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In [8] and [9] Moisil has introduced the resemblance relations. Following [9] we associate to
every resemblance relation an extensive operator which commutes with arbitrary unions of sets.
We are leading to consider spaces endowed with such closure operators; we shall call these
spaces total Cech spaces (TC-spaces).

TC-spaces are in one-to-one, onto correspondence with reflexive relations. TC-spaces
generated by tranmsitive relations are in one-to-one, onto correspondence with the total
topological spaces of W. Hartnett (which are called total Kuratowski spaces, TK-spaces).

We study the category of TC-spaces and its full subcategory determined by TK-spaces. Buth
categories are Cartesian closed, but they are not elementary toposes.

1. Resemblance relations

Let X be a set and S < X>. We denote by S(a, b, c) the relation “(a, b, c) S”".
Following Moisil [9, p. 15] S is a resemblance relation on X if the following three
axioms hold: '

(I) For any a, ce X, S(aq, a, ¢).
(i) For any a, b€ X, S(a, b, b).

(III) For any a, x,y, z€ X, if S(a, x, y) and S(a, y, z), then S(a, x, z).

A resemblance space is a set X together with a resemblance relation S on X.
The axioms (I)-(III) are derived from the following interpretation of the relation
S: S(a, b, ¢) means “a resembles to b at least as it resembles to ¢”’.

We give three examples of resemblance spaces.

Example 1 (G.C. Moisil). Let C be an oriented circle. For the points a, b, c on C
we have S(a, b, c) if the points a and c are joined only if a and b, respectively, b
and c, are joined (on the circle).

Example 2. Let (X, ) be a topological space. For a, b, c € X we have S(a, b, ¢) if
any neighborhood of a which contains c, contains also b.

Example 3. Let (X, d) be a metric space. Define S(a, b, c) if d(a, b)<d(a, c).

Let (X. S) be a resemblance space. For every a € X we define an equivalence
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relation P, on X, as follows: P,(b, c) if S(a, b, c) and S(a, c, b). The relation P,
can be interpreted (following [9]) as the indifference relation associated to S and a.
In the relation S we can fix the first argument, S,(x, y)=S(a, x, y). We obtain a
preorder relation on X, with a as first element; moreover, S, is compatible with
P,.

Conversely, if X is a set together with a family of preorder relations {<,},.x
such that any <, has a as first element, then the relation

S(a,b,c) if b<,c

is a resemblance relation on X. This correspondence is one-to-one and onto.
Let a and r be in X. The set V,={x|S(a, x,r)} is called the resemblance
neighborhood of a (of degree r).

Lemma 1. Let (X, S) be a resemblance space. The following three conditions are
equivalent:
(i) S(a, b, c),
(ii) For any re X, ce V implies be V,
(iii) Vi Ve

Proof. Let us suppose that S(a,b,c). If reX and ce V], then S(a,c,7r); it
follows that S(a, b, r), that is be V.

We have ce VS; hence be VS, that is S(a, b, c). Now x< V> means that
S(a, x, b) hence S(a, x, ¢), that is xe V.

Because be V2 we obtain b e V5, that is S(a, b, ¢).

Corollary 1. For any a,be X, V! is the smallest resemblance neighborhood of a
which contains b; V3 is the smallest resemblance neighborhood of a.

Proof. Let a, b,r be in X. If be V,, then S(a, b, r), therefore V8 c: V. Moreover,
in view of S(a, a, b) it follows that V2 < V",
We denote by 2* the power set of X.

Lomaa 2. Let (X, S) be a resemblance space. The operator @g : 2% —2* defined by
os(A)={x|xe X, VENA#P} has the following tvo properties:

(1) Acps(A), for every A € 2%,

(2) for any family {A;};.; of subsets of X,

‘PS(U Ai) =U ¢s(A).
\iel

iel

It is also known that such an operator is monotone and ¢g(@) = 0.
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2. Total Cech spaces

A Cech space is a couple (X, @), ¢:2X—2* where ¢ is extensive and
monotone [3]. Lemma 2 suggests to consider Cech spaces endowed with the
following ‘‘total property”’: The family of open sets is closed under arbiirary
intersections (property credited to Hartnett in [7]). This property is equivalent to
the property (2) in Lemma 2.

A total Cech space (TC-space) is a couple (X, ¢), ¢:2% — 2%, such that the
following two conditions hold:

(1) A< ¢(A), for any Ac X,

(2) for every family {A;};c; of subsets of X,

o(UA)=Uea

iel iel

Note that any function ¢:2* —2* having the property (2) is uniquely deter-
mined by a function ¢: X —2%, where ¢(x)=¢({x}), for every x€ X, and ¢(A)=
Uaca @(a), for any A c X. Property (1) is equivalent to the conditicn “x € ¢(x),
for every x € X”’. Moreover, we have:

Theorem 1. There is a one-to-one, onto correspondence bitween TC-spaces and
reflexive relations.

Proof. To every TC-space (X, ¢) we associate the reflexive relation (X, Ro),
where xRoy iff y € o(x). Conversely, to the reflexive relation (X, R) we associate
the TC-space (X, ¢r), where @g(A)={y | xRy, for some x € A}. One can easily
verify that Rz =R and ¢gr, = ¢.

An A-space is a Cech space (X, ¢), where ¢ is finitely additive [3]. So, any
TC-space is an A-space but the converse fails; any A-space is a Cech space and
the converse, also, fails.

in the study of A-space one works with the following concepts. A set A< X is
closed if ¢(A)=A;the set A is open if X\ A is closed; the set Vis a (topological)
neighborhood of a € X if a€ ¢(X\ V). We denote by ¥(a) the set of all neighbor-
hoods of a.

We display some of the properties of TC-spaces which are derived from the
properties of A-spaces [3].

Proposition 1. Let (X, ¢) be an A-space. The following statements hold:

(1) X and ¢ are both closed and open;

(2) the family of all open (closed) sets is closed under arbitrary unions (intersec-
tions);

(3) ifac X and Ve V(a), then ac V;

@) if Ve¥(a) and V= Wc X, then We V(a);

(5) ifae X and Ac X, then ac ¢(A) iff VOA#Q, for any Ve Y(a);

(6) a set Ac X is open iff AeV(a), for every ac A.
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In a TC-space if {V;};; is a family of neighborhoods of an element a € X, then
so is Nicx V.. We denote by W, =\vev@ V; thus, W,e¥(a). Moreover,
Ve¥(a)ifft W,c V.

From Proposition 1(5), in an A-space ¢(A)={a |ANV#@, for every
Ve ¥(a)}. In particular, in a TC-space, ¢(A)={a | W,NA#0}.

Proposition 2. Let (X, ¢) be a TC-space. The following two statements hold:
(1) W,={x|xeX, acex)}
(2) p(x)={alaeX, xe W,}

Proof. The relation x € W, is equivalent to x € V, for every V € ¥'(a), that is, for
any neighborhood V of a, V N{x}# @; the last relation is equivalent to a € ¢(x).

Corollary 2. A TC-space is uniquely determined by a family of subsets of X,
{W.}.cx, with the property a € W,. The set W, is the smallest neighborhood of the
element a.

If ¢ = ¢r Where R is a reflexive relation, then x € W, iff xRa, for all x, ae X.

In a TC-space the family of open (closed) sets is closed under arbitrary
intersection (unions). Hence, the family of open (closed) sets forms a complete
Brouwerian lattice (i.e. a complete lattice for which b N(U;c; @) = Uicr (b N ay));
in particular, these families form Heyting lattices (where a—B=J
{x|anx<b}).

In a TC-space (X,¢) we define the following resemblance relation
S,:S,(a,b,c) if for every Ve¥(a), ceV implies be V. Let us note that
Se(a,b,c) iff b=c or be W,. Thus, to any TC-space (X, ¢) we associate a
resemblance space (X. S¢), and to any resemblance space (X, S) we associate a
TC-space (X, ¢s). We ask whether (X, S)= (X, S¢s) and (X, ¢)= (X, ¢s,)?

Theorem 2. Any TC-space (X, ¢) is of the form (X, ¢s), where (X,S) is a
resemblance space.

Braf T-om the definition of ¢g it follows that the space (X, ¢g) is uniquely
determined by the family W, =V}, ae X.

Obviously, xRy iff xe V¥ iff S(y,x,y). Now, in the space (X, S¢), V=
{x | Se(a, x, r)} = W, U{r}. In the space (X, ¢s,) the smallest neighborhood of a is
just the smallest resemblance neighborhood of a W, = V3. Therefore, ¢s, = ¢.

Propeosition 3. For any resemblance relation S, Ses < S; Sos =S iff for all a, b, c,
the relation S(A, b, ¢) and b# c imply S(a, b, a).

Proof. If Sos (a, b, c), then for any V< X with a€ ¢s(X\V) and ce V imply
be V. But, in view of Proposition 1(4) a € ¢s(X\ V:) and therefore S(a, b, c).
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The equality S =S¢s holds iff for any a, c€ X the equalities W, U{c}= V}
hold. Then S = S¢g is equivalent to VS = V3 U{c} for all a, ¢, X, i.e., for all a, b,
ceX, beV; and b# c imply be V¢.

The condition in Proposition 3 fails in general. For example, let us take X ={1,
2,3,8={(1,1,1),(1,2,2),(1,3,3),(1,1,2),(1, 1, 3),(2,2,2), (2,2, 1), (2, 2,
3),(2,1,1),(2,3,3),(3,3,3),3,3,1),(3,3,2),(3,1,1), (3,2, 2), (1, 2, 3)}.

A topological space (in the sense of Kuratowski) is called total (following W.
Hartnett, cited by [7]) if the family of closed sets is closed under arbitrary unions.
Such a space will be called total Kuratowski space (TK-space). A Kuratowski
topological space is total iff the corresponding closure operator commutes with
arbitrary unions of sets; thus, any TK-space is a TC-space. Moreover, we have:

Theorem 3. Let R be a reflexive relation on X. Then, (X, ¢r) is a TK-space iff R is
transitive.

Proof. If R is transitive, A< X and x € ¢r(¢r(A)), then there exist ze€ A and
y € ¢r(2) such that x € pr(y). It results that zZRy and yRx; therefore by transitiv-
ity, x € r(z), with z € A. The last relation shows that x € g (A).

Conversely, let (X, ¢g) be a TK-space. If xRy and yRz, then z € gr(¢r(x)). In
view of the relation ¢g(¢r(x)) = ¢r(x) we deduce xRz.

We note that to every TC-space (X, ¢) one can associate a TK-space (X, &),
where €(A)= U,=0 ¢"(A). Rg is just the transitive closure of Re.

In [6] one studied TC-space induced by various types of reflexive relations
(tolerance, antisymmetric and order relations).

3. Categorical preperties of TC-spaces

Let (X, ¢) and (Y, ¢¥) be two TC-spaces. The function f:(X, ¢)—(Y, ¢) is
called a morphism of TC-spaces if f is a function from X to Y and for any A c X,
f(e(A)) = ¥(f(A)). The last condition is equivalent to the condition: For every
xeX, fle(x)) < ¥(f(x)).

Theorem 4. The category of TC-spaces (TopTC) is isomorphic with the category of
reflexive relations.

Proof. Let us denote by Re and Ry the reflexive relations associated with the
operators ¢ and ¥, respectively. To prove the theorem it suffices to observe that a
function f: X— Y is a morphism of TC-spaces iff for any x, y € X, xRey implies
F(x)RYA(y).

For details concerning the categories of preorder (order) relations see [S] and
10].
: Vale display the main properties of the category TopTC and of the forgetful
functor U :TopTC— Set.
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The family f;:(X. ¢)—(X,, ¢;) of morphisms in TopTC is monic (i.e. for any i,
fu = fv implies u =v) iff the condition: f,(x)=f,(y), for any i, implies x =y. The
famity (f;) is initiai (i.e. a function f:(Y, ¢)—(X, ¢) is a morphism in TopTC iff
for any i, £f is a morphism in TopTC (see [1]) iff for any A € X,

e(A)= U Nf (@ (f:(x)).

The family f. : (X, ¢;)— (X, ¢) of morphisms in TopTC is epic iff X = U, f;(X).
The family (f,) is terminal iff for any A € X, ¢(A) =AU U, fi(¢;(fi(A))).

The functor U has right (left) faithful adjoints. The category TopTC has
inductive and projective limits; the furctor U commutes with such limits.

Let I be a small category and F:I--»TopTC be a functor. The object (X, ¢)
together with the family of morphisms f;: F(i)— (X, ¢) [f;: (X, ¢)— F(i)] is the
inductive {projective] limit of F iff the set X together with the family of functions
(U(f;)) is the inductive [projective] limit of the functor UF and the family (f;) is
terminal [initial].

The category TopTC is Cartesian closed whenever it is not an elementary
topos. If Z = (X, ¢) and ¥ = (Y, ¢) are TC-spaces, then

Y* =(TopTC(Z, ¥), p),

where for every fe TopTC (¥,%), p(f)={geTopTC (¥, %¥)|for every AcX,
gle(A) < o(f(A))}.

The category TopTC has general images and coimages [2], and the functor U
commutes with them. In TopTC the strong, strict [4], effective and universal
effective monomorphisms coincide with the initial injective morphisms.

In TopTC the strong, strict, effective and universal effective epimorphisms
coincide with the terminal surjective morphisms. Also, in TopTC the isomorph-
isms coinciuc with terminal and bijective morphisms (or, equivalently, with initial
and bijective morphisms).

4. Categorical properties of TK-spaces

Theoren 5. The category of total topological spaces (TopTK) is a full subcategory
of TopTC; TopTK is isomorphic with the category of preorder relations.

We display the mair: properties of the category TopTK, and of the embedding
functor E : TopTK—TopTC.

The functor E has a faithful left adjoint, but E does not have a right adjoint.

In the category TopTK there exist inductive and projective limits. The functor
E commutes only with projective limits.

In the category TopTK the monic (epic or initial) families of morphisms has
similar properties as the corresponding families in TopTC.
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A family of morphisms f; : (X, #.)—>(X, &) in TopTK is terminal iff the family
fi : (X, ;)= (X, ¢) is terminal in TopTC and for any A< X, €(A)=U,n ¢"(A).

The category TopTK is cartesian closed. TopTK has general images and
coimages. The functor E commutes with general images. The functor E does not
commute with general coimages, though the functor UE commutes with these
objects. In TopTK the strong, strict, effective and universal effective monomorph-
isms coincide with the initial, injective morphisms. In TopTK the strong, strict and
effective epimorphisms coincide with the terminal (in TopTK) surjective morph-
isms. There exist effective epimorphisms which are not universal efiective.
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