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1. PREREQUISITES 

The set of natural numbers is N = {0,1,2,. . .I. 
Let X = {a,, a,, . . . ,a,}, p 2 2 be a finite alphabet. Denote by X* 

the free monoid generated by X (the elements of X* are called 
strings; 3, is the empty string). If x=x,x, ... x, is in X*, then the 
length of x is l(x) = n; [(A) =O. For all x and y in X* we write x c y in 
case there exists a string z in X* such that y =xz. If a~ X and n is 
natural, we write an = 2 (if n = 0) and an = aa . . . a (n times, if n)O). 

A non-empty r.e. set V c X* x (M - {0)) is called P. Martin-L6f test 
(M-L test) if it possesses the following two properties (see [3] and [I]): 

1) For every natural m z  1, Vm+, c Vm. Here V, = { .xEx*/ (~ ,  m ) ~  v) .  
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54 C. CALUDE AND I .  CHITESCU 

2) For all naturals n, m, m 2 1, one has 

card {x EX*/~ (X)  = n,(x, m) E V )  < ~ " - ~ / ( p -  1). 

We shall agree upon the fact that the empty set is a M-L test. 
The critical level induced by a M-L test V is the function 

m, : X* -+ N given by m,(x) = max (m 2 1 I(x, m) E V ) ,  in case such an m 
exists, and m,(x) =0, in the opposite case. 

2. RESULTS 

The P. Martin-Lof tests were introduced in [3] in order to give a 
statistical interpretation of the Kolmogorov complexity-theoretic 
notion of random string 121. The sequential P. Martin-Lof tests (131) 
are designated to play the same role in the study of random 
sequences (see [4,5,6,7]). 

Our aim is to give a complete characterization of the class of 
sequential P. Martin-Lof tests within the larger class of P. Martin- 
Lof tests. 

Firstly, we give the following definition (see [3] and [4]): 

DEFIN~TION 1 A r.e. set V c X* x (N - (0)) satisfying the properties: 

1) I f ( x , m ) ~ I ! y x x  and l s n s m ,  then ( y , n ) ~ I / ,  

2) For all natural m, n 2 1, we have 

card {x E X*  I [(x) = n, (x, m) E V )  < pn - m / ( p  - I ) ,  

is called a sequential P. Martin-Lof test (s. M-L test in the sequel). 
We shall agree upon the fact that the empty set @ is a s. M-L 

test. 
It is easy to see that every s. M-L test is an infinite M-L test (of 

course, the converse is not true). 
In the sequel we shall constantly use the following notations: 

a) For every  EX* and natural mL 1, H(x, m) = ((x, I), 
(x,2), . . . ,(x,m)). It is easy to see that H(x,m) is a M-L test iff 
l(x) > m. 

b) For every A c X* x N, we put A = @, in case A is empty, and 
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SEQUENTIAL P. MARTIN-LOF TESTS 5 5 

A = {(y, m)l there exists (x, m) E A such that y 2x1. It is easy to see 
that the map AHA is a closure operator which preserves recursive 
enumerability. Moreover, one has 0, . .Ai = Ui Ai, for each 
family (A,),., of subsets of X* x N. 

LEMMA 2 Let x E X* and m E N, m 2 1. The following assertions are 
equivalent: 

1) The set H(x, m) is a s. M-L test. 

2) The set H(x,m) is a M-L test. 

Proof Only the implication "(2)*(1)" needs a careful check. Our 
hypothesis is l(x)>m and we must only prove property (2) in 
Definition 1. 

Let n 2 1 and q 2 1. We must prove the inequality: 

which is obvious for q>m or n s m .  Consequently, (1) must be 
checked only for n > m 2 q, and it is sufficient to prove that 

The last inequality can be written 

(because (y, q) E H(x, m) iff y 3 x). 
Finally, inequality (2) is equivalent to l(x) >m. H 
The following example shows that what happens in Lemma 2 

cannot happen in more general conditions: 

a) The closure P of a M-L test is not always a (sequential) M-L 
test. 

b) The closure of a finite union of M-L tests of the form H(x, m) is 
not always a (sequential) M-L test. 

Example 3 Take X={0,1) and H=H(OO,l)uH(111.1)~ 
H(101,1)=((00, I), (111, I), (101,l)). Clearly, H is a M-L test, but 
R is not a M-L test, containing the elements (000, I), (001, I), (1 11, I), 
(101, 1). H 
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56 C. CALUDE AND I. CHITESCU 

In order to be shorter in the sequel, we introduce 

DEFINITION 4 A non-empty subset A c X* is called prefixfree if for 
all x,  y in A such that x c y we have x = y. 

It is seen that every non-empty set AcX* contains prefix-free 
subsets, e.g., its singletons. 

The following theorem furnishes necessary and sufficient con- 
ditions for the closure of a finite union of M-L tests H(x,m) to be a 
s. M-L test. 

THEOREM 5 Let x,,. . . , x ,  in X* and m,,m,, . . . ,m, 2 1 be natural 
numbers. Put H = U:=, H(x, ,  mi). 

The,following conditions are equivalent: 

1) The set H is a s. M - L  test. 

2) We have simultaneously: 

a )  The set H is a M-L test. 
b) For every prefixfree subset { x i l ,  x i2 , .  . . ,x i , )  c { x l ,  x2 , .  . . , x k )  

one has 

Proof "(1)=42)", Let 1 zi, < i, <. . . <i, 5k be such that the set 
x , x . . . , x }  is prefix-free. Let a natural n 2 max ( l (x ,  
1(x12), . . . , 1 ( ~ , ~ ) )  and m = min (m, ,, m12,.  . . , m,"). Then, because the sets 
H ( X , ~ ,  m l u ) ,  u = 1,2,. . . , r,  are disjoint, we have 

since B is a M-L-test a.s.0. 
"(2)*(1)". We shall proceed by induction upon k. For k =  1 the 

result has been obtained in Lemma 2. 
Consider the result to be valid for some natural number k >  1 and 

let us prove it for k +  1. So, let H =  Uf=fi  H(xi ,mi) .  We may assume 
that l(x,  + ,) =max(l(x,), l(x2),  . . . , 1  ( x ,  + ,)). 
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SEQUENTIAL P. MARTIN-LOF TESTS 5 7 

Recall that B(m, n) = { x  E X* 1 l(x) = n and ( x ,  m) E n}, for all natural 
m, n 2 1. All it remains to be proved is that for all n > m >= 1 one has 

card B(m, n) < pn - " / ( p  - 1). (3) 

The first case: n < l(xk + ,). In this situation 

k 

x E X *  ll(x) = n, ( x ,  m) E U H(xi ,  mi) 
i = l  

and (3) holds using the induction hypothesis. 
The second case: n z  l(x, + ,). The situation m>mk+, is similar to 

the first case, because B(m,n) will be the same. 
From now on, we shall consider that 

Therefore, let us suppose that m 5 mk + ,. Under these conditions 
we divide the proof according to the fact that xk+ ,  x x i  for some 
1 j i s k ,  or not. 

a) Assume first that xk +, $ x i ,  for all 1s is k. If 
m S min (m,, m,, . . . , m,), then 

k + l  

B(m, n) = U { x  E X*(l(x)  = n, and ( x ,  m) E H(xi ,  m)).  
i = l  

To simplify facts, notice that in case x , ~ x , ,  we have -- 
H(x,, m) c H(x,, m). Using this remark we eliminate all H(x,, m) such 
that x ,  c x ,  (if such x, does exist) a.s.0. and finally we get a prefix- 
free subset 

with the property that 
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58 C. CALUDE AND I. CHITESCU 

Then 

j 

B(m, n) = U { x  6 X *  1 l(x) = n, ( x ,  m) E H(yq, m))  . 
q = l  

Because the sets H(yq,m) are disjoint, one gets 

j 
card B(m, n) 1 pn-'(Yq) 

q = l  

Here we have considered that 

Y l = X u 1 , Y 2 = x U 2 , . . . , Y j = X U j .  

If m > min (m,, m,, . . . , mk), then we get 

4 

B(m, n) = U { x  EX* Il(x) = n, ( x ,  m) E H(xi,,, mi,)} 
u = l  

where {mi miZ, . . . , miq} = {mi /mi 2 m, i = 1,2,. . . , k } .  
Proceeding in the same manner, we eliminate some H(xiU,miu) and 

we get again a prefix-free subset 

such that 

The computation of card B(m,n) is similar to that one in the case 
m 5 min (m,, m,, . . . , mk). 
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SEQUENTIAL P. M A R T I N - L ~ F  TESTS 59 

8) Assume now that there exists 1 5 js k such that xk + ,I x j .  

Put l = { i ~ ~ 1 1 4 i ~ k + l , m ~ r n , )  and notice that k + l ~ I ,  accord- 
ing to the hypothesis. It is seen that 

x E X *  1 l (x)  = n, ( x ,  m) 6 U H(x,,  mi) 
, € I  I 

= rX E X* I = ., ( x ,  m) t U H(x,,m) . 
i e I  I 

In any case, the set U i  H(x,,  m) is a M-L test, being contained in 
the M-L test U::: H(x, ,mi).  

There are two possibilities: 

8.1) There exists j in I such that x j  cx , , , .  We have 

H(xk + m) c H ( x j ,  m) and the union U i  H(x,,  m) has in fact at most 
k terms. 

8.2) For all i E I, one has xi x, + ,. In this case we pick some 
1 5.j 5 k such that x i  c x ,  +, and we notice that j $  I. Consequently, 
the union U,,, H(x, ,m) has also at most k terms. 

In both cases, the induction hypothesis, applied to the M-L test 
U i  I H(xi ,  m) furnishes the inequality card B(m, n) < pn-"/(p - 1). 

This completes the proof. Ej 

COROLLARY 6 Condition 1) in Theorem 5 can be effectively 
checked. H 

We have seen that every non-empty set A c X *  contains prefix-free 
subsets. The following lemma gives more precise results in the case 
when the only prefix-free subsets are the singletons, i.e. r in the 
statement of Theorem 5 must be equal to one. The reader can relate 
the results obtained in Scolium 7, Theorem 5 and Lemma 2. 

SCOLIUM 7 Let y,, y,, . . . , y, in X* and n,, n,, . . . , nk 2 1 in N .  
We assume that for all 1 5 i < j 5 k we have either yi c yj or yj c y,. Put 
H = U:=, H(y,, n,). Then, the following conditions are equivalent: 

1) The set H is a s.M-L test. 

2)  The set H is a M - L  test. 

3) The sets H(y,, n,) are all M-L  tests. 
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60 C. CALUDE AND I. CHITESCU 

Proof Because the case k =  1 has already been discussed (see 
Lemma 2), we shall consider that k > I. 

The implication "(1)*(3)" being obvious, we confine ourselves to 
prove "(3)+(2)" and "(2)+(1)". 

The set {y,, y,, . . . , y,) being totally ordered by c, we rewrite it in 
the form {x,, x,, . . . , x,), where x, c x, c . .  . c x,, and we write also 
(x,, mi) instead of (yj, nj) in case xi = yj in the new form. We can also 
suppose that x,, x,, . . . , x, are distinct (separate trivial considerations 
for (I), (2) and 3)). 

"(3)=>(2)". We have to check that card A(m,n)<pn-"/(p-1), for 
n > m, where A(m, n) = {x E X* 1 l(x) = n, (x, m) E H). This is obvious in 
case n # 1 (xi), i = 1,2,. . , k .  In case n = l(xi), this i is unique (because 
of total ordering). If m > mi then A(m, n) = @. If m 5 mi, then A(m, n) = 

{xi) and 1 < pn " / ( p  - I), because n = l(xi) > m. 
"(2)=41)". Assume H is a M-L test. Only condition (2) in 

Definition 1 is to be checked. 
For all natural m n 1, we put B(m, n) = {x EX* Il(x) = n, 

(x,m) E H). We must prove that card B(m,n) <pnpm/(p- I), only in 
the non trivial case m 5 max (m,, m,, . . . , m,) (i.e. B(m, n) # @). Two 
non trivial cases are to be considered: 

I) There exists 1 2 i 5 k  - 1, such that l(xi) 5 n < l(xi + ,). 

11) One has l(x,) 5 n. 

I) In case m > mu, for all natural u 5 i, one has B(m, n) = IZ(. Assume 
the contrary case, and put j = min (u E N I u 5 i and m 5 mu). One has: 

Consequently, card B(m, n) =pnp ' ( "~ '  and it is obvious that 
pn - l ( X ~ )  <pn -"~/(p - I )  (because (xi, m,) E H(x,, m,), which is a M-L 
test) and pn - " ~ / ( p  - 1) 5 p n  -"/(p- 1). 

11) In case m > mu, for all u = 1,2,. . . , k ,  one has B(m, n) = @. 
Assume the contrary and put j = m i n ( u c ~ l u 5  k  and m5m,). The 
remainder of the proof is exactly as in case I). 

We shall extend our result obtained in Theorem 5 to more general 
cases, namely we shall replace finite sets with r.e. sets. 

THEOREM 8 Let A c X *  be a r.e. set. For every x E A we consider the 
natural number m, 2 1. Put H = U,.,. H(x, m,), and R = U x s A  H(x, m,). 
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SEQUENTIAL P MARTIN-LOF TESTS 6 1 

T h e  following assertions are equivalent: 

1 )  The  set H is a s. M - L  test. 

2) T h e  set H is a M - L  test and for every r.e. prefix-fvee set Y c  A 
one has 

where the equality can occur only for infinite I: 

Proof "(1)*(2)". Assuming H is a s.M-L test, it is clear that its 
subset H is a M - L  test. 

Now let Y c A  be a r.e. prefix-free set. In case Y is finite, then 
U y E  H(y ,  m y )  is a M-L test and, according to Theorem 5, one has 

In case Y is infinite, write Y = { y , ,  y,, . . . , y,, . . . ), and, for every n 2 1 
- - 

put H ,  = U:,, H(yi,mY,) ,  H ,  = Ur=l H(y i ,my i ) .  Because H, is a s. 
M-L test, one has, again by Theorem 5, the inequality: 

The sequences (u,), and (v,), are increasing and (v,), can take only the 
following values: 

Consequently, (v,), is stationary and limn un =< limn v,. But 

"(2)*(1)". It is clear that is a r.e. set, satisfying condition (1) in 
Definition 1. All it remains to be proved is that 
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62 C. CALUDE AND I. CHITESCU 

card { x  E X * ] I ( X )  = n, ( x ,  m) E H )  <pn - m / ( p  - I), (5) 

for all natural m, n z  I. 
It is seen that l(x) = n and ( x ,  m) E H imply m  < n, because H is a 

M-L test. Consequently, the set 

is finite. For every x in X* with l(x) = n and ( x ,  m) E H we can find y, 
in A such that x 3 y,, and ( y,, m) E H.  The set 

is a finite M-L test. We can write 

f 

B =  U H(zi ,  m), with z, E A. 
i = l  

We shall divide the remainder of the proof in two steps: 

a) We prove that for all natural m, n 2 1, we have 

One must check only the inclusion " c ". But, if x  is such that l(x) = n and 
(x,m)~H,wegety,~A,y,cx,and(y,,m)~H,so(y,,m)~B,and(x,m)~B. 

b) We prove that B is a s.M-L test. In any case B is a finite M-L 
test. On the other hand, every prefix-free subset 
Y c [ z ,  , z z ,  . . . , z t )  c A  satisfies the inequality in the hypothesis 

because m<m,, for all y in Y (we put the condition that ( y , m ) ~ H ,  
for all y= y,  in Y ) .  Applying Theorem 5 for B and B we see that B is 
a s.M-L test. 

In view of (a), inequality (5)  follows from (b). 

Remarks (1 )  We assert that every non-empty s.M-L test W is of 
the form W = U , , , ~ ( x , m , ) ,  where A c X *  is a r.e. set for every 
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SEQUENTIAL P. MARTIN-LOF TESTS 63 

x in A, mx is a natural number with 1 ~ m x < l ( x ) .  Indeed, consider 
a recursive function f :  N +X* x N such that W = { f (i)li>,O). Put 
f (i) =(xi ,  mi), for every i in N, and let A = {xi li 2 0). It is seen that 

here m, is the critical level induced by the s.M-L test W 

2) There exist infinite non r.e, sets which are prefix-free. Take, for 
example, the set { ~ " l  In E I), where I c N is a non r.e. set (here X = 

{O? 1)). 
3) There are situations when in (4) occurs equality, for infinite Y 

Again our example is in the case X = {0, I). Take 

and Y = {Ok-'1 1 k 2 2). One can see that 1,. , 2-"Y' = 112. 

Acknowledgements 

The authors acknowledge the fact that they learned about the existence of recursive- 
ness from Professor's Marcus incitant book "Notions of Mathematical Analysis. Their 
Origin, Evolution and Significance" (Romanian, Bucharest, 1967; Czechoslovack 
translation, Prague, 1976). 

References 

C. Calude and I. Chitescu, Random strings according to A. N. Kolmogorov and 
P. Martin-Lof. Classical approach, Found. Control Engrg. 7 (1982), 73-85. 
A. N. Kolmogorov, Three approaches to the quantitative definition of infor- 
mation, Problemy Peredachi Informatsii 1 (1965), 1-7. (Russian).. 

[3] P. Martin-Lof, The definition of random sequences, Inform. and Control 19 (1966), 
602-610. 

[4] C. P. Schnorr, Zufalligkeit und Wahrscheinlichkeit, Springer-Verlag, Berlin, Heidel- 
berg, New York, 1971. 

[5] C. P. Schnorr, A survey of the theory of random sequences, in R.E. Butts and J. 
Hintikka (eds.), Basic Problems in Methodology and Linguistics, D. Reidel, 
Dordrecht, 1977, 193-210. 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
A

uc
kl

an
d 

L
ib

ra
ry

] 
at

 1
0:

43
 2

7 
N

ov
em

be
r 

20
11

 



64 C. CALUDE AND I. CHITESCU 

[6] V. A. Uspensky and A. L. Semenov, What are the gains of the theory of 
algorithms, in A. P. Ersov and D. E. Knuth (eds.), Algorithms in Modern 
Mathematics and Computer Science, Springer-Verlag, Berlin, Heidelberg, New 
York, 1981, 100-234. 

[7] A. Zvonkin and L. Levin, The complexity of finite objects and the development 
of the concepts of information and randomness by means of the theory of 
algorithms, Uspehi. Mat. Nauk 25 (1970), 85-127. (Russian). 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
A

uc
kl

an
d 

L
ib

ra
ry

] 
at

 1
0:

43
 2

7 
N

ov
em

be
r 

20
11

 


