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TOPOLOGICAL SIZE OF SETS OF PARTIAL RECURSIVE FUNCTIONS

by CrisTIAN CALUDE in Bucharest (Romania)?l)

1. Introduetion

Notations
N = the set of non-negative integers,
P = the set of unary partial recursive functions,
(a;) = an acceptable Godelization of P (Rocrrs [16]),
(4;) = a Blum measure of computational complexity (Brum [1]),
R = the set of recursive functions of 7 arguments,
R =R},
F = the set of unary recursive functions of finite support,
supp(f) = {z | f(x) + 0, 00} (f€P),
Uf) = card(supp(f)) (f€F),
| & g iff supp(f) < dom(g) and glsuppr) = flsuppery (-9 € P),
fCgifff=gandf +yg,
J J®

N x N :.—’_L N, Na% N = Cantor pairing functions,
)

a.e. = almost everywhere,

r.e. = recursively enumerable,

C, = {f e R | there exists i, a; = f and 4,(x) < {(x) a.e.},
(the complexity class of ¢t € R),

A < Pis a measured set iff A = {f,(x) [ i = 0}
and the predicate “f;(x) = %’ is recursive (BLum [1]),

f is g-honest iff there exists ¢ such that @; = f and 4;(z) < g(f(z)) a.e.
(feP, g eR) (Buom [1]),
E(f) = the elementary recursive class of f (f € R) (MEYER-RITcHIE [12]),
Pol(f) = the polynomial class of f (f € R) (MELHORN (11]),
Pr(f) = the primitive recursive class of f (f € R) (MAcHTEY [6]).

The category-theoretic methods (in Baire sense) were used in the theory of degrees
(MymrLL {13]; MeLHORN [10]), in the theory of recursive operators (Rocers [16]),
in x-recursion theory (LOWENTHAL [5]). We shall define a natural recursive topology
on the set of partial recursive functions and recursive variants of the notions of no-

1} T wish to thank Prof. G. WrconsvNe for helpful comments on this work.
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where dense set and meagre set. These instruments will be used to analyse the topo-
logical size of various sets of partial recursive functions. All results are compatible
with those obtained by MeLHORN [10] for classes of recursive functions. Topological
refinements of the Honesty and Gap Theorems will be equally obtained.

We shall work in a fixed Blum space, i.e. a couple 4 = ((a;), (4,)), where (a,) is an
acceptable Godelization of P and (4,) are Blum step counting functions, satisfying
the axioms:

1) For every ¢ = 0, dom(e,) = dom(4)).

9 Th dicate M L, i Ajx) =y . .
) e predicate M (s, z, y) = 0, otherwise is recursive.
The set of functions of finite support is r.e. We shall adopt the following fixed
enumeration of F. By the s-m-n-Theorem there exists a recursive function s(¢, y, z)
such that

as(i,y,z)(x) = {

Let k(i) = s(IP(), IR, IPE)); b is recursive and F = {a,;(x) |+ = 0}. From the
above construction it follows that for every @ = IP(n), ayy () = 0 and supp(ary), S
c{0,1,...,IPMn)}. ’

Finally, let us observe that the relation == is a quasi-order in F and P.

ax), if x < yand 4,(x) <2
0, otherwise.

2. Basic Topological Construetions
We define a system of basic open neighborhoods which induces a topology in the
set of (unary) partial recursive functions. For every t € Fwe put U, = {f | fe P, t = f}.

Lemma 1. For every t;e€F such that U, nU, + 0 there ewists t; € F such that
U,nU, =U,.

Proof. Let X = supp(f,) N supp(éy). Since U, ~ U, = 0 it follows that if » € X,
then ¢,(x) = #5(x). The required function ¢, is defined by

LX) (= t(x)), if ze X,

(2) = b (%), if e supp(t) — X,
BT (), if z esupp(ty) — X,
0, otherwise.

From Lemma 1 we deduce that (U,),r is a system of basic neighborhoods in P.
We shall work with the topology generated by this system.

Proposition 1. Let X be a subset of P. Then, the following statements are equivalent:
(i) X is open.
(i) For every f € X and for every g€ P, ¢f f =g, then g € X (i.e. X is solid), and for
every [ € X there exists t € X N F such that t == f.
) X = U U.
teX~F

The proof is obvious.

Remark. The topology defined on P is not separated; it is quasi-compact and it
has an enumerable base (for every f e P, (U,),c /).



TOPOLOGICAL SIZE OF SETS OF PARTIAL RECURSIVE FUNCTIONS 457

We give the crucial definition, i.e. the definition of the recursive nowhere dense set.
A set X < P is nowhere dense (under f and g) if f, ¢ € R and the following four condi-
tions hold:

1) For all n, as(,, € F.

2) For all m and n, m > g(n) implies asy,,(m) = 0.

3) For all », oy = @pn -

4) There exists a number ¢ such that for every n for which I(aq,) > ¢, we have
XnU, =8

IO

Remark. Usually, a nowhere dense set is a set X together a function D which
maps non-empty open sets into non-empty open sets such that for every (non-empty
open) set U, D(U)n X = @ (OxroBY [14]). It is clear that we can work with the
restriction of D to the family of basic open neighborhoods. These facts motivate the
general principle of the above construction. The additional restrictions are imposed by
the constructive nature of our concept. Particularly, the condition 2) is motivated by
the necessity that the support of every function asy, could be recursively determined.

In order to show the compatibility with Melhorn definition we prove the following
equivalence.

Proposition 2. Let X be a subset of P. Then, the following statements are equivalent:

(1) X is nowhere dense under f and g.

(2) There exists a recursive function r for which the following two conditions hold:

(a) For every n, appy = @iy -

(b} There exists § such that for all n with lay,,,) > 7, we have X N U“h(r(n)) = .

Proof. (1) = (2). We define the function r by the formula

r() = wil(Ve) (@ £ g() & @ € supplay) = (@) = a7;(@))
& (Vo) (v < IPj) & = € supp(an) = a7;,(%) = ang;y(@))]-
From this formula it is clear that r € R. Moreover, for all , x € supp(ay;) is equivalent
to 0 + ap(x) = apq(2), ie. it is equivalent to € supp(asyqy); hence ap;(x)=
= ay,(;)(2). The condition (a) follows from the property 3), and the last condition is

a consequence of the property 4) for j = 4.
(2) = (1). We put (i) = h(r(2)), g(¢) = I{(r(2)). The conditions 1) —4) are obviously
verified (for the condition 2) we use the relation supp(as;) € {0, 1, .. ., I@)}).

The following result will be useful in the proof of the main theorem.
Lemma 2. Let X < P. Then, the following statemenis are equivalent:

(1) A is nowhere dense under | and g.

(2) There exist two functions f', g’ € R such that X together ' and g' satisfy the conds-
tions 1), 2), 4) in the definition of the nowhere dense set, and the condition

3"y For every n, @y T 0y - :

Proof. We must prove only the implication (1) = (2). Thus, let 4 be a nowhere
dense set under f and g. First let us eonstruct the auxiliary function

af(,-)(x), if » £ g(4),
P, 2) =1{ 1, if # = g(i) + 1,
0, if x> g(¢) + 1.
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1t is obvious that p € R2%. By the s-m-n-Theorem we get a function s € R such that
pli, ¥) = ay,(x). We put f'(3) = s(4), ¢'(3) = g(i) + 1. Clearly, {', 9" € R. By construc-
tion, for every i, p(¢, x) = 0 a.e., hence ay; € F. Moreover, if m and » are arbitrary
such that m > ¢'(n), then apyy(m) = a,py(m) = p(n, m) = 0. For all n, @y = aypy ]
T sy = @y » SO Gpriny ] Gy - Finally, in view of the condition 4) for the triple X,
/. g there exists a number ¢ such that for all » with l(ane) > 4, we have X N U, g.

fony
But, from the relation ag,y a7y, we derive the inclusion U, m < U,y,,, hence
Xn Us, = 9

Thus, by Lemma 2, in the definition of the nowhere dense set we may equally use
the condition 3) or the condition 3'), i.e. &= or [_.

A set X < P is meagre (or a set of the first Baire category) if there exist a sequence
(X)izo>» X; S P, and twor.e. sets (f;);2¢, (9:)iz0> fi» 9: € R such that the following
conditions are fulfiled:

1nxX=UZX,.

i20

{(2) For every ¢ = 0, X; is nowhere dense under f; and g;.
If X < P is not meagre, then X is called a set of the second Baire category.

Remarks. a) Intuitively, the meagre sets are “‘recursively small” sets, in opposi-
tion to the sets of the second Baire category which are “recursively big’ ones. b) Every
nowhere dense set is meagre but the converse fails.

Proposition 3. The family of meagre sefs is closed under subset.

Proof. Let Y be a subset of a meagre set X. Thus X = |J X, and for all ¢+ = 0,
. iz0
X, is nowhere dense under f; and g;, where (f;) and (g,) are r.e. sets of recursive func-
tions. If ¥, = Y ~n X;, then Y becomes meagre under the decomposition ¥ = U Y,.
iz0

Corollary 1. The family of sets of the second Baire category is closed under superset.

Proposition 4. Let X < P be a set which can be writien as X = ‘U X, and for
which there exist two functions f, g € R* such that the following two conditlii;s hold:

(1) Forall1 20, X; = .U Y., Y, ; €P.

(2) Foralli,j 20, Y, J-]igsonowhere dense under as; ;, and ay ;.

Then, X is meagre.

Proof. From the hypothesis it follows that every set X; is meagre. For every m = 0
we set Cm = YK(m),L(m): rm(x) = a‘f(K(m),L(m))(x): and pm(x) = ag(K(m),L(m))(x)' In view
of the fact that K and L are pairing functions wehave: X = U X; = U (UY,;) =

iz0 i20 jz0

= U 0,,. Now it is obvious that 4 is meagre under the above decomposition (i.e. C,,
m=z=0

is nowhere dense under 7, and py,).
Corollary 2. The family of meagre sets is closed under union.

Theorem 1 (Main Theorem). For every meagre set X < P and every t € P, there is
a recursive function fe U, — X.

Proof. Since X is meagre, it follows that it can be written as X = |J X;, where
iz20
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X, is nowhere dense under f; and g;; the sets (f;) and (g,} are r.e. In view of the Lemma 2
we can suppose that a,, [ a7,(,, for all » and i. Let us observe that for fixed » and ¢
the equality a5,(%) = ayy(%), for all @, is equivalent to the following two conditions:

(a) for every z < g,(n), x € supp(ay,n)), ;) (®) = af,m)(®);

(b) for every x < If)(n), x € supp(an)), @;(®) = @, ().
Hence, the predicate
1, if ap (@) = ap;(2), for all x
Q(i, j, n) — f:\ )( ) h(.’)( )
is recursive. Moreover, since a;,,, € F, for all numbers ¢ and n, there is a number ]
such that @(i, 7, n) = 1. By means of the predicate ¢ and of the number ¢ (with ¢ = a;,)
we construct the recursive function r: 7(0) = ¢, r(z + 1} = y,[Q(K(z), 7, r{z)) = 1] and
a sequence (t,,) of functions of finite support:

to(w) = l’(x), tm(x) = afK(m)(r(m))(x) (m > 0)

Let us note that from the above construction we deduce the following useful relation:

0, otherwise

W rim+1y(F) = Crpom(®),  for all m and .
For every m =0, ¢, [ ¢,,+;- Indeed,

tl(x) = afo(q)(x) ] ah(q)(x) = i(x),

L@ = ape ey @) 2 Gpimeny (®) = gy (@) = E(2), form > 0.
Now we can define the function f. Set f(x) = ¢,(%), if * < ggqm)(r(m)). Since ¢; e F
and ¢; [ ¢, it follows that the definition is correct; moreover, f € R,

By construction, for every m = 0, t,, [C f; in particular, t = {, = f, ie. fe U,. We
must prove that f ¢ X. Suppose, by contrary, that f € X. There must exist a number ¢
such that f € X;. But, in view of the hypothesis, X; is nowhere dense under f; and g;.
We use the property 4): there exists a number n; such that for all », l(ay,) > »; im-
plies X;n U,, . = 0. We choose a number m such that K(m + 1) = ¢ and {(¢,,) > n;.
The existence of such a number follows from the fact that for every j the equation
K(x) = j has an infinity of solutions and from the monotonicity of sequence (¢,). Set
n = r(m + 1). We have {,,(%) = @pumr1)(®) = @Ghpny(@); Utn) = Uanpy) > 7. We obtain
s (¥) = afK(m+1)(r(m+1))(x) = t,,41(®) = f(x); hence, f e U,,NM. We arrived to a contra-
diction. ’

Corollary 3 (Baire Category Theorem). The set of recursive functions is a set of the
second Baire category.

Proof. Suppose, by contrary, that R is meagre. By Theorem 1 we get the follow-
ing contradictory relation: for every ¢ e F, there exists. a recursive function f with
t= f, but f ¢ R.

Rematk. The relation between Corollary 3 and the classical Baire Category Theorem
is more profund. Every real 0 < &« < 1 has a continued fraction expansion ny, n,, . . .
defined by the relations

n; = [—] , if r, &0, where ry =, 4y = ——l— — n;.
i i
Hence, every number-theoretic function f can be identified with the expansion
HO) + 1, f(1) + 1,.... This yields a one-to-one and onto correspondence between the



460 CRISTIAN CALUDE

set of number-theoretic functions and the irrationals between 0 and 1, which preserve
the correspondence between recursive functions and recursive irrationals in [0, 1] (see
Rice [15]). This correspondence allows to reformulate Corollary 3 as follows: The set
of recursive real numbers between O and 1 is a set of the second Baire category.
Corollary 4. The set of partial recursive functions is a set of the second Baire category.
Proof. 1t follows from Corollaries 1 and 3.
Corollary 5. Every non-empty open set is a set of the second Baire category.
Proof. From Theorem 1 it follows that every basic open neighborhood U, is of
the second Baire category. We apply Corollary 1 and we obtain the Corollary 5.

3. Applications in Computational Complexity

In this paragraph we analyse some well-known results in computational complexity
from the point of view of the Baire Category Theorem.

Theorem 2. Every measured set is meagre.

Proof. Let X = P be a measured set. Then X = {f,(2) | i = 0}, and the predicate

: 1, if file) =y
MG, % y) = 0, otherwise

is recursive. We shall prove the existence of two r.e. sets of recursive functions (d;)
and (g;) such that for all 7, {f,) is nowhere dense. In order to construct the function d;
we apply two fold the s-m-n-Theorem to the following recursive function:

(@), if @ < IPm), Ageu@) < IH0)

r+2
1, ifx=I®m) +1, Y M(i,z,y) =0

S p(t,m, ) = y];(;
@+ 3, fe=I®)+1, X MGz y) =21

=9

0, otherwise.
We obtain a function s(z) € R such that p(s, =, z) = U,y (). Pub di(n) = a(n) and
gi(n) = IP(n) + 1, for all i. The sets {d,}, {g;} are obviously r.e. We verify the four
conditions in the definition of the nowhere dense set. The first two conditions are
obviously fulfiled: a,,(x) = p(i,n, ) = 0 a.e., and ag,,(m) = 0 for all n and m
with m > g;(n) = I (n) + 1. For all n, ag(r) = @a, i 0n(®) T () because
Uy(T) = ap@py(@) for all zesupplaye,) n{0,1,..., In)}. To prove the last
condition we set n; = 0 and we show that for all n with lay,,) > 0. fi(x) ¢ U,
Suppose, by contrary, that for some i, fi(x)e U,

AT

i =, is ‘
gy 1€ Adgn) = f,. This means

that for every x € supp(da,), fi() = ag,u(@). Let 2, = IP(n) + 1. We must analyse
Lo+ 2

two cases. In the first case, 3 M(é4, 2y, y) = 0, that is, for all 0 £ y < », + 2,
y=0

MG, %, 9) = 0, ie. (@) % y. We have az (@) = 1 < @ + 2, and fi(xg) > ¥y + 2
or fix,) is undefined. Hence, in this case fi(x,) = az,4,(%p). In the second case
T +2
Y M@, 2, y) 2 1, that is, 0 = fi(xe) £ 25 + 2. But, ag,m(xy) =, + 3; in con-
y=0
clusion, fi(%) # @g,my(xo). In both cases we arrived to a contradiction.

Remarks. a) The proof of Theorem 2 shows that if the graph of f is recursive,
then {f} is nowhere dense. b) For every f € R, {f} is nowhere dense.
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Corollary 6. Every r.e. set of recursive functions is meagre.

Proof. Every r.e. set of recursive functions is a measured set. By Theorem 2 it
follows that the set is meagre.

Corollary 7. The following sets are meagre:

1) The set of primitive recursive functions.

2) Every subset of the set of primitive recursive functions (in particular, every class in
the Grzegorczyk hierarchy, the set of Kalmdr elementary functions, the set of context-
sensitive languages).

3) The family (f(x)) defined by

ax), if a)x) is defined and A (x) < 1 - a,(x)

filx) = 0 otherwise.

H

4) The set of real-time computable functions.

5) Every r.e. complexity class.

6) E(f), Pol(f) and Pr(f), for every f € R.

If we combine Corollary 6 and the Honesty Theorem (McCrricHT-MEYER [9]) we
obtain

Theorem 3. There exists a meagre set S < R such that for every t € R we can find
effectively a function t' € S for which C, = C,..

We may ask whether all complexity classes (not only those r.e.) are meagre.

Corollary 8. Every complexity class ts meagre.

Proof. Let f € R. Then, there exists a recursive function ¢’ such that C, v F ¢ C,..
But, every complexity class which contains the set of functions of finite support is
r.e. By Corollarv 7, 5) C,. is meagre. Now we apply the Proposition 3, €, £ O, and
we deduce that (', is meagre.

Remark. The existence of complexity classes which are not r.e. (LANDWEBER and
RoBeRTsON [4]) shows that the converse of Theorem 2 fails.

Corollary 9. The sels of algebraic numbers (and, in particular, the set of rationals)
18 meagre.

Proof. By a well-known result of HarRTMANIS and STEARNS [3] the set of algebraic
numbers is contained in a complexity class. Hence, by Corollary 8, it is meagre.

Remark. Corollary 3 and Corollary 9 reinforce the classical result on the real line:
in the set of recursive reals only a few numbers are algebraic (rationals).

Since the set of step-counting functions is obviously measured we obtain
Theorem 4. In any Blum space the set of step-counting functions is meagre.

Remarks. a) Theorems 3 and 4 show that the sets occuring in the Honesty and
Gap Theorems are small not only in algebraic sense, but also in a topological sense.
b) Theorem 3 is based on the Honesty Theorem. Theorem 4 is independent of the Gap
Theorem (Boropmx [2]). Moreover, Theorem 4 shows that the Gap Theorem is not a
consequence of the distribution of step-counting functions between all partial recursive

functions.
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4. Concluding Remarks

S. Marcus [8] pointed out that in Real Function Theory the proofs of category
theorems show that the property of a set of functions to be meagre is, in some way,
conditioned to some degree of effectiveness of the definitions of the functions. Our
results reinforces this remark: the distinction between meagre and nonmeagre sets of

partial recursive functions is based on the difference on the effectiveness of the defini-
tions of these sets.

Many results in Computational Complexity can be studied from a topological point

of view. Hence, a great number of open problems naturally arise. We display some
of them.

1. (Conjecture) The set of (partial) recursive 0—1 valued functions is a set of the
second Baire category.

2. (Conjecture) The set of strictly partial recursive functions is a set of the second
Baire category, i.e. the set of recursive funections is not a residual.

3. Find topological versions of Speed-up and Compression Theorems (Brum [1]).

4. The set of (optimal) Gédel Numberings is meagre? (ScHNORR [17])

5. Find analogue results from the point of view of a recursive measure.
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