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Disjunctive w-words

An w-word & € {0,...,r —1}% is called disjunctive «
and only if it has every word w € {0,...,r — 1}* (inf
often) as an infix.

D,= () X; -w-X?
weX;

is the set of all disjunctive w-words in X.
Example. Champernowne’s number (r = 10):

0.12345678910111213.. ..
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Properties of w-words & € {0,...,r—1}* and nu

w-Words Real Numbers Remar
random random
k(&) =1 k(0.£) =1
k(&) =1 k(0.£) =1

Borel normal

disjunctive, rich

-

r-Borel normal

r-disjunctive

base depende
Cassels '59, Sc
base depende
Cassels '59, Sc
Hertling ‘96
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Properties of D,
1. D, ={&:& € XY A |pref(§) NW| =Ry}
for W := {wx : In(infix(wx) 2O X! Ainfix(w) 2 X
2. D, is Tlp-definable and residual in X*.

3. u(D;) =1 for all non-atomic product measures

4. x\D, = |J (x\ X0 x®) = J (x|
we Xy weX;
5. X\ D, is o-porous.
6. X\ D, is the union of all nowhere dense w-la:
definable by finite-automata
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Let

Cantor expansion

(1), £2),..., f(n), ...

be a fixed infinite sequence of positive integers gre
than 1. Using a point we form the finite or infinite

O.xle...xi...

such that x, € IN, 0 < x, < f(n), forall n > 1.

The real number

n xi

Y= 2 T FR)

has 0.x1x> ... as (one of) its Cantor expansion(s).
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Spaces X/) as subspaces of the Baire s;

Metric in X(/)

|w|
pr(é&,m) = inf{ [ fytrwocenwe
=1
diamg(F) := sup{ps(&m):&,n€F}

Theorem 1 (X),p ) is a compact metric space.
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w-words disjunctive in a subset I of the Baire :

Requirement:

An w-word & € F should be called disjunctive if an
every word w € IN* which can appear infinitely oft
infix in F has to appear infinitely often as an infix

Question:

When can a word w appear infinitely often as an i

Infixoo (F) := {w : 3%°n3u(|u| = n AN uw € pref
An w-word ¢ is called F-disjunctive provided ¢ € F

Infix (F) = Infixo (&) .
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A set W C IN* is referred to as left prolongable if ai
for every w € W there is a x € IN such that x - w € |

Proposition 2 [fInfix,(F) is left prolongable,
infix(&) O Infixy (F) implies Infix (&) O Infix (F) |
& € F.

Corollary 3 If Infix,(F) is left prolongable, then

Dr= (] (FN N-w-IN¥)
weInfixy (F)

is the set of all F-disjunctive w-words.
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Corollary 4 IfInfix,(F) is left prolongable then

F\Dr = )  (F\N"-w-IN%)
weInfix (F)

lw|—1
= U (Fn N N - (NP {w

weInfixs, (F) j=0

Observation:
Infix., (X)) is left prolongable, for every function
f:IN—IN\{0,1}.
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Properties of Infix,(X\/))

general

Lemma 5 {0,1}*-i-{0,1}* C Infixoo (X)) {ff f(n) :

, i+1,ifi =n?, and
Example. For f(i) := we b
2 , otherwise.

Infix,, (X)) = {0,1}* - IN - {0,1}*

Lemma 6 If lim f(n) = oo then Infix,, (X)) = IN*

n—o0
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Properties of Infix,(X\/))

f recursive

Lemma 7 If f is a recursive function then Infix,, (X

Example. M C IN, M € Il, has a representation
M :={n:3%°m((m,n) € R)} where R C IN x IN and

R e X1 NTly.
Then
XWi= 1 X3 X, X5 X,
(m,n)eR
and

Infix,, (X))N3.2*.3={32"3:n e M} .
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Properties of X\/) \ IN* - w - IN¥

Lemma 8 The set X!/) \ IN* - w - IN“ is nowhere de
(X(f),pf) whenever w € Infix, (X)).

Let 1 be the measure on X) induced by the Lebe:
measure on [0, 1].

Example. Let f(i) := (i +1)2.

0 1 0 1
Then in view of 1———) = — =) >0 t
Nt =Ntz

E=XU)\IN*.0-IN“ is nowhere dense but has me
u(E) > 0, and contains a random sequence.
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Porosity in X(/)

A(E,u) := sup{diam¢(w - IN“ N XN uCwAw- IN
is the diameter of a largest ball contained u - IN“ N
disjoint to E, and

, AE, u)
E,&):=1
P(E£) muf?p diamf(u-]NwﬂX(f))

is the porosity of E at the point &.
E is porous iff p(E,&) > 0 for all £ € E.

Lemma 9 If f : N — IN is bounded then for every
w € Infixe, (X)) the set XU\ IN* - w - IN¥ is porous
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For unbounded functions f : IN — IN we introduce

Porosity in X(/) where f is unboun

following number

e —1 ,if all f~1(k) are f
| sup{k : f (k) is infinite}, otherwise.

Theorem 10 If f : IN — IN is unbounded then for €
and w € {0,1}* the set X\/) \IN* - w - i - IN“ is not pc
in X(f).

Corollary 11 If lim f(n) = oo then X(/) \ IN* .z - I

n—oo

porous in XY) for any w € Infixs (X).
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