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Abstract

Using recursive variants of Baire notions of nowhere dense and meagre sets we study the
topological size of speedable and infinitely often speedable functions in a machine-inde-
pendent framework. We show that the set of speedable functions is not “small” whereas
the set of infinitely often speedable functions is “large”. In this way we offer partial
answers to a question in [4).
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1. Introduction

Let N be the set of natural numbers and let {¢;: iz 0} be an acceptable gddelization
of PR, the set of unary partial recursive (p.r.) functions. For @€ PR we put

dom (@) = {x € N| @¢(x) is defined}, range (@) = {@(x)| x e dom (@)},
supp (@) = {x e dom (@) | @(x) +0}.

In case x € dom (@) we write ¢ (x) < @, otherwise @(x) = . A recursively enumerable (r.e.)
set is the domain of a p.r. function. By min we denote the minimization operator and by
{_,_): N*=N a fixed pairing function.

By R and R(0) we denote, respectively, the sets of unary recursive functions and unary re-
cursive functions of finite support. The set R(0) is r.e,, i.e. R(0) = {@yn)|n = 0}, for some
he R. The function h will be fixed throughout the paper as well as the recursive function
I(n) = card (supp (@um)) -

For @, 8¢ PR we put ¢ £E6 in case supp(g)Ssupp(f) and ¢@(x)=8(x), for every
x esupp(¢). If, in addition, @ ¥ 6, we write @ — 8. For X & PR we define the finite trace
of X to be set X,={teR(0)|tE @forsome g€ X}. For every te R(0), we put
U = {pePR|tS @}. The family (U,) is a system of basic neighborhoods in PR; we shall work
with the topology generated by this system (4], [5].

Following [11], [4], [5] we say that a set X S PR is recursively nowhere dense with respect to
/., g€ R in case the following four conditions hold: (i) @4, € R(0), (ii) m > g(n) implies
Pam(m) =0, (iii) @um C @pa), (iv) there exists a natural i such that X n Uy, =2 whenever
(@nn) > i. A set XS PR is recursively meagre if there exist a sequence (X));.0. X; & PR and
two r.e. sets (f)izo, (8)iz0, fi & € R, such that X = U X; and each X is recursively nowhere
dense with respect to f; and g;. A set which is not recursively meagre is called a set of recur-
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sively second Baire category. The above notions are recursive variants of the classical notions
introduced by BaIre [12].

A Blum space is a couple @ = ((;), (P,)), where (¢;) is an acceptable gddelization and
(®,) is a sequence of p.r. functions (called the step-counting functions) satisfying the follow-
ing two axioms (called Blum axioms): (i) dom(¢@;) =dom(®,), (ii) the ternary predicate
M@, x,y)=1 if ®,(x)syand M(i, x, y) =0 otherwise is recursive {1], [10], [7]. A set (D))
satisfying only the second Blum axiom is called a measured set.

Following [10] we shall fix a Blum space B = ((b,), (B;)) satisfying the following two addi-
tional properties:

(1) There exists a recursive function s: N?—N such that by ,,(v) = b({x,y)) and
B, »(¥) S Bi((x,y)), for all natural i, x, y.

(2) There exists a recursive function k: N*— N such that

v (y) ifyedom(y,),

bk(L x)(y) = {b,(y) otherwise,

By () £ Bi(y), for every y ¢ dom (y,); here (y,) is an enumeration of the finite functions
whose domains are the nonempty initial segments of the natural numbers. For example, the
time/space RAM complexities [10) and in fact virtual all “natural” Blum spaces satisfy (1)
and (2).

In what follows, when considering the Blum spaces @ and B we shall fix the recursive bi-
jection v: N—N such that @; = by,, for all natural i (ROGERS’ Isomorphism Theorem) and
the recursive, increasing in the second argument, function r: N>— N satisfying for all natural
i the inequalities d,(x) = r(x, By,(x)) a.e. and By;(x) S r(x, P,(x)) a.e. (Recursive Related-
ness Theorem); here a.e. refers to “for all but finitely many” [10], [S]. Also in Section 3,
R(0) = {by,| n 20}, with he R.

The complexity class named by fe R with respect to the Blum space & is the set
G = (@ Px) s f(x)ael).

A Blum space @ has the parallel computation property [9] if there is a recursive function
g: N2— N such that

@i(x) if Pi(x) = Pi(x),
@;(x) otherwise,

Pei n(X) = {

and P H(x) = min (P,(x), $;(x)). This property is not satisfied by all Blum spaces; how-
ever, (i) the model of many-tape, many-heads Turing machines, with a read-only head on
their input tape offers an example of a Blum space having the parallel computation property
and (ii) each set of step-counting functions can be extended to a set of step-counting func-
tions satisfying the above property (by introducing sufficiently many new programs) [16].

2. Recursively nowhere dense sets

We present a simple characterization of recursively nowhere dense sets and some examples
of such sets occuring in BLuM’s abstract complexity theory. They provide interesting refine-
ments of some results in [5].

The first result is an easy consequence of definitions.
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Lemma 1. Let t be in R(0) and X € PR. The following assertions are equivalent:
@ XnU-=23, b)) X.nU=29, c)teX,. O

Next we offer an algebraic characterization of recursively nowhere dense sets.

Proposition 2. Let X & PR. The following assertions are equivalent:

(1) the set X is recursively nowhere dense,

(2) the set X, is recursively nowhere dense,

(3) there exists a recursive function p: N— N such that for all naturals n, @y S @uny and
Prpm) € Xo.

Proof. In view of Lemma 1 the statements (1) and (2) are equivalent.

(1)=>(3): Suppose X is recursively nowhere dense via the recursive functions fand g. By a

standard use of the s-m-n Theorem (valid for the numbering {@s.,} of R (0)) we define a re-
cursive function s: N— N such that

Pnmi(x) ifxsl(n),
Pusmy(X) =41 ifln)+1=sX=si(n)+i+1,
0 otherwise,

where i 2 1 is the natural such that X n U,M = @ whenever [(n) > i. We construct the recur-
sive function 7: N—N,

7(y) = min;[(x = g(¥) & x € supp (Pryy) = Pun(X) = Pppp(x))
& (x = 1()) & x € supp ( Pagy) = Pain(X) = @ppp(x))].

and we notice that @, = @uwyy. Finally, we define the recursive function p: N—N by
p(n) =1(s(n)). If follows that @nem S Premyy = Prsimyy; COnsequently, if I(s(n)) z i+ 1, then
Uppipmy N X =8, which by Lemma 1 means that @) € Xs.

(3)=(1): Put f(n) = h(p(n)) and g(n) = I(p(n)); using Lemma 1 one can easily verify
that X is recursively nowhere dense under fand g O

Example 3. In every Blum space each measured set (and in particular the set of step-
counting functions) and every complexity class are recursively meagre ([4], [5]). Sometimes,
these sets can be recursively nowhere dense (Example 3); in other cases, they are not recur-
sively nowhere dense (Example 7). -

(i) Let @ be a Blum space with the property that for all natural i and x, ®;(x) = x (e.g. the
time complexity for Turing machines). The set of step-counting functions {@®;|i z 0} is recur-
sively nowhere dense. Indeed, define the recursive function r: N— N such that

Puny(x) if x=1(n),

o 0 ifx=1I(n)+1,

aplXx) =

Phirny) 1 ifx=1I(n)+2,
0 otherwise,

and notice that @uqa € {P:|iZ0}s, for all natural numbers =n (reason:
Di(l(n)+2) 2 H(n) + 2 > 1 = @uumy(I(n) +2)). The conclusion follows from Proposition 2
3).

(i1) There exists an infinite, r.e. complexity class which is nowhere dense. To prove this
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consider a recursive function f: N— N, f(x) 2 x + 1, for all natural x, and a injective recur-
sive function g: N— N such that

(x) = {f(x) ifxsi,
P> 0 otherwise.

Next define the recursive function H: N— N by
H@0)=0 and H(x + 1) = g(min, [g(i) > H(x)]).

It follows that I=range () is an infinite recursive set. Consider now an arbitrary Blum
space @ with @;(x) = x+ 1, for all natural i and x, and modify its step-counting functions
as follows:

¢,’ X ifi&],
®;(x) ={ ) .
0 otherwise.

It is easily seen that @' = ((@), (P})) is a Blum space. Construct the recursive function
p: N—N by
Prn(x)  ifx s 1(n),
OGromy(X) =4 f(x)+1 ifx=In)+1,
0 otherwise.

Let 7 be the zero function and notice that the complexity class C¥ is exactly the set
{@umy | n = 0}. Further, @upm) & (C*)., for all natural n, which proves the assertion. O

The following three corollaries provide useful sufficient conditions for a set to be or not to
be recursively nowhere dense.

Corollary 4. If X< PR and X, = R(0), then X is not recursively nowhere dense.
Proof. Directly from Proposition 2 (3). O

Corollary 5. Let YS N be a set which contains a non-zero element. Then the set
X={pePR|range(p) & Y} is a recursively nowhere dense set.

Proof. Let p: N— N be the recursive function given by

Pumfx) if x = I(n),
Prpm)(X) =4 a ifx=1I(n)+1,
0 otherwise,

Comment. If Y={0,1} or Y={0, 1, ..., k}, we obtain results proved in [13] and [18]. An-
other example is Y= N\ [k}, where k +0.

A set X S PR is closed under finite variations in case for every fe X and ge PR, if f=g a.e,,
then ge X.

Corollary 6. Let X & PR be a non-empty set closed under finite variations. Then X is not a
recursively nowhere dense set.

Proof. Take f in X and t in R(0). The p.r. function g(x) = t(x) if x € supp(¢), and
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g(x) = f(x) otherwise, belongs to X since f= g a.e. Consequently, X. = R(0) and the conclu-
sion follows from Corollary 4. O

Comment. Many natural and important classes of p.r. functions are closed under
finite variations; for example, the class of unary primitive recursive functions, each unary
Grzegorczyk class, the complexity classes P, NP, PSPACE etc.

In contrast with Example 3 we present

Example 7. (i) Let f: N— N be a recursive function and I £ N an infinite recursive set
such that f= ¢, for all ie I. Let g: N— N be a strictly increasing recursive function such
that range(g)=1. The p.r. function p: N—N defined by p(i)=0 if i¢l, and
p(i) = min, [g(n) = i] otherwise, is recursive and surjective. Modify an arbitrary Blum space
@ as follows:

Di(x) ifiel,
Pnepy(x) otherwise.

Pi(x) ={

It is seen that @’ = ((@,), (P})) is a Blum space, {®]|i = 0}4 = R(0), so the set of step-count-
ing functions in ¢’ is not recursively nowhere dense.

(i) Take a Blum space @ with the property of finite variation, i.e. for every recursive func-
tions f, g with f= g a.e. and for every recursive function w one has fe C® iff g€ C?. Such a
complexity class C? is r.e. ([9), [7]) and closed under finite variations, so it is not recursively
nowhere dense, by Corollary 6. 0O

Comment. In contrast with the case of complexity classes, the honesty-classes of [17] can
never be recursively nowhere dense. Indeed, given a p.r. function f: N2— N, the honesty-
class of f is

H;= {@ € PR | there exists an index i such that for almost all x,
if @i(x) < = and f(x, @i(x)) < @, then P;(x) = f(x, @i(x))}

and (Hy)«= R(0).

3. Speedable functions

This section presents the main results on this paper, the topological size of speedable func-
tions, thus offering partial answers to a question in [4].

Fix a Blum space @ = ((@;), (®;)). For a recursive function g: N>*— N, increasing in the
second argument, we define the set of g-speedable functions

SPEED(g; &; a.e.)
= [f: N— N| f recursive and for every i with @; = f there exists a j
with @, = fand ®;(x) = g(x, P;(x)) a.e.};

replacing the condition a.e. by i.o. (infinitely often) we get the set of g-i.o. speedable functions
SPEED(g; &; i.0.); see {5], [16], [17].

The sets SPEED (g; ¢, a.e.) and SPEED (g; @; i.0.) are machine-dependent (one can eas-
ily construct a new Blum space for which infinitely many functions in SPEED (g; ¢; a.e.)

13 Ztschr. f. math. Logik
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have zero complexity). In what follows we shall offer machine-independent results concern-
ing the size of these sets of functions.

Theorem 8. The sets SPEED(g; ®;a.e) and SPEED(g; @;i.0.) are not recursively
nowhere dense.

Proof. Recall that B = ((b;), (B)) is the particular Blum space introduced in Section 1.
First we construct a recursive function g: N*— N, increasing in the second argument such
that SPEED (q; B; a.e.) G SPEED(g; &; a.e.). To this aim we shall use the recursive func-
tions r and v satisfying (1), (2) (see §1) and we set q(x,y) = r(x, g(r(x, y))). Take f in
SPEED(q; B; a.c.) and pick an index i with @, = f. Then B,;(x) s r(x, ©;(x)) a.e. and there
exists an index j with f= @; = by, = b, and

Bui(x) Z 9(x, Bi(x)) a.e. = r(x, g(x, r(x, Bi(x)))).
Since r is increasing in the second argument it follows that
Di(x) z g(x, r(x, Bi(x))) a.e. z g(x, Bj(x)) a.e.,

i.e. fe SPEED(g; &;a.e.).

Next we prove that SPEED(q; B; a.e.) is closed under finite variations and thus is
not recursively nowhere dense (by Corollary 6). Accordingly, from the relations
SPEED(q; B;a.e.) G SPEED (g; &; a.e.) S SPEED (g; ®; i.0.) and the fact that the sets not
recursively nowhere dense are closed under superset [4), [S), it follows that the last sets are
not recursively nowhere dense.

To finish the proof let f, € SPEED(q; B; a.e.) and let f;: N— N be a recursive function
such that fi(x)=fy(x) for all xzm. Let f;=b; and let ye N such that y,(x) = fi(x) if
xsm, and y,(x) = otherwise. Then by, ,,=/f, and there exists a natural j such
that f; = b; and By 5(x) Z q(x, B)(x)) a.e. Take a natural z with y,(x) = f3(x) if x < m, and
¥,(x) = = otherwise; one has by ,) = f; and By(x) 2 By, 5(x) for x = m. We conclude with

Bi(x) 2 By »(x) a.e. Z q(x, Bi(x)) a.e. 2 g(x, By, »(x)) a.e.,
ie. e SPEED(q; B;ae.). O

For the set SPEED (g; @; i.0.) the above result will be significantly improved in The-
orem 9. The importance of the set SPEED (g; & i.0.) comes from the fact that the process of
constructing a faster program for a g-i.0. speedable function is algorithmic [2], [16], in contrast
with the case of speedable functions [5], [16]. Furthermore, from the fact that g is i.o. faster
than ¢, the possibility that @, is slower than @; on the remainder points does not exclude. How-
ever, as pointed out in [16], by requiring the parallel computation property to be valid one
can replace @; by 2 new program which runs ¢; and @, in parallel, thus ensuring that the i.o.
speed-up of @, is nowhere slower than the original one.

Theorem 9. The set SPEED (g; ®; i.0.) is of the recursively second Baire category.
Proof. For ¢ in R(0) and natural n we define ¢ in R(0) by

t(x) if t(x)*0 or x>n,

‘(")(")={1 if t(x)=0 and xsn,
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and we notice that for every set XS PR, X n U =0 whenever Xn U,= 4, and 1" E fim-
plies tE f.

Fix a recursive function g: N*— N, increasing in the second argument, and suppose, by
absurdity, that SPEED (g; @;i.0.) is recursively meagre. Proceeding as in the proof of The-
orem 8 we can find a recursive function ¢: N*— N, increasing in the second argument, such
that SPEED(q; B;i.0.) S SPEED(g; ¢; i.0.) and consequently recursively meagre. Working
from now on in the Blum space B we fix an enumeration h of R(0), i.e. R(0) = {by,|n = 0}.

In view of our assumption it follows that there exist a sequence of sets (SPEED;);,, and a
r.e. family of unary recursive functions (f7), (g;) such that
(i) SPEED = SPEED(g; B; i.0) = J;,,SPEED,,

(ii) buem € by for all natural n, j,

(iiD) bym(m) = 0 whenever m > g;(n),

(iy) SPEED; n U,,M = g, for all j and sufficiently large n.

Replacing t € R(0) by some 1 € R(0), as mentioned in the beginning of the proof, we may
suppose in (iii) that b,,(,,)(m) +0 for m = g;(n).

The idea of the proof is to construct a function z € SPEED such that for every natural j
there exist infinitely many n with b, E z. The construction of z is done by stages. At stage
s+ 1, with s = (Jj, k), we try to force z to extend by, for some n with I(n) > k in such a way
that z will be speedable in some new point. The speedable process is performed in the stand-
ard way (see [5], [10], [19]).

Define a family of p.r. functions (z,),z0, z,: N>—> N, in a construction by stages. At stage s
we define the p.r. function z, and the sequence of integers (I,(s) ),z With the following pro-
perty: for every natural w, z,(n, w, x) = = whenever x > I,(s). Simultaneously we construct,
for each natural n, a recursive set called CRITICAL-SET (n), in which, at each stage,
we try to introduce some natural number (i.e. the point in which z will be speedable). Let
CRITICAL-SET (n, s) be the set of elements introduced in CRITICAL-SET (n) by stage s,
inclusively.

We display now the construction.

Stage s=0. Set zo(n, w, x) = =, [,(0) = —1 and CRITICAL-SET (0, 0) = 4, for all natural
now X

Stage s+ 1. Let s = (j, k) and compute an index k(n, s + 1) such that

z(n, 0, x) if x=L(s),
bk, s+ 1)(x) =41 iflh()+1=xsk,
0 otherwise.

Note that if z,(n, 0, x) = for some x=/[,(s), then k(n,s+1) is not defined. Let
W, =g(k(n,s+1))+1 and call it the critical element computed at stage s+ 1 (in case it

s+1

exists!). Construct then the set

C(”y W, ’g"l |)
=fieN|w=gi<t , igC(n wy) forall y< ! and y e CRITICAL-SET (n,s),
s+
Bi(117)) < q(x, By((i+ 1,52 )))}.
Note that if #{), is defined and w = t!%),, then C(n, w, 10 ) = 9.

13°
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Further we construct:

z,(n, w, x) if x 5 L,(s),

by(k(n, s + 1))(x) if I(s) < x = g(k(n, s + 1)),
Zoe s, W, X) = min, [y >0, y *+ b(x) forall i€ C(n, w, )] ifx=17,,

© otherwise,

CRITICAL-SET (n, s + 1) = CRITICAL-SET (n, s) U {t{?,}, h(s+1) = g(k(n,s+1)) +1.
End of the construction.

Note that z,,, extends z, for each natural s, so there exists a p.r. function Z: N>— N given
by Z(m w, x)=lim,..z(n w x). Let H: N—N be a recursive function such that
Z(n, w, x) = by,(w, x) and let n be a fixed-point of function H, i.e. b(w, x) = bym(w, x)
= lim,—, . z,(n, w, x). This n will be fixed throughout the rest of the proof.

We continue our proof with the following facts. _

Fact 1. For all natural x, s and w, z,(n, w, x) < ®©, whenever x < l,(s).

We proceed by induction on s. For s =0, [,(0) = —1, so the assertion holds. Assume now
that the statement is true for s. In view of the induction hypothesis, k(n, s + 1) is defined; all
it remains to prove reduces to the convergence of the computation of z.,(n, w, x) for
x=1t",. First we determine the set C(n, w, x), which means the computation of the sets
C(n,w,y) for all y<x, ye CRITICAL-SET (n, s), and of the values b,((u x)) for all
w < u s x. The set C(n, w, y) is constructed during the computation of b,((w, y)):

ba((x, x}), ba({x, x = 1)), ..., ba((x, 0}),

b((w+1,x)), b({(w+1,x=1)), ..., b({(w+1,0)),
ba((w, x}), ba({w, x = 1)), ..., by ({w, 0)).

We notice that b,({w, x)) < <, whenever b,({(u, x)) < o forw < u g xand b,({(w, y)) < = for
0 = y < x; denote this statement the “rectangle rule”. For0 £ y < x, b,({(w, y)) < = for all w,
i.e. in the above table, the entries in all columns but the first one are defined. Indeed, two
cases may occur: (i) if y < I,(s), then z,(n, w, y) < = (the induction hypothesis), and conse-
quently, b, ((w,y)) =2z wy)<wo; (i) if LE)+1sysx—1, then z.,,(nwy)
= by(k(n, s +1))(») < © and b,({w, y)) = z,+4(n, w,y) < ®. It remains to show that all en-
tries in the first column converge. Since C(n, x, x) = @, z,,,(n, x, x) < © and consequently
b,({x, x)) < =. In view of the “rectangle rule” b,({x — 1, x)) < =, stepping down in the first
column we get the desired conclusion; b,((u, x)) <o for w< u < x, i.e. z,,,(n, w, x) <o,
thus ending the induction step. (Notice that we have proved a bit more than the statement of
Fact 1.)

Fact 2. For every natural w there exists a natural m, such that b,({0, x)) = b,({w, x)), when-
ever xz m,,.
An induction on x shows that for all natural w and x € CRITICAL-SET (n),

Cn,w,x)=C(n0,x)—(0,1,...,w~1}. -

Since an index i appears at most once in some C(n, 0, x), x 2 0, there exists an integer m,,
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such that C(n, w, x) = C(n, 0, x) for all x 2 m,,. The sequence {¢{"} is strictly increasing, so
there is some s with £V = m’,. Consequently, for every x 2 m, = t{”, 5,(0, x}) = b,({w, x)).
Let z: N— N be the function defined by z(x) = b,((0, x)). In view of Fact 1 it follows that z
is a recursive function.

Fact 3. Let i be an index such that b; = z. For infinitely many x, B;(x) = q(x, B,((i + 1, x))).

Suppose, by absurdity, that B;(x) < g(x, B,({i + 1, x))) for almost all x. Take x the mini-
mal natural such that x = i, x €e CRITICAL-SET (n) and B;(x) < g(x, B,({i+ 1, x))); it fol-
lows that i€ C(n, 0, x), which implies b;(x) = 5,((0, x)) = z(x), a contradiction.

Fact 4. The function z is in SPEED (q; B;i.0.).

Let b, = z. In view of Fact 3, for infinitely many x, B;(x) = ¢(x, B,((i +1, x))). By Fact 2,
there exists a natural m;,, such that b,((i + 1, x)) = 4,((0, x)), whenever x = m;,,. Take y
such that ’

5,(€0, x)) ifx<my,
p,(x) = .
c© otherwise.

In view of (1) and (2), for infinitely many x
Bi(x) Z q(x, B,({i+ 1, x)) Z q(x, By, i+ (X)) Z q(X, Br(sn, i+ 1, (X))

and bk(.l(ll.i* l)',)(x) = Z(X) fOl‘ all x.
We are now in a position to conclude our proof. From z € SPEED (g, B; i.0.) it follows that
z € SPEED; for some j. There exists also a natural ¢ with SPEED; n U, , = @ for n 2 c. Take

s = (j, ¢) and consider the operations performed during the stage s + 1. We get
/lx.z,(n, 0, X) E bh(k(n. s+ 1)) E bf/(k(n. s+ 1))

For all ms=g(n) we have by,(m)+ 0; so O¢range(dx.z,(n 0, x)) and thereafter
Ax.Z41(n, 0, x) 2 by(kn s+ 1. This implies that z o bykns+1y. Keeping in mind that
k(n, s +1) z c we get that z € SPEED; n U, for some n z ¢, a contradiction. [

Comment. For every recursive functions f, g we can find z€ SPEED(g; @;i.0.) such
that z ¢ C," (use Theorem 10 and the fact that every complexity class is recursively meagre).
In other words, there exist arbitrarily complex g-i.o. speedable functions, a statement in
accord with our intuition.

Finally, let us briefly consider the case of p.r. functions. Clearly, Theorem 8 and 9 remain
true when we replace recursive functions by p.r. functions. In the spirit of [14], [15] and (3]
one may define the set

X={fePR| for every recursive increasing in the second argument function
g: N*—N and for every @, = f there exists ¢; = f
with @,(x) 2 g(x, ®;(x)) i.0.}.

This set is non-empty [3].
Proposition 11. The set X is recursively meagre.

Proof. First notice that X n R = @. Indeed, take @; € R and put g(x, y) = @,(x) + 1 for all
x and y. Consequently, X is included in the set of strictly partial, p.r. functions, which is re-
cursively meagre {13], (18}, [6). O
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Open problems. Determine the exact position of the sets SPEED(g; &;a.e.),
PR\ SPEED (g; ¢;a.e.), PR\ SPEED(g; ®; i.0.) according to the above Baire classifica-
tion.
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