in Equation 2.3 is O(|z4|+96) " for some § > 0. By continuity of the radius of convergence,
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we may integrate over K to see that |z"| foQ w1 F(w)dw decreases exponentially. Thus if A/

is any neighborhood of z in T(2), the quantity

d
1 N
ap — | — / wfrfl
(271’2) N

decreases exponentially. Thus the problem is reduced to an integral over a neighborhood of z.

F .

1 Wy

Near z there is a parametrization wg = g(W) of V. Let Cy be the circle of radius |z4| 4+ €. Then
when N is sufficiently small compared to €, the image of N under g is disjoint from Cs. Fix such
a neighborhood A. For any w € A, the function F(W,-) has a single simple pole in the annulus

bounded by C; and Cs, occurring at g(w). The residue in the last variable of F at g(w) is equal to
R(W) = —1p(W)g(W) ™" (2.4)

where 1 is define in the Critical Point section above. Therefore, for each fixed w € N,

| S dwa= [ D, — omir(w).

rqg+1 rqg+1
1 Wy C2 Wy

But |z" F(w)dwg/w*T1| is bounded by a constant multiple of (1 + €/|z4|)~ "¢ (the constant
Ca

depending on the maximum of F' on C3) and hence |z"||a, — X| is exponentially decreasing where

X = (2m)1*d/ W g (W) T (W) dw (2.5)
N
_ (opi)idgr wTTodw (g(w)\ T
— Cmi e [ 25 ng_;wj(g@)) v(w) (26)

Changing variables to w; = zje?% and thus dw; = iw;df; turns the quantity X into

(2ﬂ)1dzr/j\7ﬁ6m0ji}(é) (99((";’)))401 do

and plugging in the definitions of f and f above yields

(2m)1 g /N exp(—raf(6)d(6)db

which is none other than =. ]
Now to use results for oscillating integrals, we need only show that Vf(O) =0 and %(f) >0,

as it is immediate that f is analytic and f (0) = 0. To facilitate this, for a given z € V with all
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nonzero coordinates, we define dir (z) to be the equivalence class of (complex) scalar multiples of
the vector (21 Hy,...,2zqHg). Given a direction r we will choose z so that r € dir (z) and refer to
the set of all such z as crit(r) or Z(r).

Given this choice of z, we cite two results of [PW02], reproducing the proof of the second.

Lemma 2.2 (Lemma 2.1 of [PWO02]). Let z be a simple pole of F' and suppose that zq4Hy does
not vanish there. If z is locally minimal then for all j < d, the quantity z;H;/(zq4Hq) ts real and

nonnegative. |

As a result, when z is a minimal pole of F with nonzero coordinates, dir (z) can be considered

as a well defined element of RP4—1.

Lemma 2.3 (Lemma 4.2 of [PW02]). The quantity f(0) always vanishes. If r € dir (z), then

Vf(O) =0 and the real part of f has a strict minimum at 0.

PROOF: As mentioned above, the first part is immediate. To prove the second, we first note that

if r € dir (z), then for each 1 < j <d = :—; Taking the partial derivative of the statement

? Zde
H(z1,...,2d-1,9(21,...,24-1)) = 0 with respect to zx, we get Hj + 82 9 H; =0 so 8% = gi
. . d—1 B 9 . dg 8z | s
Then with f(W) = log (%5} ) + i (2] 26;, we have SF = 120 4 iz — 100550 4 jmx —

zz"g’; + i35 = 0. Lastly, we observe that R{f(A)} = —log|G(0)/za|. By the strict minimality of
z, the modulus of g(w) = §(f) is greater than |z4| for any w € T(z). O

From Lemma 2.3 above, 0 is a stationary point for the function f as long as r € dir (z), so we

can apply the theorem below from [PW02].

Theorem 2.4 (Theorem 5.4 of [PWO02]). Let f be a smooth complex-valued function on a neigh-
borhood of 0 in R such that R{f} > 0 with equality only at 0. Suppose further that V f(0) = 0,
and that the Hessian (matrix of second partials) of [ has eigenvalues with positive real parts. Let

‘H denote the Hessian determinant at 0. Then for ¢ € C3°, there is an asymptotic expansion

/ exp(-A (X)) (x)dx ~ 3 CA-G+/2

j=l
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where 1 is the degree of vanishing of ¢ at 0. If1 = 0 then Cy = 1(0)(21)¥?H~1/2. The choice of

d -1/

square Toot is determined by H~/? = Hj:1 I ? where i; are the eigenvalues of the Hessian and

the principal square root is taken in each case.

PrOOF: While we refer the reader to [PWO02] for a full proof, we outline the proof here. First
let Q = Zj j=1i,j%%; be the quadratic form determined by the Hessian at the origin. Then
change coordinates to make f exactly equal to @, followed by a change of variables y(x) so that
Q) = 2?21 y?, which is to say, normalize by H. Next expand 1; into monomials, before moving
the region of integration to the real d-space. Evaluating the integral using further results for
oscillatory integrals (see Chapter 2 of [Won89] for these) then yields the desired result. O

We note that the bulk of the results on the stationary phase method concern cases in which f
is either real or purely imaginary. Using the strict minimality of ®{f} at 0, Pemantle and Wilson

adjust for this discrepancy, creating an asymptotic expansion, necessary for some of the upcoming

results.

Theorem 2.5 (Theorem 5.2 of [PWO02]). Let f be analytic and complez-valued on an interval
[0, B] and suppose that k > 2 is minimal such that f*)(0) # 0 (so in particular f(0) = f'(0) = 0).
Assume that f' # 0 on (0, B], and that R{f} has a strict minimum at 0.

Let m be minimal so that the real part of f™)(0) does not vanish. Let v € C§°, let 1 be minimal
such that W (0) # 0, and denote c; == f9)(0)/5!, b; := ¢¥(0)/5! and by = Y*)(0) /5! where
Y* = (on) -1 and n inverts the map y(x) = f(z)"/*.
Then there is an asymptotic development

B e’}
/0 exp(—Af (@) b(@)dz ~ S Ay (, jb AT/, (2.7)

=l
Ay (k,1) is defined as tT(L). The constant in the O (A=WNFD/E) term depends continuously

(only) on the derivatives of f and ¥ up to (N + 1)m/k — 1.
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2.2.5 Established Results

The established result of highest relevance to this thesis is Theorem 2.6 below. Many of our
results will involve generalizing, reinterpreting and applying this result. Its proof follows from

Theorem 2.4, once one identifies /(0) as G(0)/(z4Hy).

Theorem 2.6 (Theorem 3.5 of [PW02]). Let FF'= G/H =3 a,z" have a strictly minimal, simple
pole at z. Suppose zqgHy does not vanish. If the Hessian off at z is nonsingular, then there is an

expansion

_ 1—d—1)/2
ap ~ 2z ° E C’lr; )/
1>1lo

where ly is the degree to which G vanishes on V near the point z. When G does not vanish at z

then lo = 0 and

_ _1,9 G(2)
_ (1-d)/29/—1/2
Co = (2m) H il

where 'H is the determinant of the Hessian at z.

|

The use of this theorem involves several intermediate steps. Given a generating function F(z) =
G(z)/H (z), one must calculate f, v, and H, as well as the critical point z € E(r). While the last
calculation will persist in any general theorem, the first three are removed in the d = 2 case
by Theorem 2.7. On the other hand, as Pemantle and Wilson put it in [PW02] “As we state
more general theorems, it becomes cumbersome and in fact obfuscating to give formulae for the
expansion coefficients directly in terms of derivatives of G and H.” Another issue is the apparent
designation of the d*" coordinate in the result. This persists in the following theorem, where the
result does not appear to be symmetric in z and y. While the result is in fact canonical, we will
not see this until we recast in terms of curvature in Section 5.2. Recall that in the d = 2 case we

denote (z1, 2z2) as (x,y) and (r1,72) as (r,s).
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Theorem 2.7 (Theorem 3.1 of [PWO02]). Let F = G/H be a meromorphic function of two vari-

ables, not singular at the origin. Define
Q(z,y) = —2’HZyH, — xH,y*H, — 2*y*(H}Hy, + H,H,, — 2H, H,H,,)).

Then

a -~ G(x,y) 2Ty _yHy
T, ,727T SQ

uniformly as (x,y) varies over a compact set of strictly minimal, simple poles of F on which Q

and G are nonvanishing, and (r,s) € dir (x,y).

PROOF: While we refer the reader interested in an exact proof of Theorem 2.7 to [PWO02], we
observe that the key steps in its proof include the evaluation of f”(0) (which is equivalent to H
in the d = 2 case) in terms of the partial derivatives, as well as an application of a more general,
two sided integral version of Theorem 2.5, which provides the uniform estimate. In the case of
a strictly minimal simple pole where @ and G are nonvanishing, the leading asymptotic term is
the k = 2,1 = 0 term in Equation 2.7, for which A, (2,0) = 1I'(3) = /7/2. While we do not
demonstrate the complete evaluation of f”/(0) here, we will do so in the more general d = 3 case
in Section 2.3 below. ]

One can generalize either of the above theorems to the finitely minimal case using a partition

of unity argument to develop the corollary below.

Corollary 2.8 (Corollary 3.7 of [PWO02]). Suppose z is a finitely minimal point of V with VNT(z) =

{21,...,2n}. Then

where E;(r) is the asymptotic expression given by the previous theorems with z = zj. In other
words, if there are finitely many points on V N T(z), then sum the contributions as if each were

strictly minimal.
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2.3 Interpretation of Multivariate Results and Examples

Despite the comment by Pemantle and Wilson quoted in Section 2.2 concerning explicit results
in terms of G and H, we find that for the d = 3 case, explicit results can facilitate the use of

Theorem 2.6. Recall that in this case we denote (21, 22, 23) as (x,y, z) and (ry,72,73) as (r,s,t).

Corollary 2.9. Let F = G/H be a meromorphic function of two variables, not singular at the

origin. Then
G(z,y,2)zH, e 4

Ar st ™~ r Yy "z
27Tt§ V —Q(.’I}, Y, Z)

uniformly as (x,y, z) varies over a compact set of strictly minimal, simple poles of F(x,y,z) on

which Q(x,y,z) and G(x,y,z) are nonvanishing, and (r,s,t) € dir (z,y, z), where & is a root of
unity consistent with the choice of square root of H and Q(x,y,z) is defined as the symmetric

polynomial

Q(l‘, Z)Q(ya Z) — R(l‘, Y, Z)2

Q(x’ y? Z) = (ZHZ)2

with the polynomial Q in two variables defined as in the statement of Theorem 2.7 and R(x,y, 2)

defined as
R(z,y,2) = ayz (zH.(HyyH, — H,H,, — H/H,,) + H,H/H, + zH, H,H..).
PROOF: When d = 3 the Hessian determinant is:

8%z 8%z
X2 0X0Y

H = det
8%z 8%z
Y X Y2

in which X, Y and Z represent the complex arguments of x, y and z, respectively. As (X,Y)

varies over a neighborhood of (0,0) € S' x S' we define h such that H(e'X,e?Y eMXY)) = 0,

Differentiating the statement H (X, ey eih(X’Y)) = 0 with respect to X results in the equation

ie'XH, + e XY)H hx = 0. Recalling that z = e'¥ and z = ¢""(X:Y) | we get that g—)Z( =hx =

ig: Similarly g—}Z, =hy = fZI;Z Differentiating these statements with respect to X and Y,
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and making the proper substitutions using the above identities, we get

0*Z —izz 9 9
%z = L) (HxHZ(zHZ —2xzH,, +«H,)+zz(H.H., + HMHZ))
0%z —ixyz
X7 - GH.) (zH,(HyyH, — H,H,, — H/H,,) + H,H/H, + zH,H,H.)
02z —iyz o o
vz = GIL)? (Hsz(sz —2yzH,, +yH,) + yz(Hszz + HyyHZ))
0*z 9’z
0Xoy — 9YoX
Simplifying the expression for H using the above values proves the theorem. 0.

Before applying this corollary, we note the ease with which it can be generalized. In degree d,

if we denote the argument of z; as Z;, then H = det ((%)(Ng)) and for 1 < j,k<d-1

97 —12:z
822d _ 7(251]7;01;3 (Hde(ded —2zj2qH;q + ZjHj) + ijd(HjQHdd + Hjog))
J
8%Z —12i 2K
8?82 - (zdjTj): (zaHa(HjxHy — HiHyq — HiHjq) + HjHHy + 24H; Hy Hag)
J

Now Theorem 2.6 can be readily applied in any dimension. We now do this in dimensions 3
and 4 to analogs of the Delannoy numbers. The Delannoy number a, s is defined as the number
of paths from the origin to the lattice point (r,s) € (Z*)? using the steps (1,0), (0,1) and (1,1).
Notice that the deletion of the (1,1) step would result in the binomial coefficients. Analyses of
these numbers can be found throughout the literature.

We define the 3-Dimensional Delannoy number a, s+ as the number of paths from the origin to
the lattice point (r,s,t) € (Z*)3 using the steps (1,0,0), (0,1,0), (0,0,1) and (1,1,1). (There is
no natural choice whether or not to include the (1,1,0), (1,0,1) and (0,1, 1) steps as well, so we
choose to exclude them.) The generating function for this sequence is Z;’;O(x—ky—i—z—kxyz)j where
the term raised to the j** power coincides with paths taking j steps. The sum converges formally
in C[[z,y,z2]] to F = m since  + y + z + zyz includes no constant coefficient. Also,
F converges analytically in a neighborhood of the origin. Now G(z,y,z) = 1 and H(z,y,2) =

1 — (2 +y + 2z + xyz), from which we determine that Q(z,y, 2) = (z + y + 222 + x + 222 + 2%y +
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y22 +y?z + y22%0 + 2y? + 22y2? + 2%9%2)xyz. In dimension 3 the critical point equations become

H = 0 (2.8)
Ky =tzH,—rzH, = 0 (2.9)
Ky:=tyH, —szH, = 0 (2.10)

Thus z = (z,y, 2) is a critical point for the direction r = (1,1) <~
l—(r+y+z+ayz)=0

te(—1—yz) —rz(—-1—2ay) =0
ty(—1 —zz) —sz(—1 —ay) =0

We determine asymptotics along the main diagonal of this generating function, meaning the coef-
ficients @y n,n as n — co. Thus % = % = 1. Using the method of Grobner Bases described in detail
in Section 3.1 we develop the three polynomial equations in three unknowns to the equivalent

equations:

2 +3x-1=0
z—y=20
r—2=0

If we designate ¢ = (4 +4+/5)/3, then the solution of the above equations closest to the origin
(and thus minimal) is z = (§— 2, §— 2, § — 2). At this point 2H. = —1+15Y5¢2+¢ ~ —.35562929

and Q = 54 — (6v/5 + 9)¢2 + 1292335 ¢ ~ 9539051888 while z "y "z " = 273" = (1 — 3z) " =
(1= 3¢+ §)7" =~ 29.9007868". Thus ap,p,n ~ 5000 - 29.9007868".
To confirm this estimate we calculate the actual values of ay, ,,, for various values of n. We

note that if a path from the origin to (n,n,n) includes exactly j steps of the flavor (1,0,0), then

it must include exactly j (0,1,0) and (0,0, 1) steps as well, and exactly n — j (1,1,1) steps, while
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n | Actual ap ., Asymptotic Prediction Percent Error
1 7 8.528 21.83%
10 | 1.595-10'3 1.629 - 1013 2.13%
100 | 1.053-10%5 1.055 - 10145 0.21%
1000 | 1.373-10%72 1.373 - 101472 0.02%
10000 | 1.911 - 104753 1.911 - 104753 0.01%

Table 1: Comparison of Asymptotic Predictions versus Actual Values for the 3-Dimensional De-

lannoy Numbers

n+2j
Jy3,3,n—J

these steps can occur in any order. Thus we can calculate ay, ,,,, as Z?:o ( ) Comparing
the actual values to our predicted asymptotics gives us the following table:

The table ends with n = 10000 as the actual calculation gets cumbersome. While it only
takes Maple .6 seconds to calculate a1000,1000,1000, it takes 50.6 seconds and then 537.5 seconds to
calculate a4000,4000,4000 and a10000,10000,10000, respectively. In comparison, once the initial determi-
nations of z and @) are made, the asymptotic estimate can be calculated almost instantaneously.
This difference in computation time highlights the usefulness of such an asymptotic expression.
Further highlighting this fact, our asymptotic analysis could quickly be generalized to diagonals
other than the main diagonal, while our calculation of the actual values is highly dependent on the
use of the main diagonal. A more thorough exploration of results for the 3-Dimensional Delannoy
numbers, including analysis of alternate diagonals, is done as an example in Section 3.1 below.

One could argue that the most important calculation for these asymptotics was the growth rate
of 29.9007868™. Only the determination of z and not the more involved interpretation of H was
necessary for this. Similarly, without directly interpreting H in the case of d = 4 we can calculate
that for the 4-Dimensional Delannoy numbers ay, n, n.n ~ @ -259.9769802" for constant a. While it

is true that the growth rate is always important; the determination of the remaining constant is

more important than we suggest above. For example, in the case of the Quantum Random Walk,
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for many of the directions of interest to us we will have |z| = 1 for the minimal critical points, and
the determination of the factor a above will be paramount. In fact, we will find that a is a multiple
of the curvature of the variety V at z, further linking our field of study to differential geometry,

while elucidating our results.
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3 Algebraic and Geometric Background

3.1 Grobner Bases

Determining asymptotics for a, requires determining the set of relevant critical points crit(r) by
solving the equations (z1Hj,...,2z4Hq)||(r1,...,rq) and H(z) = 0 for fixed r. We can rephrase
the equations as d polynomial equations: z;H;rq — zqHar;V1 <) < d—1and H(z) = 0. While
we could focus on numerical methods to determine the solution to several equations in several
variables, there are certain advantages to working algebraically. While we are interested in z € Z(r)

as an input to z7"G(z,y) _i’g ¢ (or its equivalent for d # 2), if we keep track of our solutions

in terms of the ideals of polynomials that annihilate them, we can take advantage of algebraic
simplifications. Over the last twenty years, the field of computational algebra has blossomed,
providing algorithms to manipulate these ideals and easily determine ideal membership. Our
reliance on these algorithms will be focused on the use of Maple’s algorithm for determining a
Grobner basis. In order to define a Grobner basis, however, we must first define several concepts
related to term orders. Below k will represent the field of rationals numbers, though as much
of the below applies to arbitrary characteristic zero fields, we use the notation k instead of Q.
For an ideal I C k[z] = k[z1, ..., zq] generated by the set of polynomials {f1,..., fn} C k[z], the
algebraic variety in k™ where every element of I vanishes will be denoted V(I). The definitions
and propositions below are due to [CLO9S].

A monomial ordering on k[z] is any relation > on the set of monomials z* in k[z] (or equivalently

on the exponent vectors a € Z<) satisfying:

1. > is a total (linear) ordering relation. That is, the terms appearing within any polynomial

f can be uniquely listed in increasing or decreasing order under >;

2. > is compatible with multiplication in k[z], in the sense that if z* > z° and z” is a monomial,

then z%zY = z°t7 > 2017 = 2P27;
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3. > is a well-ordering. That is, every nonempty collection of monomials has a smallest element

under >.

In the lexicographic term order, z® > z” if and only if for some j < d, aj > 3; while o, = By
for all £ < j. The lexicographic Grébner basis has the property that when the associated ideal
I is zero-dimensional, the first element of the basis is a polynomial f € k[z4]. This f is called
the elimination polynomial for z4 and can be extremely helpful in identifying the points of V(I).
Similarly, the j** element of the basis is a polynomial fi € klzda—j41,- .., 24 which can be used
along with the prior fi’s with & < j to identify the z4_,11 coordinates of the points in V(I).
While this is highly desirable, simplifying future computations, this algorithm can be rather time-
intensive. Alternatively, we may consider a total degree order in which « > [ if either the degree
of a is greater than the degree of 3, or their degrees are equal while a > 3 in the reverse version
of the lexicographic order (where z1 > 29... > z4). While Grobner bases delivered by Maple with
respect to this ordering may not be as helpful, the bases can be determined much more quickly.

Before moving on, we make a note on the importance of a term ordering. When d = 1 and
we deal in k[z], simple division requires the notion of an ordering. The ordering of monomials by
degree is essential to the division algorithm, as well as to the notion of a remainder. Dividing p(z)
by ¢(z) we find that p = aq + r; it must be that r < ¢ in order for this result to be unique. Thus
the important concept of degree in k[z] is really a simple term ordering.

Given any monomial order > and polynomial f € k[z] we denote the leading term of f with
respect to > as LT (f). For any ideal I C k[z] we define its associated Grébner basis as follows. A
Grobner basis for the ideal I with respect to the monomial order > is a basis {g1,...,gx} for I
with the property that for any nonzero f € I, LT(f) is divisible by LT(g;) for some i. The basis is
reduced if no monomial of g; is divisible by LT(g;) for any distinct ¢ and j. As reduced Grébner
bases are unique (via Proposition 6 in Section 2.7 of [CLO98]) they can be used to determine if

two ideals I and J are equivalent. More importantly (for our purposes), reduced Grébner bases
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are algorithmically computable, and they have been implemented in Maple’s Groebner package via
the command Basis ([p1,...,pk|, order ).

In the examples of interest to us, there will be finitely many solutions to the critical point
equations. Consequently, the following theorem (whose proof can be found in [CLO92]) will be
extremely useful. Most importantly, it guarantees the existence of z4’s elimination polynomial as

the first element of the lexicographic Grébner basis.

Theorem 3.1 (Theorem 6 of Chapter 5, Section 3 of [CLO92]). Let I be an ideal in Q[z]. The

following conditions are equivalent:
1. The set V(I) of common solutions to all polynomials in I is a finite subset of C.
2. Clz]/I is a finite dimensional vector space over C.

3. Given a monomial order, there are finitely many monomials not divisible by a leading term

of the Grébner basis for I.

Furthermore, if these conditions are met, then there is a univariate polynomial in I whose roots

are precisely the values of zq of the last coordinates of the roots z of I.

As an example of the use of a Grobner basis, we consider the critical point equations for the
3-Dimensional Delannoy numbers introduced in Section 2.3. As this is a relatively simple set
of equations (judged both by number of equations, as well as by the equations’ degrees) we ask
Maple for a Grobner basis in the lexicographic order. We do this with the command GB = Basis
(I=(z+y+zt+zyz),2(—1—yz)—2(-1—ay),y(—1—xz) — 2(—1—zy)], plex(z,y,x)). The triple
(z,y,2) at the end of this command designates the order of the variables, meaning we ask Maple
to let 21 = z, zo = y and z3 = x. Thus we can expect that if the output is of the form {g1, g2, g3},
then g1 € Q[z], g2 € Q[z,y] and g3 € Q[z,y, z]. This is what we receive, with the Maple output
GB = [-1+ 3z + 2%,x — y,x — 2]. If we refer to the three solutions of gy = —1 + 3z + 2% = 0

as 1, x2 and x3, then V(I) = {(z1, 21, 1), (X2, T2, 2), (x3, 3, 23)}. While useful enough to help
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us with the analysis of the 3-Dimensional Delannoy numbers in Section 2.3, this analysis does

not include the exploitation of algebraic simplification promised above. If we further exploit the

(GzH.)?
-Q

machinery described above, we can determine the value of A = and our desired result
will be %x"'y‘sz_t. The key here is that we force a new variable Z to be equal to —% by
requiring that the polynomial Z@Q + 1 vanishes. We then force an additional variable A to be equal
to % = Z(GzH.)? by requiring that A— Z(GzH,)? vanishes. Now to find the asymptotics in
the direction (\t, ut,t), we enter the Maple command: Basis ([H, K1, K2, QZ + 1, A — Z(zH,)?],
plex(z,y,z, Z, A)) with K; and K defined by Equations (2.9) and (2.10). As we order A last in our
lexicographic term order, the first polynomial in our Grébner basis output will be an elimination
polynomial for A. The polynomial Maple outputs is fi (A, p)(AAp + X+ o+ 1)A2 + fo(\, u)A +
(L=A+1)(p—A—=1)(p+ A —1) where f1(a,b) = b5+ 4b° + 4ab® — 12ab* + 8ab® — 10b3a> + 8b3a* —
1063 + 8ab? + 8a®b? — 36a2b* — 12a*b + 8ba? — 12ba + 4a°b + 8ba® + 4b+ 1+ a® + 4a® + 4a — 10a® and
fa(a,b) = —3b° —ab* —b* —ab® +4b> + 4b3a® + 4a?b% + 4ab® + 4a3b? + 4b% + 4ba® — ba — ba® — b— a*b+
4a3 + 4a® — a* — a — 3a® — 3. One interested in a general solution of the form axeutt ~ F(A 1, t)
could find the roots of this degree three polynomial. We simply notice here that for the direction

we solved in Section 2.3, we would have A = p = 1, in which case the minimal polynomial would

be 1 — 184 + 81A4% 4 27A%. With p = (292 + 4v/5)'/%, the solution A = —£ — 32 — 1 delivers the

V=A_ —t, —t —t
It r 'y "z .

asymptotics developed in Section 2.3 with a;¢; ~
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3.2 Resultants

According to [CLO98]|, given two polynomials f, g € k[z] of positive degree with f = agz! +--- +
aj, ag # 0,1 > 0 and g = bgz™ + -+ + by, bg # 0, m > 0, the resultant of f and g, denoted

Res(f, g) is the determinant of the (I +m) x (I +m) matrix

ap bo
a1 Qo bl bo
as a1 . bQ b1
ag . ap b2 . bo
aj . aq bm . by
a1 as b i by
a; bm

in which the blank entries are filled with zeroes, the first m columns have first nonzero entry ag and
the remaining ! columns have first nonzero entry by. To stress the dependence on x (when more
than one variable is involved) we will denote the resultant as Res(f, g,x). We note that Res(f,g)
is an integer polynomial in the coefficients of f and g. However, the property of resultants most
relevant to our interests is that Res(f,g) =0 <= f and g have a nontrivial common factor in
E[z]. This is the result of Proposition 1.7 of [CLO9S].

Supposing that f,g € k[z,y] we can view f and g as elements of k(y)[x]. Then the resultant
of f and g gives a polynomial in y whose roots are the y; values for which there exist x; such
that f(z;,vy;) = g(x;,y;) = 0. We can generalize to determine solutions of more than 2 equations
in more than 2 unknowns, with a word of caution. Let f,g,h € k[z,y, z]. Suppose there exists a
triple z := (2/,y/, ') such that f(z) = g(z) = h(z) = 0. Then Res(Res(f,g,x), Res(f,h,x),y) will
vanish when z = 2’. However, the vanishing of the iterated resultant does not imply a solution

to the equation f = g = h = 0. That is to say, the method of iterated resultants may deliver
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extraneous roots. We see this as follows.

Suppose we wish to determine when f = g = h = 0. We let 71 = Res(f,g,z) and ro =
Res(f,h,z). Thus, r1(y’,2") = 0 = 3z} such that f(z},v,2") = g(z],y',2") = 0 and r2(y/,2") =
0 = Jaf such that f(ah,y’,2") = h(zh,y’,2") = 0. It need not be the case that 2} = z}. Thus
if there are some 7 and z such that r1(g,%z) = r2(7,z) = 0, there need not be some T such that
[(z,9,%2) = 9(Z,y,%Z) = h(7,7,Z) = 0. If, however, there is a triple (z,y,2) at which f,g, and h all
vanish, then it will be the case that both r; and 73 vanish at the pair (y, z).

We make two final notes on resultants which will make our work easier. As we are only
concerned with points of vanishing, we may discard repeated factors and units. Thus if r; = 3p;p3
and 79 = 2¢3, for polynomials p;, p2 and q;, we need only consider Res(pip2,q1). Also when we

are concerned with vanishing on V; we can remove factors of x, y and z.
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3.3 Differential Geometry

For a smooth orientable hypersurface ¥ C R%*!, the Gauss map n sends each point p € V to a
consistent choice of normal vector. We may identify n(p) with an element of S?. For a given patch
P C V containing p, let n[P] := Uyepn(q), and denote the area of a patch P in either V or S¢ as

A[P]. Then the Gauss-Kronecker curvature of V at p is defined as

o Al[P))
K:= Fl}inp W . (3.1)

When d is odd, the antipodal map on S? has determinant —1, whence the particular choice of
unit normal will influence the sign of I, which is therefore only well defined up to sign. When d
is even, we take the numerator to be negative if the map n is orientation reversing and we have a
well defined signed quantity. Clearly, K is equal to the Jacobian of the Gauss map at the point p.
For computational purposes, it is convenient to have a formula for the curvature of the graph of a

function from R? to R.

Proposition 3.2. Suppose that in a neighborhood of the point p, the smooth hypersurface V C RI+1

is the graph of a function h mapping the origin to p; that is, in some neighborhood of the origin,
oh
8u1-8uj

the gradient and Hessian determinant of h at the origin. Then the curvature of V at the origin is

V={(x,7):7=h(x)}. Let V := Vh(0) and H := det ( (O)) denote respectively
1<i,j<d

given by

"
2+d °

VIFIVET

The square root is taken to be positive and in case d is odd, the curvature is with respect to a unit

IC:

normal in the direction in which the dependent variable increases.

FIRST PROOF: Let X : U C RY — R9*! denote the parameterizing map defined by

X(u) := (u1, ..., ug, h(ug, ..., uq))

on a neighborhood U of the origin. Let 7 be the restriction to V of projection of R%t! onto the
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first d coordinates, so 7w inverts X on U. Define a vector

oh oh
N(u) = (81}[/1’ Cey Tud, _1)

normal to V at X(u) and let N denote the corresponding unit normal N/|NJ|. Observe that
IN| = /14 |Vh|?, and in particular, that [N(0)| = y/1 + |V|?2. The Jacobian of 7 at the point p
is, up to sign, the cosine of the angle between the z441 axis and the normal to the tangent plane

to V at p. Thus
_N-canl _YIN©)| _ 1

Nllear:|  1°1 I+ [VP

The Gaussian curvature at the point p is, by definition, the Jacobian of the map Nor at P.

|J (7 (p))] (3.2)
Using J to denote the Jacobian, write N as | - | o N and apply the chain rule to see that

1

VITIVE

Here, |-| is considered as a map from R?x{—1} to S¢; at the point y, its differential is an orthogonal

K= J(m(p)) - JMN)(0) - J(|-|)(N(0)) = JN)(0) - J(| - )(V,=1). (3-3)

projection onto the plane orthogonal to (y,—1) times a rescaling by |(y, —1)|~!, whence

J1-Dy) = VItyE VityE " (3.4)

Because N maps into the plane z411 = —1 we may compute J(N) from the partial derivatives

ON,;/0z; = 8°h/dx;0x;, leading to J(N)(0) = H. Putting this together with (4.3) gives

o H
JN)(©0) = —— (35)
V1I+|V[?
and using (3.3) and (3.2) gives
H
K= d+2
V1+]|V|?

proving the proposition. O

SECOND PROOF: We reuse the notation from the first proof. Additionally, for each 1 < j < d
we abbreviate by denoting the partial derivative huj as h; and the vector Xuj with 1 in its j**

position, h; in its (d + 1)*" position, and 0 in its remaining positions as X;.
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We first note that limp_.,, A(P) can be represented by the square root of the determinant of the

matrix whose coefficients are the coefficients of the first fundamental form. That is to say that the

denominator of K is y/det((< X;, Xy, >);x) where <, > represents the standard inner product.
In order to determine the value of the numerator of I, we again make the choice of normal vector
N defined in the first proof. As with X we abbreviate the vector derivative of N with respect to u;
as Nj. We can now calculate the area of an infinitesimal patch in S (i.e. limp_,, A(G(P))) as the
determinant of the matrix whose coefficients are the coefficients of the second fundamental form,
divided by the square root of the determinant of the matrix whose coefficients are the coefficients
of the first fundamental form. That is to say that the numerator of K is det((< Nj7Xk >)jk)-

Thus now:

_ det((< Nj,Xk >)j,k)
det((< X, X, >)j,k:)

To evaluate the numerator we first note that since < N,Xj >= 0, by integration by parts
< Nj,Xk >= —< N,Xﬁk > for all pairs 1 < j,k < d. Concurrently, for all pairs 1 < j,k < d
we have X, = (0,...,0,hj%), so — < N7Xj,k >= \/% Thus the numerator of X can be
rewritten as (1 +|V|?)~%2H.

Evaluating the denominator, we note that < X;,X; >= 1+ hf, while for j # k, < X;, X}, >
= hjhy. Thus, we wish to calculate det((d;,x + hjhi); k), where § is the Kronecker delta function.
We do this by row reduction by first noting that at p there is some j such that h; # 0. We
know this in the general case of a regular surface (regularity being a necessary requirement of
a surface before we discuss its Gauss-Kronecker curvature) and we know this in the application
to generating functions as X is a smooth parametrization. Without loss of generality we assume

hi

that h1 is nonzero at p. As demonstrated below, if we subtract 3* - (row 1) from row k for each

k€ {2,...,d} we get a matrix with identical determinant whose first row is unchanged and whose
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4t row has —Z—i in the first column, a 1 on the main diagonal and 0’s elsewhere.

1+h% hiha  hihs ... hihg 1+h% hihs hihs ... hihg
hihs 1+h3 hohs ... hohy “ho/hi 10

det [ pyhg : : = det | —ng/hy 0 10
hihg hahy 1+h§ 7hd/h1 0 1

The determinant of this latter matrix is easy to calculate as only d elements of the symmetric
group Sy make nonzero contributions. The contributors are the identity (meaning the product of
the diagonal entries) which contributes 1+h? and the single transpositions (1, 5) (in cycle notation)
which each contribute (—1) - (_%hl hj) = h3. Thus the determinant is 1+ |V|?. Putting together
our results for the numerator and denominator of IC completes the proof. ]

We pause to record two special cases, the first following immediately from VA(0) = 0. If Q is
a homogeneous quadratic form, we let ||Q]| denote the determinant of the Hessian matrix of Q; to
avoid confusion, we point out that the diagonal elements a;; of this matrix are twice the coefficient
of 22 in Q. The determinant will be the same when the coefficients of ||Q|| are computed with

respect to any orthonormal basis.

Corollary 3.3. Let P be the tangent plane to V at p and let v be a unit normal. Suppose that V

is the graph of a smooth function h over P, that is,
V={p+u+h(uv:uelUCP}.

Let Q be the quadratic part of h, that is, h(u) = Q(u) + O(|u|®). Then the curvature of V at p is
given by

K=lell.
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Corollary 3.4 (curvature of the zero set of a polynomial). Suppose V is the set {x : H(x) = 0}
and suppose that p is a smooth point of V, that is, VH(p) # 0. Let V and @ denote respectively
the gradient and quadratic part of H at p. Let Q1 denote the restriction of @ to the hyperplane

V1 orthogonal to V. Then the curvature of ¥V at p is given by

_ Q4]

K= :
V|4

(3.6)

PRrOOF: Replacing H by |V|7'H leaves V unchanged and reduces to the case |VH(p)| = 1;
we therefore assume without loss of generality that |V| = 1. Letting u; + A(u)V denote the
decomposition of a generic vector u into components in (V) and V|, the Taylor expansion of H
near p is

Hp+u)=V-u+Q.(u)+R

where R = O(Juy|? 4+ |A\(u)|Ju_|). Near the origin, we solve for A to obtain a parametrization of
V by VJ_:

Au) = Q1 (u) +O(luf).

The result now follows from the previous corollary. (|
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4 Introduction to Quantum Random Walks

In this chapter we analyze several aspects of the Quantum Random Walk on the line, as well

as give details of the setup for these walks in any dimension. In Section 4.1 we give a detailed

description of these walks, and prove facts that will be useful for the remainder of this thesis.

In Section 4.2 we determine asymptotics for the 2-Chirality walk on Z applicable everywhere
14c

outside neighborhoods of the points © = 3¢ with ¢ a parameter of the unitary coin flip operator.

Section 4.3 gives asymptotics for the neighborhoods missing in Section 4.2. Lastly, Section 4.4

determines asymptotics for a 3-Chirality walk on the line.

4.1 Description of QRWs and Key Lemmas
4.1.1 Background on QRWs

The classical random walk is a well-understood system with many important applications to com-
puter science. Well-known examples of algorithms based on random walks include algorithms for
counting, sampling, and testing properties such as satisfiability of Boolean formulae or graph con-
nectivity. One of the most basic and useful random walks is a simple random walk on Z. Here,
a single particle moves on the one-dimensional integer lattice. At each step the particle moves
one position to the left or right with equal probability. As the time ¢ increases, the probability
distribution describing the particle’s location can be approximated increasing well by a normal dis-
tribution. The particle’s expected location is at the origin, and its standard deviation is % t, so
its distribution is O(v/¢) in probability. That is to say that Pr (x € [~M+/t, M\/t]) — 1 uniformly
intas M — oo.

Throughout the last century mankind has developed an increasing appreciation for the fact that
Newton’s laws alone do not describe our world. Among man’s most recent attempts to harness
the power of his quantum reality has been the field of quantum information theory, bringing with

it the potential to devise instruments of extraordinary power [NC00]. For example, in 1994 Peter
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Shor [Sho97] discovered an algorithm to factor numbers on a quantum computer in a number of
steps which is polynomial in the length of the number to factored. This problem is not known to be
solvable in polynomial time on a classical computer. Similarly, in [Gro96], Lov Grover determined
a quantum mechanical algorithm reducing the time for searching a database of N entries from
O(N) steps to O(v/N) steps. Algorithms such as these have brought researchers from a variety of
scientific fields to focus on quantum information theory.

With the application of the classical random walk to information theory, as well as the growing
promise of quantum information theory, it is clearly of interest to define the Quantum Random
Walk. This was first done by Y. Aharanov, L. Davidovich and N. Zagury [ADZ93] who introduced
the Quantum Random Walk and first discussed differences with the classical random walk due
to quantum interference. Shortly thereafter, David Meyer [Mey96] pointed out that the simple
classical random walk described above does not translate into a quantum framework. Semigroup
operators, such as the combination %a+ + %a_ of shifts defining the classical simple random walk,
are positive operators of norm 1 over the classical state space {1 (Z), but fail to be unitary over the
quantum space l3(Z). In fact, it is easy to verify that the only translation-invariant positive real
operators on l5(Z) are trivial (powers of the shift operator).

In order to construct unitary operators that disperse the position of a particle, it is necessary
to introduce an extra degree of freedom, known as chirality. At any position on the lattice the
particle’s chirality takes either the value R (for RIGHT) or L (for LEFT). The elementary states
are thus Z x ¥ where ¥ := {R, L}, and the state space is I2(Z x ) = [5(Z) ® I2(X). While this
is the convention established by Ambainis et al. in [ABNT01], we will refer to particles in the
LEFT and RIGHT positions with the vector notation ((1)) and ((1)), respectively. We will denote
the unit basis vector of [3(Z) ® l2(X) at position ¢ with LEFT chirality as e(i, L) and we define

e(i, R) analogously. We will order this basis as

...e(i—1,L),e(i—1,R),e(i,L),e(i,R),e(i + 1,L),e(i+ 1,R) ... .
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Ambainis et al. focus on the Hadamard walk. This is based on the Hadamard transformation, a

unitary operator on l3(X) whose matrix with respect to the standard basis is

1 1 1
U\/I = —
NG
1 -1
We then extend this transformation to I5(Z) ®13(X) as I@U e where I is the identity, resulting
2

in a transformation which acts as the block diagonal matrix:

We then define a translation operator 7' which shifts a particle with chirality R to the right

one step and shifts a particle with chirality L to the left one step. More formally, we have
T:e(i,L) v e(i—1,L), T:e(i,R) — e(i+1,R)

and in the basis described above,
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N
I

in which every fourth diagonal alternates in 0’s and 1’s and all other entries are 0. We then define
the operator W as W = T(I® U\/g) As each of T and I ® U\/g are unitary, W is unitary as well.
This unitary composition of operators represents one step of the Hadamard walk.

In the quantum framework, the state of the system is any element ¢ € [5(Z x ). If the state
is 1 and we choose to measure the location (and chirality, which are simultaneously measurable),
then the experiment ends and the probability of finding the particle at location ¢ with chirality &
is given by

p(i,f) = W)(Zag)‘Q .

The quantity ¥ (¢,&) is called the amplitude of the particle to be in state (i,£). Execution of s
steps of the QRW corresponds to acting on the state space by W#. The most general question we
can ask about QRW is the chance of finding it in state & after s steps, given that it started in state
&o. By linearity, it suffices to answer this for elementary states, and by translation invariance, our

study may be reduced to the analysis of the quantities ¢, ¢(r, s), defined to be the amplitude to
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be in state (r,£) at time s given the starting state (0,&p). We let

pgmg(?“, 5) = |w§o,€(r’ S)|2

be the corresponding probabilities, and

P&U (Tv S) = pEo»L(rv S) + pme(T’ S)

be the total probability of translating r units after time s, starting from chirality &g.

The first rigorous analysis of the QRW on the line, resulting in asymptotics for the Hadamard
walk, was done in [ABNT01]. Their work spurred on much related analysis, including that
in [AAKVO01], [Kem05], [CFG02], and [MBSS02]. Furthermore, new methods have been developed
by [CIR03], simplifying analysis and results, as well as by [Kon0Ob5al, allowing certain generaliza-
tions to unitary transformations. We believe our methods to be simpler than those employed in
the above, and our methods will allow for ease of generalization, with extension to the unitary case
in Section 4.2, new regions of asymptotics in Section 4.3, extension to 3 chiralities in Section 4.4
and generalization to dimensions greater than 1 in Chapter 5. We discuss further work by other
authors in higher dimensions and multiple chiralities in the sections in which we present our results.

In the years since Ambainis et al. first successfully analyzed this walk, papers have begun to
emerge offering new methods to transfer the results of the Quantum Random Walk to quantum
computing. For example, in [SKWO03] the authors introduce a quantum search algorithm based on
the architecture of the Quantum Random Walk that attains an algorithmic speed-up over classical
algorithms. Additionally, in [Amb05] Ambainis constructs a quantum walk algorithm for element
distinctness. In the wake of such developments, it is more clear than ever that much benefit can

come from a firm understanding of Quantum Random Walks.

4.1.2 Generating Functions for QRWs and Key Lemmas

In this section we work in as much generality as possible so that the lemmas we prove will be

applicable for the remainder of this thesis. In that context, the Quantum Random Walk is a
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model for the motion of a single quantum particle evolving in Z¢ under a time and translation
invariant Hamiltonian for which the probability profile of a particle after one time step, started
from a known location, is supported on the set of neighbors. Let d > 1 be the spatial dimension, so
d + 1 will be the dimension of our generating functions going forward. Let E = {v(1) ... v(¥} C
7% be a set of finite cardinality k. When E is the set of signed standard basis vectors we call
this a nearest neighbor QRW; for example in one dimension, a nearest neighbor walk like that
described above has E = {(1),(—1)}, while in two dimensions, a nearest neighbor walk has E =
{(0,1),(0,=1),(1,0), (=1,0)}.

Let U be a unitary matrix of size k. The set Z? x E indexes the set of pure states of the QRW
with parameters k, E and U. Let Id® U denote the operator that sends (r,v(?)) to (r, Uv\#)), that
is, it leaves the location unchanged but operates on the chirality by U. Let ¢ denote the operator
that sends (r, v(j)) to (r + v, v(j)), that is, it translates the location according to the chirality
and does not change the chirality. The product o - (Id ® U) is the operator we call QRW with
parameters k, £ and U. Let us denote this by Q.

ForlSi,jSkandrEZk,

wr(zi’j)r = <607i|Qn|61‘7j>

denotes the amplitude at time n for a particle starting at location 0 in chirality 7 to be in location

r and chirality j. As before, let z denote (21, ..., z4+1) and define
FOI(z) = gl (r)2]" - 22 (4.1)

which denotes the spacetime generating function for n-step transitions from chirality ¢ to chirality
§ and all locations. Let F(z) denote the matrix (F(9));<; j<x. Let M denote the diagonal matrix
whose entries are the monomials {z" : r € E}. When d = 2 we use (,y, z) for (21, 22, 23) and (, s)
for r; for a two-dimensional nearest neighbor QRW, therefore, the notation becomes

F(ivj)(xa y,z) = Z 1/)£f’j)(r, s)x"y 2"

n,r,s
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and

We can now derive an explicit expression for F via the elementary enumerative technique known
as the transfer matrix method [Sta97, GJ83]. We do so for the nearest neighbor walk with d = 2,
though the explanation in higher dimensions is analogous, with slight variations for walks that are
not nearest neighbor. The interpretation of the entries of the product (MU)™ is as follows. The
(&0, &)-entry sums the weights of paths &, &1,...,&, with &, = &, with the weight of each path

given by the product over each of the n consecutive pairs (§;,{;+1) of (MU) This product

§5-85+1°

times x"y® where r is the number of times (1,0) appears in

is equal to the product of Ug, ¢, ,
o, - - -, &n—1 minus the number of times (—1,0) appears and s is the number of times (0, 1) appears
in &, ...,&,—1 minus the number of times (0, —1) appears. But the sum over paths of U, ¢,,, with

a given value of (r,s) is the amplitude of the wave function to be at ((r,s),&) if the elementary
state ((0,0),&p) is chosen at time zero. Therefore, (MU)™ is a matrix whose (&p,)-entry is the
generating function whose z"y® coefficient is ¢, ¢(r, s,n). Multiplying by 2" and summing over z

establishes the following proposition:

Proposition 4.1.

F(z,y,2) =Y z"(MU)" = (I - zMU)"".
n=0

PROOF: Let A denote the matrix zMU. Since A contains no entries with nonzero z%y°2° coeffi-
cient, the sum Y, ., A* converges in the (matrices over the) formal power series ring. The limit
B clearly satisfies (/ — A)B=B(I —A)=1. O

In general the (i, j)-entry of the matrix, F(:3)  may therefore be written as a rational function
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G/H where

H =det(I — 2441 MU).

The following result is easy but crucial. It is valid in any dimension d > 1. Let T; denote the unit

torus in C<.

Proposition 4.2 (torality). The denominator H of the spacetime generating function for a Quan-

tum Random Walk has the property that
(#1,..-,24) €ETgand H(z) =0 = |zq41| =1. (4.2)

PROOF: If (z1,...,2q) € T4 then M is unitary, hence MU is unitary. The zeros of det(I—z4+1 MU)

are the reciprocals of eigenvalues of MU, which are therefore complex numbers of unit modulus. [0

The next result, which will be just as crucial towards Theorem 5.9, is due to Yuliy Baryshnikov.

Proposition 4.3. Let H be any polynomial and let V denote the pole variety, namely the set
{z: H(z) = 0}. Let V1 := VN T4q1. Assume the torality hypothesis (4.2). Let p € V; be any point

for which VH(p) # 0. Then V is a smooth d-dimensional manifold in a neighborhood of p.

PROOF: We will show that 0H/Jzq41(p) # 0. It follows by the implicit function theorem that
there is an analytic function g : C* — C such that for z in some neighborhood of p, H(z) = 0 if
and only if z411 = g(21,...,24)). Restricting (z1,..., 24) to the unit torus, the torality hypothesis
implies z441 = 1, whence V; is locally the graph of a smooth function.

To see that 0H/0z441(p) # 0, first change coordinates to z; = p;exp(if;) and zq41 =
pay1exp(io). Letting H := H o exp, the new torality hypothesis is (61,...,0;) € R? and
H(61,...,04,0) = 0 implies 0 € R. We are given VH(0) # 0 and are trying to show that
OH /05 (0) # 0.

Consider first the case d = 1 and let  := 6;. Assume for contradiction that dH /o (0,0) =

0% OH/06(0,0). Let H(#,0) = D k>0 b; k07" be a series expansion for H in a neighborhood of
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(0,0). We have byo = 0 # by 9. Let ¢ be the least positive integer for which by ¢ # 0; such an integer
exists (otherwise H(0,0) = 0, contradicting the new torality hypothesis) and is at least 2 by the
vanishing of 9H/dc(0,0). Then there is a Puiseux expansion for the curve { H = 0} for which o ~
(b1,00/bo.¢)'/*. This follows from [BK86] although it is quite elementary in this case: as o, — 0,
the power series without the (1,0) and (0, £) terms sums to O(|0]>4|8o|+|o|*t1) = o(|0]+]|o|*) (use
Hoélder’s inequality); in order for H to vanish, one must therefore have by o8+ bo ¢o¢ = o(|0] +|o %),
from which o ~ (b1709/b075)1/ ¢ follows. The only way the new torality hypothesis can now be
satisfied is if £ = 2 and by o0/bo ¢ is always positive; but § may take either sign, so we have a
contradiction.

Finally, if d > 1, again we must have by 0¢ 7# 0 in order to avoid I:I(O, ...,0,0) = 0. Let
r € R? be any vector not orthogonal to VH(0) and let G(0,0) := H(r0,...,740,0). Then
0G/96(0,0) # 0 = 0G /9o (0,0) and the new torality hypothesis holds for G; a contradiction then

results from the above analysis for the case d = 1. |
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4.2 Initial Asymptotics for QRWs on Z

In this section we begin our analyses of QRWSs by recovering the results of [ABNT01]. Our analysis
via generating functions is simpler than their work, allowing the generalization to multiple chiral-
ities and higher dimensions in the coming chapters. We further simplify our analysis of the walk
on Z by making the walk aperiodic. The most convenient way to do this is to choose steps {0, 1},
replacing the {—1,1} steps in [ABNT01]. In order to facilitate comparison of our results to those
in [ABN"01], we need to avoid using the same notation for different quantities. Hence we replace
their {L, R} with {1, |}, their rescaled location parameter o with A, and so forth, as outlined in
the upcoming paragraph.

Define the chirality space ¥ := {1, |}, where a particle with chirality | will shift to the right

with each increase in time by one unit. Formally, we replace T by T, defined by
T(e(i, 1)) = e, 1), T(e(i, 1)) =e(i+1,1).
Given a unitary operator U on l3(X), our QRW operator is defined by
W:=TIxU).
In particular, the Hadamard Quantum Random Walk is

W r=TIaU /).

A particle at position n at time ¢ in the QRW defined by [ABNT01] corresponds to a particle
at position r := 2 € ZT at time s = ¢ in our model; note that |n| < t and n = ¢( mod 2).
Furthermore, just as o = % represents the location, rescaled linearly by time within the framework

of Ambainis et al., we use the rescaled location parameter

r a+1
Ai=— = .
s 2

Again, the information of interest for a QRW is the value of pg, ¢(r, s) := |¢)g, (7, 8)|? for any

time s and any state of a system (r, ) that began in state (0,&p). Comparing to [ABNT01]:



43
e Our ) is their (14 «)/2;

e Our ¢ (r,s) is their Yr(2r — s, s);

o Our 9 1(r,s) is their ¢ (2r — s, s);

4.2.1 Statement of results

The Hadamard QRW may be generalized by allowing the quantum coin flip matrix U to be any
unitary operator on the two dimensional chirality space l3(X). The unitary group of rank 2 may

be parameterized by three unit circle parameters e'®, ¢, ¢ and a real parameter c € [0, 1]:

ce™™ V1= 2t
V1= —cetlPtr—a)

Ua,8,7,c =

All our results are stated in this generality, which we refer to as a general unitary nearest-neighbor
QRW on Z!. The behavior of this QRW is the same as the behavior of the Hadamard QRW (in
which ¢ = \/g ), except that the parameter ¢ controls the size of the rescaled interval in which the

particle may be found. Specifically, define

J::[l—c 1—&-0}. (43)

2 72
We assume throughout that the parameter c is not one or zero, since these correspond respectively
to propagation of the initial chirality and strict alternation of chiralities, hence to deterministic
motion to the right and a mixture of no motion.

Corresponding to Theorems 1 and 2 of [ABNT01], we have the following two results.

Theorem 4.4 (rapid decay beyond J). Consider the quantities pe, ¢ for a general unitary QRW
with 0 < ¢ < 1. For each compact K C J¢ and each integer N > 0 there is a C' > 0 such that for
any chiralities £y and &,

p&),f(rv 5) < CsN

whenever A =r/s € K.
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Remark. Rapid decay may be improved to exponential decay by an argument that is not too

complicated but involves moving a contour in two complex dimensions.

Theorem 4.5 (asymptotics inside the interval J). Given a general unitary walk with transforma-
tion U, let X := Z. Then there are phase functions pe,¢(r,s) described in Equation (4.20) below,

such that

2 A1 —¢? 9

pii(rs) ~ TR VS sy ey ey b (p11(r5)) (4.4)
2 1-MVI-& ,

pri(rs) ~ 5 o=@ by (p11(r,5)) (4.5)
2 V1-¢2

rS) o~ cos? r, s 4.6
P~ S e o (11 (1) (1.6)

2 V1-—¢? 5
pri(r,s) ~ Y s ey (pr1(r,s)) (4.7)

uniformly as A varies over any compact subset of the interior of J.

Remark. The computations will be the most transparent when the parameters a, 8 and v are zero.
These parameters have no physical significance and in any case, the result for nonzero «, 3,7 is
easily deduced from the case « = = v = 0. The same is not the case for the parameter c.
We will therefore begin the proofs by assuming that the coin flip operator U is real, hence in the

orthogonal group, parameterized by c:

c V1—c2
V1-¢2 —c

Ure =

In fact this parameterizes the anti-special orthogonal group (determinant = -1). This slightly

unusual choice is due to the fact that U NE happens to have determinant —1.
2

These results of Theorem 4.5 for p||(r,s) and p1(r, s) are depicted below in Figure 1 for the

Hadamard Walk.
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Figure 1: Time n = 100 probability values by location (p; | on left and p; ; on right) and their

upper envelope obtained by dropping the cos?(p) term.

4.2.2 Determination and Preliminary Analysis of Generating Functions

As the generating functions of this section have degree two, we denote (z1,22) as (z,y) with the
exponents of x and y denoting position and time, respectively. With steps of {0, 1}, in the notation

introduced in Section 4.1, we have E = {(0), (1)} so

Then by Proposition 4.1, we have F(z,y) = (I —yMU)™" = £ G. Where

1+ ceBHr=igy  Pigyy/1— 2
Glr,y) = (43)
eViyv/1 — 2 1 — ce®y

and

H(z,y) =1— ce®y + cePH1=0igy — BHigy2, (4.9)
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In the case that U = U, is real, this specializes to

14+cry xyVv1—c?

Gc == )
yV1—c? 1—cy
H. = 1—cy+cxy—ay>.

To see why the only physically relevant parameter is ¢, observe that
Heap(2,y) = He (e“"”*“)x, emy) (4.10)

while the entries of G 4 5.~ (7, y) are equal to unit complex multiples of G (e!(#T72¥)y eivy). Tt
follows that the coefficients of the generating function F., g~ have the same magnitudes as the

coefficients of F..

For comparison to the literature, we specialize further to the Hadamard case (¢ = 1/1/2) and
record:

1+5£ =
2 2
G rlay) = v

: Y 1w

V2 V2

l1—2

H = 1-—y—ay°.

/3@ y) N

For the remainder of this section, we omit subscripts when referring to the real case, which
from above we see is all we need consider to derive all desired asymptotics. Furthermore, by

making additional substitutions in our generating functions, we see that we need only consider

l—cy _

certain combinations of chiralities in our analysis. For example, as Fm(%7 —zy) = -

F| (z,y), for any positive integers r and s we see that ¢ (r,s) = (=1)°¢;,1(s —r,s). Thus

py,1(r,8) = pr1(s —r, s), meaning that the graphs of p; | and p; ; are mirror images of each other

_ —zy\V/1—c?

with respect to the line A = 1. Similarly, F} | (1, —ay) = Trery—ezg? = —F1.1(2,y), so for any

(r,s) € (ZT)? we observe that 1| | (r,s) = (=1)*T1¢; 1(s—r,s) and p| | (r,s) = p; 1(s—7,s). Thus

the graphs of p; 1 and p;,| are mirror images of each other with respect to the line A = 1 As

5
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F1(z,y) = xFy, (z,y), we also see that p; 1(r 4+ 1,s) = py(r,s), implying that Fy | and F| 4
have identical asymptotics. Thus any asymptotic formula for either p; ;(r, s) or py | (r, s) should
be symmetric with respect to the line A = % While we will not yet exploit these symmetries in our
analysis, they will limit the number of graphs that we must provide under full disclosure. Also,
these symmetries will be helpful with the analysis in Section 4.3.

In general, the geometry of V = {z : H(z) = 0} can be complicated and asymptotic results
depend greatly on the geometric classification of V; see [PW02, PW04, PW08]. In the case of the
one-dimensional QRW, the geometry of V is simple enough that asymptotics can be handled by
the methods for smooth critical points found in [PWO02]. The following propositions establish these

geometric facts.

Proposition 4.6. For QRWs on Z' with matriz U, for 0 < ¢ < 1, the quantity H, is nonvanishing

on V1.

PRroOF: Solving H = 0, H, = 0, using the Maple command Basis ([H, diff(H,y)], plex(x,y)),
shows that there are precisely two pairs (x,y) where both polynomials vanish; the possible values

of y are not on the unit circle except in the degenerate case ¢ = 1. O

Proposition 4.7. For the general unitary QRW on Z', if (x,y) € V, then |z| = 1 if and only if

ly| = 1.

PROOF: The forward direction is a direct result of Proposition 4.2. Conversely, solving
H(z,y):=1—cy+cry—xy* =0

for x gives

cy—1 c—y !

yle—y)  c-y
If |y| = 1, then |y~!| = 1 and since ¢ € R, it follows that [¢c — y~!| = |c — y|. Thus |y| =1 =

|z| = 1. O
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4.2.3 New Asymptotics for Torally Minimal Points when d = 2

As we show in the following section, for any A in the interior of J, the set of critical points Z(r, s)
for this direction will consist of torally minimal points. We therefore seek a result that is as similar
to Theorem 2.7 as possible, but handles the case of torally minimal points.

Before stating one, we note that while in dimension d > 2, dir(z) = (z1Hx,...,24Hg), in
dimension 2 we define dir as the ratio of the two coordinates of the associated vector. That is

dir (xg,y0) = z—gi weoy—yo- Also for a,b € RT, we define D, = {(z,y) € C*: |z| < a, ly| < b}

and T, = {(z,y) € C%: |z| = a, |y| = b}. Also, we remind the reader of the definition of Q from

Section 2.2:
Q(z,y) = —2x’HZyH, — xHyy*H, — 2*y*(H;Hy, + H, Hyo — 2H, H,H,, (4.11)

We can now state a variation of Theorem 2.7 and adapt the proof of Theorem 2.7 to this scenario.
Theorem 4.8. For fized a,b > 0 suppose that the following conditions hold:

1. VN Dgp =V NT,p;

2. |zl =a <> |y|=b onV;

3. For each x the set {y1(x),...,yx(x)} of values for which H(xz,y) =0 is finite;

4. Hy is nonvanishing on VN T, .
Then the following two conclusions hold.

1. If X is not in the image under dir of VNT, s, then a"b%a,s is rapidly decreasing. Specifically,
as \ varies over a compact set disjoint from the range of dir , for every integer N > 0 there

is a C > 0 such that a"b%a,, < Cs™ V.

2. Conversely, let A be a compact subset of the range of dir such that for any A € A, the set

E(A) of points (x,y) € VN Ty for which dir (z,y) = A is finite and neither QQ nor G vanishes
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there. Then

G —yH
VD S 1 Lty e TR (4.12)
(z,y)€E(r/s)

as r,s — oo, uniformly as r/s varies over A.

PRrROOF: We prove the second conclusion first. The proof of Theorem 2.7 begins with the localiza-
tion step (Lemma 2.1) and it is this step which requires alteration in order to prove the second

conclusion of Theorem 4.8. Instead, we substitute the following lemma:

Lemma 4.9. Givenr,s, let {(z;(r/s),yi(r/s) : 1 <1 < L} enumerate Z(r/s) and let N; be a small

neighborhood of x;. Then

T 1 75 1 17 yl ) —rp—s . —N
— dr+O0(a™"b"°s 4.13
2 > G e e+ O b
for every N, uniformly for A € A.

Assuming this for the moment, the remainder of the proof follows the proof of Theorem 2.7
(the full proof can be found in [PWO02]) so closely that we merely indicate the numbers of the
i0

corresponding results. Changing variables to z = ae®, we write z~"y~° as exp(—sf;(0)) near each

(x1,y1) € 2(r/s) and rewrite (4.13) as

ari e > /N exp(—s£(0))(60) do

where N} is a neighborhood around each critical # and f and ¢ are defined in Section 2.2. The
summand is an integral near a stationary phase point; in the present case the exponent f is
purely imaginary, so we may use a standard result to evaluate this, such as [Ste93, Proposi-
tion 3 of CH. VIII], rather than the complex phase version found in Theorem 2.4. The application
of the formula for % in the proof of Corollary 2.9 to the d = 2 case (in which we replace Z and
z by Y and y, respectively) finishes the computation in the case at hand, finishing the proof of the
second conclusion of Theorem 4.8.

The first conclusion then follows from the fact that there are, in the case A ¢ J, no stationary

phase points. Thus the sum is empty and the result follows (and in fact one may halt the derivation



50

in the lemma at (4.16)). Finally, the uniformity in both conclusions is a consequence of the fact that
estimates such as Theorem 2.4 and [Ste93, Proposition VIII.3] are uniform under these conditions.
O

PROOF OF LEMMA 4.9: The following successive estimates for a,s copy the reasoning in the proof
of Lemma 2.1, though they occur in a different order due to differing geometry. We will write

down the estimates and then see what is needed to justify them in our case.

1\2
<2ﬂ_) /C /C "y T R (2, y) dy de (4.14)
a b—e

1\2
() / / oy T (2, y) dy dx (4.15)
2 Co JCyse
—/ </ —/ ) "y T T R (2, y) dy d
C, Chie Cp—e

a”I”S

= % . J;f’ulzj:yj_s_lRes(F;y =y;)dr+O0(a"(b+¢€)77%). (4.16)
L R o MDY
T e XN Gy O e )

The first of these is Cauchy’s integral formula. It is valid as long as F' is analytic on Dg p—,
which is guaranteed by hypothesis (1). The second is true whenever F' is analytic on the torus
T b+e as well, which is guaranteed by hypothesis (2). The third equation is true as long as F(z, )
has finitely many poles on the annulus b — € < |y| < b+ € for every x € C,. This is guaranteed by
hypothesis (3). The fourth of these is true as long as the poles of H(x,-) are simple for x outside
a set of measure zero, which is guaranteed by hypothesis (4).

Finally, to arrive at (4.13), we establish that

G
n:

pulls back to a smooth form on the smooth manifold VN7, ;. In fact, smoothness of the form and

the manifold follow from hypothesis (4) and the implicit function theorem. It now follows by [Ste93,



51

Proposition 1 of Ch. VIII], using a partition of unity, that the integral is rapidly decreasing away

from the critical points Z(r/s), reducing (4.17) to (4.13). O

4.2.4 Location of the critical points for QRW
We show that for A in the interval

1 1
J = 5(1_6)75(1+C) )

asymptotics are determined by a pair of critical points on the unit torus via Theorem 4.8, while
for X outside the closure of this interval, asymptotics are determined by a single critical point on

a different torus via Theorem 2.7. This is established in the following lemmas.

Lemma 4.10.

(deQ»eﬂJ¢:A€J:%O—@éG+@

PROOF: First assume (z(A),y(A)) € T1,1. By Proposition 4.7, this is equivalent to |y| = 1. If we

let X and Y be the arguments of = and y respectively, then implicit differentiation of the equation

iy
iX 1—ce

- eiY(ez‘Y _ c)

results in the logarithmic derivative

dY 1 ( -1 )
- (1 —5—).

ﬁ a 1252)/ +1+ eie;";c Cyil +2—cy
When (z,y) is on the unit torus, thi ion simplifies to 2. PG W
en (r 1S Oon € unil orus 1S expression simplines to0 —— = — P ——— I e
Y ’ P P dx 2 —2c-cos(Y)

now observe that

dY _ d(logy) = xz0H/0x _ 1 1 _
dX d(logz)  yoH/dy  dir(z,y)  1/A
2
—1
by the definition of dir. Thus A =1+ ¢ T 1t is not hard from here to check that
2—2c-cos(Y)

as y varies over the unit circle, A is decreasing in Re{y}, so that the minimum value of A is

A(1) = (1 — ¢)/2, while the maximum is A(—1) = (1 + ¢)/2. Thus

@), y(\) EThy = A e Jim ;1_q%a+@
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For the other direction, we choose A € J and solve for all possible points (x(\), y(A)). These
are points (x,y) € V at which the logarithmic normal vector (zH,,yH,) is parallel to (r, s) where

r/s = A. Thus (z,y) satisfies the two equations:
H(z,y)=0 (4.18)

K(z,y) :=sxH, —ryH, =0 (4.19)

Then the Maple command Basis([H,K], plex(y,x)) results in a reduced Grobner basis whose

first polynomial is the polynomial satisfied by x over Z[r, s]:

s2x — xs® — 2rclus + sctra? + ré?s + 4rxs + 2220 — 2r2x? — 2 — 4rx.

Dividing by s* and recalling that A = £ yields
ML= N)2a? —[(1—c?) — (4 —2H)N+ (4 =2\ 2 + A1 — N

Viewed as a polynomial in x, the roots are conjugate (possibly equal) if and only if the discriminant
is nonpositive, which happens exactly when A € J. The product of the roots is the ratio of the
constant to the quadratic coefficient, in this case 1, therefore A\ € J implies the two conjugate roots
are on the unit circle, hence by Proposition 4.7, |z| = |y| = 1 for all critical points. |

To sum up:
Proposition 4.11. The torus T1 1 is a minimal torus and the image of dir on VN1 1 is J.

PROOF: In order for T3 ; to be a minimal torus, it is necessary and sufficient to show the following

two conditions:
LVvn{lz| <1,y <1} =2
2. VN ({lz] <1yl =1} U{lz[ =1,]y| <1}) = 2.

Condition (1) follows from the absolute convergence of F(«,3) for every pair of positive real

a, 3 < 1. Condition (2) follows from Proposition 4.7. |
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4.2.5 Proofs of Theorems 4.4 and 4.5

Observe first, using the relation (4.10) and the subsequent discussion, that it suffices to prove both
theorems in the real case, U = U.. Thus we assume throughout this section that a« = g =~ = 0.
PROOF OF THEOREM 4.4: This is immediate from the first conclusion of Theorem 4.8 with a =
b = 1, once one observes that the hypothesis are satisfied. The first hypothesis was verified in
Proposition 4.11, the second in Proposition 4.7, the third follows whenever H has no factor P(z),
and the fourth was Proposition 4.6. a
PrOOF OF THEOREM 4.5: Fix A in the interior of J. By Proposition 4.11, T} ; is a minimal
torus containing two conjugate critical points, (z,y) and (Z,7). These satisfy the hypotheses of
Theorem 4.8, whence the conclusion (4.12) holds.

Recalling that G| (x,y) = 1—cy, and observing that the two summands in (4.12) are conjugates,

we see that

1- Y —r —s _yH
wll(ra S) ~ 2Re {\/ﬂl’ Y SCQ(:B,Z)}

where @ is given in (4.11). Letting

Geoe _p s | —yH
peoe(r, ) == Arg < \/5275:10 y M) , (4.20)

allows us to rewrite this as

N2 —yH,
=) Gy

2
pry(r,s) ~ = cos® py(r, s)

Instead of solving for x and y and plugging into expressions for H, and @, the computations are
simplified by finding directly the minimal polynomial for w := (1 — cy)2$f;).

Recalling that (z,y) satisfies H(x,y) = K(z,y) = 0, we introduce a variable z := 1/(sQ) so
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that w may be expressed as the solution to the following four polynomial equations.

H =0

K =0

sz —-1 = 0

w+ (1—cy)(yHy)z = 0

To obtain a polynomial in w alone, we use the Basis command with term order plex(x,y,z,w),

resulting in the polynomial
r2s%(1 — *) — (s(1+¢) —2r)(s(1 — ¢) — 2r)(s — 7)%w?.

We divide by s? and rewrite in terms of A:

/\2(1—02)4—4(1;0—)\) ()\— 12C> (1 - N\)2s%w?.

We are actually interested in |w|, but since the above expression may be written as A + Bw? for

positive real A and B, we see that |w| is the positive square root of A/B, in other words,

V1—c2\
(1= N)sy/—((1—c2) — 4\ +422)

w| =

This proves Equation (4.4). The computations for the other three cases are slight variations,
the only difference being the value of G, ¢(x,y). Because G (x,y) = yV1 — ¢2 has the same
magnitude as G|1(z,y) = zyv/1 — ¢2, the formulae for p| and p|; will differ only in the phase
term. The minimal polynomial for —G% yH, /(sQ) in terms of r and s turns out to be Aw?+Bw+C

where

A = 4r02(s—r)<s(0;1) —r) <S(C;1)+7«)

B = 4(1-cH)(2r —s) <S(C;1)r) <5(621)+7’>

C = rf(1-cA(s—r)
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Dividing each of these by s?, and letting A = £ we get A'w? + B'w + C’, where
1 -1
A = (1)) (C; —>\> (c 5 +>\) 52

c+1 c—1
3 )\)( 2 +)\)s

B = 4(102)(2)\1)<

' = M1 -A)(1-))

Then since B2 — 4A'C’ < 0 for A € J, we have that

jw] = |

B & VBT 14T \/3/2 L oBPraxc [0 Vi
24/ -~ V447 447 VA s /(1= 3) —ar+4N)

The minimal polynomial for —G%TyHy/Q in terms of A\ turns out to be:

(1—)\)2(1—02)—1—4(1;0—)\) (A— 1;c>>\232w2.

Again we are interested in |w|, and the above expression may be written as A + Bw? for positive

real A and B, so |w]| is the positive square root of A/B. Thus

V1—c2(1-2)
Asy/—((1—c2) — 4N +422)

|w] =

This completes the proof of Theorem 4.5. O
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4.3 Airy Behavior for QRWs on Z

The results of the prior section relied on the asymptotic estimation of an integral of the form:

[ esp(-raf©)i)a0 (421)
using the stationary phase method when the stationary points of f (which are the saddle points

for the integral) are isolated. We summed the contributions from two isolated conjugate saddle

1+c

points (at each of which f vanished to order 2) to determine the asymptotic estimate. As A — =5,

however, the saddle points coalesce into a single point at which f vanishes to order 3. Consequently,

1tc
5 -

our previous results do not hold in neighborhoods of the points A = In this section we

demonstrate this coalescence, then we review and apply a result for the asymptotics of integrals

with coalescing saddle points.

4.3.1 Statement of Results

As mentioned in Section 4.2, we need only forecast asymptotics in a neighborhood of the direction

A==t = 150 for each of our four pairs of chiralities, due to the symmetries of our distributions.

Theorem 4.12 (Asymptotics near A = 156). Given a general unitary walk with transformation

Ue, let§d =7 — %_c Then as s — oo and § — 0 the probabilities for the directions A\ = % are given
by the following asymptotic formula:
do\? Airy(r?342) Airy' (r234%) L,
p§Ua€ (rﬂ 8) ~ <dt) | 7'1/37F§0,£ 77”2/3 . FE(),§| (422)
where
F) =1 Fl, =0 (4.23)
d(l—c)+(1+¢)
0 _ 1
Fiy = . Fi,=0 (4.24)
S(l—c)+2c [1+¢ (1+c)1/6\/5(1—c)(1+c)+4c
B = \/ B = 4.2
[ 2¢ 1—c i 2¢5/6 l—c (4.25)
0 _ 10 1 1
Fip =1, Fip=-I7, (4.26)

v~ V(A=) A+ e)e(1+¢)) 0 (4.27)
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and

<d0>2 ~ 2(1+¢)"3(1 —¢)?
dt eV/6[5(1 —¢) + (c+ 1)]/d(1 — ) (1 +¢) + 4c

with Airy(z) the function defined for x € R as Airy(z) := L [ COS(% + xt)dt.

T

We again demonstrate our results pictorially, this time with a graph of the U, /o walk’s actual

probabilities (for the (|, ]) chirality on the left and (|, 1) chirality on the right) versus our predic-

1—c

5 = % for time s = 1000. One can see that the prediction is

tions in the range of the point ~ =

best when § is smallest, which in Figure 2 is when the location is closest to 250.

0.0020 0.008:5
0.005
0.0015
0.004
0.0010 0.003
0.002
0.0005
] 0.001 o
0.0000 T i T T T T 0.000 T T T T T T )II
235 240 245 250 255 260 265 235 240 245 250 255 260 265
locafion locafion

Figure 2: Time n = 1000 probability values by location (p| | on left and p ; on right) for the Ui/

walk and our asymptotic prediction.
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4.3.2 Proof of Theorem 4.12

We employ the method detailed in Chapter 9 (titled Uniform Asymptotic Expansions) of [BH86].
This method determines an asymptotic approximation for an integral such as ours in the neigh-
borhood of a point where two simple saddle points coalesce into a saddle point of order 2. The
“order” of a saddle point is the degree to which the derivative of the phase f vanishes. A “simple”
saddle point is one of order 1. While in the case of a single saddle point we defined f so that it
vanished along with its derivative, this is not necessary.

Before utilizing the methods of [BH86], we determine the explicit integral representations of
our coefficients and demonstrate the coalescence of our simple saddle points into a saddle point of

order 2.

Lemma 4.13. For the nearest neighbor QRW on the line with unitary coinflip U., given initial

chirality & and final chirality &, the norm of the amplitude ag, ¢(r, s) is given by the equation:

1 - 1—ce'
lag, e(r,s)| = §|/ngoyg(9) exp {—r (log ((W;ec)> + Z‘:G)} do| (4.28)

where C is a contour circling the origin with winding number 1 containing the critical points z €
E(r) while:

Vi) = 1 (4.29)
~ o e?(1—c)(1+¢)

1)[)111(9) T (1 _ cew)(ew _ C) (430)
_ oif

bral) = ;o pvi-¢ (4.31)
ha(0) = ewl_ —V1-¢? (4.32)

ProoF: To simplify our calculations we reorder the variables « and y (from the generating function

of QRWs on Z) as z = (y,z). Thus the function g defined in Section 2.2 is the function such that

H(y,g(y)) = 0 Yy. From the proof of Proposition 4.7, we obtain g(y) = ——<. Also, we maintain

— oyly—o)”

the original associations between r and z so that r is now (s,7). Thus rq = r. Our result now

follows from the proof of Lemma 2.1, once one determines f and 1[) and omits the localization step.
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In Section 2.2 we defined f so that the point & = 0 coincided with the sole critical point
z € E(r), and hence the sole saddle point for the integral. With two critical points we define
f so that 6 = 0 corresponds to y = 1, a natural choice as the critical points will correspond to
additive inverses for #. This is a translate of the phase used in Section 2.2, and as we use the same
contour of integration, the value of the integral is unaffected. To distinguish this setting from that
of Section 2.2, as well as to borrow from the notation of [BH86], we rename this new phase w. In
this context, w(f) = log (%@) +1i76 = log (g(exp(if))) +i 30 = log (63%51_96)) +i30.

In contrast, the calculation of 1[1 will be slightly more involved, and as it depends on both the
numerator and denominator of the generating function, it will vary depending on the initial and

final chirality. From the definition of 1; in Section 2.2, centering at y = 1 we have

0 (0) = — lim (z— () Lo ce?
bl o z—g(ei®) g [1— ce? + zei®(c — ef)|x
6

i ( 1—ce” ) PEdc i

= — lim T — —

z—g(ei®) 620(620 — C) [(ﬂ%%ﬁjc) — (E]l’

. 1 1 — ce®

= — lim -—-

z—g(ei®) & €(e? — ¢)

Making the analogous calculation for the other combinations of chiralities completes the proof. [.
With this integral representation, it is a direct computation to show that the methods of [BH86]

apply to our integral.
Lemma 4.14. For the nearest neighbor QRW on the line with unitary coinflip U., the integral

I(r) = /C exp(—rw(8))y()do (4.33)

1+c
5 -

has 2 simple saddle points ax which coalesce into a saddle point of order 2 precisely when % =
Furthermore, there is a simply connected domain Dy containing the contour C and the points

Gzai.

PRrROOF: We begin by solving the critical point equations via Grobner bases with the Maple com-
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mand Basis([H,K], plex(x,y)). This results in a reduced Grébner basis whose first polynomial
is the polynomial satisfied by y over Z[r, s]. Making the substitution s = rX in this polynomial

and dividing by the coefficient of y? results in the minimal polynomial: 3% + %y +1=0.

Whether or not this equation’s solutions have unit modulus, they will be multiplicative inverses,

as the coefficients of y? and 3" are both 1. Furthermore, this equation has a single solution of

order 2 if and only if A = 1E¢. We focus on the point A = 15<; the calculations for A =

1+c
2 2 2

are
analogous.

Making the substitution 2 = 1/X = 1%6 + § and solving for y results in the two solutions:

2+5(1—e))(2+1)—2(1—c)£(1—¢c)\/d5(1—c)1+)[5(1 —c)(1+c)+ 4c]
2c[(14+¢)+6(1 —c¢)]

Y+ = (4.34)

which coalesce in a neighborhood of § = 0 only when ¢ = 0, in which case yy = y_ = 1. Using the
equation & = g(y) we obtain a unique value of z to correspond with each of y; and y_. We now
define ay = ilog(ys) and a_ = ilog(y_) = —ilog(ys). We complete the proof by showing that
the integral has simple saddle points at a when § is in a neighborhood of 0 and that these points
coalesce into a saddle point of order 2 when § = 0. (Note: When we take the log of a number
z € C we always let log(z) denote the principal logarithm with discontinuity when Arg(z) = x.)

By taking derivatives we see that wg(a4) = wg(a—) = 0, while

(1-od+)d—y)(d+y4)ysc
(Y+ — c)*(yrc—1)2

wee (ilog(y+)) = —wee(ilog(y-)) = (4.35)

To simplify this, we note that if we refer to the minimal polynomial of y4+ as y? + Ay + 1, then
(y+ = D(y+ +1) = =2 = Ay, and (y4 — c)(yrc— 1) = —y4(Ac+ 1+ ¢c?). Then

yrlyr =Dy +1) gy (2-Ayy) = -2y A
(y+ =0 (yrc—1)?  yi(Ae+1+¢%)?  (Adc+1+c2)?

Now substituting the values of y, and y_ as well as A = % and simplifying we get

[6(1—c)+ (c+ D]\V/O(1+ )1 —)[0(1 — ) (1 +c) + 4c]
0ra0 o

wog (ilog(y+)) = (4.36)

which only vanishes in a neighborhood of § = 0 when § = 0.
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Differentiating once more, we see that

wege (0)[s=0 = m (4.37)

which is nonvanishing in our interval ¢ € (0, 1). This completes the proof. (]

We are now free to employ the methods of [BH86], the first step of which is a conformal change
of variables ¢t = v(f) designed to simplify the phase w of the integral. We denote the inverse of
the map v as u = v~! so that § = u(t). These changes of variables are defined implicitly by the

equation

3
w(o) = - (g - ﬁ) S (4.38)

in which v and p are constants, yet to be determined.
Equation 4.38 defines three potential maps u, none of which is clearly conformal. Theorem 4.15

below, cited from [CFU57], isolates the correct conformal map:

Theorem 4.15. For each ax in Dy, the transformation (4.38) has just one branch which defines
a conformal map of some disc D, containing ay. On this branch the points 0 = ay and 0 = a_

correspond respectively tot =y and t = —~.

|
We adopt the notation D, for the image u(Dg) from [BH86]. Now with the conformal maps
u and v so defined, we determine the values of p and 7. First we note that as desired, the new
phase ¢ has isolated simple saddle points at ¢ = -y when v # 0 and a single saddle point of order
2 when v = 0.
By differentiating (4.38) with respect to ¢, we obtain

@ B ,YQ_tQ
dt ’wg(e) '

(4.39)

Since % must be finite and nonzero for all t € D, (or equivalently all 8 € D,) so that u may be

conformal, it must be as Theorem 4.15 prescribes that

t =+ when 6 = ay. (4.40)
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Making the correspondence (4.40) in Equation (4.38) provides the following expressions for v and
p-
? =w(ay) —wla) (4.41)
1
p= §[w(a+) +w(a-)] (4.42)
As our phase function w is odd and ay and «_ are additive inverses in our case, the above
equations simplify to:

4y
3

1—cy_ 2c
= 21 21 - )
Og(l_cy+>+ & )<1_CJr >

and

p=0. (4.43)

Substituting the values of y, and y_ from (4.34) into the equation in v above and expanding

into a power series in § at the origin, we obtain

43 = %53/2 + 0(5°%/?) (4.44)
so that
_ _M@, +o(61/2) (4.45)

for some third root of unity (3.

Thus we have three possible values of v when «y # «_. In [BH86] the authors resolve this
ambiguity by developing contours Cy, Co, and Cs, each beginning and ending at oo, such that for
t € Cj, they have Z(4 — 2j) < Arg(t) < 5(6 —2j). For each of the three possible choices of 7 in

Equation (4.41) the regular branch of u(t) promised by Theorem 4.15 maps C N D, onto a contour

asymptotically equivalent to one of C; N ﬁa, CaN ﬁa, or C3N ﬁa. The authors show it is correct to
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choose the determination of v leading to an image contour asymptotically equivalent to C; N Dy,

Furthermore, they demonstrate that this choice of  is that satisfying the equation:

1 1 2 1 1
iArg AG + §Arg(w9(90)) ~ o Arg(y) < §Arg AfD + §Arg(w9(90)) — - ( mod 7) (4.46)

3

w|

where 6 = 6 is the preimage of ¢t = 0 and A#f is an increment directed from 6 = 6y to the contour
C.

In the following lemma we demonstrate (3 = 1 will always be our desired third rooty of unity.

Lemma 4.16. For any 6 in a neighborhood of the origin, letting (3 = 1 gives the choice of v

Vo(l—c) + 0(61/2).

satisfying Equation (4.46). Thus v = BRI

Proor: To facilitate the proof we refer to our original form for the oscillatory integral, taking a
step back from (2.1) to the integral with f and 1 in terms of W. In this case W = y = e = ¢?.
The contour of integration is then the unit circle when § < 0 (in which case |y4+| = |y_| = 1)
and while it must be deformed in the case that é > 0, the contour still circles the origin. In light
of the fact that yo is clearly 1, Ay will be a negative real increment, so Arg(Ay) = 7. We next
differentiate w(y(#)) to get wy = %%. For y = 1 we find 4% = i¢ and % =1, 80 wy(1) = J. Thus

for 6 < 0, Arg(wy(yo)) = m while for § > 0, Arg(wy(yo)) = 0. Substituting into Equation (4.46)

for § < 0, we have:

so the argument of v is within 7/6 of the argument of a purely imaginary number. As (3 = 1
ensures that v € R4, it is the appropriate choice. Substituting into Equation (4.46) for § > 0, we
have:

T 27 T
T_20 A o_z
O—|—2 7 < rg(7)<0+2 3( mod )

so the argument of v is within 7/6 of the argument of a real number. As (3 = 1 ensures that

v € R7, it is the appropriate choice. (|
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With v and p now defined, we note that when oy # «_ so that v # 0, by applying L’Hopital’s

rule in Equation (4.39) we obtain

do\? T2y
E |t:i’y or 0=a+ — T/~

4.47
weg (it ) (4.47)
which is finite and nonzero. In our case we have
dfﬁ 2 2(1+¢)1/3(1 —¢)? (4.48)
dt =0 wop(a)  \ e/65(c — 1) — (c+ 1)]\/O(1 — )1 + c) + de '
while %|9:a_ = %bzmr as wgg(a—) = —wpg(ay). We will denote this common value simply as
do
dt*

When § = 0, so that ay = a_ and v = 0, L’Hopital’s rule must be applied twice and the result

AN -2
— -0 or fmq, = —————— 4.49
(5) lvoromas = s (4.49)
which is also finite and nonzero. In our case, when 6 = 0 we have

is

ag 1-c¢

dt [+ c)c}l/:%i' (4:50)

which has equal norm to the limit as § — 0 in our original expression for ¢

77+ Thus when we seek
the value of |%| going forward, we may always use the formula for the § # 0 case.

We are now free to apply the transformation (4.38) to the integral (4.33) to obtain
10)= [ Goyesp(-ro(t)}dr + £
CinDq

(4.51)
with

Golt) = Du() (4.52)

which is regular in ﬁa, while £ is asymptotically negligible, being by assumption exponentially
smaller than [ itself.

We next expand Gy to facilitate the derivation of a uniform expansion. Specifically, we exploit

the fact that when the integrand vanishes near a critical point, the contribution to asymptotics
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from that point is diminished. Thus we write:
Go(t) = ap +ait + (t2 - WQ)HU(t) (453)

(with ag, a; and H to be determined) so that as long as Hy is regular in Dy, the last term of (4.53)
vanishes at the two saddle points ¢ = . We can then determine a¢ and aq by assuming Hj to

be regular and setting ¢ = £ in (4.53) to get

Go(7) + Go(—)

ap = ————5 (4.54)
ay == W (4.55)
With ag and a; so determined, it is shown in [BH86] that Hy = %ﬁ“{alt is regular in ﬁa as
desired.
Then inserting (4.53) into (4.51) we obtain
I(r) ~ exp{rp}/c . eXp{—r(g — %)Y ap + aqt)dt + Ro(r) (4.56)
1NDq

where Ry (r) = exp{rp} fcmf)a (t> — %) Hy(t) exp{—r(% —~2t)}dt.
We rewrite the first integral in (4.56) by first replacing C; N D, with C; itself (introducing an

asymptotically negligible error) then using the alternate characterization of the Airy function:

0 3
Ai(z) = ! / exp(sx — s°/3)ds = 2/ COS(% + Ta)dr (4.57)
2 7T

2m oo

in order to express the integral in terms of Ai(x) and its derivative Ai'(x). To determine Ry we
integrate by parts and introduce another asymptotically negligible error by ignoring the boundary

terms. The result is the expansion;

. a . a .
I(r) ~ 2miexp{rp} [N%Az(rz/?”yz) + TT}SAZ’(Tz/S'yQ)} + Ri(r) (4.58)
with
exp{rp} °

Ry(r) = ch(t) exp{—r(% 20yt

r Clﬂﬁa
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and G4 (t) = & Hy. We observe that Ry (r) is an integral of the form (4.51) multiplied by r~!. Thus
the above process can be applied repeatedly, after NV + 1 applications arriving at the asymptotic

expansion

Ai(r?/342) N agn,  Ai'(r?/34?) N Aoni1
r1/3 _OTTJF r2/3 Zo rn

I(r) ~ 2miexp{rp} + Ry (r) (4.59)

with Ry (r) = =D exp{rp} o . Gy (t) exp{—r(f =72 }dt.

In Theorem 9.2.2 of [BH86] the authors show that the above formal procedure yields an asymp-
totic expansion of I(r) that is uniformly valid for § small. In addition, they point out that the Airy
function provides a smooth transition in the algebraic order of I in r which is 7—/2 for separated
simple saddle points and 7~/3 for a single saddle point of order 2.

Thus, in particular, we have the asymptotic formula

. a . a .
I(r) ~ 2miexp{rp} M%Az(rz/&yz) + 762%142’(7“2/372) :

2

As p=0,|a(r,s)| = |%| and p(r, s) = |a(r, s)|?, we seek to simplify the asymptotic expression

a X a .
p(r,s) ~ |T%Az(r2/3’y2) + 7‘2%142'(72/372”2. (4.60)

We begin by simplifying ag and a; below:

 Pepe(0) B+ e )W Peelay) + degela) df
o 2 o 2 dt

(4.61)

ao

and similarly

_ 12’606(0%) - Ql;gog(a,) do
2y dt’

ai

Remark. In the above we facilitate the application of [BH86] by writing Go(+7) = @(u(:l:y)) ‘;—f =t~

simply as zﬁ(ai)% and avoiding the direct use of the new variable ¢.
If we let FY, = [Pl ilac@)] ang gl = [l L] then Equation (4.60)

becomes

d9‘2 ' |Ai(r2/372) o Ad! (r?/342)

1 2
r1/3 £0,§ r2/3 F£O,£| : (4.62)
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As % and v are calculated above, it only remains to determine F° and F.

Since 1)|,| = 1, we obtain F{'| =1 and F|| = 0 with no work. Also, as 91,1 is an even function,
F}, will be 0 as well, while F{; = ¢y (). As ¢y, (0) = ) 1(—0), we know that F?, = F? | and
Fl

1= _FTl, |- Thus we have reduced our number of calculations from 8 to 3. Using the notation

from above we have

70— (I-¢)(1+¢) :(l—c)(1—|—c):5(1—c)—|—(1+c)
T (1 —y_o)(1 —ysc) 1+c2+cA 1-c¢
and
1 y_4ys—2c 1 —A—2c (1l —rc¢)+2¢
FO — /1—c2 == /1 —c2 = /1 —=c¢2
BT —y_e) (1 —yie) “T31retcA ¢ 2¢(1—c¢) ¢
while
o V1= y- 1 V1= 2 —1 V1= 2y, — A
[ l—y_c y_—c|] 29 1—y)(y_—c¢) 2y Ac+1+c?

. . . . . o 1/6'\/ - & &
Making substitutions for y,, A, and v gives the estimate FTl,l ~ 42 26;{51/%404_40 and

completes the proof of the theorem. O
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4.4 The Three-Chirality QRW on Z

In this section we include a brief discussion of a three-chirality walk on the line. In this walk, (first
studied in [Kon05b]) the particle either moves one step to the left or right, or stays still with each

time step, thus

z 0 0
M=101 0
0 0 27!
The matrix
1 -2 =2

Uftad = é 2 1 -2
—2 -2 1
is used as the unitary coin flip operator. We will denote the three chiralities R, M and L.

While the walk behaves very similarly to the 2 chirality walks above in most regions, including
exponential decay outside an interval, and relatively uniform oscillation in another, it also includes
a bound state, that is, a particular ratio X' = r/s just that lim,_,o axs s # 0. We give a simplified
proof of the results found in [Kon05b]). For example, the existence of a potential bound state is
immediate from the factoring of the generating function Hs := (1+y)(—=3y%x 4y +4yz + yaz* — 3z)
as the first factor depends only on y with unit root. While we require Theorem 5.9 as V; is not
smooth, we include our asymptotics here along with the above results for walks on the line. We

also show that Theorem 5.9 cannot prescribe asymptotics for the bound state; we use an alternate

technique to determine these asymptotics.
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4.4.1 Statement of Results

Theorem 4.17. For the three-chirality Quantum Random Walk with unitary matriz U = U4,

let J=(—+/1/3,0)U(0,4/1/3) and A = Z. Let p, := p, s denote the probability to be at position r

-
at time s. Then as |r| — oo, uniformly over T in a compact subset of the interior of J, there are

phase functions pe, ¢(r, s) defined in Equation (4.83), such that

3
pr(rs) g U A cospnn(r ) (1.63)
prM(r,8) ~ é : \(/124;% cos?(pr.as (7, 8)) (4.64)
pr.L(r,s) ~ 2—; . (14‘2/\)_\/%2/\) (ZOSQ(pRL(r7 s)) (4.65)
pyv,r(r,s) ~ é . \(/124;% cosz(pMﬂ(r, s)) (4.66)
2 14+MN0=-Xx o
pyv(r,8) ~ . iow cos®(par,m (1, 8)) (4.67)
pum.r(r,s) ~ % ' \(/12:/25))\2' cos?(par,z.(r, ) (4.68)
pL.r(r,s) ~ 27711_5 . (14‘2)\)\/%;\) cos2(pL’R(r, s)) (4.69)
1 (1-))? 5
prL(r,s) ~ = \/TW cos”(pr,m(r,s)) (4.70)
1 (1-N)3 5
pr.L(r,s) ~ S m cos”(pr,.(r,$)) (4.71)

When A ¢ J U {0} then for every integer N > 0 there is a C > 0 such that Pr(r) < C|r|™N with

C uniform as r ranges over a neighborhood N of v whose closure is disjoint from the closure of J.
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Theorem 4.18. For the three-chirality Quantum Random Walk with unitary matric U = Uf_)’lad,

define py as above. Then the particle appears at the origin with the probabilities:

1
lim pr r(0,8) = = (4.72)
§— 00 6
5-2v6
lim pra(0,s) = 7\[ (4.73)
§—00 3
49 — 201/6
lim pp,(0,s) = 19-20V6 (4.74)
§—00 6
, 5—2v6
lim pr r(0,5) = —5 (4.75)
2
Jim parum(0,5) = 3 (4.76)
5—2v6
Jim par(0,5) = Tf (4.77)
49 — 201/6
lim p r(0,5) = % (4.78)
5—2v6
Jim pra(0,5) = —5— v6 (4.79)
1
Jim pr,2(0,5) = ¢ (4.80)

We once again demonstrate our results pictorially, this time with a graph of the walk’s actual
probabilities versus the predicted upper envelope (calculated by dropping the cos? term from our
asymptotic prediction) for (£, §) equal to each of (L, L), (L, M), and (L, R). With time ¢ = 400, we
use a shifted walk beginning at the point » = 401. We note that as the prediction of Theorem 4.17

holds for A in a compact subset of J, we refer to Theorem 4.18 for r = 401.
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0.0020 — 0.0020 —
00015 — 00015 —
00010 — 00010 —
0.0005 — 0.0005 — i
0.0000 - 0.0000 ] o

Figure 3: Time ¢ = 400 probability values by location (pr, 1, on left and py, p on right) for the three
chirality walk on the line and our asymptotic prediction of the upper envelope. The asymptotic
values of pr, 1,(401,400) and py, ar(401,400) predicted by Theorem 4.18 are % and &3\/6 ~ .0168,
respectively. The actual values of py, 1,(401,400) and py as(401,400), too large to appear in these
viewing windows, are ~ 0.1675 and ~ .0255, respectively. As pr ar(0,s) is close to 0, it will take

much longer for py, as(0, s) to converge than for the other states pictured above.

4.4.2 Proof of Theorem 4.17

We define G, F,z,y, X,Y,r, s, H and X\ as earlier in this chapter, with one exception. To clear
denominators we define H := —3z det(I —yMUg,,). (We also include a factor of —3z in G as not
to affect asymptotics.) As this gives H = (1+y)(—3y2z +y+ 4yz +yx2 — 3z), it will be convenient
to define H = —3y*z + y + 4yz + yz? — 3z. While Hy will vanish on the unit torus, we still aim
to use a result like that of Theorem 4.8. To this end, we turn to Theorem 5.9 of the following
chapter, while also making an adjustment to account for the factoring of H. For the purpose of the
following discussion we note that the image of dir (V1) is a subset of the set K from Theorem 5.9,
while the result of Theorem 5.9 is a generalization to dimension d of the result for Theorem 4.8.

We will be more thorough and specific in our exploration of these connections in the next chapter.
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0.0020
00015

0.0010

Figure 4: Time t = 400 probability values by location (py, g) for the three chirality walk on the
line and our asymptotic prediction of the upper envelope. The asymptotic value of pr, (401, 400)

predicted by Theorem 4.18 is 49*%@ ~ .0017

Our current modification is the treatment of the (1 + y) factor in H as a locally smooth
factor, which we do as follows. Using the fact that cos(X) = i (z + 1/z) for z on the unit torus,
we factor H as H = 2zy(1 4 y)(cos(X) — 3cos(Y) + 2). We then write V; = C; U Cy where
Cy ={(z,y) : |z] = |y| = 1, cos(X) —3cos(Y) = 2} and Cy = {(x,y) : |z| =1,y = —1}. Then
every (z,y) € Cy can only contribute towards asymptotics in the direction A = —% = 0, which is
the image of the Gauss map of Cs. As Cs is a flat plane, Gaussian curvature vanishes there, so we
may effectively ignore Cy as we apply Theorem 5.9. Our modified result will then have an extra
factor of y+ 1 in the denominator of its asymptotic estimate, and we can now deal with H instead
of H.

Next we accommodate the fact that Cy is not smooth. That is to say, VH vanishes on C;. As
the lexicographic Grobner Basis for the ideal generated by H, H, and Hy is {y — 1,2 — 1}, we
see that the gradient of H vanishes on C] precisely at the point (1,1). The use of an additional

Grobner basis shows that this point is the only one on Cy where H,, vanishes. Theorem 5.9 can then
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handle this case, delivering a result like that of Theorem 4.8, under the appropriate conditions.
In this case those conditions are met on account of the facts that dir (1,1) ¢ J and while H does

vanish to degree 2 at (x,y) = (1,1), G vanishes at this point as well. The second of these we

observe as
=3z +y +yzr +y 2yz(—y + ) —2yz®(y — 1)
G:= 2y(—y + ) —3z+y+yr’ +y’r  —2y(-1+yz)
—2y(y — 1) —2y(—1 + yx) (=3 +y+yr+y’r)x

vanishes at (z,y) = (1,1), while we establish the first in the following lemma.
Lemma 4.19. dir(1,1) ¢ J

Before proving the lemma we also note that the factoring of H and the vanishing of VH on
C7 do not combine to create a problem greater than the sum of their parts. To be more specific,
another Grobner Basis computation shows that the gradient of H also only vanishes on C; U Cy
at the point (1,1).

PROOF OF LEMMA 4.19: We recall that (x,y) € C; precisely when
3cos(Y) =2+ cos(X). (4.81)

Differentiating this equation implicitly with respect to X gives the other critical point equation:

_dYy  sin(X)
~dX  3sin(Y)

(4.82)

Squaring this equation results in \? = %ﬁ;i‘;}). Substituting the value of cos(Y") given by

Equation (4.81) results in the equation \? = 11:%;(()2) Thus as (z,y) — (1,1) € C4, the direction
A associated to (z,y) can only go to £4/1/3 ¢ J. O

Another advantage of using Theorem 5.9 instead of a result like Theorem 4.8 is that we only
need to show dir (Cy \ (1,1)) = J U {0} as opposed to proving a version of Proposition 4.11. The

only other major hypothesis of Theorem 5.9 is a result of Proposition 4.2.



74

Proposition 4.20. dir (Cy \ (1,1)) = J U {0}.

_ 14cos(X)
" B5+cos(X)?

PrOOF: The inclusion dir (C; \ (1,1)) € JU{0} follows immediately from the fact A2
which we demonstrated in the proof of Lemma 4.19. For the inclusion J U {0} C dir (C4 \ (1,1)),
we choose A € J U {0} and solve for all possible points (z(X),y(A)), by letting K = scH, — ryH,
and using the Maple command GB = Basis ([H, K|, plex(y,x)). The first basis element is the

minimal polynomial for z. Letting A = *

5A2 — 14+ 20/6X2 —2
1— )2 '

and discarding the solution x =1 we get

When A € JU{0}, 6A% —2 < 0 and the solutions are conjugate complex units. By Proposition 4.2
the y coordinates are also units, completing the proof. O
It now remains only to mimic the last step in the proof of 4.5. With an extra factor of 1+ y in

each denominator, we have that for each pair (£y,¢) € {L, M, R}? and r/s € J,

2
Peog (’I“, S) ~ ; cos” p&of(r7 5) Ggoﬁ

—yH, ‘
s(1+9)?Q(z,y)

where

— % -7, —S _yH
Peo (T, ) ~—Arg<mx y \/8(1+y)25(m7y)>. (4.83)

Again we solve for the minimal polynomial of the bulk of this expression:

2 *yHy
W= Gl ST )2Q )

Recalling that (x,y) satisfies H(z,y) = K (z,y) = 0, we introduce a variable z := 1/((1+y)?sQ)
so that when & = £ = R, w may be expressed as the solution to the following four polynomial

equations.

H =0
K =0
(1+y)2s2Q -1 = 0

w+ (=3z+y+yr+y°)yHy)z = 0



7

To obtain a polynomial in w alone, we use the Basis command with term order plex(x,y,z,w),

resulting in the polynomial
3251 (3r% — s3)(r — s)*w? — (r + 5)°.

With A = r/s, we find that
| | (1+))?
w = :
R4 = N sv2 — 62

We repeat this process for each pair (§o,&) € {L, M, R}?, noting that |G, ¢| = |Geg,| in each of

our cases, as « and y are units. When the minimal polynomial of wg, ¢ is of the form Aw?+ Bw+C
with B # 0, we find that |wg, ¢| = \/C/A, as is shown at the end of Section 4.2. Theorem 4.17

follows. 0
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4.4.3 Proof of Theorem 4.18

As Gaussian curvature vanishes on Cy, Theorem 5.9 will not be able to deliver asymptotics in
the direction A = 0. Alternatively, we use the Hautus-Klarner-Furstenberg method for diagonal
extraction; we borrow the description of this method from Section 2.4 of [Pem09], particularly the
proof of its Theorem 2.8. This method requires a rational power series, versus the Laurent series

above, so we now use

22 0 0
M:=1 0 2 0
0 0 1

giving us a walk with asymptotics in the direction A = 1 equal to those of our original walk in the
direction A = 0.

Given a generating function F(x,y) = % =) ,.s>0@rs?"y°, the method will deliver the
univariate generating function h(z) := 3, 5 annz" as follows. Since F' converges in a neighborhood
of the origin, for |y| sufficiently small, the function F'(z,y/z) converges absolutely for z in some
annulus A(y). If we treat y as a constant and view F(z,y/z) as a Laurent series expansion with

respect to z in the annulus A(y), then the constant term of this series will be h(y). Thus by

Cauchy’s integral formula,

1 [ G/
M) = 57 e

where C is any circle around the origin in A(y). Then by the Residue Theorem
G(z,y/2)
h(y) = RES | ——*;a,
=2 (e
where the a; are the poles inside the inner circle of the annulus. These are the poles that converge
to0asy— 0.

We demonstrate the use of this method in the calculation of lims_,o pr (0, s) and note that

Maple’s residue command may be used to automate the process. In this case

Gr.m(z,w/z) 2w(wz — 1) 2(1 — wz)

zHp p(z,w/z)  z(w+1)[—wz? + Bw? — 4w + 3)z — w] 2w+ 1) (z—ay)(z—a)
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3w? —4w+3+(w—1)vVIwZ—6w+9

50 We then use the method of partial fractions to write

where a4y =

Gr,m(z,w/z) _ Ag Ay Az
G/ = 2 T rar T

i Gwls) = —ar —~2—. Since z = 0 and z = ay are the poles that go to 0 with

w, h(w) is the sum of their residues. Setting z = 0 and z = a4 we find in turn that 4y =

2 _ 2 2 _ n _ 2
ey 4 A= e T e TS AW) = Xso ent" = Gy +
a+(w+1)2(a+7a7) — (w+1)(2;”+7a7). Using the fact that a;a_ = 1 and otherwise simplifying, we
find h(w) = L=3kVdw —6wid = Now a5 w = —1 is the pole of h closest to the origin and it

(w+1)vV9w2—6w+9 "’
is a simple pole, we know lim, o ann = RES (h(w); —1) = h(w)(w + 1)|yp=—1 = %. Thus

2
lims_o0 pr,m (0, 8) = (3’3‘/6) = ‘)73‘/6. Repeating this process for each pair of chiralities proves

the theorem. ]
Remark. Alternatively, we could prove the above by using results of [PWO04], adapted for torally
minimal multiple points. This approach, however, would be less self-contained. Also, their theorem
as written does not cover this case, though in fact their results hold in this case, as seen in the
later work [BP08]. We make this note as their methods are significantly more robust than the
diagonal method employed above. That being said, in this case the diagonal method lets us

quickly reproduce the results from [Kon05b].
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5 QRWs on Z¢

In this chapter we provide the first results for several families of two-dimensional Quantum Random
Walks, determining new, more transparent asymptotic results for multivariate generating functions
along the way. In our QRWs on the plane, the feasible region (the region where probabilities do
not decay exponentially with time) grows linearly with time, as is the case with one-dimensional
QRWs. The limiting shape of the feasible region is, however, quite different. The limit region
turns out to be an algebraic set, which we characterize as the rational image of a compact algebraic
variety. We explicitly determine the boundary of this region using algebraic methods. We also
compute the probability profile within the limit region, which is essentially a negative power of
the Gaussian curvature of the same algebraic variety. Our methods are based on analysis of the
space-time generating function, following the methods of [PW02]. We also give asymptotics for
the Hadamard QRW on the plane, as well as preliminary results for walks in dimension d > 2.
Throughout this chapter, d will designate the dimension of the integer lattice for the walk, and
thus one less than the dimension of the associated generating function. This is in contrast to the

first three chapters, in which d designated the dimension of the generating function.

5.1 An Introduction to QRWs on the plane

Published work on Quantum Random Walks in dimensions two and higher began around 2002
(see [MBSS02]). Most studies, including the most recent and broad study [KWKKO08], are con-
cerned to a great extent with localization; this phenomenon is not generic in quantum random walk
models and among the models we discuss, it is only present in the Hadamard walk of Section 5.5.
The analyses we have seen range from analytic derivations without complete proofs to numerical
studies. As far as we know, no rigorous analysis of two-dimensional QRW has been published. The
question of describing the behavior of two-dimensional QRW was brought to the attention of Robin

Pemantle and Yuliy Baryshnikov by Cris Moore (personal communication). In the next two sec-
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tions, we answer this question by proving theorems about the limiting shape of the feasible region
(the region where probabilities do not decay exponentially with time) for two-dimensional QRW,
and by giving asymptotically valid formulae for the probability amplitudes at specific locations
within this region.

As in dimension d = 1, our analyses begin with the space-time generating function: a multi-
variate rational function which may be derived without too much difficulty. This approach pays its
greatest dividends in dimension two and higher. While alternative techniques become exceedingly
complicated here, we can continue to use the methods introduced in [PW02, PW04, PWO08] and
reviewed in Section 2.2 allowing nearly automatic transfer from rational generating functions to

asymptotic formulae for their coeflicients. Based on these results, analyses of any instance of a

A00F
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200F
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08k

Figure 5: Fixed-time empirical plot (on right for time 200) versus theoretical limit (on left)

two-dimensional QRW becomes relatively easy, although in some cases new versions of the results
under weaker hypotheses were required. Empirically computed probability profiles such as are
shown on the right in Figure 5 are explained by algebraic computations, leading to limit shapes as
shown on the left. We computed probability profiles for a number of instances of two-dimensional

QRW. The pictures, which appear scattered throughout the upcoming sections, are quite varied.
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Not only did we find these pictures visually intriguing, but they pointed toward some refinements
of the theoretical work in Section 2.2, which we now describe, beginning with a more detailed
description of the two plots.

On the right is depicted the probability distribution for the location of a particle after 200 steps
of a Quantum Random Walk on the planar integer lattice; the particular instance of QRW is a
nearest neighbor walk (E = {(0,1),(0,-1),(1,0),(—=1,0)}) whose unitary matrix is discussed in
Section 5.3. Greater probabilities are shown as darker shades of grey. The feasible region, where
probabilities are not identically zero, is the diamond with vertices at the midpoints of the 400 x 400
square. The region where probabilities are not extremely close to zero appears to be a slightly
rounded, smaller diamond.

In [Bra07], Wil Brady computed an asymptotically valid formula for the probability amplitudes
associated with some instances of QRW. As n — oo, the probabilities become exponentially small
outside of a certain algebraic set E, but are ©(n~?) inside of Z. Theorem 4.5 of [Bra07] proves
such a shape result for a different instance of two-dimensional QRW and conjectures it for this one,
giving the believed characterization of = as an algebraic set. The plot on the left side in Figure 5
is a picture of this characterization, constructed by parameterizing = by patches in the flat torus
Ty := (R/27Z)? and then depicting the patches by showing the image of a grid embedded in the
torus.

When the plot was constructed, it was intended only to exhibit the overall shape. Nevertheless,
it is visually obvious that significant internal structure is duplicated as well. Identical dark regions
in the shape of a Maltese cross appear inside each of the two figures. To explain this, we consider
the map ® : T — R? whose image produces the region Z. Let V denote the pole variety of the
generating function F for a given QRW, that is, the complex algebraic hypersurface on which the
denominator H of F' vanishes. Let V; denote the intersection of V with the unit torus T. It is

easy to solve for the third coordinate z as a local function of x and y on V; and thereby obtain a
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piecewise parametrization

of V; by patches in R?. Theorem 5.7 extends the results of [PW02] to show that each point z of V;
produces a polynomially decaying contribution to the probability profile for movement at velocity

(r,s) which is the image of z under the logarithmic Gauss map n of the surface V; at z:

(2) = (22 08 01
nz) := xax,yay,zaz .

Formally, n maps into the projective space RP?, but we map this to R? by taking the projection
7(r,s,t) :== (r/t,s/t,1). In other words, the plot is the image of the grid (Z/100Z)? under the

following composition of maps:

(Z/100Z)% & 5t x gt 11D,y 0 pp2 7, g2 (5.1)

The intensity of an image of a uniform grid of dots is proportional to the inverse of the Jacobian
of the mapping. The Jacobian of the composition is the product of the Jacobians of the factors,
the most significant factor being the Gauss map, n. Its Jacobian is just the Gaussian curvature
(in logarithmic coordinates). The darkest regions therefore correspond to the places where the
curvature of log); vanishes. Alignment of this picture with the empirical amplitudes can only
mean that the formulae for asymptotics of generating functions given in [PW02] blow up when the
Gaussian curvature of log V; vanishes. This observation allowed us to produce new expressions for
the quantities in the conclusions of theorems in [PW02], where lengthy polynomials were replaced
by quantities involving Gaussian curvatures.

To summarize, in the next three sections we will:

1. Prove (In Theorem 5.18), the shape conjecture from [Bra07]; further instances of this are

proved in Theorems 5.11 and 5.16.

2. Reformulate (in Theorems 5.7 and 5.9) the main result in [PWO02] to clarify the relation
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between the asymptotics of a multivariate rational generating function and the curvature of

the pole variety in logarithmic coordinates.

3. Algebraically determine the directions associated with the subvariety on which curvature

vanishes.

The next two sections of this thesis are rather lengthy, and as such we give the following addi-
tional guidance as towards its organization. Below we summarize relevant background information
concerning Quantum Random Walks on the plane. We then supplement the background given
in Section 2.2 and Chapter 3 with additional background on notions of Laurent polynomials, the
multivariate Cauchy formula, and certain standard applications of the stationary phase method to
the evaluation of oscillating integrals. Section 5.2 contains general results on rational multivari-
ate asymptotics, clarifying the role of curvature, which, along with its application to QRW limit
theorems, is at the core of this thesis. In particular, Theorem 5.7 gives a new formulation of the
main result of [PW02], while Theorem 5.9 proves a version of these results in situations where
the geometry of V) is more complicated than can be handled by the methods of [PW02]. Finally,
Section 5.3 applies these results to a collection of instances of two-dimensional nearest neighbor
QRW in which the unitary matrices are elements of one-parameter families named S(p), A(p) and
B(p), 0 < p < 1. This results in Theorems 5.11, 5.16 and 5.18 respectively. The QRW in Figure 5
has unitary matrix B(1/2), while the following figures show examples of the S(1/2) and A(5/9)

Quantum Random Walks.



Figure 6: Limiting region (left) and Probabilities at time 200 (right) for the S(1/2) QRW

Figure 7: Limiting region (left) and Probabilities at time 200 (right) for the A(5/9) QRW

83
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We define each of d, U, F and M as in Section 4.1, using the transfer matrix method [Sta97,

GJ83] to determine the explicit expression
F(z) = (I — zg MU)™" . (5.2)
for the generating function defined as

F(i’j)(a:, y,z) = Z 1/J£f’j)(7", s)a"y 2"

n,r,s
where we will use
z 0 0 O
0z 0 0
M =
0 0 y O
0 0 0 gyt

as we will focus on nearest neighbor QRWs. As before, the (i, j)-entry of the matrix, F(*7) may

be written as a rational function G/H where
H =det(I — zg4+1MU).

A Hadamard matrix is one whose entries are all 1. There is more than one rank-4 unitary
matrix that is a constant multiple of a Hadamard matrix, but for some reason the “standard

Hadamard” QRW in two dimensions is the QRW whose unitary matrix is
1 -1 -1 -1
-1 1 -1 -1

Uttaa == =
-1 -1 1 -1

-1 -1 -1 1
This is referred to by Konno [IKK04, KWKKO08] as the “Grover walk” because of its relation
to the quantum search algorithm of L. Grover. Shown on the right in Figure 8 is a plot of the
probability profile for the position of a particle performing a standard Hadamard QRW for 200

time steps. This is the only two-dimensional QRW we are aware of for which even a nonrigorous
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analysis had previously been carried out. On the left, in Figure 8, is the analogous plot of the
region of non-exponential decay. We give asymptotics for certain regions of this walk’s probability

distribution in Section 5.5.
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Figure 8: Limit Prediction (left) and Exact Probabilities at time 200 for Moore’s Hadamard QRW

Another 4 x 4 unitary Hadamard matrix reflects the symmetries of (Z/(27Z))? rather than

7.)(AZ):

-1 -1 1 1
This matrix also goes by the name of S(1/2) and is a member of the first family of QRW that we
will analyze. There is no reason to stick with Hadamard matrices. Varying U further produces
a number of other probability profiles including the families S(p), A(p) and B(p) analyzed in

Section 5.3.
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5.2 The Connection Between Curvature and Asymptotics

We begin this section by giving necessary background on amoebas and Cauchy’s formula, in ad-
dition to oscillatory integrals. While there is some overlap with Section 2.2, the following refines
those descriptions for use in the theorems to come. We refer the reader to Chapter 3 for further

background.

5.2.1 Amoebae and Cauchy’s formula

Let F = G/H be a quotient of Laurent polynomials, with pole variety V := {z : H(z) = 0}. Let

Log : (C*)4*+! — R*! denote the log-modulus map, defined by

Log (z) := (log|z1], ..., log |zat1]) -

The amoeba of H is defined to be the image under Log of the variety V. To each component B of
the complement of this amoeba in R4t corresponds a Laurent series expansion of F. When F is
the (d + 1)-variable spacetime generating function of a d-dimensional QRW, we will be interested
in the component By containing a translate of the negative zy4yi-axis; this corresponds to the
Laurent expansion that is an ordinary series in the time variable and a Laurent series in the space
variables. For QRW, the point 0 is always on the boundary of By. In general, all components of the
complement of any amoeba are convex. For further details and properties of amoebas, see [GKZ94,
Chapter 6].

For any r € R%*! let # denote the unit vector r/|r|. Two important hypotheses that will be

satisfied for QRW are as follows.

The function r - x is maximized over By at a specified point x, ; (5.3)

we will be primarily concerned with those  for which this maximizing point is the origin, and we

denote by K the set of # for which this holds: thus for &+ € K and x € By, r - x < 0 with equality
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when x = 0. Secondly, we assume that the set W = W(r) of z = exp(x + 4y) such that
H(z) =0and Vi H(z) || (5.4)

is finite. The set W(r) depends on r only through #. We introduce the notation V., H(z)
to denote the gradient of H o exp evaluated at log(z) and note that at z € W, Vi, H(z) =
(210H /021, ..., 24410H0z441). Tt is immediate from (5.4) that Vi,gH(z) is a multiple of the real
vector T.

Before we proceed we point out a condition under which (5.4) is always satisfied. Suppose that
V; is smooth off a finite set E, and we let r be some direction such that hypothesis (5.4) fails. The
set W (r) is algebraic, so if it is infinite it contains a curve, which is a curve of constancy for the
logarithmic Gauss map. This implies that the Jacobian of the logarithmic Gauss map vanishes on
the curve, which is equivalent to vanishing Gaussian curvature at every point of the curve. Thus,
if we restrict r to the subset of V; where K # 0, then hypothesis (5.4) is automatically satisfied.

The coefficients a, of the Laurent series corresponding to By may be computed via Cauchy’s
integral formula. Define the flat torus Ty := (R/(27Z))4T!. The following proposition is well

known.

Proposition 5.1 (Cauchy’s Integral Formula). For any u interior to By,

1

d+1
ay = (27r> exp(—r - u) / exp(—ir - y)F oexp(u+ iy) dy . (5.5)
To

Corollary 5.2. Let A := A(f) :=sup{f-x:x € By}. For any N < A, the estimate
|ar| = o(exp(=\'[r]))
holds uniformly as v’ — oo in some cone with v in its interior.

PRrROOF: Pick u interior to By such that r-u > ). There is some ¢ > 0 and some cone K with
r in its interior such that r' -u > X + € for all v’ € K. The function F' is bounded on the torus

exp(u + iy), and the corollary follows from Cauchy’s formula. |
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NoTe: We allow for the possibility that hypothesis (5.4) holds for no points with modulus 1. In
the asymptotic estimate (5.13) below, the sum will be empty and we will be able to conclude that
ar = O(|r|~(4+1/2) " as opposed to O(|r|~%?) in the more interesting regime; we will not be able
to conclude that a, decays exponentially, as it does when r ¢ K. This will correspond to the case

where in fact r € K\ K.

5.2.2 Oscillating integrals

Let M be an oriented d-manifold, let ¢ : M — R be a smooth function and let A be a smooth d-
form on M. Say that p. € M is a critical point for ¢ if d¢(p.) = 0. Equivalently, in coordinates,
ps is critical if the gradient vector V@(p.) vanishes. At a critical point, ¢(p) — ¢(p.) is a smooth
function of p which vanishes to order at least 2 at p = p,. Say that a critical point p, for ¢ is
quadratically nondegenerate if the quadratic part is nondegenerate; in coordinates, this means

that the Hessian matrix
0%
0L, (p)
L0 1<i,j<k

has nonzero determinant. It is well known (e.g., [BH86, Won89]) that the integral

iosp) = (

/ exp(ird(y))Aly) dy
M

can be asymptotically estimated via a stationary phase analysis. The following formulation is
adapted from [Ste93].

Ifp— (21,...,24) is alocal right-handed coordinatization, we denote by 7[p, dx| the value A(p)
for the function A such that n = A(p) dx. If the real matrix M has nonvanishing real eigenvalues,
we denote a signature function o(M) := ny (M) — n_(M) where ny (M) (respectively n_(M))
denotes the number of positive (respectively negative) eigenvalues of M. Given ¢ and 7 as above,

and a critical point p, for ¢, we claim that the quantity F defined by

F(p,n,ps) = e/ det H(es p.)| > nlps, dx] (5.6)
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does not depend on the choice of coordinatization. To see this, note that the symmetric matrix
‘H has nonzero real eigenvalues, whence ¢H has purely imaginary eigenvalues and the quantity
e~ /4| det H(¢; py )| /2 is a —1/2 power of det(iH), in particular, the product of the reciprocals
of the principal square roots of the eigenvalues. Up to the sign choice, this is invariant because a
change of coordinates with Jacobian J at p, divides n[p., dx] by J and H(¢; p.) by J2. Invariance
of the sign choice follows from connectedness of the special orthogonal group, implying that any
two right-handed coordinatizations are locally homotopic and the sign choice, being continuous,

must be constant.

Lemma 5.3 (nondegenerate stationary phase integrals). Let ¢ be a smooth function on a d-
manifold M and let n be a smooth, compactly supported d-form on M. Assume the following

hypotheses.

1. The set W of critical points of ¢ on the support of n is finite and non-empty.

2. ¢ is quadratically nondegenerate at each p, € W.

Then

/ oxp(irg) 1 = (2”>d/2 > MIF(G,p.) + O (AT (5.7)
M A

P«EW
Remarks. The stationary phase method actually gives an infinite asymptotic development for this

integral. In our application, the contributions of order A~%/2

will not cancel, in which case (5.7)
gives an asymptotic formula for the integral. The remainder term (see [Ste93]) is bounded by a
polynomial in the reciprocals of |V¢| and det H and partial derivatives of ¢ (to order two) and

1 (to order one); it follows that the bound is uniform if ¢ and 7 vary smoothly with (1) and (2)

always holding.

PRrROOF: Let {N,} be a finite cover of M by open sets containing at most one critical point of ¢,

with each AV, covered by a single chart map and no two containing the same critical point. Let
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{ta} be a partition of unity subordinate to {N,}. Write

I:= /M exp(iAg) n

as ), Io where

I, ::/ exp(iAp) N g, .

a

According to [Ste93, Proposition 4 of VIII.2.1], when N, contains no critical point of ¢ then I, is
rapidly decreasing, i.e, I,(\) = o(A™") for every N. According to [Ste93, Proposition 6 of VIII.2.3],

when N, contains a single nondegenerate critical point p, for ¢ then, using the fact that 1, (p.) = 1,

o d/2 d s
Ia = (}\) A(p*) HM; / + 0] ()\—d/Z—l)
j=1

where 77 = A(x)dx in the local chart map, {4} are the eigenvalues of iH in this chart map, and
the principal —1/2 powers are chosen. Summing over « then proves the lemma. O

As a corollary, we derive the asymptotics for the Fourier transform of a smooth d-form on
an oriented d-manifold immersed in R%*t!. Let M be such a manifold and let K(p) denote the
curvature of M at p. If  is a smooth, compactly supported d-form on M, denote n[p] = n[p, dx]

with respect to the immersion coordinates, and define the Fourier transform 7 by

7(r) ::/ ey,
M

Corollary 5.4. Let K be a compact subset of the unit sphere. Assume that for t € K, the set W
of critical points for the phase function t - X is finite (possibly empty), and all critical points are
quadratically nondegenerate. For x € W, let 7(x) denote the index of the critical point, that is, the
difference between the dimensions of the positive and negative tangent subspaces for the function

r-x. Then

27\ /2 ) )
7(r) = () Z eu«x*n[x*],c(x*)—1/2e—mr(x*)/4 +0 ()\—(d+1)/2)

‘I‘| X EW
«

uniformly as |r| — oo with t € K.
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PROOF: Plugging ¢ = t - x into Lemma 5.3, and comparing with (5.6) we see that we need only

to verify for each x, € W that
€O det H (g x.) [ e, dx] = ] K ()| T2 e,
With the immersed coordinates, o = 7, and this amounts to verifying that
| det H(e; x.)| = [K(x)]-

Let P denote the tangent space to M at x, and let uy,...,uq be an orthonormal basis for P. Let
v be the unit vector in direction r, which is orthogonal to P because x, is critical for ¢. In this

coordinate system, express M as a graph over P. Thus locally,
M= {x,+u+h(u)v:ueP}

for some smooth function h with h(0) and VAh(0) vanishing. Let @ denote the quadratic part of

h. By Corollary 3.3, we have K(x.) = ||Q||. But
B(x. + -+ (W) = $(x.) + h(w)

whence H(¢;x,) = Q, completing the verification. O

5.2.3 Results on multivariate generating functions: when V is smooth on the unit

torus

In this section, we state general results on asymptotics of coefficients of rational multivariate
generating functions. These results extend previous work of [PW02] in two ways: the hypotheses
are generalized to remove a finiteness condition, and the conclusions are restated in terms of
Gaussian curvature. Our two theorems concern reductions of the (d + 1)-variable Cauchy integral
to something more manageable; the second theorem is an extension of the first.

We give some notation and hypotheses that are assumed throughout this section. Let F' = G/H

be the quotient of Laurent polynomials in d + 1 variables z := (21,...,24+1) and let By be a
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component of the complement of the amoeba of H containing a translate of the negative zg41-axis
(see Section 5.2.1). Assume 0 € 9Bj and let F' = )" a,z" be the Laurent series corresponding to
By. Let V denote the set {z € C?*! : H(z) = 0} and V; := VN T denote the intersection of V
with the unit torus. Let E :=V, N{z: VH(z) = 0} denote the singular set of V;. Let K := K(0)
denote the cone of ¢ for which the maximality condition (5.3) is satisfied with x, = 0 and let
be any compact subcone of the interior of K such that (5.4) holds for # € A/ (finitely many critical
points).

We start with the definition/construction of the residue form in the case of a generic rational

function F' = P/Q with singular variety V.

Proposition 5.5 (residue form). There is a unique d-form n, holomorphic everywhere V@Q does
not vanish such that n A dQ = Pdz. We call it the residue form for F' on Vg and denote it by

RES (F dz).

Remark. To avoid ambiguous notation, for the remainder of this section we denote the usual residue

at a simple pole a of a univariate function f by

residue(f;a) = lim(z —a)f(2).

zZ—a

ProoOF: To prove uniqueness, let n; and 72 be two solutions. Then (11 — 12) A dQ = 0. The
inclusion ¢ : Vg — C? induces a map ¢* that annihilates any form ¢ with £ A dQ = 0. Hence
m = 12 when they are viewed as forms on Vg.

To prove existence, suppose that (0Q/9z4+1)(z) # 0. Then the form

P
= ————dz1 - dzy 5.8
is evidently a solution. One has a similar solution assuming 0@Q/0z; is nonvanishing for any other
j. The form is therefore well defined and nonsingular everywhere that V@ is nonzero. ]

From the previous proposition, RES (F dz) is holomorphic wherever VH # 0, and in particular,

on Vl\E
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Lemma 5.6. Let F,G,H,V,By,V; and E be as stated in the beginning of this section. Assume
torality (4.2) and suppose that the singular set E is empty. Then ar may be computed via the

following holomorphic integral.

ay = <1>d/vl z " 'RES (Fdz). (5.9)

211

PROOF: As a preliminary step, we observe that the projection 7 : V — C? onto the first d
coordinates induces a fibration of V; with discrete fiber of cardinality 2d, everywhere except on a
set of positive codimension. To see this, first observe (cf. (5.2)) that the polynomial H has degree
2d in the variable z411. Let Y C V be the subvariety on which 0H/dz441 vanishes. Then on the
regular set U := T\ 7(Y), the inverse image of m contains 2d points and there are distinct, locally

defined smooth maps y1(x), ..., y2q4(x) that are inverted by 7. The fibration
U] LU

is the aforementioned fibration with fiber cardinality 2d.
Next, we apply Cauchy’s integral formula with u = —e441. Let S; and S5 denote the circles in
C! of respective radii e~! and 1+ s, and let T; := Ty x S; for j = 1,2. By (4.2), neither T nor

Ts intersects V), so beginning with the integral formula and integrating around 77, we have

(217“,)(#1 /T z "1 F(z) dz
() [ e [ e« (L) et

Expressing the integral over T; as an iterated integral over Ty x S; shows that the quantity in

Gy

square brackets is

/Td [/S 27" F(2) dzat /S z " 'F(z) dzdﬂ} dz (5.10)

where z; denotes (21,...,2q). The inner integral is the integral in z44+1 of a bounded continuous

function of (24, zq+1), so it is a bounded function of z;. We may always write the inner integral as
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a sum of residues. In fact, when z; € U it is the sum of 2d simple residues, and since Tq \ U has

measure zero, we may rewrite (5.10) as

2d
27m'/UlZz_”_lresidue(F(Zh');yk(ZT)) dzs . (5.11)

k=1

On U, we have seen from (5.8) that
RES (F dz)(z) = 7" [residue (F(z4,-); 24+1) dz4] (7(2)),
hence, from the fibration, (5.11) becomes
27i / z " 'RES (F dz).
1]

Because the complement of 7~![U] in V; has measure zero, we have shown that

1 d 1 d+1
ay = () / z " 'RES (F dz) + () / z " F(z)dz. (5.12)
271 VI\E 2mi Ts

The integral over T is O((1+ s)~"4); because s is arbitrary, sending s — oo shows this integral to
be zero. We have assumed that E is empty, so (5.12) becomes the desired conclusion (5.9). O

The next theorem has the Quantum Random Walk as its main target, however it is valid
for a general class of rational Laurent series, provided we assume the hypotheses of Lemma 5.6,
namely torality (4.2) and smoothness (F = (}). Under these hypotheses, the image of V; under
z — (logz)/i is a smooth co-dimension-one submanifold M of the flat torus; we let K(z) denote
the curvature of M at the point (logz)/i. Of primary interest is the regime of sub-exponential
decay, which is governed by critical points on the unit torus. We therefore let K denote the set
of directions # for which # - x is maximized at x = 0 on the closure By of the component of the
amoeba complement in which we are computing a Laurent series. We also assume (5.4) (finiteness
of W(t)) for each ¢ € K. Observing that z = exp(ix) € W if and only if x is critical for the
function r - x on M, we may define 7(z) to be the signature of the critical point (logz)/i (the

dimension of positive space minus dimension of negative space) for the function t - x on M.
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Theorem 5.7. Under the above hypotheses, let N be a compact subset of the interior of K such
that the curvatures K(z) at all points z € W () are nonvanishing for all ¥ € N'. Then as |r| — oo,

uniformly over t+ € N,

/2

1 ) . G(z) 1 —inr(z)/4 —(d+1)/2

a4 = [ —— zF e~inT( +O(|r| <+>/) (5.13)
. <2w|r 2 7 g H @) VRG]

provided that ViegH is a positive multiple of © (if it is a negative multiple, the estimate must be

multiplied by —1). When t ¢ K then ay = o(exp(—c|r|)) for some positive constant c, which is

uniform if ¢ ranges over a compact subcone of the complement of K.

PROOF: The conclusion in the case where r ¢ K follows from Corollary 5.2. In the other case,

assume r € A and apply Lemma 5.6 to express a, in the form (5.9):

d
1 d
ay = <> / 2 "RES (F z) :
2mi W z
The chain of integration is a smooth d-dimensional submanifold of the unit torus in R4*!, so
when we apply the change of variables z = exp(iy), the chain of integration becomes a smooth

submanifold M of the flat torus Tp, hence locally an immersed d-manifold in R**t!. We have

dz = iz dy, so F(z)dz/z = i® F o exp(y) dy and functoriality of RES implies that
dz
RES (F > = RES (F oexp dy).
Z

After the change of coordinates, therefore, the integral becomes

ap = (2m)~%(r) = (;ﬁ)d /M e

where 7 := RES (Foexp dy). By hypothesis, 7 is smooth and compactly supported, so if we apply

Corollary 5.4 and divide by (27)¢ we obtain
L\ 1z i
ap = (W) Z 27 [z |K(2)| /2 g—inT(z)/4 | ) (‘rl—(d—&-l)/z) _
zeEW

Finally, we evaluate 7[z] in a coordinate system in which the (d + 1)** coordinate is r. We see

from (5.8) that

G(z)

"= S jor()
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where dr A dA = dz. Because the gradient of H is in the direction r, this boils down to n =

G(2z)/|ViegH (2z)| at the point z, finishing the proof. O

5.2.4 Results on multivariate generating functions: when V contains noncontributing

cone points

In this section, we generalize Theorem 5.7 to allow VH to vanish at finitely many points of V. The
key is to ensure that the contribution to the Cauchy integral near these points does not affect the
asymptotics. This will be a consequence of an assumption about the degrees of vanishing of G and
H at points of E. We begin with some estimates in the vein of classical harmonic analysis. Suppose
7 is a smooth p-form on a smooth cone in R4+!; the term “smooth” for cones means smooth except
at the origin. We say 7 is homogeneous of degree £ if in local coordinates it is a finite sum of
forms A(z)dz;, A -+ A dz;, with A homogeneous of degree k — p, that is, A(A\z) = \*"PA(z). A
smooth p-form 7 on a smooth cone is said to have leading degree « if

n= 770 + Z O(|Z|a—p+1 dZil N dZip) (514)

i1,eesip

with n° homogeneous of degree a. The following lemma is a special case of the big-O lemma
from [BP08]. That lemma requires a rather complicated topological construction from [ABG70];

we give a self-contained proof, due to Phil Gressman, for the special case required here.

Lemma 5.8. Let V, be a smooth (d — 1)-dimensional manifold in S? and let V denote the cone

over Vo in R&L. Let ) be a compactly supported d-form of leading degree o > 0 on V. Then

[ e =0,
v

PROOF: Assume without loss of generality that n is supported on the unit polydisk {z : |z| < 1},
where |z| := \/E;li} |zj|2 is the usual Euclidean norm on C4*!. The union of the interiors of the
annuli

B, :={z: 2 "2 < |z| <27}
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is the open unit polydisk, minus the origin. Let 6, : By — B, denote dilation by 27" and let
Mn = 05n|p, be the pullback to By from B, of the form 7. Let n° denote the homogeneous
part of n, that is, the unique form satisfying (5.14). The forms 7, are asymptotically equal to
27%"n° in the following sense: for each L, the partial derivatives of 2", up to order L converge
to the corresponding partial derivatives of 7°, uniformly on By. Let x, be smooth functions,
compactly supported on the interior of By, and with partial derivatives up to any fixed order

bounded uniformly in n. Then for any N > 0 there is an estimate

/B ™ (2) - (29" () = O (e ) (5.15)

uniformly in n. This is a standard result, an argument for which may be found in [Ste93, Propo-
sition 4 of Section VIIL.2], noting that uniform bounds on the partial derivatives of coefficients
of xnn, up to a sufficiently high order L suffice to prove Stein’s Proposition 4 for the class 7,

uniformly in n. To make the O-notation explicit, we rewrite (5.15) as

/B €™ (@)1 (2) < g ([e) 27" [e| N (5.16)

for some functions gy (z) each going to zero as x — oo.

Next, let {t,, : n > 0} be a partition of unity subordinate to the cover {B,}. We may choose
1y, so that 0 <, <1 and so that the partial derivatives of ¥, up to a fixed order L are bounded
by Cr2™ where C, does not depend on n. We estimate an e Z1),.m in two ways. First, using

|¥n| <1 and n(z) = O(|z|*~%dz;, - --dz;,), we obtain

z€EB,

/ e“'zwnn’ <C27" gup |z|* ¢ < 027" (5.17)
By

for some constants C, C’ independent of n. On the other hand, pulling back by 6,,, we observe that

the partial derivatives of 8%, up to order L are bounded by C}, independently of n. Using (5.16),



for any N > 0 we choose L = L(N) appropriately to obtain

/ e
B,

/ 22 (024, - (20,,)
By

< g m 27 on M -

for all n, N, where gy are real functions going to zero at infinity.
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Let ng(r) be the least integer such that 27" < 1/|r|. Our last estimate implies that for

n=ng—j < ng,

N

—N
yoan gy (11 (1]
< v {5n ) \ om

/ eir-zwnn
B,

- : x|
_ an aj J
= 2 0 [2 gN <2 oo 2

Once N > «, the quantity in the square brackets is summable over j > 1, giving

D

n<ng

— 027 |

/ €T hnn
B,

On the other hand, (5.17) is summable over n > ng, so we have

3 /Bn Ty

n>ng
The last two estimates, along with |r| = ©(2"°), prove the lemma.

—0(2om) |

Ll
20

)]

O

Given an algebraic variety V := {H = 0}, let p be an isolated singular point of V. Let

H° = H; denote the leading homogeneous term of H at p, namely the homogeneous polynomial

of some degree m such that H(p + z) = H°(z) + O(|z|™"!); the degree m will be the least degree

of any term in the Taylor expansion of H near p. The normal cone to V at p is defined to be the

set of all normals to the homogeneous variety V,, := {z : H;(p +z) = 0}. We remark that r is in

the normal cone to V at p if and only if r - z has (a line of) critical points on V.

Theorem 5.9. Let F,G,H,V, By, V; and E be as stated at the beginning of this section. Assume

torality (4.2). Suppose that the singular set E is finite and that for each p € E, the following

hypotheses are satisfied.
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1. The residue form n has leading degree « > d/2 at p.
2. The cone V, is projectively smooth and r is not in the normal cone to V at p.

Then a conclusion similar to that of Theorem 5.7 holds, namely the sum (5.13) over the points

z; ¢ E where VH |t gives the asymptotics of ay up to a correction that is o(|r|=%/?).

PRrROOF: By [Tou68, Cor. 2”], condition (2) implies that the function H(p + z) is bi-analytically
conjugate to the function Hy, that is, locally there is a bi-analytic change of coordinates ¥, such
that Hy o V), = H(p + z). Now for each p € E, let U, be a neighborhood of p in V sufficiently
small so that it contains no other p’ € E, contains no y;, and so that the bi-analytic map ¥, is
defined on U),. Let Uy be a neighborhood of the complement of the union of the sets U,. Using a
partition of unity subordinate to {Up,, Uy}, we replicate the beginning of the proof of Theorem 5.7
to see that it suffices to show

/ e YRES (F dx) = o(|r]~%/?).
U

P
Changing coordinates via ¥, gives an integral of a smooth, compactly supported form 1 on the
cone V,, which is homogeneous of order o > d/2. Lemma 5.8 estimates the integral to be O(|r|~%),

which completes the proof. O
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5.3 Application to 2-D Quantum Random Walks

As before, we let F = (F(:9)), <, i), where

F(l J) .73 .Y, Z Zay(}ijtxryszt

7,8,t

(4,9)

r,8,t

and a is the amplitude for finding the particle at location (r,s) at time ¢ in chirality j if it
started at the origin at time zero in cardinality i. Each entry F(*7) has some numerator G(*7) and

the same denominator H = det(I — zMU). In addition, we denote the image of the Gauss map of

V; \ E as G. We note that t € G precisely when
There is some z in the unit torus for which H(z) =0 and Vi, H(z) || T. (5.18)

In fact, we can make the stronger statement:
Lemma 5.10. G C K.

PROOF OF LEMMA 5.10: Let z satisfy (5.18) for some #. Because V is smooth at z, a neighborhood
of z (or a patch including z) in V is mapped by the coordinatewise Log map to a support patch
to By which is normal to r. This patch lies entirely outside By by the convexity of amoeba
complements. In the limit we see the following. If we take the real version of the complex tangent
plane to ¥V € C**! at z and map by the coordinatewise log map, the result is a support hyperplane
to By which again, lies completely outside By (except at Log |z|) by convexity. Now when t € G,
Equation (5.18) is satisfied with z € V;. Thus Log|z| = 0 and # € K. The desired conclusion
follows. ]

We apply the results of Section 5.2 to several one-parameter families of two-dimensional QRWs.

Each analysis requires us to verify properties of the corresponding family of generating functions.
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5.3.1 S,

We begin by introducing a family S(p) of orthogonal matrices with p € (0, 1):

VP VP 1-p 1—p
V2 V2 V2 V2
_ VP VP _VI-p T—p
S(p) = Vi VB Vi V2
I-p _VI-p _ VP VP
V2 V2 V2 V2
_Vi-p _V1-p VP VP
V2 V2 V2 V2

The matrix S(1/2) is the alternative Hadamard matrix referred to earlier as Usraq. A probability
profile was shown in Figure 6; here is a picture for another parameter value, namely 1/8. The

following theorem, conjectured in [Bra07], shows why similarity of the pictures is not a coincidence.

Figure 9: Limiting region (left) and Probabilities at time 200 (right) for the S(1/8) QRW

Theorem 5.11. For the Quantum Random Walk with unitary matric U = S(p), let G' be a
compact subset of the interior of G such that the curvatures K(z) at all points z € W(T) are

nonvanishing for all + € G'. Fix chiralities 1,5, let G == G%9) | and let ayp := ar s denote the
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amplitude to be at position (r,s) at time t. Then as |r| — oo, uniformly over ¥ € G',

1 _ G(z) 1 i _
s = (=1 6 r inT(z)/4 +0 3/2 5.19
= U gv:vz ViosH(2)] /K@) (i17) (5.19)

where § = 1 if ViegH is a negative multiple of T (so as to change the sign of the estimate) and
zero otherwise. When t € [—1,1]2\ G then for every integer N > 0 there is a C > 0 such that
Pr(r) < Clr|=N with C uniform as r ranges over a neighborhood N of r whose closure is disjoint

from the closure of G.

Before proving this theorem we interpret its implication for the probability profile. The proba-
bility of finding the particle at (7, s) in the given chiralities at the given time is equal to |a.|?. We
only care about a, up to a unit complex multiple, so we don’t care whether ¢ is zero or one, but we
must keep track of phase factors inside the sum because these affect the interference of terms from
different z € W. In fact, the nearest neighbor QRW has periodicity (because all possible steps
are odd); the manifestation of this is that W consists of conjugate pairs. When r + s and ¢ have
opposite parities the summands in the formula for a, cancel. Otherwise the probability amplitude
lax|? will be ©(t~2), uniformly over compact regions avoiding critical values in the range of the
logarithmic Gauss map but blowing up at these values.

PROOF OF THEOREM 5.11: As G C K by Lemma 5.10, the result when # € G’ is immediate once
we have shown that for any S(p), its generating function satisfies the hypotheses of Theorem 5.7.

We establish this in the lemma below.

Lemma 5.12. Let H := H® = det (I — zM (z,y)S(p)). Then for 0 < p < 1, VH # 0 on T;.

Consequently, V1 := Vg N1T3 is smooth.

Theorem 5.7 will not be helpful in proving the case when # € [—1,1]?\G. To prove this condition

we present the following lemma, which is a generalization of [Ste93, Proposition 4 of Section VIIL.2].

Lemma 5.13. Let M be a compact d-manifold. Suppose a is smooth and that f is a smooth
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real-valued function with no critical points in M. Then
I0) = / M@ (2)de = OAN) (5.20)
M
as A — oo, for every N > 0.

We see below that V; is compact as it is a four-cover of the two-torus. In the calculation of
ay, we have f(y) = —f -y and A = |r|. Thus a direction t is not in G precisely when f(y) has no
critical points in V. Uniform exponential decay of amplitudes for r bounded outside the image of
the Gauss map follows. Thus Theorem 5.11 is proved, pending the proofs of the lemmas. O

We now prove the above lemmas in reverse order.

PROOF OF LEMMA 5.13 : As M is compact it admits a finite open cover {U; };c; with subordinate

partition of unity {¢;}ic;. We decompose the integral
IN) = / eMN @ o(z)da
M

= M@ o (x i(x)dx
[ M) 3 ot

icl

= M@ o (2) ¢y (2)dx
-/ ()1 x)d

el

= ¥ [ Ma@o o

iel

We will show that for each i € I, fU M@ a(z)¢;(x)dx is rapidly decreasing (the requirement
above for I(\)). As the cover Uj is finite, this will give us the desired result.

For a given i € I, we let ¢(z) := a(x)¢;(x) which is then smooth with compact support. For
each ¢ in the support of ¥(x), there is a unit vector £ and a small ball B(xzg), centered at zg,
such that £ - (Vf)(x) > ¢ > 0 for some real ¢ uniformly for all z € B(zg). We then decompose the

integral [, e (®)y(z)dz as a finite sum

ei’\f(””)v,/} (z)dz
X[
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where each 1 is smooth and has compact support in one of these balls. It then suffices to prove
the corresponding estimate for each summand. Now choose a coordinate system x1, ..., x4 so that

x1 lies along £. Then

/ei)‘f(x)wk(x)dx = / (/ M @1Ba) (g ...,xd)dx1> dzy .. .dxg

Now by [Ste93, Proposition 1 of Section VIIIL.2] the inner integral is rapidly decreasing, giving us

the desired conclusion. O
For the next two proofs, we clear denominators to obtain the following explicit polynomial:

H = (22y? +y? — 22 — 1+ 20y22)2% — 20y —/2pz(2y? —y — v+ 22y — 220+ 222y® + 222%y — 2%y). We

make the substitution a = 1/2p to facilitate the use of Grobner Bases, which require polynomials

as inputs. Use the notation H, for %—f, and similarly with y and z.

PrOOF OF LEMMA 5.12:

Using the Maple command Basis([H, Hy, Hy, H,], plex(x,y,z,a) we get a Grobner Basis with
first term za?(a? — 1)(a® — 2) = 22p(2p — 1)(2p — 2). Thus to show that S(p) results in a variety
whose intersection with T is smooth for p € (0,1), we need only consider the case when p = 1/2.
In this case a = 1 and the Grébner Basis for the ideal where (H, VH) = 0 is (—z + 25,23 + 2y —
z,—2z — 23 + 2x). Here B; vanishes on the unit circle for z = +1, +i. However, for 2 = +1, By
vanishes only when y = 0 and for z = £, B3 vanishes only when x = 0. Thus VH does not vanish

on T3. O

Further analysis of the limit shape for S(p)

Proposition 5.14. For each pair (x,y), there are four distinct values z1,zs,23,24 such that
(z,y,2i) € V1 fori € 1,2,3,4. Consequently, the projection (z,y,z) — (x,y) is a smooth four-

covering of Ty by V.

Proof: Since H has degree four in z, it has at most four z values for each pair (z,y). Thus for

each (z,y) there are at most four z values on V. Recall from Proposition 4.2 that all solutions to
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H(z,y,z) =0 for a given (z,y) in the unit torus have |z| = 1 as well. Hence, if ever there are fewer
than four z values for a given (z,y), then there are fewer than four solutions to H(z,y,-) = 0 and
the implicit function theorem must fail. Consequently, %—}ZI = 0. This cannot be true, however, by
the following argument. We have ruled out H, = H, = H, = 0 on Vi, so if H, = 0, then the
point (z,y, z) contributes toward asymptotics in the direction (r, s, 0) for some (r, s) # (0,0). The
particle moves at most one step per unit time, so this is impossible. O

To facilitate discussions of subsets of the unit torus, we let (o, 3,7) denote the respective
arguments of (z,y, z), that is, = €'®,y = ¢’?, z = €. We may think of «, 3 and v as belonging

to the flat torus (R/27Z)3.

Proposition 5.15. V; can be decomposed into connected components asV; = AIIBICIID, where

A, B,C and D will be the components containing the v values 0,7 /2,7 and 37/2, respectively.

Proof: Let x := {(z,y,2) : 2* = —1}. We begin by establishing that [V, N x| = 8 with two
points for each of the fourth roots of —1. Furthermore, —w/4 <~y < 7w/4 on A, n/4 <~ < 3n/4
on B, 3r/4 < v < br/4 on C, and 57/4 < v < Tn/4 on D. These observations suffice to
prove the proposition, because the smooth variety V; cannot have its intersection with a stratum
{(a, 8,7) : v = ¢} that is pinched down to a point; the only possibility is therefore that these
values of v are extreme values on components of V.

To check the first of these statements, use the identities cosy = (z + 271)/2, siny = (2 —
271)/(2i), as well as the analogous identities for a and 3, to write the equation of V in terms of

a, B and y. We find that H(z,y,z) = 0 if and only if
0=L(«a,3,7) :=2sinycosvy — /2p(sin B cosy + cos asin~y) + cos asin 3. (5.21)
Substituting v = 7/4 results in

1—(sinf + cosa)y/p+cosasinf =0.
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Verifying that sin 8 = ,/p is not a solution, and dividing by sin 8 — /p, we find that

1— /psin B
sinf—/p

The right-hand side is in [—1, 1] only when sin 8 = +1. Thus when v = 7/4, the pair («, ) is

CoOsx =

either (m,7/2) or (0,37/2).

To check the remaining statements, we introduce the following set of isometries for ;. Define

QSA(O‘vﬁv’y)

(—OZ, _/87 _’Y)

7T ™
7)’7+7)

¢B(a7577) = (/6+gaa+ 2 2

oc(a,B,y) = (a+mB+my+m7)
ép(a, B,7) = <ﬂ+?’2ﬂ7a+32”,7+32”>

Verifying that ¢4, ¢p and ¢ (and hence ¢p which is equal to ¢¢ o ¢ ) are isometries is a simple
exercise in trigonometry using Equation 5.21, which we will omit. Each isometry inherits its name
from the region it proves isometric with A. Using these isometries, we see that « is equal to 37 /4,
57 /4 and 77 /4 exactly twice on V. O

We remark upon the existence of an additional eight-fold isometry within each connected com-
ponent: ¢1(a, 8,7) := (o, + 7, —7), d2(c, B,7) := (—a, B,7) and ¢3(a, 8,7) := (o, 7 — 3,7).
These symmetries manifest themselves in the plots in figures 6 and 9 as follows. The image is
clearly the superposition of two pieces, one horizontally oriented and one vertically oriented. Each
of these two is the image of the Gauss map on two of the regions A, B,C, D, and each of these
four regions maps to the plot in a 2 to 1 manner on the interior, folding over at the bound-
ary. To verify this, we observe that if py contributes to asymptotics in the direction (r,s) then
é4(po), #5(Po), dc(po), o (Po), d1(po), d2(po) and ¢3(py) contribute to asymptotics in the direc-
tions (r, s)(s,r), (r, ), (s,1), (—r, —s), (=7, s) and (r, —s), respectively. Thus while the image of the
Gauss map is two overlapping leaves, the Gauss map of A and C' contribute to one leaf, while the

Gauss map of B and D contribute to the other.
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Figure 10: The variety V; for p = 1/2

We end the analysis with a few observations on the way in which the plots were generated.

Our procedure was as follows. Solving for sin+y in (5.21), we obtained

V2p cosy — cosa

siny = sin 5 2cosy — /2p cosa

(5.22)

Squaring (5.21) and making the substitution sin? v = 1 — cos? v, we found that
(1 —cos®) (2cos7 —V/2p cosa)2 — (1 —cos®3) (@ cosy — cosa>2 =0

which we used to get the four solutions for v in terms of a and 8. We then let o and 8 vary over
a grid embedded in the 2-torus and solved for the four values of v to obtain four points in Vy; this
is the composition of the first two maps in (5.1). Differentiation of H(e'®, e, ") = 0 shows that
the projective direction (r, s, t) corresponding to a point («, 3,7) is given by r/t = —0v/0«, s/t =
—0v/0p. Implicit differentiation of (5.21) then gives four explicit values for (r/t,s/t) in terms of
a and 3. This is the composition of the last two maps in (5.1), with the parametrization of RP?

by (r/t,s/t) corresponding to the choice of a planar rather than a spherical slice.
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5.3.2 A,

We now present a second family of orthogonal matrices A(p) below. In order for the matrices to

be real, we restrict p to the interval (0,1/1/3).

p P P V1-3p?

—p P —/1-3p? P

p —/1-3p* —p p
—V/1-3p% —p P p

This family intersects the family S(p) in one case, namely A(1/2) = S(1/2); for any (p,p’) €

(0,1)? other than (1/2,1/2), we have A(p) # S(p’). The following theorem follows from Lemma 5.13

along with a new lemma, namely Lemma 5.17 below, analogous to Lemma 5.12.

Theorem 5.16. If 0 < p < 1/v/3 then Theorem 5.11 holds for the unitary matriz A(p) in place

of the matriz S(p). O

Lemma 5.17. Let H := H®) = det (I — zM (z,y)A(p)). Then for0 < p<1/v/3, VH #0 on Ts.

Consequently, V1 := Vg N1T3 is smooth.

PROOF OF LEMMA 5.17: We clear our denominator by setting H := (—zy) det(I — M A(p)z), now

to get
H = 2(z—1)(x+1)(y*+1)2%p* — (—y—z+ay’ + 22y —ay+22xy® — 22+ 22 2%y ap+ (y22 —x) (222 +y) .

As no M term appears, we can determine a Grobner Basis without making a substitution.
The Maple command Basis([H, Hy, Hy, H,], plex(x,y,z,p) delivers a Basis with first term p®z(2p +
1)(8p* —3)(2p? —1)(2p — 1). The roots of the first four factors fall outside of the interval (0,1/v/3)
while the root of the last factor corresponds to the matrix S(1/2) for which we know V; is smooth
from the discussion above. ]

Again we use Theorem 5.7 to correctly predict asymptotics for individual directions. We show

probability profiles for a number of parameter values.
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Figure 11: The profile for A(1/6) shows how the QRW approaches degeneracy at the endpoints

p—0,1
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Figure 12: As p increases from 1/3 to 5/9, the direction of the tilt switches
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5.3.3 B,

To demonstrate the application of Theorem 5.9 we introduce a third family of orthogonal matrices,

B(p), with p € (0,1).

VP VP 1—p I—p

V2 V2 V2 V2
_ VP VP _Vi-p I—p

Bly) = Vi V2 Vi V3
_Vi-p I-p VP _ VP

V2 V2 V2 V2

_Vi-p _V1-p VP VP

V2 V2 V2 V2

We have already seen a walk generated by such a matrix, as Figure 5 depicted the walk generated
by B(1/2). We note that B(p) is almost identical to S(p) with the one exception being the
multiplication of the third row by —1. As was the case with the S(p) walks we can see strong

similarities between the image of the Gauss map and the probability profile for various values of

p.

Figure 13: The image of the Gauss map alongside the probability profile for the B(2/3) walk

In contrast to the cases of S(p) and A(p), we will not be able to apply Theorem 5.7 because

V1 is not smooth.
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Theorem 5.18. For the Quantum Random Walk with unitary matric U = B(p), let G’ be a
compact subset of the interior of G such that the curvatures K(z) at all points z € W () are

nonvanishing for all ¥ € G'. Then as |r| — oo, uniformly over ¥ € G,

1 .

_ —inT(z)/4 —-3/2

ay = g e + O (]|r . (5.23)
27r|r| |V1og )\ K (z)] ( | )

When t € [—1,1]2\ G then for every integer N > 0 there is a C > 0 such that Pr(r) < Clr|™N

with C' uniform as r ranges over a neighborhood N of r whose closure is disjoint from the closure

of G.

PRrooOF: First, we apply Lemma 5.13 with the lemma being applicable as we will see below that
Vi = Vg NT;5 is a two-fold cover of T5 and thus compact. The conclusion when € [—1, 1]2 \ G
follows. We get the conclusion in the case where € G’ by verifying the hypotheses of Theorem 5.9

in the following lemmas.

Lemma 5.19. Let H := H®) = det (I — zM(x,y)B(p)). Then for 0 < p < 1, the set E =

{(z,y,2) : (H,VH) =0} consists only of the four points (z,y,z) = £(1,1,1/p/2 £ iy/1 —p/2).

Lemma 5.20. For any 0 < p < 1 we have the following conclusions for each py € E for the

generating function associated to the unitary matriz U = B(p).
1. The residue form n has leading degree o > d/2 at py.
2. The cone V,, 1is projectively smooth and r is not in the normal cone to V at po.

PrOOF OF LEMMA 5.19: The proof of Lemma 5.19 is similar to the corresponding proofs in the
two previous examples, so we give only a sketch. Computing H from (5.2) and the subsequent

formula yields
H = 2xy(z* +1) — (z +y+zy® + 229) (23 + 2)/2p + (dpry + 2% + 22% +1 4 9°) 22

= xy2? - [4p+ (5.24)

222 +27) = (@w+a N+ w+y ™)) G+ )2+ @+ DHy+y Y],
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Treating p as a parameter and computing a Grébner basis of {H, H,, Hy, H,} with term order
plex(z,y,z) one obtains {z* — z,y — z, 2(2* — 1), 22 — 22,/pz + 22?}. Removing the extraneous
roots when one of x,y or z vanishes, what remains is 4(1, 1, z) where z solves z? — 2/pz+2=0.
O
PROOF OF LEMMA 5.20: Condition (1) follows from the fact that for each pg € E, the numerator
G®)(x,y, z) vanishes as well as the denominator H) which only vanishes to order 1. To prove (2),
we compute the local geometry of {H = 0} near the four points found in the previous lemma. We
will do this for the points with positive (x,y) = (1,1); the case (x,y) = (—1,—1) is similar.
Substituting 2 = 14+u,y = 1+ v,z = 2o +w into H and then reducing modulo 23 — 2,/pzo + 2, we
find that the leading homogeneous term in the variables {u, v, w} is 4[,/p(1—p)(v*+v?) — (2—p)w?].
For 0 < p < 1, this is the cone over a nondegenerate ellipse and therefore smooth. The dual cone
2

is the set of (r,s,t) with 72 + s> = =2"2_t?>. The minimum value of (13;)7”

Torirm 75 on [0,1] is greater

than 4, while the vectors (7, s,t) inside the image of the Gauss map all have 72 + s? < 4t?, whence
r is never in the normal cone to V at py. U

Beginning with (5.25), we see that (z,y,2) € V <
2cos? vy — (cosa + cos 3) \/2pcosy 4+ cosacos f+p—1=0. (5.25)

Thus for given « and (3, the four values of v are given explicitly by

(cosa+cos ) /2p £ \/Qp(cosa+cos/6’)2 —8cosacosff—8p+8
4

~ = +arccos (5.26)

We then differentiate 5.25 with respect to a and ( to obtain the partial derivatives

dy _ sina cos 3 — cos y+/2p
da siny (cosa + cos 3)y/2p — 4cosy

and

Oy  sinf COS v — COS Y/ 2p
08  siny (cosa + cos3)y/2p —4cosy

Remark. The fact that we can solve explicitly for v with this family allows us to more clearly
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depict the connection between curvature and asymptotics. Using Proposition 3.2 and (5.26), we

let Maple evaluate V as well as

3
Q [§)
)|
Q
Iz
iy

[e5)

g}j’w

Q

3%

Q [§)
]

We then plot K against — ga and — gﬂ as («, ) varies over the two-dimensional torus.

Figure 14: A graph of curvature versus direction for the B(1/2) walk
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In the above picture we see the expected cross within a diamond region where curvature is low,
though the view is obstructed by regions of higher curvature.

To remedy this problem we restrict our view of the K axis to focus on the smallest values of
K which in turn contribute to the largest probabilities. The resulting picture thus predicts the

regions that will appear darkest in the probability profile.

=
o
|

06 035 01 015 04

Figure 15: A graph of the areas of lowest curvature and hence highest probabilities for the B(1/2)

walk
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5.4 Resultants for boundary of region of subexponential decay

Our goal is to determine for which ¥ it is the case that IC vanishes. For U = B(1/2) our result is

Theorem 5.21. For the Quantum Random Walk with unitary coin flip U = B(1/2), the curvature
of the variety Vi vanishes at some z € E(u,v) if and only if (u,v) = (k1/t,ka2/t) is a zero of the

polynomial Py and satisfies |u| + |v| < 3/4 where
Pi(u,v) = 1+ 14u2 — 3126u* + 97752u® — 1445289u® + 12200622510 — 641503562+

220161216u'* — 504431361u'® 4 774608490u'® — 785130582u20 + 502978728u>?—

184298359124 + 2941225012 + 1402 — 1284u2v? — 113016u*v? + 5220612u’v? —

96417162ubv? + 9244272241 %2 — 4865103360u'2v? + 14947388808u *v? — 277143172861 0v>+
30923414124u'8v? — 19802256648u0v? + 6399721524u?2v? — 721963550u?4v? — 3126v* —
113016u2v* 4 7942218u*v* — 68684580ubv* — 666538860ubv? + 15034322304u 0v* —
86727881244u?v* + 226469888328u4v* — 2965739969581 0v* + 183616180440u'8v* —
32546593518u?0v* — 8997506820u*2v* + 9775208 + 5220612u%v® — 68684580uvS+
3243820496108 — 25244548160u8v + 597685777201 000 — 147067477144 200+
458758743568u 400 — 7496754523441 008 + 4352179457000 800 — 16479111716u200°0 —
1445289v® — 96417162u>v® — 666538860utv® — 25244548160uSv® + 194515866042u8v8 —
421026680628u'0v® + 6116232954761 208 — 331561483632u4v® + 78206018311 0v® +
723911172941 '8v® 4 1220062200 + 9244272244200 + 15034322304u*0'0 + 5976857772010 —
421026680628uv™0 4 421043188488u'0v!0 — 11312760502561' 2010 — 196657371288u' 410+
1510025198941 6010 — 64150356v'2 — 4865103360u’v'? — 86727881244u v % —
147067477144u50'? + 611623295476uv'2 — 1131276050256u' 002 + 586397171964u'2v!2—
231584205720u 4012 4+ 2201612160 + 14947388808u>v'* + 226469888328utv ™+
458758743568ulv* — 331561483632ubv' — 196657371288u' v — 231584205720u'2v !4 —

504431361016 — 27714317286u2v1® — 296573996958u*v'6 — 7496754523441 v16+
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7820601831uv' + 151002519894u' %016 + 7746084900'® + 30923414124u? v+
183616180440utv'® + 435217945700uSv'® + 72391117294u3018 — 785130582020 —
19802256648u2v?0 — 32546593518uv?° — 16479111716u5v2° + 502978728122+
6399721524u2v?? — 8997506820u*v?? — 184298359024 — 721963550uv?* + 29412250026,

Before proving the theorem, we verify the importance of Pj(u,v) by comparing the points of

vanishing of P; to the probability profile for the walk below.

ol
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Figure 16: The probability profile for the B(1/2) walk alongside the graph of P;(u,v) =0
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PRrooF:

From Theorem 5.11 and the definition of W(t), z € V; contributes to asymptotics in the
direction t if and only if H(z) = 0 and ViegH(z) || . Letting u = k1/t and v = ko /t we see z €
W (t) if and only if H(z) = K;(z) = K2(z) = 0, where Ky := uzH, —xH, and K, :=vzH, —yH,.

Lemma 5.22 gives a final polynomial whose vanishing indicates that curvature vanishes as well.

Lemma 5.22. Gaussian curvature vanishes at z € Vi if and only if L(z) = 0 with

Q(‘Tv Z)Q(ya Z) — R(IE, Y, 2)2
(zH,)?

L(z,y,z) :=

with the polynomial Q in two variables defined as in the statement of Theorem 2.7 and R(x,y, 2)

defined as

R(z,y,2) == ayz (¢H,(HyyH, — HH,, — H,H,,)+ HLHH, + zH, H,H..) .

PrROOF OF LEMMA 5.22: From Proposition 3.2, X = 0 <= H = 0. From the proof of
Corollary 2.9, H =0 < L(z,y,z) =0. |

We now need only determine when K; = Ko = L = 0 on V; with U = B(1/2) to prove
Theorem 5.21. For U = B(1/2) we define H := Hp = —2zydet(I — zM B(1/2)) to clear de-
nominators. The multiplication by —2xy does not affect the torality property as H = 0 <=
det(I —zMB(1/2)) =0 for =,y € T;. We omit the value of L (determined using Lemma 5.22) and

have:
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H = 2xy+zx+ xzy2 - 2xz2y + 2y — 2% — z2y2 + z3y + zxzy — 2222 — 22x2y2 + 23x2y +
x4+ 2ry? — 224y
K, = uz(z+ xy? — dzxy +y — 22 — 2z2y° + 322y + 2%y — 2202 — 2202y® + 3222y + 322 +

32%% — 823yx) — x(—2y + 2 + 2y? — 222y + 2zay — 22%0 — 222 %0 + 223y + 25 4+
2y — 22%y)

Ky = wz(x+axy? —dzxy +y— 22 — 22y + 32%y + 2%y — 222 — 222y 4 3222y + 322 +
3227w — 823yx) — y(—2x + 22wy — 22%2 4+ 2 — 22%y + 2% + 2a? — 22%2%y + 2P 4

23yx — 22%x)

We then determine for which u and v we have H = K7 = K9 = L = 0 by eliminating each of z,
y, and z, one at a time, using resultants. We streamline this process by renaming these polynomials
with py := H, py := L, p3 := K7 and ps := K5. We eliminate = by defining resq2 := Res(p1, p2, x),
resis := Res(p1,ps,x), and res1y := Res(p1,pa, ). We then omit repeated factors from each of
these polynomials, effectively dividing them by 2%9%(zy — 1)%(z — y)?(4210 — 421490 — 12211y7 —
42292 + 402133 4+ 402139° — 16214yt — 122290 4 2% — 1622y* + 402393 + 21298 — 12242 — 1225y —
11824y +1082°y3 — 282092 + 426 + 4y* — 1221292 +4023y° — 12240 4+ 1082°y° — 18420y + 42Ty +
1322793 — 282090 4+ 13227y + 4216y* — 402892 — 19628y* + 132272 — 42290 — 12211y — 421492 —
122597 4 2498 + 421998 4 429y — 2821092 — 402895 + 13229y° — 184210y + 10821193 — 2821046 +
108211 y5 — 118212y 4 429" + 427y" — 6288 + 425y8 — 628 + 212, 2 and 2(2uy228 + 2%y — 25y% —
4250y — 42503 + 2oyt + 6240y? + 2t — v2? — 6v2%y? — 2oyt + 2y — 2y + dvzy + dzoyd — 20y?),
respectively, and referring to the results as p12, p13 and p14, respectively. We have used H in each
of these calculations to simplify our work, as H is the simplest of our four initial polynomials.

We now eliminate y by defining resjaq := Res(p12,p14,y) and resysq := Res(p13, p14,y). Omit-

ting repeated factors from these polynomials, we effectively divide by 16234(z — 1)2(z + 1)?(2* +
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1)0(22 — 2+ 1)3(2%2 + 2+ 1)% and 16228(2%2 + 2 + 1)2(22 — 2z + 1)2(z — D)*(z + D*(z* + 1)4, re-
spectively, and refer to the results as p124 and pi34, respectively. We then eliminate z by defining
resigza = Res(piaa, p13a, 2).

From the section on resultants, we know that res;234 may contain extraneous factors. One way
to remove many of these is by exploiting the known symmetry of Q := {(u,v)| 3z € V with K;(z) =
Ky (z) = L(z) = 0}. (Note: this definition uses V instead of V;.) As a result of the work in the
prior two sections we know that €2 is symmetric with respect to the v and v axes, as well as the
line © = v. Thus we may eliminate any factor of res;s34 whose image under these symmetries is
not also a factor. Doing so yields the irreducible polynomial P;(u,v). As the set ) is algebraic
and known to be a subset of the zero set of an irreducible polynomial P;, we see that ) is the zero
set of P;.

Let Qo C € denote the subset of those (u,v) for which at least one (z,y,z) € Z(u,v) with
L(z,y,z) = 0 lies on the unit torus. It remains to check that 2y consists of those (u,v) € £ with
lu| + |v] < 3/4.

The locus of points in V at which L vanishes is a complex algebraic curve  given by the
simultaneous vanishing of H and L. It is nonsingular as long as VH and VL are not parallel, in
which case its tangent vector is parallel to VH x VL. Let p := 2H,/(2H.) and o := yH,/(zH.)
be the coordinates of the map dir under the identification of CP? with {(u,v,1) : u,v € C}. The
image of v under dir (and this identification) is a nonsingular curve in the plane, provided that ~
is nonsingular and either dp of do is nonvanishing on the tangent. For this it is sufficient that one
of the two determinants det M, det M, does not vanish, where the columns of det M, are VH,
VL, Vp and the columns of M, are VH, VL, Vo.

Let (zo,Yo,20) be any point in V; at which one of these two determinants does not vanish.
By Lemma 2.2 the tangent vector to v at (zo, yo, 20) in logarithmic coordinates is real; therefore

the image of - near (zg,yo, 20) is a nonsingular real curve. Removing singular points from the



121

zero set of P leaves a union U of connected components, each of which therefore lies in ¢ or is
disjoint from €. The proof of the theorem is now reduced to listing the components, checking
that none crosses the boundary |u| + |v| = 3/4, and checking =Z(u, v) for a single point (u,v) on
each component. (Note: any component intersecting {|u| + |v] > 1} need not be checked as we
know the coefficients to be identically zero here.) O

We state an analogous result for U = S(1/2). While we again demonstrate the result pictorially,

we omit the proof as it is completely analogous to that of Theorem 5.21.

Theorem 5.23. For the Quantum Random Walk with unitary coin flip U = S(1/2), the curvature
of the variety V, vanishes at some z € Z(u,v) if and only if (u,v) = (k1/t, ka/t) is a zero of the

polynomial Py and satisfies |u| + |v] < 2/3 where

Po(u,v) = 132019u'® + 2763072v2u?° — 513216v%u?? — 650520002u'® + 256v2u? + 8790436v2u!°
—10639416v'%u® + 397597000 2u* — 127116770 0u* 4 4140257v"2u? — 51321602%u>—
7492584v2u'* + 25034640 0uS — 62208072 4 1605 + 141048u?° 4 8790436v0u? + 2763072020u2 —
65052000 8u2 — 40374720018u’ + 64689624v0u* — 33614784v18u* + 1472547200010+
121508208v0u® — 154300 — 2306002ub + 1002272000042 + 736387202 u? — 176524u 'S+
121508208v8u!® — 19727155208 u* — 13374107088 + 1647627v5u* 4 18664050051 —
2274819840 04 — 19343v*u? + 2792344960 2u'? — 671734400 4 u* — 7492584v 4%+
4140257v%u'? + 2911730v%u® — 1449662v2u'0 4 73638720%u?° — 227481984v 410 4 132019016 —
1972715520 8 — 59209u'* — 14496620 %u? + 1002272000241 — 1543u!® — 1530352000 415 —
13374107v%u® 4 3183044v5u8 + 39759700v*u'? — 1765240 4 72718v0u* + 1647627v us —
62208u22 4 141048020 — 1472v*u? + 116640v>* — 33614784v*u'® 4 1281876480 61’ — 1472vu*—
671734400*u* + 291173032 + 64689624v*u'® — 10639416v8u'0 — 5920904 + 72718v*ub+
92321584v8u'? — 56u® 4 92321584v'2u® — 15303520000 — 230600542 + 1281876480016 —
403747200018 + 722822080218 + 14793u'? 4 11664u* + 14793012 + 16u’ + 250346405410 —

5608 — 12711677v4ut0 + 72282208054 12.
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Figure 17: The probability profile for the S(1/2) walk alongside the graph of Ps(u,v) =0
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5.5 Asymptotics for the Hadamard Walk on 72

The walk based on the Hadamard matrix Uy,q mentioned in Section 5.1 distinguishes itself from
the other walks on Z? in several ways. Its high level of symmetry greatly simplifies its study, which
is likely why it is the only walk on Z? we are aware of to be studied using methods alternative to our
own. This symmetry allows us to surpass a result like Theorems 5.11, 5.16 and 5.18 to determine
a general asymptotic formula holding for any direction in a compact subset of the interior of the
Gauss map image, with the exception of those directions in a neighborhood of the origin. (Note:
while the origin is in the image of the Gauss map, asymptotics for the origin have contribution by
points of vanishing curvature. In this case, as with the three-chirality walk on the line, the result
is a probability of finding the particle at the origin which does not go to 0 with time.)

In our discussion of this walk, we again denote z as (z,y,2), and r as (r,s,t). When |z| =
ly| = |z| =1, we let z = €', y = ¢ and z = €!7. In addition we denote the relative direction
coordinates r/t and s/t as A and p, respectively. As explained in Section 5.3, with this notation
the critical point equations become H = 0,A = —9v/0a and p = —9v/95. Lastly, we denote
the chiralities R, L, U and D, respectively, with a particle in the R chirality being sent one lattice
point to the right with each time step, and so forth.

While we can apply Theorem 5.9 as |E| = 2, we instead apply a slight variation to account for
the decomposition of V; into two very different components. One of these components consists of
the two flat planes z = +1, || = |y| = 1 while the other supports the asymptotics we seek for
r € G’ below. For z = £1 and either x or y not equal to z, z contributes toward asymptotics in the
direction A = p = 0, though as curvature vanishes at these points, we cannot determine asymptotics
in this direction with a theorem like 5.9. In theory one could use the Hautus-Klarner-Furstenberg
method for diagonal extraction to determine lim;_ ., p(0,0) as in the proof of Theorem 4.18,

however as one iterates the use of this method, it becomes cumbersome and even intractable.
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5.5.1 Statement of Results

Theorem 5.24. For the Quantum Random Walk with unitary matric U = Ugaq, let G be a
compact subset of the interior of the punctured disk {(\, ) : 0 < A2+ pu? < 1/2} where A = r/t and
w=s/t. Let pr := p, s denote the probability to be at position (r,s) at time t. Then as |r| — oo,

uniformly over t € G, there are phase functions pe, ¢(r,s,t) defined in Equation (5.45), such that

1 A+p+1)A—p+1)

t) ~ . 2 t 5.27

pR,R(Tv S, ) T2¢2 (>\ +u— 1)()\ —u— 1) €os (pR,R(Ta 5, )) ( )
1

Pr.L(r, 8, t) ~ —p cosQ(pR7L(r, 8,1)) (5.28)
1 A+p+1 5

pru(r,s,t) ~ By R R cos“(pr,u(r,s,t)) (5.29)
1 A—pu+1

pr.p(r,s,t) ~ H cosQ(pRp(r, s, 1)) (5.30)

w22 A—p—1
1 A+p—1)A=-p-1)

r,s,t) o~ . cos? r,s,t 5.31

pL,L( ) 772t2 ()\+/~L+ 1)()\_H+ 1) (pL,L( )) ( )
1 A—pu—-1

prLu(r,s,t) ~ oAl W cos”(pr,u(r, s,t)) (5.32)
1 A+p—1

pL.p(r,s,t) ~ H COS2(pL,D(7”, 8,t)) (5.33)

22 A+p+1

L

1
pu.p(r,s,t) ~ Wcos%pmp(r,s,t)) (5.35)

pp.p(r,s,t) ~ 7721t2 . 8 i Z _T_ 38 : ’Z i_ B cos®(pp.p(r, s,t)) (5.36)

and for all pairs of chiralities &0, &, Pey.e S %(pey.e) = Pegy €08 2(peg,). When A2 + pu? > 1/2
then for every integer N > 0 there is a C > 0 such that Pr(r) < C|r|~™N with C uniform as r

ranges over a neighborhood N of v whose closure is disjoint from the closure of G'.

We once more demonstrate our results pictorially, this time with a graph of the walk’s actual
probabilities versus the predicted upper envelope (calculated by dropping the cos? term from the
asymptotic prediction) for (&g, &) equal to each of (U, U), (U,D), (U, R) and (U,L). With time

t = 100, we use a shifted walk beginning at the point (r,s) = (101,101) € Z2. We note that as the

r—101 )2 + (s—lOl

2
100 To0 )~ near

prediction holds for (A, 1) in a compact subset of G, it does not hold for (
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Figure 18: Time t = 100 probability values by location (py,y on left and py p on right) for the

Hadamard walk on Z? and the asymptotic prediction of the upper envelope.
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Figure 19: Time ¢ = 100 probability values by location (py r on left and py, on right) for the

Hadamard walk on Z? and the asymptotic prediction of the upper envelope.
5.5.2 Proof of Theorem 5.24

We begin by letting H := zy det (I — zM(x,y)Unaa) where the zy suits to clear the denominator.
Using the fact that cos(a) = §(z+1/z) for x on the unit torus, we factor Has H=a2yz(z—1)(z+
1)(cos(a) + cos(B) — 2cos(y)). We can then write V; = Cy U Cy where Cy = {z: |z| = |y| = |z| =
1, cos(a) 4 cos(B) = 2cos(y)} and Cy = {z : |z| = |y| = 1, z = £1}. Determining a Grobner Basis
in Maple for the polynomials H, H,, ﬁy and H., results in the set GB := {—2+323-325+27,32+
222y —2y—423 +2° 2542220 — 423 — 20+ 32, 2 — 5z +y+ 823 — 325 —dyzw +xy? + 2%y}. While the
first basis element factors to z(z—1)3(z+1)3, all the elements but the last vanish when z = 1. With
this substitution, the final basis element becomes x +y — 4y +zy? + 2%y = 2zy(cos(a) +cos(3) —2)
which vanishes on the unit torus precisely when x = y = 1. We similarly find that when z = —1,
V H vanishes if and only if z = y = —1. Thus E = {(1,1,1),(-1,-1,-1)} = C1 N Cs.

Our first goal is to show that we can use the variety C; as if it were V; and treat (z—1)(z+1) as
a locally smooth factor. This works so long as we only prescribe asymptotics for directions in the

set mon(Cy)\ won(Cy) where the maps 7 and n are those used in Equation (5.1). The composition
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of these is what we refer to as the Gauss map for the sake of simplicity, while in actuality, n is the

logarithmic Gauss map. We meet this goal with the following two lemmas.
Lemma 5.25. mon(Cy \ E) = {(\,p) : 0 < A2+ p? < 1}
Lemma 5.26. won(C) = {(0,0)}

PROOF OF LEMMA 5.26: If z € Cy\ F, then each of H, H,, and H, vanish due to the (2 —1)(z+41)
factor in H. As z ¢ E, it must be that H, does not vanish. So (mf[w,yﬁy, zﬁz) is parallel to the
vector (0,0,1). While (xﬁm,yf[y,szz) vanishes at z = +(1,1, 1), the limit of (xﬁx,yl’:[y,zlflz) as
z — £(1,1,1) in Cy is a vector parallel to (0,0,1). Thus the component Cy of V; can only affect
asymptotics in a neighborhood of the direction (A, u) = (0,0). Furthermore, as all z € Cy have
the same normal, I = 0 on this component, so Theorem 5.9 will not prescribe asymptotics for the
direction (A, ) = (0,0). O

PrOOF OF LEMMA 5.25: We recall that z € C; precisely when

cos(y) = w. (5.37)

Differentiating this equation implicitly with respect to each of a and 3 gives the remaining two

critical point equations:

oy sin(«)
A=t = 2 5.38
O 2sin(7y) (5:38)
oy sin(3)
=" = 7 5.39
H= 95 2sin(y) (5:39)
Squaring, then summing these formulas results in the equation:
Nyt = 2 — (cos?(a) + cos2(ﬁ)).
4(1 — cos?(v))
Substituting the value of cos(y) given by Equation (5.37) results in the equation:
R 2 — (cos?(a) + cos?(3)) (5.40)

4 — (cos?(a) + 2 cos(a) cos(B) + cos?(8))
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Some simple calculus then shows that A2 + 2 < 1/2 for z € C;. This shows that the image of the
Gauss map is contained within this circle.

Before considering the reverse inclusion, we note the significance of excluding E when taking
the image of the Gauss map. Taking E as a subset of C; we find that 7 on is undefined at £. We

find this by observing that

. sin(o
lim ( ) -0
a=0,8—0,y=arccos( £22(e) feos(5) 2sin(7y)

while

sin(a) 1

lim - =
a=f=y—02sin(y) 2

Thus 229 i undefined when z = (1,1, 1). Similarly 5 bm(a) is undefined at (—1,—1,—1) as
2sin(v) in(v)

well. This guarantees that E does not contribute toward asymptotics in the directions such that
0 < A2+ u? < 1/2, as required by Theorem 5.9.

For the reverse inclusion, we will see when we solve the critical point equations that Jz such
that dir (z) || (A, ut, t) precisely when 0 < A% + p? < 1/2. O

Thus we can treat C; as if it were Vy, treat the (z—1)(2+1) = 2izsin(v) term as a locally smooth
factor (which will appear in the denominator of the asymptotic formula) and get an asymptotic
formula that holds for (A, ) in any compact subset G’ C {(A\, p) : 0 < A2 + p? < 1}

Our next task is to solve the critical point equations, before substituting the result into the

expression

1
27T|r\ Z |v10g ( Nomsmy TR
Again the eventual goal is an expression for p, = |a,|?, simplifying our calculations. In the case of
the Hadamard walk on Z2, the critical point equations are much more easily manipulated in terms
of a,, B and -y, rather than x, y, and z. As a result Maple’s Groebner package has difficulty doing
the work for us (as it had done for walks on Z) but we can make progress by hand, while relying

on Maple for simplification.
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Now substituting from Equation (5.38) into Equation (5.39) we get sin(3) = §sin(a). If

we let a = sin®(a), then squaring the prior equation results in sin?(3) = ’;—za, while squaring
Equation (5.38) we get sin®(y) = ;%. Substituting the new expressions for sin®(3) and sin®()
into a squared Equation (5.37) results in the equation:

2

a p2 Il

Solving for a = sin’(a), we get
AN2B(\, 1)
A(X, )

where A\, p) == A+ p+D)A+p—1DA—p+1)(A—p—1)and B\, p) :=1—2(\? + p?). We

sin?(a) = 0,

note first that the solution sin(«) = 0 for all (A, ) is degenerate as it corresponds to the points
z € E where VH vanishes. It will also be of interest that for B > 0, A only vanishes at the points
(A1) = (&5, £3)-

Combining the solution for sinQ(a) with our earlier observations, we get the complete list of

possible sines and then cosines for the critical points:

(sin(a), sin(8),sin(7)) = + (2\/&3’2};\/33’ _i\/AZB)

(cos(a), cos(B), cos(7)) = ﬁ (BN +p? = 1), £(N* 4+ 3p° — 1), £(N° — 1))

Substitution of these possible solutions into Equation (5.37) reveals that the nonextraneous solu-

tions are

(cos(a), cos(f),cos(y)) = :I:% (BA?+ 1> —1,—(N* +3p> — 1),A° — 1) (5.41)

We thus get four contributing critical points for each direction, as each of the two triples of cosine
values can correspond with either triple of sine values. We note that when \? + p? = 1/2, VA
becomes 2A\% — 1/2 and (cos(a), cos(3), cos(y)) becomes +(1,1, 1), corresponding to the points of
E. As there are no other obstructions when B > 0, it is when B > 0 that (A\,u) € mon(Cy \ E).

If we refer to one of the critical points as z; = (x1,y1,21), then the other critical points are
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(=1, —y1, —21), (T1, 71, Z1) and (—T71, =71, —21). As a consequence, e~ *"7(2)/4 is equal for each of

these critical points, so the expression for p, becomes

1 2
e 27T\1‘| Z |Vlog )| 2iz sin(7y) \IC(Z)|| (5:42)

We now express each component of this formula in terms of A\, u and ¢. As we have seen in

Section 3.3, when d = 2,

%y 0%y —( %y )2
K= 927 OF 9008

L+ (522 + (53)?

(5.43)

For each of Equation (5.38) and Equation (5.39), we take partial derivatives, then make substitu-

tions for the values of A\ and u to get % = —Xcot(a) — A2 cot(y), giﬁl = —pcot(B) — p? cot(vy)

and —Apcot(y), s

9%y
8&85
Ap(cot(a) cot(B) + A cot(B) cot(y) + wcot(a) cot (7)) '

K= (1+ A2+ p2)2

Substituting the values of the critical points, we find that for any of the four critical points:

- —-A
A4+ N2+ )

Also, |r| = V12452412 = t\/AN2+p?2+1 and |ViegH(2z)| = \/xQHg +y?H +2?HZ =
€zH /A2 + p? + 1 where € is a unit ensuring that the represented norm is a positive real, and
H = H/(z2—1). A simple calculation shows that zH ( mod H) = 4izyzsin(y). Combining this

information, we get that
r| - |ViegH ()] - VK = —2etzyzsin(y)VA.
Now recalling that sin?(y) = B/A and substituting these results into Equation (5.42) we get

~1S 7 */Z|2 (5.44)

[Cypr———
el 8ﬂ'etzyz B

For the purpose of the following discussion we refer to the four z € W as z; = z, zo = —z, 23 =

7, and z; = —Z. As G and 2yz? are each homogeneous of even degree (we will see this for G shortly),
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then as a result of the conjugacy of the critical points, if we ignore the z~" terms, the first two

summands have equal contribution to the sum (we denote this ¢(r)) while the second two summands

each have complex conjugate contribution ¢(r). When Xt + ut +t € 2Z, c(r)z;" = c(r)z; "

and c(r)z3" = c(r)z;" = c(r)z;". Thus the sum is |2¢(r)z;" + 2¢(r)z; "2 = [4R(c(r)z;")]? =
16c(r)|? cos?(Arg(c(r)z; ")) = 16|z, - ——S—— - gﬁ cos?(p) = | o5z | - |G[? cos?(p). The

—8rmetxiy1 z%

definition of p is then

r Gfo,f(zl) \/Z> ) (545)

= A T
Péo,g rg <Z1 87T€tx1y12% B

When A\t + pt+t ¢ 2Z, the contributions from z; and zo will sum to 0, as will the contributions
from z3 and z,. This is as we expect for any nearest neighbor walk on Z2, so we assume that
At + put +t € 27 going forward. Then if we let 1) = p/ cos?(p) represent the upper envelope of the

probability distribution, we now have the formula

At p+ DA +p—DA—p+1)A—p—1)
Ar?2[1 — 2(02 + 12)2

1/)5075 ~ : |G507£ |2 (5'46)

It only remains to determine each value of |G, ¢|. Multiplying by H to clear denominators in

the matrix I — 2MUy.q we get the matrix

Grr Grr Gru GRgrp

s )

Grr Grr Gru Grp

G(z) =
Gur Gur Guu Gup
I Gp,r Gpr Gpu Gbp,p |
where Grp = 2yx — 20 — x2y® — 2y + 2%y, Grp = —2(y — z — 29> + 2%y), Gru = (—2% +
zx + 2y —yx)zy, Grp = 2(yze —x — 22y + 2), GLr = —2%2(y — 2 — 2y + 2%y), G =

(ZPyr —yze — 2y — 2 + 2y)x, Gry = —(2 —y) (=1 + z2)yzz, GLp = —(2y — 1)(=1 + z2)2x,
Gur=(z2—y)(—z+2z)2x, Gur = —(2 —y)(—1 + z2)2, Guu = —22%y + 23z — zx + 2yx — 2y,
Gup = (—z+ x)2(-1 + zz), Gp.r = xz(yza —x — 22y + 2)y, Gp,r = —(zy — 1)z(—1 + zx)y,

Gpu = (—z+2)2y*(=1+ 2z), and Gp p = —(22? — 23yx + yzz — 2z + 2)y.
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We observe that each entry of G(z) is homogeneous of even degree as promised. Now simplifying

|G(z1)|? by first writing each entry in terms of trigonometric functions of o, 8 and ~, we obtain

|Gr.g|?

|Gr,Ll”
IGrul?
|Gr,pl*
|Gr,r[*

GrLl?

Grul®
Gr.pl?
|Gu,rl®
|Gu,z?

Guvl?

|Gu.p|?
|Gp.r|?
IGp,Ll?
|Gpul®

|Gp.ol

4](cos(y) — cos(8) — sin® () cos(a) + sin(a) sin(y) cos(7))? +
(—sin(y) + cos(a) sin(7) cos() + sin(a) sin®(7))?|
4(cos() — cos(8))?

4](1 — cos(a) cos(y) — sin(a) sin(7))(1 — cos(B) cos(y) — sin(8) sin())
4](1 — cos(a) cos(y) — sin(a) sin(7))(1 — cos(B) cos(7) + sin(8) sin())
Grif?

4(cos(y) — cos(8) — sin®(7) cos(a) — sin(a) sin(7) cos(7))? +
(—sin(y) + cos(a) sin(7) cos(7) — sin(a) sin®(7))?|

4](1 — cos(a) cos(y) + sin(a) sin(7)) (1 — cos(8) cos(+) — sin(8) sin())
4](1 — cos(a) cos(y) + sin(a) sin(7)) (1 — cos(8) cos(+) + sin(8) sin())
Grol

Grof?

4](cos(y) — cos(a) — sin® () cos(8) + sin(8) sin(7) cos(7))? +
(—sin(y) + cos(8) sin(y) cos(7) + sin(B) sin?(7))?
4(cos(7) — cos(a))’

Gr,pf?

Gr.pl?

Gu,pl?

4](cos() — cos(a) — sin®(7) cos(8) — sin(8) sin() cos(7))* +

(—sin(y) + cos(8) sin(7) cos(y) — sin(8) sin(7))?|

and taking the coordinatewise squared norm:

(5.47)
(5.48)
(5.49)
(5.50)
(5.51)
(5.52)
(5.53)
(5.54)
(5.55)
(5.56)
(5.57)
(5.58)
(5.59)
(5.60)
(5.61)
(5.62)
(5.63)
(5.64)
(5.65)

(5.66)



|G (21)/?

32
—4—

OFp+1)(A—p+1)
A+p—1)(A—p—1)

1

Atptl
Xu—1

A—p+1
A—p—1

1

Atp—1)(A—p—1)
(A+p+1)(A—p+1)

A—p—1
A—p+1

Atp—1
Ap+1

A4p+1
Atp—1

A—p—1
A—p+1

Otpt)(A—p—1)

(A+p—=1)(A—p+1)

1

Atp—1)(A—p+1)

At+p+1)(A—p—1) |
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Substituting the values of above G¢, ¢(z1) into Equation (5.46) completes the proof of Theo-

rem 5.24.

O
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5.6 QRWs on Z¢ for d > 2

In this final section we begin to confront the questions: “How much can the work above be
generalized?”, “Can the unitary coinflip alone tell us whether V; will be smooth?” and “What
will happen when we consider walks in higher dimensions?” Even walks on Z> are in uncharted

territory.

5.6.1 Smooth Walks on Z¢

We begin with a simple observation, stated below as a proposition:

Proposition 5.27. If U has an eigenvalue ¢ with multiplicity greater than 1, then Vi := {z :

|z1| = ... |za+1] = 1 and H(z) = 0} with H := det(I — 2441 MU) is not smooth.

PROOF: Given units z1,...zq4, H(z) =0 if and only if 1/z411 is an eigenvalue of the matrix MU.
With z1 = ... = 24 = 1, MU has the multiple eigenvalue (, and thus the equation H = 0 has
the repeated root (1,...,1,1/¢). Hence VH vanishes at (1,...,1,1/{) so V; is not smooth. In a
nearest neighbor walk VH vanishes at (—1,...,—1,—1/() as well. .

We now observe that the family B(p) of Section 5.3 lies within the three parameter family

B(a,b,c) =

—d —c b a

of special orthogonal matrices (with d = V1 — a2 — b2 — ¢2), each of which has two nonsimple

eigenvalues, a +iv/1 — a?. As a = /p/2 for the B(p) matrices, it is immediate that VH vanishes

for these walks at the points +(1,1,1/p/2 £1i4/1 — p/2).

The result above is not an if and only if statement, so there is no guarantee V; is smooth for
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every walk based on a matrix within the three parameter family

a b c d

b a —-d c
S(a,b,c) =

¢c —d —a b

—d —c b a

of orthogonal matrices (with d = v/1 — a2 — b2 — ¢2), each of which has the four simple eigenvalues
a+iyv/1—a2,1 and —1. This family includes the families S(p) and A(p) of Section 5.3 for which
we showed that V) is smooth.

All the data to this point, however, does point to the possibility that an if and only if version

of Proposition 5.27 could be true. If so, then the following conjecture is true.
Conjecture 5.28. For any nondegenerate U = S(a, b, ¢), the variety Vy is smooth.

By nondegenerate, we mean nondeterministic (the walk would be deterministic if ¢ = 1) and
irreducible. If ¢ = d = 0 we would call the walk reducible as it would be equivalent to two walks on
the line. While this statement is only a conjecture, we can prove the following proposition, giving

us two two parameter families of matrices associated with smooth walks:
Proposition 5.29. For any nondegenerate U = S(a, b, ¢) with ¢* = d?, the variety Vy is smooth.

PRrOOF: For a generic member of the family S(a,b,c),

z €V, < H(e! e ) =0 with
H = 2sin(y) [cos(y) — acos(a)]—2asin(3) cos(7)+(a*+c?) sin(a+B)+(b*+c*—1) sin(a—p3) (5.67)

If V; is not smooth, then H, H,, Hg and H., vanish together. Differentiating Equation (5.67)

with respect to each variable we obtain
Hy =0 <= sin(y) = [(a® + ¢*) cos(a + B) + (1 — b* — ¢%) cos(a — 3)] /2asin(c)

Hg =0 <= cos(y) = [(a® + ¢®) cos(a + B) + (1 = b* — ) cos(a — B)] /2a cos(B)
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H., = cos(v) [cos(y) — acos(a)] — sin(y) [sin(y) — asin(G)]
By the hypothesis ¢? = d?, we have 1 —b?—c? = a%+4c?, and using the appropriate trigonometric

identities we find that

2 _ b2 1
H,=0 < sin(y) = %sin(ﬁ)
2 _ b2 1
Hg =0 <= cos(y) = % cos(a)

2
In addition to obtaining formulas for cos(y) and sin(v), we see that cos? () +sin?(3) = (112727ba2+1) .

Then substituting into the equation H, = 0 and solving we get

cos?(a) = 20° 5 = sin?().

(1 -0%2+4a?)
Thus cos(a) = maa\/i sin(8) = mag\/i, cos(y) = 04/V/?2 and sin(y) = a5/v/2 for
appropriate second roots of unity o, and . Finally, substituting these values into Equation (5.67)
we get that H vanishes as well if and only if (a?+c?)c? = 0. Now if ¢? = 0 then the matrix S(a, b, c)
is block diagonal, and therefore degenerate. If a? + ¢2 = 0 for a,c € R, then a = ¢ = 0 and the
walk is again degenerate. Thus for a nondegenerate choice of a,b and ¢, V; is smooth. 0.
While a walk on Z? for d greater than 2 with smooth V; has yet to be discovered, more work
concerning the inverse of Proposition 5.27 could lead to such a walk. Meanwhile, we demonstrate a
seven parameter family of walks on Z* that will each have V; smooth if the inverse is true. Just as

the families of orthogonal matrices B(a,b,c) and S(a, b, c) reflect the symmetries of (Z/(2Z))?, we
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present the family S(a, b, ¢, d, e, f, g) of orthogonal matrices reflecting the symmetries of (Z/(27Z))3:

S(cub,c,d,e,f,g):

—h —g f e —d —c b a

withh = /1 —a2 — b —c2 —d2 —e2— f2 — g2 Ifwelet A =a’+c?+d*+e?+ f2and B = 1A,

then S(a,b,c,d, e, f,g) has distinct eigenvalues: —a +iv1 — a?, :I:\/A — B+2ivAB,1 and —1.

5.6.2 The Hadamard Walk on Z<

Much of the previous work on QRWs has been concerned with Hadamard walks. For some reason,
the accepted generalization Ujj,, of the Hadamard matrix to dimension n is the matrix with all
diagonal entries equal to a,, > 0 and all other entries equal to b,,. For Uj,4 to be unitary, we need
aZ +(n—1)b2 =1 and 2a,b, + (n —2)b2 = 0. Solving we find a,, = 1 —2/n and b,, = —2/n. Thus
we can write Ufj,q := I — %1 where 1 is the matrix of all 1’s. As we saw in Section 5.5, for the
walk on Z? based on Uﬁad, V) is not smooth, though we can still deliver asymptotics as |E| < co.
We show that for a walk on Z% based on Ufl‘é(17 with d greater than 2, |E| = oo, so we cannot
recover asymptotics with a theorem like 5.9. In particular, H(z) = det(I — z441 MUAZ,) (with M
the nearest neighbor matrix) vanishes to order 2d — 1 at the point z = (1,...,1, 1), to order 2d — 3
at the point z = (z1,1,...,1) and to order d — 1 at the point z = (z1,...,2;) for each unit z;. It
is likely that this carries over to hindrances to analyzing the walk with methods different than our

own, leading to the skepticism that exists regarding QRWs on Z? for d greater than 2.
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The facts mentioned above about the vanishing of H are apparent once we prove the following

proposition.

Proposition 5.30. For the nearest neighbor Hadamard walk on Z¢

2iZd4+1 2d+1
H _ Hd, 1— 2. o 1 J 5.68
(2) = [Mjma (1= 2j2a41) (2 = 2a41)] |14 5 d Z 1— 252441 Zj — Zd+1 (565

PROOF: As described above H(z) = det(I — MUZ%,2441) with UZ, := I — 11 and M the matrix
with diagonal entries z1, zl_l, ey 2d, zd_l. If we replace row k of the matrix A = I — MUﬁidde

with row k& minus row 1 for each 2 < k < 2d, we get the matrix with equivalent determinant

1— 212441+ %zlzﬁl %zflzdﬂ %ZZZdH - éZdZdJ,_l %Zd_lzd_‘_l
—(1—212441) 1—zflzd+1 0 0
e —(1—212441) 0 1—292441 O .. 0
0 0
—(1 = z124+1) 0 0 1-— 242441 0
—(1 = z124+1) 0 0 1— 2" 2001

The determinant of A’ is easy to calculate as only d elements of the symmetric group Sy make
nonzero contributions. The contributors are the identity (meaning the product of the diagonal

entries) and the single transpositions (1, ) (in cycle notation). Thus

1
- 2 Zd+1
det(A) = det(A") = [T%_, (1 — 22 11—z 12 14 = E Zjed+1 j
( ) ( ) [ 371( 7 d+1)( j d+1 d 172]2{“-1 1_Zf1zd+1

Simplifying the fractions within fractions completes the proof. L.
If we now let P(z) = H?Zl(l 2j%za+1)(2j — za+1), then as P(z) vanishes to degrees 2d, 2d — 2
and d at the points +(1,...,1), (21,1,...,1) and (z1,..., 21), respectively, H vanishes to degrees
2d — 1, 2d — 3 and d — 1 at these points. This proves the assertions related to the difficulty in
deriving asymptotics for this walk.
In order to determine the Gauss map for these walks, we prove the following proposition in

which z; = €% for each 1 < j < d+ 1.
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Proposition 5.31. For the nearest neighbor Hadamard walk on 7%

d
- 1
P(z) - sin(Z, =0 5.69
2E€V < P(2)-sin(Zun) ; co8(Za41) — cos(Z;) (5:69)
where
) d
P(z) = | | [cos(Zg+1) — cos(Z;)] .
j=1
PROOF: Beginning with the result of Proposition 5.30, we observe that (1 — z;2441)(2; — 2a41) =
222441 [c08(Zg41) — cos(Z;)]. Thus P = (2z441)¢ [H] 12 } P. Then
cos(Zgt1) — zd+1 —isin(Z441)

M&

d
1
H=P |1+ - -1+
+ d ; cos(Zg41) — cos( cos(Zg41) — cos(Z;)

Observing that —iP =0 <= P =0 on V; completes the proof. a
When d = 3 we denote (Z1, Za, Z3, Z4) as (X1, X2, X3, Z) and simplify the above expression as

follows: z € V1 <= sin(Z) =0 or

3cos?*(Z) — 2 ZCOS )| cos(Z) + cos(X1) cos(X2) + cos(X7) cos(X3) + cos(Xa) cos(X3) = 0.
(5.70)

Thus for given X;, X2 and X3, the values of Z are given explicitly by 0,,+ arccos(a) and
+arccos(a_) where ay and a_ are the two solutions to the quadratic equation in cos(Z) above.
As with the Hadamard walk on Z2, V; decomposes into components C; U Cs. For any X;, X5 and
X3, Z is dictated by Equation (5.70) on C; while sin(Z) = 0 on Cy. As with the walk on Z?, the
image of the Gauss map of Cs is the origin. To determine the image of the Gauss map of C; we
differentiate Equation (5.70) with respect to X7, and obtain the partial derivative:

0z _ sin(Xl)/ (3 N [ cos(X2) — cos(X3) r)

00X,  sin(Z2) cos(Z) — cos(X3) + cos(Z) — cos(X3)

By the symmetry of Equation (5.70), we obtain (,fTZ and - by permutations of the indices.

Varying X3, Xo, and X3 and plotting dir (z) = (— 68)?1 , —68)?2 , —59)?3) we obtain the image of the

Gauss map below. (Note: As the image is symmetric with respect to each axis, we only include

half the picture.)
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Figure 20: Half the image of the Gauss map for the Hadamard walk on Z3
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6 Conclusions and Further Areas of Study

In this thesis we have reviewed and developed several methods to better understand Quantum
Random Walks via generating functions. For each walk we studied on Z? we found a region
growing linearly in time ¢ in which the probability of finding the particle was inversely proportion
to t¢, and showed that the constant of proportionality was a function of Gaussian curvature. We
demonstrated that probability decays exponentially outside this region, and for two chirality walks
on the line we showed that between the two regions lies one of Airy-like behavior. In the simplest
cases of nearest neighbor walks on Z, a three-chirality walk on Z and the Hadamard walk on Z?2,
we determined exact asymptotics as well.

Quantum Random Walks on Z? for d greater than 2 are still relatively uncharted territory.
Variations of the methods in this thesis, tailored to higher dimensional problems with the aid of
more sophisticated computer algebra systems, could prove productive. For walks on Z*, analysis
of the class S(a,b,c¢,d, e, f,g) of orthogonal matrices with distinct eigenvalues would be a good
place to begin.

In addition, it would be exciting to see more work on a general approach to the study of
Quantum Random Walks. Theorems concerning what behavior is and is not generic in QRWs
could cut to the chase in a way that the study of further individual walks does not. That being

said, the results for families of walks contained in this thesis should prove helpful in this endeavor.
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