Y

1

Cc 0O Mm P L E X
P R 0O VvV A B

Y

L

D
N ¢ oM P L ETENTE S S



Cristian S.  Calude
Note
http://www.cs.auckland.ac.nz/~cristian/aam.pdf
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Note
I don't believe in natural science. [Said to physicist John Bahcall.]

Cristian S.  Calude
Note
Gödel's "interesting axiom'', Die Welt ist vernünftig, the world is reasonable/rational/sensible/intelligible

Cristian S.  Calude
Note
Einstein was as little committed to the “relativity of truth” as his good friend Gödel was committed to the view that mathematics is the result of “the human activity that mathematicians carry on.” They are both as far from seconding Sophist’s “man is measure of all things” as it possible to be.

Cristian S.  Calude
Note
Perhaps it’s a surprise for many [mathematicians], that Gödel--a logician--has contributed enormously to the solution of three of the famous Hilbert’s unsolved 23 (or 24) problems: the first two and the tenth: Cantor’s continuum hypothesis, the consistency of arithmetic and the decision problem for Diophantine equations. His contributions went against Hilbert expectations.

Cristian S.  Calude
Note
A paranoid person is irrationally rational; not illogic, but by a misguided logic, by logic run wild.


Godel's theorem, announced 75 years ago

[INCOMPLETENESS |, this October 1s the

“the third leg, together with
Heisenberg's uncertainty principle
and Einstein's relativity, of that
tripod of theoretical cataclysms that
have been felt to force disturbances
deep down in the foundations of the
‘exact sciences.’”

The Proof
and Paradox ﬂf
Kurt Gadel
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Note
Wittgenstein dismissed Gödel’s theorems as "logische Kunststücken," logical conjuring tricks. Proposition 7, “Where we cannot speak we must remain silent” was once commented (by an exasperated mathematician) as “accomplishing the difficult task of being at once portentous and vacuous”. Still, it’s interesting to compare Gödel’s with Wittgenstein’s incompleteness (according to which our linguistic systems cannot exhaust all that there is to non-mathematical reality, we cannot speak the unspeakable truths, but they exist). 
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http://www.trincoll.edu/~rgoldste/

Cristian S.  Calude
Note
J. L. Casti, W. DePauli. Gödel: A life of logic. Perseus, 2000.
J. Dawson.Logical dilemmas: The life and work of Kurt Gödel. A K Peters, 1997.
J. Hintikka. On Gödel, Wadsworth, 2000.
D. Hofstadter. Gödel, Escher, Bach, Basic Books, 1979.
E. Nagel, J. Newman. Gödel's Proof, New York University Press, 1958.
H. Wang. A Logical Journey: From Gödel to Philosophy,  MIT Press, 1996.


G.J. Chaitin
=]


Cristian S.  Calude
Note
http://www.cs.auckland.ac.nz/CDMTCS/chaitin/














Godel's Incompleteness Theorem, announced on 7

October 1930 in Koenigsberg at the First
International Conference on the Philosophy of
Mathematics, is a landmark of the twentieth century

mathematics.

According to Hintikk% with the exception of von
Neumann, who immediately grasped Godel's line of
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J. Hintikka. On Gödel, Wadsworth, 2000.
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Published in Erkenntnis by Carnap and Reichenbach.


In any formal system adequate for number theory there
exists an undecidable formula-that is, a formula that is
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J. van Heinenoort. Gödel's Theorem, vol 3, EoP, Macmillan, 1963, 348-357.


No classical proof of incompleteness answers the questions of
whether independence i1s a widespread phenomenon nor
which kinds of sentences can be expected to be unprovable.
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"Chaitin has claimed to have found a connection between Gödel's result and the information content of arithmetical axiom systems. Unfortunately for Chaitin, his information measures have turned out not to measure anything that could conceivable be called information", J. Hintikka. On Gödel, Wadsworth, 2000, p. 29.
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Note
 It’s a sad irony that Einstein and  Gödel’s philosophical [shared] commitments, essential to their technical work,  were so often either dismissed or misunderstood. Their own work was often cited as the most persuasive of reasons for making the subjectivist turn, in direct opposition to their views. It’s yet another irony that some misunderstanding continues to be seen regarding some work of the two intellectual titans...


Chaitin’s proof is based on program-size complexity H: the
complexity Hfs) of a binary string s is the size, in bits, of the
shortest program for a universal self-delimiting Turing
machine to calculate s.

&

for every finitely-specified, sound, consistent theory strong enough to
formalize arithmetic, there exists a positive constant 27 such that no
sentence of the form “H(x) > 1" is provable in the theory unless . is less
than a1

There are infinitely many true sentences of the form “H(x)
> m> with m > M, and each of them is unprovable in the

theory.



Cristian S.  Calude
Note
G. J. Chaitin,   Information-theoretic limitations of formal systems, J. Assoc. Comput. Mach.  21 (1974);  403-424.


The high H-complexity of the sentences “H(x) > m> withm > M
1s a source of their unprovability.

Is every true sentence s with H(s) > M unprovable by the
theory?

=

the answer is negative:

that the set of all theorems of the theory is infinite.

For example, ZFC or Peano Arithmetic trivially prove all
sentences of the form “n + 1 =1 +n”. The H-complexity of the
sentences “n + I = I + n”’ grows unbounded with n.
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G. J. Chaitin,  Information-Theoretic Incompleteness,
World Scientific, Singapore,  1992.


Can Chaitin’s "“heuristic principle'':

the theorems of a finitely specified theory
cannot be significantly more complex than
the theory itself




The d-complexity is

The complexity measures H and 0 have similarities as 0 is
defined from /7 by means of some simple computable
functions; for example, they are both oo oo

But H and 0 are drastically different:

the set of strings x with 8(x) < N is




To be able to measure somehow the "intrinsic' complexity of
a theorem we need to prove that the property is invariant
with respect to a system of acceptable names, i.e. Godel
numberings.

Let us fix a formal language L of well-formed formulae.

A Godel numbering for L is a computable, one-to-one function
g from L to the set of binary strings, 1.e. a system of unique
binary names for the formulae of L.

As the set of theorems T 1s a c.e. subset of L, we will work
only with computable, one-to-one functions g from T to
binary strings.




The 0-complexity of a theorem u in T induced by the Godel
numbering g is defined by:

Theorem: There effectively exists a constant ¢ such that for

all w 1in T we
have:




Theorem (Calude-Juergensen): Consider a finitely-specified,
arithmetically sound (i.e. each arithmetical proven sentence is
true), consistent theory strong enough to formalize arithmetic,
and denote by T its set of theorems. Let g be a Gddel numbering for
T. Then, there exists a constant &, which depends upon T, such
that T contains no x with




Is incompleteness wide-spread?

Theorem: Consider a consistent, sound, finitely-specified
theory strong enough to formalize arithmetic. The probability
that a true sentence of length n is provable in the theory
fends to zero when n tends to infinity, while the probability

(@) (o) (o) (o)



Open questions:

: ' “ven 1f such sentences do
exist, the probability that a true sentence of length n with O-
complexity less than or equal to N 1s unprovable 1n the theory
tends to zero when n tends to infinity.

b) Calculate the 0-complexity of some concrete independent
sentences, like the sentence expressing the consistency of the
theory itself.

0000



¢) F'ind other (more interesStng
satistying CGhaitin’s “heuriStess

d) Check the validity of the follow1
same conditions, the probability that
expressible in the language of the theo
theory tends to zero when »n tends to 1n
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