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Abstract There have been little efforts to animate pa-
per objects in interactive or realtime VR environments.
Paper can be represented with the well-known mass-
spring model, whose animation is relatively easy com-
pared with rigid body models or fluid simulation. How-
ever, animating paper with the straightforward mass-
spring model results in a serious numerical problem. The
properties of plain paper require the representing mass-
spring model to be extremely stiff, and the stiffness causes
numerical instability. This numerical instability has been
one of major obstacles to the real-time cloth animation,
and many approaches have been proposed for efficient
and plausible simulation of fabric material such as cloth.
However, paper is far stiffer than cloth and in addition
often fragile. The paper does not recover its original
shape when it is deformed with strong force. The tra-
ditional mass-spring system cannot represent this dam-
age preserving properties. In this paper, we propose a
simple and intuitive approaches to animate the damage-
preserving stiff mass-spring model in order to represent
the behavior of paper in virtual environments. The pro-
posed method uses an approximate implicit method to
guarantee the stability of the system, and employs break-
able hinge springs to show damage-preserving proper-
ties. Fractal textures represent the small scale wrinkled
appearance of old paper. The proposed method can be
successfully utilized in realtime or interactive games or
VR environments for paper animation.
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1 Introduction

Although paper is a common object in everyday life,
there have been little efforts to animate paper objects
in interactive or realtime VR environments. Recently
computational geometry has shown some interests in the
combinatorial property of folded paper in the computa-
tional origamis[6]. The dynamic behavior of paper has
been modeled by Chu et al. in order to simulate page
turns for virtual books[4]. The authors use a mass-spring
structure defined on a rectangular grid of particles. These
are connected with primary mesh springs, diagonal brac-
ing, and four-way flexural rigidity springs. Many of the
springs are very stiff, leading to a stiff system of differen-
tial equations. The resulting system of differential equa-
tions is solved with a Runga-Kutta method which can
take several minutes for a single page-turn, precluding
real-time operation. Other problems are that the mesh
is static, has a low resolution and can only be bend
smoothly and with a low curvature. Hence its not pos-
sible to model other interactions with the paper such as
folding, ripping or crumpling it. Also area preservation
is not ensured.

Wrinkled or folded paper models can be used as styl-
ized images to create impressive effects in commercial art
work as demonstrated in Fig.1. When we carefully inves-
tigate the image of Fig.1, it can be seen that it is not a
real photo but instead most likely generated by impos-
ing a text printing over the scanned image of a wrinkled
paper. As far as we know there have been few studies
how to simulate the paper folding/unfolding mechanism
in the view of computer graphics rendering.

In order to represent the behavior of a paper ob-
ject, the well-known mass-spring model can be easily
employed. The mass-spring model is the most intuitive
and simple representation of deformable soft objects. In
the computer graphics society, the animation of soft ob-
jects has been intensively studied for a couple of decades.
The animation of soft objects modeled with mass-spring
systems is far more time-consuming than that of a rigid
object because of numerical instability. One of the most
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common applications of mass-spring based soft object
models is the efficient simulation of cloth, which is rep-
resented with stiff springs connecting mass-points.
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Fig. 1 A slightly wrinkled paper image used in an advertize-
ment page in “WIRED” magazine

Fig. 2 Virtual paper constructed by this paper for the inter-
active environments. The mapping texture was the scanned
page image in Fig.1

However, animating paper with mass-spring model
leads to a serious numerical problem. The properties of
paper require the representing mass-spring model to be
extremely stiff, and the stiffness causes numerical insta-
bility.

In the early stage of deformable object animation,
geometric approaches have been widely employed be-
cause physical-based models require too heavy compu-
tation[10]. Terzopoulos et al. characterized the soft ob-

ject animation as a deformable surface problem [12], and
their work formed the foundation for the subsequent
physics-based approaches.

Physical-based modeling approaches to soft object
animation suffered from numerical instability which was
a major obstacle to the real-time animation of stiff de-
formable objects such as cloth and paper. However, the
use of implicit methods has resulted in many approx-
imate approaches for the efficient animation of virtual
cloth. Paper is far stiffer than cloth and also more also
fragile. The paper does not recover its original shape
when it is deformed with strong force. The traditional
mass-spring system cannot represent this damage pre-
serving properties.

In this paper, we propose an simple and intuitive ap-
proaches to animate the damage-preserving stiff mass-
spring model in order to represent the behavior of paper
in virtual environments.

2 Problem and Previous Work

The interactive animation of paper can be described as
an efficient numerical integration of motion equation for
the damage preserving stiff mass-spring model. This prob-
lem is composed of two main issues: 1) stable integration
of a stiff ODE (ordinary differential equation), and 2)
mesh management for damage preservation.

When modeled with a mass-spring model, paper is
extremely stiff because paper hardly expands or con-
tracts. Therefore, the animation of paper can be reduced
to a numerical integration of extremely stiff ordinary dif-
ferential equations. In order to animate the paper in vir-
tual world, stable and efficient integration method has
to be employed.

Although the stability is an essential issue for paper
simulation, stable animation does not guarantee the re-
alism of paper animation. If a paper object is animated
with a stable mass-spring simulation method, the result-
ing animation would look like rubber animation rather
than stiff but fragile paper. In order to increase the re-
alism of paper animation, a damage preserving property
must be taken into account.

Since Terzopoulos et al. represented soft objects as

deformable surfaces [12], various physically-based approaches

have been proposed for soft object animation. Thalmann’s
group has proposed many techniques for dressed virtual

characters [13]. However, their major interest was the

realism of the virtual cloth instead of computational ef-

ficiency. Therefore, most of their work employed explicit

integration and interactive or realtime animation was im-

possible.

Various techniques have been proposed for efficient
animation of soft objects, and one of the most important
advances is the use of implicit integration which guaran-
tees the stability of the animation [1]. However, the im-
plicit integration involves large linear system [5]. Some



Interactive Simulation of Folded Paper with Breakable Hinge Springs and Fractal Surface 3

efficient approximate approaches have been proposed [9].
A stable method that approximates the solution with a
direct update formula was also introduced [7].

3 Interactive Paper Animation Techniques

In this section, techniques for interactive animation of
paper objects will be introduced. The techniques are
composed of three different approaches for stable ani-
mation, damage preservation, and surface details.

In order to obtain realtime or interactive performance,
we employed an approximate implicit integration. The
method provides stable and efficient computation of the
next state of stiff mass-spring model. Our breakable hinge
spring model is an approach to the representation of
damage preserving paper objects. The model adaptively
adjusts the mesh structure of the mass-spring model in
order to preserve the damage and express various creases
on the paper. The last technique is to generate the sur-
face detail with a fractal surface texture.

3.1 Stable Animation of Extremely Stiff Springs

The stability is essential for the realtime or interactive
animation of mass-spring model, and implicit integra-
tion is the common solution to the stability problem.
The most simple implicit method is the backward Euler
method, which can be described as follows:

vith vt 4+ hM Lt
<Xt+h) = (Xt + hytth ) (1)
where h denotes the time interval, v the vector of velocity
values of the mass-points, f the vector of forces, x the
vector of locations of the mass-points, and M the mass
matrix.

Although the implicit method described in Eq.1 seems
simple, real-time animation is not an easy problem. The
difficulty arises from the unknown force vector at time
t+h. Since Hooke’s law can compute only f¢, the force at

the next time step should be approximated by applying
Taylor expansion as follows:

e ?Ax”h =f' + JAx""
X

(2)

where J denotes the Jacobian matrix of the force vector
with respect to the position vector.

By using the force shown in Eq.2, an animation step
of the mass spring model can be represented by a typical
Az =D linear system:

(M — h2J)Avith = hft + R2Jv (3)

For simplicity, let W denote the matrix (M — h2J).
The right side of Eq.3 is the sum of a spring force and

viscosity force and can be easily computed without any
computational problem. Let f! denote the sum of all
spring forces and viscosity force exerted on the mass-
point i, and f* be the vector of the forces [f], f{, .- f!]T
. Then the problem shown in Eq.3 is efficiently repre-
sented as follows:

WAV = pft (4)

By taking into account the property of the matrix W,
the velocity change of each mass-point can be described
as follows:

AV = WL (REE + 12 ST 3 A
(i,j)€E

()

The update formula for mass-point ¢ shown in Eq.5
depends on the same formula for mass-point j. There-
fore, we cannot directly update the velocity change of
each mass-point. Our method computes the approximate
solution with an iterative update based on Jacobi itera-
tion as follows:

t+h® _ xxr—1p 0t
Av; = W_ " hf

AV w4 n? Y JAvien®)
(4,5)EE

(6)

where sz(.k) denotes the velocity change computed with
k iterations.

Fig.3 shows the result of the stable integration de-
scribed in this paper. Since the mass-spring is sufficiently
stiff, the model does not stretch or contract severely.
However, the resulting animation does not look realis-
tic because no damage is preserved on the surface.

3.2 Breakable Hinge Springs

Although the stable integration method described in the
previous subsection enables real-time animation of a stiff
mass-spring model, the resulting images or animations
produced with the method are far from the real appear-
ance and behavior of paper.

The unsatisfactory result is caused by the static struc-
ture of the mass-spring mesh. When real paper is de-
formed by external forces, the paper is easily damaged
and the damage is preserved on the surface. However,
the stiff mass-spring mesh cannot represent such charac-
teristic.

In order to represent the damage preserving prop-
erty of paper object, we propose a breakable hinge spring
model. The breakable hinge spring model is an adaptive
mass-spring mesh structure. In this model, each spring
can be broken when its length is shorten by external or
internal forces. When a spring is broken, the mesh struc-
ture of the paper model should also be modified in or-
der to maintain the mass-spring mesh to be a triangular
mesh.
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Fig. 3 Stable simulation of a stiff mass-spring model without breakable springs

Broken Spring (2 springs)
Compressed Spring

Damage Preserving Aux Spring

Fig. 4 Breakable spring and mesh adjustment

Fig.4 illustrates the breakable spring model. On the
left side of the figure, a spring edge between two trian-
gles is compressed. The compressed spring is broken and
the adjusted mesh structure is shown on the right side.
The compressed spring is divided into two distinct spring
edges in order to maintain the original length of the com-
pressed spring. The broken spring edge causes a problem
in the mesh structure. Because of the broken edge, the
mesh is not anymore a triangular mesh. In order to fix
the problem, two additional springs are used. After ad-
justing the mesh structure, the breakable spring model
inserts an auxiliary spring to preserve the damage.

In the Fig.4, the auxiliary spring is represented with
a dotted line. Because of the auxiliary spring, the mesh
remembers the damage and shows the paper-like wrin-
kles. Fig.5 shows the mesh appearance when springs are
randomly chosen and broken. The thick blue lines are
breakable springs, and thin red lines are auxiliary spring
edges which are not breakable. As shown in the figure
the breakable spring model can efficiently represent the
damages on the paper surface.

Although the breakable spring model produces paper-
like appearance, the method has a severe disadvantage:
breakable springs can generate wrinkles only across the
existing spring edges. Therefore, it is impossible to pre-
serve the damage when the paper is folded along the
existing springs. In order to represent the wrinkles along
the spring edges, the springs also have to work like hinge
joints. The hinge folding of a spring edge is implemented
by applying an auxiliary spring across the spring edge
as shown in Fig.6. In the figure x; and x; denote the

(a)

(b)

Fig. 5 Geometric appearance with breakable springs: (a)
original mesh, (b) result when springs are randomly broken

mass-points linked with a spring, and x, and x; are the
mass-points on the right and the left of the spring re-
spectively. If the distance between x, and x; is shorter
than a specified threshold, an auxiliary spring between
the mass-points is inserted to the mass-spring structure.

Aux Spring Across the Hinge Spring

Wrinkle Direction

Fig. 6 Auxiliary spring across a hinge folding spring

Fig.6 shows the result when auxiliary springs for hinge
springs have been inserted. It can be seen that the hinge
springs make the surface of the deformable object wavy.

The method proposed in this paper utilizes both the
breakable springs and hinge springs. Each spring in the
mesh is either a breakable hinge spring or an unbreak-
able auxiliary spring. The result by randomly breaking
or folding the spring edge is shown in Fig.8. As shown in
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Fig. 7 Geometric appearance with hinge springs

the figure, breakable hinge springs make the mesh struc-
ture look like paper.

Fig. 8 Auxiliary spring across a hinge folding spring

3.3 Adaptive Mesh Structure

Although the mesh with randomly broken hinge springs
displays plausible paper appearance, the random approach
cannot be applied to paper animation. In the animation
sequence, the paper model should be damaged by the
forces.

In order to produce a plausible animation sequence,
an automatic edge selection strategy for breaking or fold-
ing springs is necessary. Let x; and x; be the mass-points
linked with a breakable spring. The locations of the mass-
points at the original rest state are denoted as x? and
X?, and the locations at the current time t are x and x.
The rest length of the spring 17 ; is, therefore, [x) — x9|.
The current length of the spring I} ; is, similarly, |xt —x§» |
Because the spring is broken when it is compressed, the
ratio I ;/ lg - is the most important value for determining
whether the spring will be broken or not.

A simple approach is to break the spring when the
ratio If ;/ l?, ; 1s less then a threshold. However, the dam-
age on the paper surface actually occurs stochastically.
Therefore, we used the ratio as the parameter for com-
puting the probability of the catastrophic phenomena in
the mesh structure. In other words, the ratio ranges [1,0]
for a compressed spring, and the probability of breaking

the spring P; ; is computed as follows:

P =(1—1f,/1;)° (7)

where ¢ is a parameter that controls the fragility of the
springs.

When a spring is broken, a new mass-point must be
inserted. The location of the mass-point must be deter-
mined. An easy method is to set the location of the new
mass-point as the middle of the two mass-point linked
with the original spring. However, this simple method
recursively breaks the newly inserted broken springs. We
adjust the location of the mass-point along the surface
normal vector. The magnitude of the adjustment move-
ment h can be easily computed as follows:

v
h= 5/ (12;)% = (1) (8)
where 1 is a parameter that controls the area conserva-
tion property of the paper model.

3.4 Fractal Surface Texture

The modeling of surface details of paper in computer
graphics is a little explored subject. Several researchers
have investigated the properties of paper as a canvas,
i.e. its interaction with ink and different types of pens
and paint. However, in general only surface properties
with respect to absorption and diffusion of liquids are
considered for these types of applications.

Baxter et al. model the advection of paint on paper
and incorporate adhesion and absorption by clamping
the flux such that at least some paint stays on the part
of the surface covered by it [2]. Chu and Tai have de-
veloped an advanced brush model for Chinese calligra-
phy [3]. The interaction of the brush with the paper is
described by a friction index which represents the resis-
tance of the porous paper surface. The deposition of ink
onto the paper surface is dependent onto the contact area
and does not take into account physical properties of the
paper. Rudolf et al. present a model of wax crayons [11].
The underlying paper model uses a height-field texture
which was synthesized by convolving a quarter-circle arc
with a lattice populated by uniform noise.

A more advanced paper model has been presented
by [8]. The authors use a three layer model which is
based on the observation that pigments and water of
paint form a layer on top of the paper, where they act
like a shallow body of water. After some time pigments
are deposited onto the paper surface where they form a
pigment layer. Finally the capillary layer represents the
inner paper structure and is responsible for the move-
ment of absorbed water. The authors model this layer
by using a procedural texturing method [14].

3.4.1 Paper Surface as Fractal Terrain

When looking at real paper it can be observed that its
difficult for humans to observe the object geometry from
the shading changes itself. However, when texture map-
ping images of real paper onto a flat surface the result
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looks unrealistic because of the straight object bound-
aries and the lack of height differences (straight silhou-
ette) and lack of self-occlusion. In order to overcome
these problems we use a fractal model and texture map
it with a photo of real paper. The fractal model is con-
structed by displacing the corners of the paper by ran-
dom amounts and bilinearly interpolating the surface in
between. In each iteration each bilinearly interpolated
patch is subdivided into four equally sized regions, the
corners of which are again displaced by a random amount
where the maximum possible displacement is at most
half of the amount used in the previous iteration.

The process can be implemented more efficiently by
using a loop rather than a recursion. Let d,,q, be the
maximum displacement on the top level and let’s assume
for simplicity that the paper is modeled using 2V + 1
equally spaced vertices in each direction. Then in iter-
ation i = 0,..., N the vertices (k * 2V~ [ x 2V~%) are
displaced by dyaz/2¢ where k,1 =0,...,2¢ The vertices
within each patch

[(R2N = 12N 1) (K + 1)2N 12N,
((k+1)2N 70 (14 1)2N =), (k2N =1 (1 + 1)2N )]
are bilinearly interpolated. Note that in the last step

(1 = N) all vertices are displaced and hence no bilinear
interpolation is necessary.

Fig. 9 Fractal model of crumbled paper rendered using flat
shading to indicate bilinearly interpolated patches. The im-
ages show the surface after the first six iterations (top-left:
after 1 iteration, bottom-right: after 6 iterations).

Figure 9 shows the results of this process after the
first (top-left) and the first six iterations (bottom-right).
This type of fractal model works well for terrains, but
has several drawbacks when modeling paper.

The first drawback is that the resulting surface con-
tains many high-frequency components. This leads to an
excessive jagginess of the silhouettes and, when using
shading, leads to a very unrealistic pattern of illumi-
nation changes. In order to prevent these artifacts we
employ a law-pass filter. Efficiency is increased by using
a separable 1D filter which is applied both parameters
directions of the paper surface. The filter has the com-
ponents

[0.006,0.061,0.242,0.382,0.242,0.061, 0.006]

which sum up to one. The tensor product of these values
gives a close approximation of a 7 x 7 Gaussian filter.

The second drawback is that the displacement of ver-
tices in z-direction increases the surface area of the ob-
ject. Since paper is a virtually incompressible material
an increase in surface area is undesirable. Furthermore
the outline of the displaced surface in figure 9 is still a
rectangle which will look unrealistic when viewed from
the top. We prevent these artifacts by iterating trough
the grid cells of the surface in both coordinate direction
and by shifting vertices such that the length of each grid
cell is 1/2N where [ is the side length of the undeformed
paper and N + 1 is the number if vertices along that
side. Note that we first shift all vertices in x-direction
and then in y-direction, which might change the grid
length in x-direction. However, experiment showed that
this effect was negligible and that this simple method
generated suitable results.

3.4.2 Rendering and Texture Manipulation for Fractal
Paper

Figure 10 (a) shows the paper model texture mapped
with a photograph of crumbled paper. The model looks
fairly realistic. Some simple experiment showed that with-
out detailed investigation an observer is unlikely to no-
tice that the model geometry does not correspond to
the folds and crumbles from the paper texture. However,
when moving the paper around the texture map’s color
stays unchanged whereas for a real piece of paper the
viewer will see shading differences depending in the pa-
per’s orientation with respect to the scene’s light sources.

In order to incorporate shading we render the sur-
face in white, illuminate it and blend the color with the
texture map using the OpenGL blending facilities. The
result is shown in figure 10 (b). The result does not look
convincing because the fractal model has many small
bumps which do not correspond with the geometry of
the paper used in the texture map. We found that bet-
ter results are obtained by using the surface normals of
an intermediate (lower resolution) step of the fractal sur-
face, which does not contain any high frequency compo-
nents. Figure 10 (c) and (d) show the results obtained
by using the surface normals of the fractal surface after
two and four iterations, respectively.

We can apply our model to textured objects by using
the multi-texturing extension of the OpenGL standard
which is available for most modern graphics cards. Fig-
ure 11 shows several examples which were rendered using
our fractal model for the geometry and a paper texture
to give fine shading details. Part (a) of the figure shows a
cartoon image. Note that the radial lines of the image are
bend according to the fractal geometry which is differ-
ent from the actual geometry corresponding to the paper
texture. However, we believe that without prior knowl-
edge this difference is not noticeable. Part (b) of the
figure shows a bank note which is an interesting exam-
ple since it has extremely fine texture details and users
are very familiar with its appearance. Part (c) shows a
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Fig. 10 The fractal model texture mapped with a pho-
tograph of crumbled paper (a), blended with the illumi-

nated fractal surface, and blended with an illuminated low-
resolution surface after two (c) and after four (d) iterations.

journal cover with a low level of wrinkled surface texture
and fractal deformation. Finally part (d) shows another
bank note model with low level of surface perturbations
and wrinkled surface texture and folded.

More users studies are necessary to better understand
the perceived realism of our fractal model under different
circumstances.
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Fig. 11 The fractal model and paper texture used to render
a cartoon image (a) and a bank note (b). [Cartoon image
used with kind permission of Mr. Dong-Sung Ryu]

4 Experiment and Results

The control parameters for the proposed method are ¢
and ¢ in Eq.7 and Eq.8 respectively. According to the
control parameters, the appearance and the behavior of
the paper model is changed.

(a)y=1.0
Fig. 12 Effect of control parameter

(b) $=0.1

Fig.12 shows the effect of the control parameter .
As shown in the figure, a large 1 value generates stiff
paper such as card board which you can not bend and
which folds if you apply to much force. And a small v
value generates flexible paper which does not crumble
easy (e.g. a bank note).

(a) p=1
Fig. 13 Effect of control parameter ¢

Fig.13 shows the effect of the control parameter ¢.
The parameter controls the fragility of the paper. There-
fore, a large ¢ value produces rubbery paper while a
small ¢ produces fragile paper.

Fig.14 shows the animation result when breakable
hinge springs are employed in an interactive environ-
ments. The springs are broken or folded according to
the external force exerted by the sphere. As shown in
the figure, the breakable hinge spring model can produce
plausible paper animation.
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8 Breakable Springs

S8 Breakable Springs

Fig. 14 Interactive animation of the paper model with breakable hinge springs

5 Conclusion

In this paper, we proposed a simple and intuitive ap-
proaches to animate the damage-preserving stiff mass-
spring model in order to represent the behavior of paper
in virtual environments. The proposed method exploits
an approximate implicit method to guarantee the stabil-
ity of the system, and employs breakable hinge springs
to show damage-preserving properties. A fractal model
is used to create fine surface details.

The proposed method enables real-time animation of
paper objects in virtual environments or game applica-
tion. The proposed method is intuitive because it is based
on a simple and effective mass-spring model and uses a
direct update formula instead of solving the large linear
system.

The proposed method produces stable paper anima-
tions and generates natural-looking wrinkles on the pa-
per surface. Besides the realistic appearance, the pro-
posed method also produces paper-like moving behav-
ior in interactive environments, and can be easily imple-
mented. The proposed method can be successfully uti-
lized for paper animation in realtime or interactive ap-
plications.
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