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Abstract. For all complexity measures in Kolmogorov complexity the
effect discovered by P. Martin-Lof holds. For every infinite binary se-
quence there is a wide gap between the supremum and the infimum of
the complexity of initial fragments of the sequence. It is assumed that
that this inevitable gap is characteristic of Kolmogorov complexity, and
it is caused by the highly abstract nature of the unrestricted Kolmogorov
complexity.

We consider the complexity of inductive inference for recursively enu-
merable classes of total recursive functions. This object is considered as
a rather simple object where no effects from highly abstract theories are
likely to be met. Here, similar gaps were discovered. Moreover, the ex-
istence of these gaps is proved by an explicit use of the theorem by P.
Martin-L6f.

In our paper, we study a modification of inductive inference complexity.
The complexity is usually understood as the maximum of mindchanges
over the functions defined by the first » indices of the numbering. Instead
we consider the mindchange complexity as the maximum over the first
n functions in the numbering (disregarding the repeated functions}. Lin-
ear upper and lower bounds for the mindchange complexity are proved.
However, the gap between bounds for all n and bounds for infinitely
many n remains.
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1 Introduction

1.1 Kolmogorov complexity

Consider K(n), C(n) and other functions which measure various versions of
Kolmogorov complexity for words, natural numbers and other objects. These
functions are not computable. Moreover, even if we are not so much interested in
the Kolmogorov complexity of individual objects but we wish only to understand
the order of magnitude of the growth of these functions, we discover with some
surprise that even functions like

1,’maflf — ]‘ o

%% (n) (}Igiasxn V(1)
are highly chaotic. The first result of this kind was the theorem by P. Martin
Lof [15]. Let A(n) be an arbitrary total recursive function such that the series

Z 2—h(n)

diverges. Then for every 0-1 valued function f it is true that for infinitely many
values of n

Kp(f")) < n— h(n)

This theorem showed that there does not exist a maximally complicated
binary sequence every initial fragment of which would have the complexity

Kp(f")y=n
If we consider a complicated binary sequence, at the best we have
Kp(f™) =n
for infinitely many values of n but for infinitely many other values of n we have
Kp(f1") < n— h(n)

This implies that for all the functions expressing Kolmogorov complexity we
are to consider seperately the complexity for nearly all n (or more precisely, for
all n but a finite number of them ) and the complexity for infinitely many n .

Indeed, J. Barzdins [2] proved many results on Kolmogorov complexity of
initial fragments of binary sequences describing recursively enumerable sets, and
in all these results the complexity of the recursively enumerable set for nearly
all n was essentially higher than the complexity for infinitely many n . Var-
ious modifications of the problem were considered and various versions of the
Kolmogorov complexity were used.

We consider the mindchange complexity in Inductive Inference. This notion
seems to be much simpler than the unrestricted Kolmogorov complexity. Hence,
one can expect that the gaps between the upper and lower bounds for nearly all
n and for infinitely many n may not exist. However they exist! (cf. [4])
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This is not a coincidence. The proofs of the lower bounds make use of the
theorem by P. Martin-L6f in an explicit way.

The unexpected nature of this relation is exactly in the fact that Inductive
Inference of recursively enumerable families of total recursive functions is usually
considered as something very simple while effects like the one discovered by P.
Martin-Lof are expected only in highly complicated abstract worlds. What really
happens in the proofs of these bounds is a reduction from the Martin-Lof effect
in Kolmogorov complexity theory to Inductive Inference.

A posteriori the possibility to perform such a reduction is not at all sur-
prising. It remains to remember that the very first A N Kolmogorov’'s paper
on Kolmogorov complexity [14] was named ”Three approaches to the quanti-
tative definition of information”. One of these three approaches was based on
predictability which is very much related to Inductive Inference. However, we
are somewhat far from a complete understanding of this relation between Kol-
mogorov complexity and Inductive Inference.

The way to better understanding of these phenomena leads through more
detailed study of both fields. One of directions for such a study is defining re-
finements of both notions and analysing relations between them. The first success
in this direction was [1] where a different type of Kolmogorov complexity was
applied to inductive inference from imprecise information to obtain new results.

In this paper, we define a new variation of inductive inference complexity.
Both upper and lower bounds differ considerably from bounds for complexity
measures studied before. Logarithmic bounds of [4] are replaced by linear bounds.
However, the gap between upper and lower bounds still remains and is even
bigger!

1.2 Inductive Inference

The complexity of Inductive Inference is usually measured in mindchanges.
Mindchange complexity is a natural complexity measure, no less natural than
time or tape complexity in the Theory of Computation. This way, we can con-
sider in Inductive Inference essentially the same complexity problems as in the
Theory of Computation. For instance, there are languages recognizable in poly-
nomial time,exponential time, etc., and there are classes of total recursive func-
tions identifiable with no mindchanges, with one mindchange, ..., with finitely
many mindchanges.

Unfortunately for Inductive Inference, time complexity classe can be named
by many types of functions (polynomial, exponential, double-exponential, etc.),
but it is rather difficult to name complexity classes in inductive inference using
functions different from constants. One can say that a class U of total recursive
functions is identifiable with 7 mindchanges, but what meaning has a “logarith-
mic number of mindchanges”? Logarithmic of what?

For this reason, the researhers in Inductive Inference have mainly focused
on the investigation of constant bounds. The first result in this direction was
that[5], for any a € IN, there is a set of functions that can be identified with
a+ 1 mindchanges but cannot be identified with @ mindchanges. It was followed
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by many other results on constant bounds which can be found in the proceed-
ings of ALT(Algorithmic Learning Theory) and COLT(Computational Learning
Theory) conferences {cf. [8, 11, 13]).

In this paper, we consider nonconstant bounds. For recursively enumerable
classes U, it is easy to define complexity classes with nonconstant complexity
bounds. In this case U = {r;} and “identification with logarithmic number of
mindchanges” means “every f € U is identified with at most log n mindchanges,
where n is the minimal 7-index of f.” Complexity of identification of recursively
enumerable classes was first considered in [4]. The results from [4] and many
other related results are contained in the survey [6]. Recent results on this topic
can be found in [1, 7].

In the general case the number of mindchanges can be a rather complicated
function of the 7-index 7. There can be three different kinds of lower bounds:

1) “for all n, the number of mindchanges in identification of 7,, exceeds g{(n),”

2) “for all n, there is a function 7; with ¢ < n such that the number of mind-
changes in identification of r; exceeds g(n),”

3) “for infinitely many n, there is a function 7, such that the number of mind-
changes in identification of 7, exceeds g(n).”

The lower bounds of type 1) are impractical. If at least one function f has
infinitely many 7-indices, there is no hope to prove a lower bound exceeding
constants. Bounds of type 2) and 3) are two different complexity measures and
both of them are interesting. Fach of them has a matching upper bound type.
Together, we get 4 meaningful types of bounds: 2 types of upper bounds and 2
types of lower bounds. .

The main results in [6] were a logarithmic upper bound of the mindchanges
for arbitrary recursively enumerable class U of total recursive functions and
large gaps between (upper and lower) bounds for all initial segments of natural
numbers and for infinitely many initial segments of natural numbers. The most
surprising effect in [6] was the fact that these large gaps were direct corollaries
of a similar effect in Kolmogorov complexity proved by P. Martin-Lof [15]. (For
more information on Kolmogorov complexity, refer to the textbook [14].)

We noticed that in Theorem 9 below the number of mindchanges depends
not on the r-indices involved but rather on how many distinct functions there
are among the first n functions 11, 7s,..., ™. However, the more sophisticated
algorithms used to prove the upper bounds in {4] have this property no more.
Hence, we decided to study all 4 bounds (lower and upper bounds both for all
initial segments and for infinitely many initial segments) in the case when we
understand the “initial sgment of length n” not as {ry, ..., 7,) but rather as the
minimal {r,...,7n) containing at least n distinct functions.

Our results can be characterized as follows. The logarithmic upper bounds[4]
for the old notion of initial segments are no more valid, they are replaced by
linear bounds. However, the gaps between “for all initial segments” and “for
infinitely many initial segments” are even larger.
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2 Technical Preliminaries

IN = {0,1, ...} denotes the set of natural numbers. card(S) denotes the cardi-
nality of a set S. We use standard recursion-theoretic notation (cf. textbooks
[17. 18]).

We consider recursively enumerable classes U of total recursive functions with
some given numbering 7.

Definition 1. A class of total recursive functions U is called recursively enu-
merable, if there exists a recursive function g(%, x) such that

1. For each f € U there exists i such that g(¢,z) = f(z) for all «.
2. For each positive integer ¢ there exists a function f € U such that g(i,z) =
f(z) for all .

The function g(%, z) introduces the numbering 7 of the class U: 7 = {r;}, where
Ti(x) = g(gsx)

An enumerated class is the pair (U, 7) of a class U and a numbering 7.

We fix some numbering of all tuples of non-negative integers using non-
negative integers. The number of (z1,...,2,) is denoted by (®,...,z,). For a
function f, f* denotes {f(0),..., f(n)).

The inductive inference of total recursive functions works as follows.

A black box computes some function f € U and outputs f(0), f(1),.... An
inductive inference algorithm or strategy F receives f” and outputs some hy-
pothesis. The hypothesis is either a program computing some function or an
index of the function in the numbering = (cf. Definition 1). We expect that the
sequence of hypotheses produced on fO, f!, f2,... converges to a correct Godel
number for f(x) (or correct r-index).

Definition 2. A strategy is an arbitrary partial recursive function of one argu-
ment.

F{f(0),..., f(n))) {or F(f*)) denotes the hypothesis issued by the strategy
F after reading f(0),..., f(n).
We shall consider three types of identification:

1. Identification of Godel numbers.
Informally, Godel numbers[16, 17] are programs in some universal program-
ming language (Godel numbering{16, 17]). The task of the strategy is to
find a program computing the input function f. Before finding the correct
program, the strategy is allowed to make arbitrary (but finite) number of
incorrect guesses. The strategy makes a mindchange when it replaces one
hypothesis with another. More formally, we have

Definition 3. [9, 10] A strategy F identifies a Gddel number of a function
f. if there exist N and ¢ such that F(f*) =1 for alin > N and t is a correct
Goédel number of f(x).
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Definition 4. A strategy F identifies a class U if F identifies all functions
fet.

Definition 5. The number of mindchanges of F on a function f is the num-
ber of n such that F(f*) # F(f**t1). It is denoted FEX(f).

We define
F[?:f(n) = maz{FFX(r)li € {1,...,m}},

where m is the minimal number of the n-th different function in numbering
7. We shall consider Fgf as a measure of complexity for strategy F.

. Prediction (or NV-identification).

In prediction, the task of a strategy is slightly different. Instead of finding a
correct program for f, the strategy has to predict the next value f(n + 1)
of f after reading f(0), ..., f(n). The strategy succeds on f if it predicts
correctly all but finitely many values f(n+1). More formal definition follows.

Definition 6. [4, 3] A strategy F predicts a function f in the limit, if
(a) For all n > 0, FI(f") is defined.
(b) There exists an N such that for all n > N, F{(f?) = f(n + 1).

Definition 7. A strategy F predicts in the limit a class U if it predicts in
the limit all functions f € U.

Definition 8. The number of errors of a strategy F on a function f is the
number of integers i such that F(f%) # f(i + 1). It is denoted FNV (f).

Similarly, as we defined F{?‘} using FEX(f), we now define F{}’X using

FNY(f),

3. ldentification of r-indices.

The definitions are similar to identification of Goédel numbers. The only
difference is that we require that the hypothesis F({f(0),..., f(n))) should
be an index of f in the numbering 7, not a Gédel number. We also define
the counterpart of Fgf and denote it FYy .

A straight-forward identification by the enumeration {9, 10] gives the first

(trivial) result.

Theorem 9. For cvery enumerated class (U, 1) there exisls a strategy F' such
that F; (n) <n-—1

A similar result holds for identification of Gédel numbers and prediction.

Lemma 10. For each strategy F identifying T-indices of class (U, 1) there exists
a strategy G identifying Godel numbers such that for all n

GEX(n) < Ff (n)
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Proof. If a r-index is known, then Godel number can be computed by some
algorithm. So, the strategy G can work as the strategy F', compute the 7-index
and then obtain the Gddel number from the 7-index. O

Lemmall. [6] For each strategy F predicting a class (U, 1) there exists a strat-
eqy G identifying Godel numbers such that for alln

Ggx(n) < Yy (n)

These two lemmas show that from a complexity viewpoint, the identification
of Godel numbers is the simplest of three identification types. If we wish to prove
lower complexity bounds for all three types, it is enough to prove them for the
identification of Godel numbers.

3 Linear Lower Bounds

Theorem 12. There ezists an enumerated class of recursive functions (U, 1),
such that for each strategy F' which identifies class (U,7) there exist numbers
1, ¢ (¢1 > 0) such that for alln

ng((n) > cin—co

Sketch of proof. We use a subroutine which takes some strategy F' and enumerates
2™ functions such that there are at most m + 1 different functions among these
2™, and the strategy F' makes at least m mindchanges on one of these functions
(or F' does not identify one of these functions). This subroutine works as follows:

It simulates the strategy F on function f{z) = 0 and, while F' has issued no
conjecture, it defines the values of all 2™ functions equal to 0. (After the first
step of simulation it defines f1(0) = ... = fam(0) = 0, after the second step
fi(l)=...= fam(1) = 0, and so on.)

After F' has issued its first conjecture, the subroutine defines the first free
value of functions equal to 0 for half of the functions and equal to 1 for the other
half of the functions:

filk)=...= fom-1(k) =0
f?m—1+1(k) = ... = fzm(k) = 1
Then the subroutine simulates F' on these functions and, while F' does not change
its conjecture, defines the values of fy,..., fam equal to 0.

If F' does not change its conjecture, then the conjecture is wrong either on
the functions fi,..., fom-1 or on the functions fom-141,..., fam. So, if F does
not change its conjecture, it does not identify some of the functions fy, ..., fam.

If F' changes its conjecture on the functions fi,..., fom—1, we define

fom-rg(@) = ... = fom(2) =0

for all z for which the values of fom-1,1,..., fam are not defined yet. So, it turns
out that all 2! functions fam-141,..., fom on which F does not change its
conjecture are equal.
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Then we choose k such that fi(k),... fam—1(k) are not defined yet and define
fi(k) = 0 for half of the functions fi(k),..., fom-1(k) and f;(k) = 1 for the other
half. We wait until F' changes its conjecture on some of fi(k), ..., fom-1(k). Then
we define equal to 0 all undefined values of all functions on which F' does not
change its conjecture. Functions on which F' changes conjecture are split into
two halves once again. We repeat such splitting m times and obtain 2™ functions
such that there are m+ 1 different functions among them and ¥ makes at least
m mindchanges on one of them.

If F' does not change its conjecture on functions fi,..., fym-1, but changes
it on fom-141, ..., fom, we proceed similarly.

Next, we define our recursively enumerable class (U, 7) on which each strategy
F' makes a linear number of mindchanges.

We split the set IN = {0,1,...} into segments Sp, Sy,.... The segment Sp
consists of the first 22° consecutive numbers, the segment ) consists of the next
22" consecutive numbers and so on. The segment S; consists of 22" consecutive
numbers.

We take some numbering of all partial recursive strategies Fy, F1,.... We
associate the segments Sg, Sz, Sa, ... with the strategy Fy, the segments Si, Ss,
So, ... with the strategy Fi, the segments Ss, S11, Sio, ... with the strategy Fs
and so on.

22" functions 7y, . . . _; with indices from the segment S; = {¢,....,7+

’ Til+22'
22" — 1} are defined as 2%° functions constructed by the subroutine described

above for the strategy F; which is associated with ;.

So, among these 22" functions there are at most 2 + 1 different ones and Fj
makes at least 2 mindchanges on one of them.

If we take any n which is so large that, among first n different functions,
there are all functions with indices from some S; associated with Fj;, we can
conclude that F; makes at least n/(2%'*!) mindchanges on one of the first n
different functions. We omit the details of the proof here. O

Lemmas 10 and 11 imply that similar results hold for prediction and identi-
fication of r-indices, too.

Similarly to Theorem 12, Theorem 13 can be proved.

Theorem 13. There exists an enumerated class of recursive functions (U, 1),
such that for each sirategy F which identifies class (U, 1) there exist infinitely
many n such that

FEX(n) > n— ofn)
Sketch of proof. The proof of this theorem is similar to the proof of Theorem 12.
The only difference is that, to prove this theorem, we should take segments Si

of length 22" not 22", O
4 Improved Inference Algorithms

Theorems 12 and 13 show that the linear upper bound given by Theorem 9 can-
not be considerably improved. Theorem 13 implies that the upper bound of
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Theorem 9 is the best possible upper bound ”for all initial segments”.
However, if we consider the upper bounds ”for infinitely many initial seg-
ments”, some improvements are possible. Namely, the fact that there exists a
class (I7,7) such that for infinitely many “bad” n the inequality FEX(n) >
n — o(n) holds (Theorem 13) does not mean that there does not exist such

s " EX N n n n
good” n that F72 (n) is less than 3, 3 or even yfs;. We have proved

Theorem 14. Let (U, 1) be an enumerated class. There exisis a sirategy G that
predicts U so that

GHY (n) < Z + o{n)
for infinitely many n.
Proof. We start with defining an auxilary function M.

Lemmal5. There is a recursive function M(z) such that

1. M(0)y=1,
2. For each n > 0, there are at least M(n)? different functions among 11, ..
TM(n+1)-

v

Proof. M(n + 1) can be computed from M(n) as follows:

Take some number M > M{(n) and compute how many different tuples are
among (11(0),...,7(M)),..., (s (0), ..., 7 (M)). If there are at least M(n)?
different tuples, then M(n+ 1) = M. Otherwise, increase M by 1 and try again.

To compute M(n), we first compute M(0), then compute M (1) from M(0),
then compute M(2) and so on, until M(n) is computed. O

We use the function M(n) to define 2 identification strategies:

The strategy F;. Find the smallest ¢ such that f(0) = 1;(0), ..., f(n) = n(n).
and output 7;(n + 1) as a prediction of f(n +1).
The strategy Fs.

1. Find the smallest i such that f(0) = 7;(0), ..., f(n) = n(n).
2. Find an m such that M(m) <i < M(m+1).
3. Search for j < M(m+ 1) such that

(73(0), ..., m5(n)) = (f(0),..., f(n))

and 7;(n + 1) # 7j(n + 1). If there is no such j, then give 7;(n + 1) as the
prediction for f(n + 1). Otherwise, give 7;(n + 1) as the prediction.

N{m) denotes the number of different functions among 71,7s,..., Tar(m)-

Lemmal6. For any i € {1,2} and m € IN, F; makes at most N(m) prediction
errors on any of the functions 71, ..., Tar(m)-
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Proof. If F; or Fy predicts 7;(n) incorrectly, there exists an another function 7;
such that j < M(m), 1:(0) = 7;(0), (1) = 7;(1), ..., i(n — 1) = 1j(n — 1), but
ri(n) # 5(n).

There are N(m) different functions among 71, 72, . .., Tar(m). So, there are at
most N(m) numbers n such that one of our strategies makes an error predicting
7;(n). This proves the lemma. O

Lemma 17. For each m one of Fy and Fy makes at most Mzr—”l + N(m—1)
errors on each of the functions 1,..., Tar(m)-

Proof. Let i € {1,...,M(m)}. If i < M(m — 1), each strategy makes at most
N{m - 1) errors {Lemma 16). It remains to consider i > M{m — 1).
Let n(i) be the largest number such that

7:(0) = 75(0), ..., ms(n(d)) = mj(n(7)).

for some j < M(m ~ 1). By Lemma 18, each strategy makes at most N(m — 1)
errors on 7j. Hence, each strategy makes at most N (m—1) errors predicting 7;(0),
(1), ..., 7(n(?)). It remains to estimate the number of errors while 7;{n(:i}+1),
7i(n(i) + 2), ... are predicted. We consider two cases:

1. Foreachi € {1,..., M(m)}, F; makes at most E%"ﬁ errors when 7;(n(4)+1),
ri(n(i) + 2), ... are predicted.
Lemma is evident in this case.

2. There exists an ¢ € {1,...,M(m)} such that F; makes more than ﬂ;l
errors predicting 7;(n(¢) + 1), i(n(d) +2), .. ..
Let F be the number of errors of F} on 7;(n() + 1), mi(n(z) + 2), .... Let
ni,...,ng be the numbers (in increasing order) such that 7;(ny), ... ri(ng)
are predicted incorrectly. We have F > —‘“L(Qﬁl
Fy searches for the smallest j satisfying 7;(0) = 7(0), 7(1) = n(1), ...,
Ti(n — 1) = 1(n — 1) and outputs 7;(n) as its prediction. So, if it makes
predicts 7;(ng) incorrectly, there exists ji < ¢ such that 7(0) = 7;,(0), ...,
Ti(nk — 1) = 15, (ng — 1), but 7(ny) # 75, (ng). We find the smallest such jj
forany k€ {l,...,E}. Then, j1 < j2 < ... < jg.

Proposition18. Let k € {1,...,E}, n > n(i) and n # ny. If Fy predicis
75, (n) incorrectly, there exists j € {1,..., M(m)} such that

(a) 7(0) = 75,(0), ..., 5(n— 1) = 75, (n— 1), but 7j(n) # 75,(n), and

(b) 7; is not equal to any of 75,,...,Tjp.

Proof. We consider two cases:

(a) ji is the smallest 7-index consistent with 5, (0),..., 7, (n — 1).
If F» makes an error, there exists j < M(m) such that r;(0) = 7;,(0),

o 1i(n—1) = 15,(n — 1), but 7;(n) # 7, (n).

Then, j > jk. Tj # Tjy. - Tj # Tju_,, because j; < ... < jr—1 < ji-
By the definition of ji,...jg, 75, (nt) is the first different value of 7;, and
Tjxsrr - - Tig- (It follows from 7, (ng) # 7i(nx) and ni(ng) = 75,,, (n) =
L= TjE(nk,).)
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However, n is the first different value of r; and 75, and n # ni. Hence,
T F Tiegrr - T £ Tim-
(b) ji is not the smallest r-index consistent with 7;,(0),..., 7, (n — 1).
If F, makes an error in this case, there exist two different functions 7, , 71,
with 7-indices smaller than j; such that both 7;, and 7, are consistent
with the fragment of 7; seen by the strategy and 7;,(n) # 7,(n). We
select two such functions with the smallest 7; and i5. Without the loss
of generality, we assume that i; < i5.
F, predicts 7;,(n). This prediction is incorrect. 7;, is the sought function
Tj. Tiy is not equal to 7j,,,, . .., Tjg, because iz < ji, but jx < jr41 < ...
Next, we prove that 7;, is not equal to 75,,..., 7, _,.
If i < k, then the first different values of 7j, and 7;, are 7j,(n;) and
7j,(ni). So, if 7, = 7j,, then n = n;. By the definition of j;, j; is the
smallest T-index consistent with 75,(0), ..., 7j,(n; — 1). Hence, if n = n;,
then the function 7;, is equal to 7;,, but 7;, is not.
(m}
So, the number of errors of F on 7j, is less than or equal to the number of
different functions among 1, ..., Tar(m) such that none of them is equal to
Tjys - - Tjp Plus 1. Hence, the number of errors on 7, (n(i) + 1), 75, (n(¢) +
2),...1s at most
N (m) N(m) +1
2
If i € {1,...,M(m)}, but i # ji, the proof that F, makes at most Mzﬂl
errors is similar.

Nm)—E+1< N(m) - +1=

By Lemma 17, there is i € {1,2} such that
N{(m
(EY () < 2E)

for infinitely many m. By the definition of M(n},
N(n) > M*(n - 1) > Nz(n - 1),

N ( Nm) o vim—1) < X0 4y = X0 4 ov(my).

We have proved tha.t, for infinitely many m, F,: makes at most —-(2—2 + o(N(m))
prediction errors on the first N(m) different functions from 7, 75, .... O

+N(m-1)

(DY (N(m)) <

Corollary 19. For each class (U, 1) there exists a strategy F such that
n
FEX(n) < 7t o(n)
for infinitely many n.

Proof. Follows from Theorem 14 and Lemma 11. O
For r-indices the proof desribed above is not valid. As we show in Section 5,
the argument similar to Theorem 14 cannot give similar result for 7-indices.
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5 Lower Bounds for Sets of Strategies

In proof of Theorem 9 we constructed a strategy which identified any class (U, 7)
making no more than n mindchanges on each of first n functions. In Theorem 14
we constructed 2 strategies, one of which identified class (U, 7) making no more
than % + o(n) mindchanges. What can we do with 3 or more strategies? Can we
achieve better upper bounds?

No, we cannot. Methods from proof of Theorems 9 and 14 cannot be im-
proved so far that they will give better upper bounds. To prove this, we need to
change the definition of strategy.

Strategy, as we defined earlier, is a partial recursive function of one argument.
Identification algorithms of Theorems 9 and 14 are more general, because they
use two arguments: the class (U, 7) (by looking up the values of 7;(j)) and the
previous values of function f(z) ({f(0),..., f(n))). The formal definition in this
case 1s as follows:

Definition 20. A uniform strategy is partial recursive function of two argu-
ments F({, z). The argument { is a Godel number of the function g(¢, z) (Defini-
tion 1), the argument z is (£(0),..., f(n)).

This definition allows the strategy not only to compute the values of (),
it also allows to analyse the algorithm according to which these values are com-
puted. However, this does not help in improving Theorem 14.

Theorem 21. For each finite set of uniform strategies Fy, ..., Fy, identifying
Godel numbers, there exists a class (U, ) containing infinitely many functions
such that for each strategy F; (i = 1,...,m) which identifies class U, (F;)EX (n) >
5 —o(n) for alln. ,

Proof. Suppose a team of general strategies F1, ..., Fy, is given.

At first we construct a class (U, 7) by giving an algorithm for a function
g(i,x,1) with an additional parameter { (see Definition 1). We give [ as the first
argument to the strategies - Fr(I, (fiI")), 1 < k < m.

We divide the functions 7g, 71, . . . In two infinite disjoint subclasses: pg, p1, - ..
and 09,01,.... 0; I8 T,s, the remaining are p-functions, with growing order of
indices.

The algorithm for the class is as follows:

INIT.
F—{1,...,m}

For all § C F assign

Preu[S] 0,if card(S) > m/2, or card(S) =m/2and 1 € S
revio) = 1, otherwise
t—0
zg— 0
I1—1{0,1,2,..)

Go to STEP 0.
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STEP r.
Start the following parallel processes:

1. Define pars1j44(x0) = 0 and part1jpeqor-(20) = 1 for all j.

Define pzrj.H(-’L') =0forz=zo+ 1,26+ 2,....
A0
Go to 2.

2. On functions {o; | j € I} construct a counter-class to the strategies Fy € A,
similar to the class we are building now. Counter-class to an empty set
of strategies is a class of constant 0 functions. Constructing counter-class,
record o-indices of those functions that are already defined on at least one
point in set J.

Go to 3.
3. For each k ¢ A start computing, on which of the two branches (pEf}} and
(pgﬁgr), z = 2g,zg+ 1,..., strategy F; changes its current hypothesis (on

STEP 0 we also compute the hypothesis made by F on the empty segment
(), to establish a mindchange).
If that happens for some F/, then assign to y, the value of argument z, on
which it made the mindchange, and go to 4.
4. Cancel the construction of counter-class on o-functions.
Define ¢j(x) = 0 for all j € J and for all z, if ¢;(x) is undefined yet.
I—1T\J
A— AU}
If A= F, goto 5. Otherwise go to 2.
5. Cancel definition of porj () for & > z¢.
Assign to yp the maximal value of argument, for which at least one of these
functions is already defined.
By - {Ic | Fr, made the last mindchange on the branch (pgy"])}
B, — A\ By
If Prev[Bp] =0, then u — ¢ + 27, otherwise u «— ¢t and ¢t « ¢ + 27,
Define pgr41j4,(x) = 0 for all j and for all z > =zo, if these values are
undefined yet.
Prev[Bg] — Prev[By]
Go to 6.

6. y—1
y +01Sr;casxmyk

Define pyr41j44(z) =0 for all j and zp <z < y.
Lo «— Y
Go to STEP » + 1.

1t follows from the recursion theorem that there exists I such that g(i, 2,1') =
@y (i, ), where ¢ is the Godel numbering used in Definition 20. Thus this func-
tion (defining the class (U, 7)) gives its own Godel number as the first parameter
to the strategies.

In this algorithm F is the set of the indices of all strategies; A enumerates
those strategies that have made a mindchange at the current step; By enumerates
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those strategies that made this mindchange on the branch that had p;(z¢) = 0;
B, — the same for the branch that had p;(xo) = 1. I is the set of those o-indices
that we have not spoiled at previous steps; it always contains all the natural
numbers, except a finite amount of them. In J we record those o-indices, whose
values we have defined and thus spoiled, if we have to cancel the current process
on o-functions. By y we establish that the next ¢ is large enough, so that all
the fixed mindchanges have happened on smaller initial segments and all values
of pyr+1j4, are undefined at this point.

At each step we choose one of the two sets By and By, and make the strategies
with indices from it to do a new mindchange on pyr+1j44, 1. €. on all the different
functions, considered at this step, except one that equals to pgr41j4, for all j.
In the array Prev we record for each subset of F| if it was chosen the last time
it was encountered, and we choose the subset iff it was not chosen this last time.
If such subsets are encountered the first time, we choose the largest one.

Suppose each of m strategies makes a mindchange on at least one of two
branches at each step. As in two subsequent choices for the same subsets all m
strategies are chosen, and at the first choice for these subsets the largest subset is
chosen, we conclude that the mean of the number of strategies chosen at one step
is at least m/2. As at each new choice we introduce exactly one new different
function, the total number of mindchanges made by all m strategies on the first
n+1 different p-functions is at least %+ -n. One strategy can have greater number
of mindchanges than another only on account of those dividings in subsets that
have occurred an odd number of times. As the number of dividings of an m
element set in two subsets is 27!, each strategy makes at least

MZE - 2m—1 — ﬁ " Zmol

m 2
mindchanges on one of the first » + 1 p-functions for all n. As at each choice
every second of the considered p-functions is made to be one and the same
function, but other functions (that will be considered at the next step) are made
different from it, the number of different functions among the first n p-functions
is |log, n] + 1 or [log, n] + 1, while the number of o-functions inbetween them
is o(log, n), thus we get the needed estimation.

Now suppose that at some step not all of the strategies make a mindchange
on at least one of the branches. Then algorithm remains at this step forever.
The p-functions are gradually defined equal to 0 for all # > x¢, so there is only a
finite amount of different functions among them, and the complexity function is
decided on o-functions, on which a similar class is built for a smaller amount of
strategies (for those that made a mindchange). Thus we get the needed, applying
this theorem recursively (the basis for recursion is given by 0 strategies and a
class consisting of constant 0 functions). O

From Lemma 11 it follows that similar theorem holds for the prediction, too.
For the identification of r-indices even the stronger result holds.

Theorem 22. For each finite set of uniform strategies Fy, ... Fp, identifying 7-
indices there exists a class (U, r) containing infinitely many functions such that
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for each strategy F; (i = 1,...,m) which identifies class U : Ff; .(n) > n — o(n)
for alln.

Sketch of proof. The proof is rather similar to the previous one. Consider uniform
strategies F,..., Fy,. The class U, as previously, consists of "usual” p, and
“rare” o, functions (the amount of rare functions among the first n functions
does not exceed o(n) this time}, and we use the recursion theorem on it to make
the strategies work on itself.

We define p(0) = 0 and 04(0) = 1 for all k, to make these subclasses
explicitly different. Then we gradually define p,(z) = 0 for = 1,2,... and at
the same time wait for the strategies to make their hypotheses on the initial
segment {0). While not all of them have given out a hypothesis, we construct
a class of the rare functions similar to the one we are defining now - for those
strategies that have given out their hypotheses.

Suppose that all m strategies have given out their hypotheses: hy,..., hp.
Then we choose some z large enough and define: 73,,(2) = 1 for those i, for
which 75,; is a p-function. We also define px(z) = 1, where k is the least index,
for which we have not yet defined p; to infinity. On all other points we define
these functions by 0 {so they are equal). Thus all m strategies have given a
correct hypothesis only on one function. On all other functions we repeat this
procedure by giving the strategies 0°,0°t1, ... as inputs and waiting on them to
change their previous (wrong) hypotheses.

If all strategies change their wrong hypotheses on all initial segments 07,
then all strategies make at least n on (n + 1)-st different p-function. If some
strategy does not change its wrong hypothesis, it does not identify the class U.
In this case, the amount of diffrent p-functions is finite, and the subclass for the
strategies that worked properly on p-functions is constructed on o-functions. O

This theorem shows that the counterpart of Theorem 14 for 7-indices cannot
be proved similarly as Theorem 14.

So, attempts to generalize Theorem 14 meet serious difficulties. If we wish
to prove 2 upper bound where ¢ > 2, we need to consider an infinite number
of strategies. In all proofs on the complexity of inductive inference known to
us, only finite number of strategies are considered. So, some new methods are
needed. On the other hand, if there exists a class such that each strateegy needs
2 mindchanges when working on this class, to prove it we also need some new
methods. The idea of proof from Theorem 12 will not work in this case.
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