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What this talk is not about. . .

A full picture of incomputability in physics.

A fatal flaw discrediting the concept of incomputability.

A cure for incomputability.
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What’s been done

Results on (Turing) incomputability in classical and non-classical physics
have been obtained by various authors including

Kreisel (1970, 1974), Pour-El and Richards (1983), Wolfram (1985),
Geroch and Hartle (1986), Moore (1990, 1991), Kanter (1990), da Costa
and Doria (1991), Weihrauch and Zhong (2007), Paterek, Kofler, Prevedel,
Klimek, Aspelmeyer, Zeilinger, and Brukner (2008), Calude and Svozil
(2008)

and their meaning, significance and limits have been critically discussed by

Svozil (1993, 2009), Penrose (1989, 1994), Traub (1998), Barrow (1998,
2000), Cooper and Odifreddi (2003), Reif (2009).

C. S. Calude (UoA) Incomputability in Physics Cambridge, March 2009 3 / 11



What’s been done

Results on (Turing) incomputability in classical and non-classical physics
have been obtained by various authors including

Kreisel (1970, 1974), Pour-El and Richards (1983), Wolfram (1985),
Geroch and Hartle (1986), Moore (1990, 1991), Kanter (1990), da Costa
and Doria (1991), Weihrauch and Zhong (2007), Paterek, Kofler, Prevedel,
Klimek, Aspelmeyer, Zeilinger, and Brukner (2008), Calude and Svozil
(2008)

and their meaning, significance and limits have been critically discussed by

Svozil (1993, 2009), Penrose (1989, 1994), Traub (1998), Barrow (1998,
2000), Cooper and Odifreddi (2003), Reif (2009).

C. S. Calude (UoA) Incomputability in Physics Cambridge, March 2009 3 / 11



What’s been done

Results on (Turing) incomputability in classical and non-classical physics
have been obtained by various authors including

Kreisel (1970, 1974), Pour-El and Richards (1983), Wolfram (1985),
Geroch and Hartle (1986), Moore (1990, 1991), Kanter (1990), da Costa
and Doria (1991), Weihrauch and Zhong (2007), Paterek, Kofler, Prevedel,
Klimek, Aspelmeyer, Zeilinger, and Brukner (2008), Calude and Svozil
(2008)

and their meaning, significance and limits have been critically discussed by

Svozil (1993, 2009), Penrose (1989, 1994), Traub (1998), Barrow (1998,
2000), Cooper and Odifreddi (2003), Reif (2009).

C. S. Calude (UoA) Incomputability in Physics Cambridge, March 2009 3 / 11



What’s been done

Results on (Turing) incomputability in classical and non-classical physics
have been obtained by various authors including

Kreisel (1970, 1974), Pour-El and Richards (1983), Wolfram (1985),
Geroch and Hartle (1986), Moore (1990, 1991), Kanter (1990), da Costa
and Doria (1991), Weihrauch and Zhong (2007), Paterek, Kofler, Prevedel,
Klimek, Aspelmeyer, Zeilinger, and Brukner (2008), Calude and Svozil
(2008)

and their meaning, significance and limits have been critically discussed by

Svozil (1993, 2009), Penrose (1989, 1994), Traub (1998), Barrow (1998,
2000), Cooper and Odifreddi (2003), Reif (2009).

C. S. Calude (UoA) Incomputability in Physics Cambridge, March 2009 3 / 11



Emerging picture

No coherent picture emerges from these studies.

No incomputable real has (yet) appeared in natural sciences.

Wolfram’s principle of computational equivalence—almost all processes
that are not obviously simple can be viewed as computations of equivalent
sophistication—implies that all non-trivial questions in physics are
incomputable.

Deutsch (1997) version of Church-Turing thesis states that a universal
machine can simulate every physical process.

Hehner (2007) analysis concludes that there are no incomputable (or
uncomputable) functions.
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Assuming that incomputability exists in physics,

does it really matter?

1 Is incomputability damaging for physical theory?
I Is incomputability impeding the process of comparing experiment with

theory?
I Does incomputability indicate a flaw in a physical theory if measurable

observables are non-computable?
2 If incomputability is harmless for physics, can it be of any use?

For Traub (1998) the answer to the first question is negative.

Penrose (1989): it is hard to see how . . . non-computability . . . could be of
any “use" in a device which tries to “harness" possible non-computable
elements in physical laws.
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What this talk is about . . .

Is it possible to “harness" the

incomputable elements in physics?

C. S. Calude (UoA) Incomputability in Physics Cambridge, March 2009 6 / 11



“Axioms” for quantum randomness

The single outcome from which quantum random sequences are
formed, occurs unbiased; i.e., for the ith outcome, there is a 50:50
probability for either 0 or 1.

There is a total independence of previous history, such that no
correlation exists between the ith outcome and previous or future
outcomes. The system carries no memories of previous or expectations
of future events. All outcomes are temporally “isolated” and free from
control, influence and determination. They are both unbiased and
self-contained.
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Value indefiniteness

Complementarity expresses the impossibility to measure two observables,
such as the spin states of two spin-12 particles along orthogonal directions,
with arbitrary precision.

There still could exist enough two-valued states on the associated
propositional structures to allow a faithful embedding into a Boolean
algebra associated with classical physical systems.

No two-valued measure exists for more than two mutually exclusive
outcomes per experiment in a Hilbert space of dimension three and higher,
as the Kochen-Specker theorem shows.
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Incomputability of quantum randomness

With three outcomes −~, 0, +~ of spin state measurements quantum value
indefiniteness manifests.

As computability implies value definiteness, we conclude that no infinite
sequence of quantum bits is Turing computable (Calude and Svozil, 2008).

How “random” are sequences of quantum bits?
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Probabilistic algorithms and the quality of randomness

To probabilistically test whether an integer n > 1 is prime, we take a
sample of k natural numbers uniformly distributed between 1 and n − 1,
inclusive, and for each chosen i we check whether a simple predicate
W (i , n) holds. If W (i , n) holds for at least one i then n is composite;
otherwise, the test is inconclusive, but in this case if one declares n to be
prime then the probability to be wrong is smaller than 2−k . Predicates W
have been proposed by Miller-Rabin and Solovay-Strassen.

Chaitin and Schwartz (1978) proved that if the sample is not only
uniformly distributed, but algorithmically random, then for almost all n the
algorithm returns the correct answer.
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Harnessing quantum randomness

Testing the quality of pseudo-random generators by comparing with
quantum randomness via probabilistic primality testing (Carmichael
numbers).

(Open) Are probabilistic algorithms powered by quantum randomness
correct, not just highly probable correct?

(Open) A Turing machine with an oracle of quantum random bits has
hypercomputation power. How powerful is such a machine?
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