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Abst rac t .  We consider k-tape 1-way alternating finite automata (k- 
tape lafa). We say that an alternating automaton accepts a language/) C 
(~*)k with f(n)-bounded maximal (respectively, minimal)leaf-size if ar- 
bitrary (respectively, at least one) accepting tree for any (wl, w2 .... , wk) E 
1) has no more than f ( m a x  k ]w,I) leaves. The main results of the paper 

are the following. If k-tape lafa accepts language L over one-letter alpha- 
bet with o(log n)-bounded maximal leaf-size or o(log log n)-bounded min- 
imal leaf-size then the language L is semihnear. Moreover, if a language L 
is accepted with o(loglog(n))-bounded minimal (respectively, o(log(n))- 
bounded maximal) te~f-size then it is accepted by constant-bounded min- 
imal (respectively, maximal) leaf-size by the same automaton. To show 
that this bound is optimal we prove that 4-tape lafa can accept a non- 
semilinear languages over one-letter alphabet with O(log log n)-bounded 
minimal leaf-size. For maximal leaf-size our bound is optimal due to 
King's results. 

1 Introduction 

In this paper we consider languages over one-letter  input alphabet accepted by 
k-tape 1-way alternating finite au toma ta  (k-tape lafa). 

There are many reasons why to  investigate languages over one-letter alphabet 
separately, specially accepted by k- tape and k-head alternating automata.  The 
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alternation adds very much computational power in contrast to nondeterministic 
automata investigated by Ibarra [Ib78] has shown that k-tape languages over one 
letter alphabet accepted by 2-way nondeterministic automata with restricted 
number of reversals of input heads and with finite number reversal restricted 
counters and unrestricted pushdown are semitinear languages. The languages 
accepted by such automata are very close to problems concerning vector addition 
systems with states [HRHY86]. 

King [KiS1] has shown that non-regular languages can be accepted already 
by 2-head lafa. 

In [Ge88] it was shown that the class of languages accepted by k-head lafa 
is very complicated and for k > 2, the emptiness problem is undecidable. In 
[Pe 95] the result has been improved by proving undecidability for k = 2. 

There are many examples showing that, capabilities of automata in one letter 
alphabet differ from one in multi-letter alphabet. Therefore it also is of interest 
to investigate k-tape one-letter languages. 

One of the most interesting characteristics of computation by alternating 
automata is the leaf-size [Ki81]. Leaf-size, in a sense, reflects the number of pro- 
cessors which run in parallel when reading a given input. Many results regarding 
hierarchies of languages over multi-letter alphabet accepted by different leaf-size 
bound have been got. There are two definitions of leaf-size bound - -  minimal 
and maximal. See more formal definition below. 

Hromkovi~ [Hr85] has shown that  there is a language that can be accepted 
by 3-head lafa with nl/2-bounded leaf-size and can not be accepted with any 
k-head lafa with o(n/log(n)) bounded leaf-size (k >_ 1). Minimal leaf-size bound 
is used. 

Geidmanis [Ge88] has proved a hierarchy for k-tape languages accepted by 
constant-bounded leaf-size (k > 2). Minimal leaf-size bound is used. 

Nasyrov [Na89] has proved a hierarchy for 1-tape 1-way alternating pushdown 
automata by constant-bounded leaf-size and hierarchy for f(n)-bounded leaf-size 
for some functions f(n) in the gap between log(n) and n~ log(n). Minimal leaf- 
size bound is used. 

In [ITH89] a hierarchy by leaf-size is proved for languages accepted by 2-di- 
mensional automata with small space and leaf-size smaller than log(n). Maximal 
leaf-size bound is used. 

In this paper we show that for languages over one-letter alphabet maximal 
and minimal leaf-size bounds for the same language can differ exponentially. 

Some further results demonstrate that these bounds are optimal. 

2 Definit ions 

One-way finite k-tape automaton has a finite set of states and k read-only tapes 
and k input heads which can never shift left (one head on each of tapes). On 
each tape is written a word in input alphabet ,U and on the right of each word 
is written the end marker ~ ~ X'. Languages accepted by these automata are 
subsets L C_ (Z'*) k. 
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We consider one-letter case X' = {0} only. A language L C_ ({0}*) k is called 
semihnear if the set { (n l , . . . ,  n k ) ] ( 0 " l , . . . ,  0 =~) E L} is semilinear subset of N k 

It is known that  semihnear one-letter languages can be accepted by nonde- 
terministic one-way finite mul t i tape au tomata .  Alternating one-way finite mul- 
titape automata can accept a non-semihnear language {(02~, 0~)} (it follows 
from [Ki81a]). 

Let N = {0, 1, 2 , . . .}  the set of natural  numbers, and [0, co) be the set of all 
nonnegative real numbers. 

Def in i t i on  1. Let .4 be an al ternat ing au tomaton  and f : N ---+ [0, co) be a 
function. We say that  .4 accepts a language L C_ (~2")~ with f(n)-bounded 
minimal leaf-size if 

1. there is no accepting tree for any input  vector of words (wl, w2, ..., wk) $ L, 
2. there is an accepting tree for each (wl, w2, ..., wk) E L, and 
3o at least one accepting tree for each (wl, w2, ..., wk) C L has no more than 

f(lm.ay..__.,<_, [w, [) leaves. 

Let [0, oo] = [0, co) U {c~}. 

D e f i n i t i o n 2 .  Let .4 be an al ternat ing au tomaton  and f : N ~ [0, oc] be a 
function. We say that  .4 accepts a language L C_ (~*)~ with f(n)-bounded 
maximal leaf-size if 

1. there is no accepting tree for each (wl, w2, ..., w~) ~ L, 
2. there is an accepting tree for each (wl, w2, ..., wk) E L, and 
3. arbitrary accepting tree for each (wx, w2, ...,w~) E L has no more than 

I ,1)leaves. 

(In the last definition we allow the values of f(n) being co since for some 
input words there can be infinitely many  accepting trees without maximum of 
the number of leaves.) 

Minimal leaf-size [KiS1, ITT83, MITT85,  Hr85, Ge88, NAB9] is more widely 
used rather than the maximal one [ITH89]. We consider both measures because 
minimal nontrivial complexities being different for minimal and maximal leaf- 
sizes gives an interesting contrast. 

3 S e m i l i n e a r  Sets  

Let P be afinite subset o f N  k and c E N k. Let L(c, P) = {c + ~peP ip .plip E N} .  
We say that  subset L C N k is a linear set, iff L = L(c,P) for some c E N ~ 

and some finite subset P of N k . We say tha t  c is the constant of L, and P is 
the period system of L. An element p E P is a period of L. A subset S _C N k is 
a semilinear set iff S is a finite union of linear sets. 
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Let £r(cl ,  c2) be the class of linear r-dimensional sets with a constant from 
{0 , . . . ,  cl} r and periods from { 0 , . . . ,  c2}" and SEt(c1, c2) be the class of semi- 
linear r-dimensional sets which are finite unions of sets from £r(Cl, c2). 

For v l , . . . ,  vm E N k where vi = ( z i l , .  . . ,  a:ik) we denote by (vl, .  . . ,  vm) the 
vector (x11, . . . ,  X l k ,  a ¢ 2 1 ,  - - - ,  X 2 k ,  • • * ,  X r n l ,  . . • , Z r n k )  E N "k.  

For v e N k we denote by multm(v) the vector (v, v , . . . ,  v) E N r"k. 
For sets A, B C N k we define 

mul t , , (A)  = {mult,~(v)Jv E A), 

A + B  = {vl +v21vl E A & v2 E B}. 

For each m , k  > 1 and each set S C_ N rnk we define the diagonal set 
diagk(S) = {v ~ Nklmult.~(v) ~ S}. 

In the next section we use some lemmas following from the results by Dung 
T. I-Iuynh [Th82]. 

I, e m m a  3. For any k, a > 1 there is a number b >_ 1 such that 

a rn (Vrn >_ 1)(VS E S£mk(  , a)) diagk(S ) E SZk(b m, bin). 

Proof uses Corollary 2. 7 of the paper [Th82]. 

L e m m a  4. For arbitrary r > 1 there is a constant e > 1 such that 

n e n e (Vn >_ O)(VA, B E S £ , ( n ,  n)) A \ B E S£~(c ,c ). 

Proof of this lemma is based on Theorem 3.31 in [Th82]. 

4 Lower Bounds  for Min imal  and Maximal  Leaf-Size 

In this section we show semilinearity of languages over one-letter alphabet ac- 
cepted by k-tape la fa  with a small amount  of leaves. The main results of the 
paper are two subsequent theorems. 

T h e o r e m  5. I f  a language L C ({0}*) k is accepted by k-tape 1afa with f(n)  -- 
o(log n)-bounded maximal leaf-size then L is semilinear. 

T h e o r e m 6 .  Ira language n C ({0}*) k is accepted by k-tape lafa with f (n)  = 
o(log log n)-bounded minimal leaf-size then L is semilinear. 

These theorems will follow from Lemma 7 and Theorems 8, 9. 

L e m m a  7. I f  a language n C_ ({0}*) k is accepted by k-tape lafa with coast- 
bounded minimal leaf-size (const < oo) then L is semilinear. 

T h e o r e m S .  I f  a language L C ({0}*) k is accepted by k-tape lafa A with 
f(n) = o(logn)-bounded mazimal leaf-size then L is accepted by .4 also with 
g(n)-bounded ma~:imal leaf-size where g(n) < const < oo for all sufficiently large 
n .  
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T h e o r e m  9. I f  a language L C ({0}*) ~ is accepted by k-tape lafa A with f ( n )  = 
o(loglogn)-bounded minimal leaf-size then L is accepted also by A with const- 
bounded minimal leaf-size (const < oo). 

We present only sketches for proofs of  results 7 - -  9 due to lack of place. 
By technical reasons, we define k- tape la fa  in a non-traditional way. We as- 

sume tha t  the input tape is infinite to the right.  We describe current heads posi- 
tions by a vector v E N k • The  initial position is zero-vector. We say that a vector 
of words (0 nl, 0n%. . . ,  0 r~) is accepted by a computat ion path if the automa- 
ton enters an accepting configuration at the heads positions ( n l , . . . ,  n~) E N ~. 
Hence according to our definition an au tomaton  has no endrnarker. In the same 
time the definition does not restrict  capabilities of a k-tape lafa because reading 
of the endmarker can be simulated by  nondeterminist ic  "guessing". 

We define a configuration of a k- tape la fa  as a pair (q, v) where q E Q (Q is 
a set of states of the automaton)  and v E N k is a vector of heads positions. 

We assume that  each universal s ta te  has exactly two choices and for each 
state a pair of choices is determined by a function ¢ : U ......... .~ Q × Q, where Q 
is the set of states, U C Q is a set of universal states of the automaton, and 
heads in a universal state are not  moved. Obviously this assumption does not 
limit possibilities of an automaton.  

We assume also that  all states in Q are ordered, and for each q E U the pair 
(q', q") returned by the function ¢(q)  is ordered: q' < q". 

We consider an arbi t rary accepting tree whose nodes are labeled with con- 
figurations (q, ~) E Q x Nk° Using ordering of edges in universal states defined 
by function ¢ we may define an order  for the set {rq, ~rl, ..., rrm} of all leaves as 
a strict order: rrl < ~rt < ... < rrm. 

Let q0 E Q be the initial s tate  and ga¢,_ E Q be the only accepting state. 
We introduce a generalization of an accepting tree (called a (q, q ) - t r e e )  as a 

finite tree that  may be obtained by  the given automaton,  starting at an arbitrary 
state and whose leaves may have different configurations. It is not associated with 
any specific input of words. Instead we fix an a specific state q E Q in the root, 
an amount  of leaves m and a vector  of s tates  ~ E Qm. In contrast to the usual 
definition of the accepting tree each leaf in the (q, (t) - tree may correspond 
to a different input of words. Obviously, (q, q) - tree is an accepting tree in a 
regular sense when q = q0 and there  is one fixed configuration (qa,.c, v) labeling 
all the leaves of the tree, therefore q = (qa~.,., ..., qa¢~.) and ~ is the vector of heads 
positions for all leaves, i.e. it corresponds to the same input words. 

For q E Q ,  ~ = (ql, q2, ..-, q,~) e Qm wesay  that  an automaton (q, ~)-accepts  
a vector (vl ,v2, . . . ,vm) e N mk where vi E N k iff there is a (q,q) - tree with 
leaves 7rl < rr2 < ... < 7rm such tha t  a leave rri(i = 1,2, ..., m)  is labeled with the 
configuration (q~, v~). 

Proof  of Lemma 7, Theorem 8 and Theorem 9 is based on Lemma 3 and 
Lemma 4 from the previous section and the following Lemma 10. 

L e m m a l 0 .  For any k-tape lafa ¢4 there is a constant c >_ 1 such that for 
arbitrary m >_ 1, q E Q, q E Qm the set of (q, @) - accepted vectors belongs to 
S~mk (cm, c). 
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Outline of proof. For sets S, of all (q, ~) - accepted vectors where ~ E Q1, the 
constant c is chosen to ensure SE SEk(c ,  c). The constant can be found due to 
results of [Ib78] on nondeterministic automata .  Next we use induction on m. The 
idea is to split an m-leaf three T into three following trees: 1 - l e a f  tree To (where 
root(To) = root(T)) with only existential non-leaf states, an m' - leaf  tree T1 
(m' < m), and an ( r n - r n ' ) - l e a f  tree T2 (where root(T1) and root(T2)) are suc- 
cessors of the leaf of the tree To). The proof also uses the following obvious prop- 

erties ofsemilinear sets: A E S~,~(a, c)&B E S~n(b, e) ::~ A + B E Sf-n(a + b, c) 0 
A E S L , ( a ,  e)&B E SZn(a, c) =~ A U B E S£.n(a, c) " 

5 Accept ing  N o n - R e g u l a r  Languages  with O(loglog(n)) - 
Bounded Minimal  Leaf-Size 

In this section we show tha t  there is a non-regular language over one-letter 
alphabet accepted by 4-head 1-way alternating finite automaton with f (n)  = 
O(log log(n))-bounded minimal leaf-size. We remark that  automaton does not 
feel coincidence of heads. 

Since from k-head au tomata  accepting language L C_ ~U* one can easily con- 
struct the appropriate k-tape au tomaton  accepting language L I = { ( v , . . . ,  v) E 
(Z*)k[v E L} we can extend this result to 4-tape 1-way alternating finite au- 
tomata  as welt. 

T h e o r e m  11. There is a non-regular language L over one letter alphabet that 
can be accepted by 1-way finite alternating automaton with 4 heads with O(log log(n))- 
bounded minimal leaf-size and with O(log(n) )-bounded maximal leaf-size. 

Proof. Let 

L={0 l n_> l : 3 b E { 2  k l k = l , 2 , . . . } ,  
3d E ( 1 , . . . , b -  1}: (not (d [ n)) and (b [ n)}. 

The language L is similar to one defined in [AM75]. We denote by C O H  
the configuration of heads (being a 4-tuple of integers): COH = (hi, h2, h3, h4) 
where hi is the distance from the i - th head to the end marker. 

To prove the theorem we describe a program of an 4 -head  automaton ,4 
that  accepts the language L. We denote by V points of a universal branching in 
the program. 

In the construction of the au tomaton  ,4 we will use a subautomaton B which 
verifies whether the initial C O H  is of the form (n, n, d, q) where n = dq. Lets by 
B(hi ,  h2, h3, h4) denote the fact tha t  the automaton B is started on the 4-tape 
word (0 hi , 0h% 0 h3, 0 h~) in the one-letter alphabet {0}. In the end of the proof 
we construct the au tomaton  B and we show that  an algorithm of the B for 
B(n, n, d, q) has exactly one accepting tree with O(log d) leaves if n = dq, and 
no accepting tree if n ~= dq. 

Now we describe the au tomaton  A. Let all the heads of A are on the first 
symbol of the input word 0",i.e. we have C O H  = (n, n, n, n), n > 0. 
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Step #0:  From CO H = (n, n, n, n) existentially get CO H -- (n, n, b, n) where 
b < n; goto #1;  

Fer i fy  b e {2 k t k = i : 2 ,  ...} u s ing  algorithm" t 
Step #1:  V / z [  from [KiSla]; accePt iff b e l o n g s ; ~  . I 

--* g o t o  ~ 2 ;  
"N g o t o  ~ 3 ;  

Step 7~2: From C O H  = (n, n, b, n) existentially get COH -- (n, n, b, z) where 
z < n; Start B(n, n, b, z) verifying n = bz; accept iff n = bz 

Step #3:  From C O H = (n, n, b, n) existentially get C O H = (n, n, d, n) where 
0 < d < b ; g o t o  ~ 4 ;  

Step ~4:  From C O H  = (n, n, d, n) existentially get COH = (n, n - r, d, q) 
where r > 0, 0 < q < n; g o t o  ~ 5 ;  

/ ~  (n-r)-t-.d.>.n; accept iff r<d;  

Step #5:  V [ from C O H  = (n, n - r, d. q) existentialy get 
,N.[COH = (n - r , n - r, d, q) where r >0; go to  7~6; 

/z  ~erify (n-r)=.(n,~_)i""accept iff r=r~i iStol~ 

Step #6:  V [start B(n  - r, n - r, d, q) verifying n - r = dq; 
x,~ ![ accept iff n = dq + r; N - ~  

Note that the step ~ 2  verifies whether  (bin) where b E {2 ~ I k = 1, 2, ...}; 
steps ~ 4  - -  6 verify whether not (d t n) where 0 < d < b. Therefore the automa- 
ton A accepts the language L. 

Now we estimate the leaf-size. Let 0 '~ E L. W'e have an accepting tree for each 
b, d where b E {2 k I k = 1, 2, ...}is chosen in the step # 0  and d E {1, 2, ..., b -  1}is 
chosen in the step # 3  such that  not (d I n) and (b I n). Algorithm from [KiSla] 
used in step # 1  requires O(log b) leaves. 

Verification whether (b I n) in the step ~:2 requires O(log b) leaves. Verifica- 
tion whether not (d l n) in steps # 4  - -  6 requires O(log d) leaves. 

Total number of required leaves is O(log b + log d). Since d < b _< n, the 
number of leaves of an arbi trary accepting tree does not exceed O(log n), i.e. the 
language L is accepted by the au tomaton  A with O(log n) - bounded maximal 
leaf-size. 

Let us estimate the minimal leaf-size. For 0 ~ E L we can choose d = drain, 
b = 2fl°s~ dram where drain is the minimal integer not dividing n. Therefore we 
have an accepting tree with O(log2dmin) leaves. It is known that drain = O(log n). 
Therefore we get that  the language L is accepted by the automaton A with 
O(loglog n) - bounded minimal leaf-size. 

To conclude the proof we construct  the automaton B verifying for C O H  = 
(n, n, d, q) whether n = dq. It is technically easier to describe an automaton C 
verifying for CO H = (n + d, n + d, d, q) whether  n = dq, and it requires O(log d) 
leaves. Then after B(n,  n, d, q) can be easily reduced to C(n, n, d, q - 1). 

Let in the beginning C O H  = (n + d, n + d, d, q). If d = 1, the computation 
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is trivial. Let d > 1. We denote: 

s = { 01', ifif dd isis even;'°dd; d' = (d - s ) /2 ,  n' = (n - sq)/2.(***) 

Obviously, n = dq iff n' = d'q. We shall reduce C(n  + d ,n  + d ,d ,q )  to 
C(n  ~ + d ~, n' + d ~, d', q) with constant  number  of universal branching. Since d ~ < 
d/2,  the total number of leaves for accepting tree will not exceed O(log d). 

Reduction of C ( n  + d, n + d, d, q) to C(n '  + d', n'  + d', d', q). 
Existentially guess s E {0, 1}; 
From C O H  = (n + d, n + d, d, q) moving the 1st 

Step ~0: head existentially get C O H  = (n + d', n + d, d, q) 
[where d ~ < d; g o t o  =/~1; 

Verify n + d' = (n + d) - ( d +  s)/2; and accept"iff  
/ z [ the  values of s and d' are as defined .... in ( * * * ~ " ~  

Considering the other V - choice the current C O H  
Step ~:1: V may be denoted by (n + d t, n + d, d, q) ; 

Moving the 3-rd head existentially guess 
I C O H  -- (n + d', n + d, y, q) where y < d; goto  # 2 ;  NN~ . . . . . .  

/2 IVerify y = (n + d) - (n + d') - s; accep t  iff y = d'; tStol~ 

Considering the other V - choice the current C O H  
Step ~2: V may be denoted by (n + d', n + d, d ~, q) ; 

t Moving the 2-nd head existentially guess 
,,~ [ c o g  = (n + d', z, d', q) where z < n + d; go to  :#:3; 

/2  IVerify. z = n + d'; a c c e p t  iff z = n + d'; IS'tol~ 

Considering the other V - choice the current C O H  may 1 
Step ~3: V be denoted by (n + d', n + d', d', q) ; I 

Moving the 1-st head existentially guess I 
\ I c o g  = (u, n + d', d', q) where u < n + d'; go to  :/~4; I 

Verify u = (n + d ' ) /2  - d ' /2  - sq/2; 
/2 a c c e p t  iff u = n'  + d~;N~'-~ 

Considering the other V - choice the current C O H  
Step ~4: V [may be denoted by (n' + d', n + d', d', q) ; I 

[Moving the 2-nd head existentially guess l 
1 C O H  = ( n ' +  d', v, d', q) where v < n + d'; go to  # 5 "  I 

/2 IVerify v n' + d'; a c c e p t  iff v = n' + d'; IStol~ 

Considering the other V - choicethe current c o H  may 0 
Step #5:  V be denoted by (n'  + d', n ~ + d', d', q) ; 

,% IStart C ( n '  + d', n '  + d'~ d', q) that verifies: n' = d'q;NY'o-~ 
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