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1. PREREQUISITES

The set of natural numbers is N={0,1,2,...}.

Let X={ay,a,,...,a,}, p=2 be a finite alphabet. Denote by X*
the free monoid generated by X (the elements of X* are called
strings; A is the empty string). If x=x,x,...x, is in X*, then the
length of x is I(x)=n; I(A)=0. For all x and y in X* we write xcy in
case there exists a string z in X* such that y=xz. If ae X and n is
natural, we write "= (if n=0) and a"=aa...a (n times, if n)0).

A non-empty r.e. set Vo X*x(N—{0}) is called P. Martin-Lof test
(M-Lrest) if it possesses the following two properties (see [3] and [1]):

1) For every natural m21, ¥, ., <V, Here V,, ={xe X*|(x,m)eV}.
53
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2) For all naturals n,m, m=1, one has
card {xe X*|[(x)=n,(x,m)e V}<p" "/p—1).

We shall agree upon the fact that the empty set & is a M-L test.

The critical level induced by a M-L test V is the function
my : X*—>N given by m,(x)=max(m= 1|(x, m)e V), in case such an m
exists, and m,(x) =0, in the opposite case.

2. RESULTS

The P. Martin-Lof tests were introduced in [3] in order to give a
statistical interpretation of the Kolmogorov complexity-theoretic
notion of random string [2]. The sequential P. Martin-Lof tests ([3])
are designated to play the same role in the study of random
sequences (see [4,5,6,7]).

Our aim is to give a complete characterization of the class of
sequential P. Martin-Lof tests within the larger class of P. Martin-
Lof tests.

Firstly, we give the following definition (see [3] and [4]):

DEeFINITION 1 A re. set Ve X* x(N—{0}) satisfying the properties:
D If (x,meV,yox and 1=<n<m, then (y,n) eV,

2) For all natural m,n=1, we have
card {xeX*|l(x)=n, (x,m)eV}<p" ™(p-1),

is called a sequential P. Martin-Lif test (s. M-L test in the sequel).

We shall agree upon the fact that the empty set (J is a s. M-L
test.

It is easy to see that every s. M-L test is an infinite M-L test (of
course, the converse is not true).

In the sequel we shall constantly use the following notations:

a) For every xeX* and natural mz1, H(x,m)={(x,1),
(x,2),...,(x,m)}. Tt is easy to see that H(x,m) is a M-L test iff
l(x)>m.

b) For every Ac X*x N, we put A=(, in case 4 is empty, and
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A={(y,m)| there exists (x,m)eA such that y>x}. It is easy to see
that the map A— 4 is a closure operator which preserves recursive
enumerability. Moreover, one has | J;c;4;={Jic;4;, for each
family (A;); ., of subsets of X* x N.

LEMMA 2 Let xe X* and meN, m=1. The following assertions are
equivalent:

1) The set H(x,m) is a s. M-L test.
2) The set H(x,m) is a M-L test.

Proof Only the implication “(2)=>(1)" needs a careful check. Our
hypothesis is I(x)>m and we must only prove property (2) in
Definition 1.

Let n21 and g=1. We must prove the inequality:

c=card {ye X*|l(y)=n,(y,q) € H(x,m)} <p"~*/(p—1), (1

which is obvious for g>m or n<m. Consequently, (1) must be
checked only for n>m=>gq, and it is sufficient to prove that

c<p" "f(p—1).

The last inequality can be written

prt P <pt T p =1, (2)
(because (y, q) € H(x, m) iff yox).
Finally, inequality (2) is equivalent to I(x)>m.
The following example shows that what happens in Lemma 2
cannot happen in more general conditions:

a) The closure ¥ of a M-L test is not always a (sequential) M-L
test.

b) The closure of a finite union of M-L tests of the form H(x,m) is
not always a (sequential) M-L test.

Example 3 Take X={0,1} and H=H(00,1)uH(111,1)u
H(101,1)={(00,1), (111,1), (101,1)}. Clearly, H is a M-L test, but
H is not a M-L test, containing the elements (000, 1), (001,1), (111,1),
(101, 1).
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In order to be shorter in the sequel, we introduce

DErFINITION 4 A non-empty subset 4 = X* is called prefix-free if for
all x,y in A4 such that xcy we have x=y.

It is seen that every non-empty set A< X* contains prefix-free
subsets, e.g., its singletons.

The following theorem furnishes necessary and sufficient con-
ditions for the closure of a finite union of M-L tests H{x,m) to be a
s. M-L test.

THEOREM 5 Let x,...,x, in X* and my,m,,...,m,21 be natural
numbers. Put H=\J{_, H(x;,m,).
The following conditions are equivalent:
1) The set H is a's. M-L test.
2) We have simultaneously:
a) The set H is a M-L test.
b) For every prefix-free subset {x;,X;,...,%; } S{X1, X2, ..., X}
one has

pH < pTmin i M) f(p — 1),
1

aghl

u

Proof “(1)=(2)”, Let 1Zi,<i,<...<i,<k be such that the set
(X Xi,..,x; } is  prefix-free.  Let a natural nzmax(l(x;),
l(x;,);-...1(x; ) and m=min(m; ,m;,...,m; ). Then, because the sets

Pgpt

H(x;,m; ), u=1,2,...,r, are disjoint, we have

card {xeX*]l(x):r, (x,meB={) H(xij,m,-jj}
i1

=Y pI < T (p =),

i1

since B is a M-L-test a.s.o.

“(2)=-(1)". We shall proceed by induction upon k. For k=1 the
result has been obtained in Lemma 2.

Consider the result to be valid for some natural number k>1 and

let us prove it for k+1. So, let H=| )2} H(x;,m;). We may assume
that I(x, ;) =max (lx,), lx2),....1 (X1 1))
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Recall that B(m,n)={xe X*|l(x)=n and (x, m) e H}, for all natural
m, n=1. All it remains to be proved is that for all n>>m =1 one has

card B(m,n)<p" " "/p—1). (3)

The first case: n<I(x; . ). In this situation
k
B(m,n)= {xeX*‘l x)=n, (x,m)e U H(x;,m; )}

and (3) holds using the induction hypothesis.

The second case: n=(x, ,,). The situation m>m, ., is similar to
the first case, because B(m,n) will be the same.

From now on, we shall consider that

Ixy) SUxz) S S 1x0) Sy y)-

Therefore, let us suppose that m<m,,,. Under these conditions
we divide the proof according to the fact that x,.,>x; for some
1LiLk, or not.

%) Assume first that x,.;Px;, for all 1Zisk If
mEmin(m,,m,,...,m), then

B(m,n)= Q eX*|l(x)=n, and (x,m)eH(x;m)}.

To simplify facts, notice that in case x,>x, Wwe have
H(x,,m) < H(x,,m). Using this remark we eliminate all H(x,,m) such
that x, cx, (if such x, does exist) a.s.0. and finally we get a prefix-
free subset

{,VpJ/z,---,’yJ'} of {xlaxza""xka xk+1}

with the property that

U Bopm = e
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Then

B(m,n)= O {xe X*|l(x)=n, (x,m)e H(y,, m)}.

q=1

Because the sets H(y,,m) are disjoint, one gets

J
card B(m,n) . p" =109

g=1

<p"p "Ap—V=p" "/(p— 1.
Here we have considered that

yl=xu19y2:xu2""syj=xuj‘

If m>min(m,, m,,...,m,), then we get

B(m,n)= O {xeX*|lx)=n, (x,m)e H(x; ,m; )}

u-{xeX*ll(x):n, (x,m) e H(Xy 4 1, My 41) |
where {mil,m,-z,...,m,~q}={m,~lm,~gm, i=1,2,....k}.

Proceeding in the same manner, we eliminate some H(x; ,m; ) and
we get again a prefix-free subset

Y { ‘ )
{V1sV2ee s Ve Xi 1) Of WXi s Xy s Xy s Xp g1y

such that

q r
U1 H(xiu,m) UH(x 1,y 4 1) = Ul H(y,m) UH(Xy 4 1,my 4 ).
u= t=

The computation of card B(m,n) is similar to that one in the case
mEmin(m;,my,...,m).
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B) Assume now that there exists 1< j=<k such that x; , > x;.

Put I={ieN|I1<i<k+1,m<m;} and notice that k+ 1€, accord-
ing to the hypothesis. It is seen that

B(m,n) ={xeX*|l(x)=n, (x,mel) H(x,-,mi)}
iel

= {xeX*|l(x) =n, (x,me|) H(xi,m)}.

In any case, the set U,-E ; H(x;,m) is a M-L test, being contained in
the M-L test | J¥21 H(x;,m;).

There are two posstbilities:

B.1) There exists j in I such that x;cx,.,. We have
H(x; 4;,m) c H(x;,m) and the union UiE,H(xi,m) has in fact at most
k terms.

p.2) For all iel, one has x;¢x,,;. In this case we pick some
1<j<k such that x;cx,,, and we notice that j¢I. Consequently,

. the union \Jier H(x;,m) has also at most k terms.

In both cases, the induction hypothesis, applied to the M-L test
{Jier H(x;,m) furnishes the inequality card B(m,n)<p"~"/(p—1).
This completes the proof.

CoroLLARY 6 Condition 1) in Theorem 5 can be effectively
checked.

We have seen that every non-empty set A < X* contains prefix-free
subsets. The following lemma gives more precise results in the case
when the only prefix-free subsets are the singletons, ie. 7 in the
statement of Theorem 5 must be equal to one. The reader can relate
the results obtained in Scolium 7, Theorem 5 and Lemma 2.

ScoLtuM 7 Let y,,ys,...,¥ in X* and nyn,,....m=1 in N
We assume that for all 1 Si< j<k we have either y,cy; or y;<y;. Put
H=\J¥_, H(y;,n;). Then, the following conditions are equivalent:

1) The set H is a s.M-L test.

2) The set H is a M-L test.

3) The sets H(y;,n;) are all M-L tests.
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Proof Because the case k=1 has already been discussed (sce
Lemma 2), we shall consider that k> 1.

The implication “(1)=-(3)” being obvious, we confine ourselves to
prove “(3)=>(2)” and “(2)=(1)".

The set {y;,V,,...,yx} being totally ordered by <, we rewrite it in

the form {x,x,,...,x,}, where x,cx,c...cx,, and we write also
(x;,m;) instead of (y;,n;) in case x; =y; in the new form. We can also
suppose that x,, x,,..., X, are distinct (separate trivial considerations

for (1), (2) and 3)).

“(3)=>(2)”. We have to check that card A(m,n)<p"~"/(p—1), for
n>m, where A(m,n)={xeX*|[(x)=n, (x,m)e H}. This is obvious in
case n#l (x;), i=1,2,..,k In case n=I(x;), this i is unique (because
of total ordering). If m>m; then A(m,n)= . If m<m,, then A(m,n)=
{x;} and 1<p" "/(p—1), because n=1I(x;) >m.

“(2)==(1)". Assume H is a M-L test. Only condition (2) in
Definition 1 is to be checked.

For all natural m,n=1, we put B(m, n)={xeX*|l(x)=n,
(x,m)e H}. We must prove that card B(m,n)<p" "/(p—1), only in
the non trivial case m<max(m;,m,,...,m;) (ie. B(m,n)# J). Two
non trivial cases are to be considered:

I) There exists 1 <i<k—1, such that I{x;)Sn<l(x; ;).
II) One has I(x,) <n.

I) In case m>m,, for all natural u<i, one has B(m,n)=¢J. Assume
the contrary case, and put j=min (ue N |u§i and m<m,). On¢ has:

B(m,n)={x;y|ye X*, l(y)=n—1I(x;)}.

Consequently, card B(m,n)=p" ' and it 1is obvious that
pt i) <pnT™if(p—1) (because (x;,m;)eH(x;,m;), which is a M-L
test) and p" "™ /(p—1)<p" "/(p—1).

II) In case m>m,, for all u=1,2,...,k, one has B(m,n)=.
Assume the contrary and put j=min(ueNu=<k and m=m,). The
remainder of the proof is exactly as in case I).

We shall extend our result obtained in Theorem 5 to more general
cases, namely we shall replace finite sets with r.e. sets.

THEOREM 8 Let A= X* be a r.e. set. For every xe A we consider the
natural number m, = 1. Put H=\) .. 4 H(x,m,), and H=\ ), ., H(x,m,).
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The following assertions are equivalent:

1) The set H is a s. M-L test.

2) The set H is a M-L test and for every r.e. prefix-free set Yo A
one has

2 pTI g pTminimen jp 1), 4

yeyY

where the equality can occur only for infinite Y.

Proof “(1)=(2)”. Assuming H is a s.M-L test, it is clear that its
subset H is a M-L test.

Now let Yo A be a re. prefix-free set. In case Y is finite, then
(Uyey H(y,m,) is a M-L test and, according to Theorem 5, one has

Z p—l(y) <p—min(my|er)/(p_ 1)'

veY

In case Y is infinite, write Y ={y;,y5,..., V... }, and, for every n=1
put H,=\Ji-, H(y;,m,), H,=\J7-; H(y;,m,). Because H, is a s.
M-L test, one has, again by Theorem 5, the inequality:

The sequences (u,), and (v,), are increasing and (v,), can take only the
following values:

p~™iflp—=1), p ™ Y (p—1),...,p" p=1).

Consequently, (v,), is stationary and lim, u, <lim,v,. But

limu,= ) p~'®,
n yeY

lim v, =p ~mintmlveD (p 1),

“(2)=(1)". It is clear that H is a r.e. set, satisfying condition (1) in
Definition 1. All it remains to be proved is that
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card {xe X*|[(x)=n, (x,mye H} <p" "/(p—1), (5)
for all natural m,n=>1.

It is seen that I(x)=n and (x,m)e H imply m<n, because H is a
M-L test. Consequently, the set

M ={(x,m)e H|l(x)=n}

is finite. For every x in X* with [(x)=n and (x,m)e H we can find y,
in A such that x>y,, and (y,,m)e H. The set

B={(y 1),(y02,.... (v m|l(x)=n, (x,mje H} cH
is a finite M-L test. We can write

t
B=|) H(z;,m), with z;€ 4.

i=1

We shall divide the remainder of the proof in two steps:

a) We prove that for all natural m,n=1, we have
{xeX*|[l(x)=n, (x,m) e H} ={xe X*|l(x)=n, (x,m)€ B}.

One must check only the inclusion “<”. But, if x is such that I(x) =n and
(x,m)e Hwegety, €Ay, <x,and(y,,mjeH,so(y,,m)eB,and(x,m)eB.

b) We prove that B is a s. M-L test. In any case B is a finite M-L
test. On the other hand, every prefix-free  subset
Yo {z,,2,,...,2,} < A satisfies the inequality in the hypothesis

Y p <pTm e N p—1)pT"(p— 1),
ye
because m=<m,, for all y in Y (we put the condition that (y,m)e H,
for all y=y, in Y). Applying Theorem 5 for B and B we see that B is
a s.M-L test.

In view of (a), inequality (3) follows from (b).

Remarks (1) We assert that every non-empty s.M-L test W is of
the form W=|(J,.,H(x,m,), where AcX* is a re. set for every
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x in A, m, is a natural number with 1<m <Il(x). Indeed, consider
a recursive function f:N—X*xN such that W ={f())|i20}. Put
f)=(x;,m;), for every i in N, and let A={x;|i=0}. It is seen that

W= ) H(x,m)= ) H(x,my(x));

iz0 xc A

here my, is the critical level induced by the s.M-L test W.

2) There exist infinite non r.e. sets which are prefix-free. Take, for
example, the set {0"1|nel}, where IcN is a non re. set (here X =

{0, 1}).
3) There are situations when in (4) occurs equality, for infinite Y.
Again our example is in the case X ={0,1}. Take

0

H=1{(01,1),(001,1),...,(0**1,1),. U H(O*~'1,1),

and Y ={0*""1|k22}. One can see that y ,_,27'® =1/2.
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