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)LJXUH ���� $Q H[DPSOH RI SDUWLWLRQLQJ RI D FRQFDYH IDFH ZLWK RQH RI WKH VSHFLDO SDUWLWLRQLQJ VFKHPH H[SORUHG ��������������������� ��

)LJXUH ���� 7KH QRPHQFODWXUH IRU D VWHS RI &KDLNLQ UHILQHPHQW ���������������������������������������������������������������������������������������������������������� ��

)LJXUH ���� 7DUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ LQ ��GLPHQVLRQV� �D� LQLWLDO SRO\JRQ DQG QRPHQFODWXUH �E� DIWHU RQH VWHS
RI VXEGLYLVLRQ����������������������������������������������������������������������������������������������������������������������������������������������������������������������������� ��

)LJXUH ���� 3RO\KHGURQ EHYHOOLQJ E\ WDUJHW�GULYHQ VXEGLYLVLRQ LQ �'� �D� LQLWLDO PHVK ZLWK LQLWLDO FHQWURLGV GHILQHG� �E�
WKH PHVK DIWHU WKH ILUVW VWHS RI VXEGLYLVLRQ� �F� WKH ( DQG 9�WDUJHWV DUH UH�FRPSXWHG DQG WKH QHZ FRQWURO
SRLQWV DUH PRYLQJ WRZDUGV WKH FRUUHVSRQGLQJ GHVWLQDWLRQ SRLQWV LQ WKH VXEVHTXHQW UHILQHPHQWV �������������������������� ��

)LJXUH ���� 0HGLDO D[LV WUDQVIRUP���������������������������������������������������������������������������������������������������������������������������������������������������������������� ��

)LJXUH ���� 6WUDLJKW VNHOHWRQ������������������������������������������������������������������������������������������������������������������������������������������������������������������������� ��

)LJXUH ���� -RLQW SRLQWV RI VWUDLJKW VNHOHWRQ���������������������������������������������������������������������������������������������������������������������������������������������� ��

)LJXUH ���� 3UHVHUYHG SODQDU UHJLRQV GHILQHG XVLQJ WKH VWUDLJKW VNHOHWRQ �XSSHU URZ� DQG PHVK SUH�SDUWLWLRQLQJ �ORZHU
URZ����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������� ��

)LJXUH ����� 3UREOHP RI WKH LQLWLDO VNHOHWDO WDUJHW ������������������������������������������������������������������������������������������������������������������������������������ ��

)LJXUH ����� 7KH LQLWLDO DQG WKH ILUVW LWHUDWLRQ PHVK RI WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ XVLQJ VNHOHWDO WDUJHWV ��������������������� ��

)LJXUH ����� ([DPSOHV RI WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ XVLQJ VNHOHWDO WDUJHWV������������������������������������������������������������������������ ��

)LJXUH ����� )UDJPHQWDWLRQ RI D WDUJHW�GULYHQ SRO\KHGURQ EHYHOOHG REMHFW ��������������������������������������������������������������������������������������� ��

)LJXUH ����� 6WDSOHUV URXQGHG ZLWK WKH WZR GLIIHUHQW SRO\KHGURQ EHYHOOLQJ PHWKRGV��������������������������������������������������������������������� ��

)LJXUH ���� &RQFHSWXDO PRGHO RI WKH -,7 PRGLILFDWLRQ �������������������������������������������������������������������������������������������������������������������������� ��

)LJXUH ���� $ SRUWLRQ RI WKH PHWDPRGHO RI 950/ XVLQJ WKH QRWDWLRQ RI WKH 8QLILHG 0RGHOOLQJ /DQJXDJH >)6��@ ����������������� ��

)LJXUH ���� 950/ FRGH IRU D URXQGHG VFHQH REMHFW DQG LWV FRUUHVSRQGLQJ QRQ�URXQGHG YHUVLRQ����������������������������������������������� ��

)LJXUH ���� 7KH LQWHJUDWLRQ RI -,7 950/ SOXJ�LQ DQG 950/ EURZVHU ��������������������������������������������������������������������������������������������� ��

)LJXUH ���� 1HWZRUN WUDQVSDUHQF\ RI WKH -,7 PRGLILFDWLRQ ������������������������������������������������������������������������������������������������������������������� ��

)LJXUH ���� 7KH SURWRW\SH GHILQLWLRQ RI WKH %HYHOOHG3RO\KHGURQ QRGH W\SH ������������������������������������������������������������������������������������� ��

)LJXUH ���� $ URXQGHG VWDSOHU LQ 950/ EURZVHU������������������������������������������������������������������������������������������������������������������������������������ ��

)LJXUH $��� /LQHDULW\ RI FHQWURLGV RI WKH WKUHH FRQVHFXWLYH ERXQGDU\ IDFHV�������������������������������������������������������������������������������������� ��

)LJXUH $��� 3DUWLWLRQLQJ RI D WULDQJXODU IDFH���������������������������������������������������������������������������������������������������������������������������������������������� ��

)LJXUH $��� 3DUWLWLRQLQJ RI D TXDGULODWHUDO IDFH����������������������������������������������������������������������������������������������������������������������������������������� ��

)LJXUH $��� /LQHDULW\ RI WKH ERXQGDU\ VHJPHQW EHWZHHQ WZR FRQVHFXWLYH ERXQGDU\ FHQWURLGV ���������������������������������������������������� ��

)LJXUH $��� 7KH QRPHQFODWXUH XVHG LQ GHULYLQJ WKH URXQGQHVV FRQWURO IURP WKH URXQGHGQHVV ���������������������������������������������������� ��

)LJXUH %��� $ GLYLGH�DQG�FRQTXHU PHWKRG IRU FRPSXWLQJ VWUDLJKW VNHOHWRQ ������������������������������������������������������������������������������������� ��

)LJXUH %��� $QJOH�ELVHFWLQJ YHFWRUV������������������������������������������������������������������������������������������������������������������������������������������������������������ ��

)LJXUH %��� &DOFXODWLQJ KLW WLPH EHWZHHQ DQ DQJOH�ELVHFWLQJ YHFWRU DQG D ZDYHIURQW ���������������������������������������������������������������������� ��
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&KDSWHU � ,QWURGXFWLRQ

7KUHH�GLPHQVLRQDO YROXPH URXQGLQJ LV WKH SURFHVV RI UHSODFLQJ VKDUS HGJHV DQG FRUQHUV

ZLWK URXQGHG VXUIDFHV IRU FRPSXWHU JUDSKLFV VFHQH PRGHOOLQJ� 7KLV UHVHDUFK SUHVHQWV D QHZ

FODVV RI IDVW YROXPH URXQGLQJ PHWKRGV FDOOHG 3RO\KHGURQ %HYHOOLQJ� 2XU GLVFXVVLRQ VWDUWV ZLWK D

JHQHUDO RYHUYLHZ RQ FRPSXWHU JUDSKLFV PRGHOOLQJ�

1.1 Computer Graphics Modelling

7KH WUHQGV LQ FRPSXWHU JUDSKLFV DUH FRQVWDQWO\ FKDQJLQJ� EXW FUHDWLQJ DQG UHQGHULQJ WKUHH�

GLPHQVLRQDO REMHFWV UHPDLQ XQDUJXDEO\ IXQGDPHQWDO� 7KH WKUHH�GLPHQVLRQDO REMHFW

UHSUHVHQWDWLRQ LQIOXHQWV ERWK WKH FUHDWLRQ DQG UHQGHULQJ� +HQFH LWV GHVLJQ LV GULYHQ E\ WKH

GHPDQGV IURP ERWK VLGHV� 'HSHQGLQJ XSRQ WKH WDUJHW DSSOLFDWLRQ� RQ RQH KDQG� WKH

PRGHOOLQJ IRUPDW VKRXOG EH SULPLWLYH� GLUHFW� DQG HIILFLHQW HQRXJK IRU IDVW UHQGHULQJ� 2Q WKH

RWKHU KDQG� WKH PRGHOOLQJ IRUPDW PXVW EH ULFK� DEVWUDFW DQG IOH[LEOH HQRXJK IRU HDV\ FUHDWLRQ

DQG H[SUHVVLRQ RI WKUHH�GLPHQVLRQDO REMHFWV� 7KLV DSSOLFDWLRQ�RULHQWHG QDWXUH OHDGV WR D ZLGH

UDQJH RI PRGHOOLQJ IRUPDWV IRUPLQJ D FRQWLQXRXV VSHFWUXP IURP ULFKQHVV WR UXQ�WLPH

HIILFLHQF\�

'HVSLWH WKH GLYHUVLW\ RI PRGHOOLQJ IRUPDWV� PRVW IDOO LQWR RQH RI WZR FDWHJRULHV� 7KH\ DUH

HLWKHU VXUIDFH�EDVHG WHFKQLTXHV RU VROLG�EDVHG WHFKQLTXHV� $V WKH QDPHV DOUHDG\ LPSO\�

VXUIDFH�EDVHG WHFKQLTXHV FRQFHUQ WKH PRGHOOLQJ RI PHUHO\ WKH VXUIDFH RI WKH REMHFWV DQG

LJQRUH WKH IDFW WKDW WKH REMHFWV DUH VROLG LQ QDWXUH� 6ROLG�EDVHG WHFKQLTXHV� RI FRXUVH� DUH WKH

RSSRVLWH� 7KH\ DUH FRQFHUQHG ZLWK VSDFHV LQVLGH RU RXWVLGH RI DQ REMHFW� :H ZLOO FRYHU VRPH

RI WKH PRVW FRPPRQ UHSUHVHQWDWLRQV EHORZ� 7KH HPSKDVLV KHUH ZLOO EH PDLQO\ RQ VXUIDFH�

EDVHG WHFKQLTXHV�

6XUIDFH�EDVHG WHFKQLTXHV DUH XVXDOO\ DW WKH UXQ�WLPH HIILFLHQF\ HQG RI WKH PRGHOOLQJ

VSHFWUXP� )RU H[WUHPH HIILFLHQF\� WKH VXUIDFHV RI WKH REMHFWV DUH DSSUR[LPDWHG E\ D VHW RI

SRO\JRQV RU HYHQ RQO\ WULDQJOHV� 7KLV UHSUHVHQWDWLRQ LV FDOOHG D SRO\JRQ PHVK RU SRO\KHGURQ�

$ SRO\JRQ PHVK LV WKH PRVW FRPPRQO\ XVHG JHQHUDO�SXUSRVH PRGHOOLQJ IRUPDW� ODUJHO\

EHFDXVH RI WKH H[LVWHQFH RI IDVW DQG HIILFLHQW SRO\JRQ UHQGHUHUV� VRIWZDUH OLEUDULHV DQG

VWDQGDUGV�

2QH REYLRXV IDXOW RI D SRO\JRQ PHVK LV LWV LQDELOLW\ WR UHSUHVHQW FXUYHG VXUIDFHV� 3LHFHZLVH

OLQHDU DSSUR[LPDWLRQ E\ SRO\JRQ PHVKHV RIIHUV D ILQLWH GHJUHH RI DFFXUDF\ WKDW FDQQRW EH

DOWHUHG DIWHU FUHDWLRQ� :KDW LV HYHQ ZRUVH LV WKDW WKH VL]H RI WKH UHSUHVHQWDWLRQ JURZV UDSLGO\

DV WKH UHTXLUHG DFFXUDF\ LQFUHDVHV�
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:LWK LQWHUSRODWHG RU VPRRWK VKDGLQJ WHFKQLTXHV OLNH *RXUDQG VKDGLQJ RU 3KRQJ VKDGLQJ

>)9��@� D VPRRWK DSSHDUDQFH RQ D FXUYHG VXUIDFH FDQ EH REWDLQHG ZLWK D UHODWLYHO\ URXJK

SRO\KHGUDO DSSUR[LPDWLRQ� +RZHYHU� LQWHUSRODWHG VKDGLQJ LV QRW D SHUIHFW VROXWLRQ ² IRU

H[DPSOH� WKH VLOKRXHWWH HGJH RI WKH SRO\JRQ PHVK LV VWLOO REYLRXVO\ SRO\JRQDO� $V D UHVXOW� D

ODUJH TXDQWLW\ RI YHUWH[ DQG QRUPDO LQIRUPDWLRQ LV VWLOO UHTXLUHG IRU D FRQYLQFLQJ OHYHO RI

UHDOLVP�

+LJKHU�GHJUHH VXUIDFH SRO\QRPLDOV FDQ EH XVHG IRU D EHWWHU DSSUR[LPDWLRQ RI FXUYHG

VXUIDFHV ZLWK FRPSDUDWLYHO\ OHVV VWRUDJH FRVW� 4XDGUDWLF DQG FXELF VXUIDFHV DUH FRPPRQ�

6XFK SRO\QRPLDOV DUH XVXDOO\ JLYHQ LQ SDUDPHWULF IRUP� &RPPRQ H[DPSOHV RI SDUDPHWULF

VXUIDFHV DUH %p]LHU DQG %�VSOLQH >)9��@ VXUIDFHV�

,PSOLFLW VXUIDFHV OLH RQ WKH ERXQGDU\ EHWZHHQ VXUIDFH�EDVHG DQG VROLG�EDVHG PRGHOOLQJ�

6XUIDFHV DUH GHILQHG LPSOLFLWO\ DV DOO SRLQWV S LQ WKH ��GLPHQVLRQDO (XFOLGHDQ VSDFH VXFK WKDW

DQ LPSOLFLW HTXDWLRQ I�S�  � LV VDWLVILHG� ,PSOLFLW VXUIDFHV RIWHQ XVH WKH VLJQ RI I�S� WR FODVVLI\

VSDFH DV LQVLGH RU RXWVLGH RI DQ REMHFW�

&RQVWUXFWLYH 6ROLG *HRPHWU\ �&6*� LV D FRPPRQ H[DPSOH RI D VROLG�EDVHG PRGHOOLQJ

WHFKQLTXH� &6* REMHFWV DUH GHILQHG DV FRPELQDWLRQV RI VLPSOH SULPLWLYHV E\ PHDQV RI

ERROHDQ VHW RSHUDWLRQV VXFK DV VHW XQLRQ DQG LQWHUVHFWLRQ� &6* SULPLWLYHV DUH XVXDOO\ VLPSOH

JHRPHWULF VKDSHV LQFOXGLQJ VSKHUHV� F\OLQGHUV� FXEHV DQG� VRPHWLPHV� KDOI�VSDFHV�

2WKHU H[DPSOHV RI VROLG�EDVHG PRGHOOLQJ WHFKQLTXHV LQFOXGH SULPLWLYH LQVWDQFLQJ� VZHHSV

DQG VSDWLDO SDUWLWLRQLQJ� 5HDGHUV LQWHUHVWHG LQ D VXUYH\ RI VROLG�EDVHG PRGHOOLQJ FDQ UHIHU WR

)ROH\� YDQ 'DP HW DO >)9�� SS� �������@�

1.2 Three-dimensional Volume Rounding

$OWKRXJK UHDO�ZRUOG VFHQH REMHFWV DOZD\V KDYH DW OHDVW VOLJKWO\ URXQGHG FRUQHUV DQG HGJHV�

VXFK ILQH GHWDLOV DUH XVXDOO\ LJQRUHG LQ FRPSXWHU JUDSKLFV VFHQH PRGHOOLQJ� +XPDQ H\HV

KRZHYHU FDQ HDVLO\ QRWLFH WKH ODFN RI KLJKOLJKWV DQG VKDGRZV UHVXOWLQJ IURP WKH DEVHQFH RI

WKH VPDOO FXUYDWXUH�

0RGHOOLQJ VXFK GHWDLOV SURGXFHV KLJK UHDOLVP� EXW DW WKH VDPH WLPH JUHDWO\ LQFUHDVHV WKH

UHTXLUHG PRGHOOLQJ WLPH� 7KH XVXDO PDQXDO DSSURDFK� XVLQJ D &RPSXWHU $LGHG 'HVLJQ

�&$'� SDFNDJH� LV WR WULP HYHU\ SODQDU VXUIDFH EDFN D OLWWOH IURP WKH HGJHV DQG WKHQ ILW

VPRRWK VXUIDFHV WR FRQQHFW WKH DGMDFHQW SODQDU IDFHV� 7KLV SURFHVV LV XVXDOO\ UHIHUUHG WR DV

EOHQGLQJ� 7KH &$' V\VWHP WKHQ SURGXFHV D SRO\JRQLVDWLRQ RI WKH UHVXOWDQW VKDSH� +RZHYHU�

WKH SURFHVV LV VWLOO WHGLRXV� WLPH�FRQVXPLQJ DQG UHTXLUHV D IDLUO\ KLJK OHYHO RI H[SHUWLVH�

$XWRPDWLRQ LV FOHDUO\ VRXJKW�

7KUHH�GLPHQVLRQDO YROXPH URXQGLQJ LV FRQFHUQLQJ ZLWK DXWRPDWLFDOO\ URXQGLQJ VKDUS HGJHV

DQG FRUQHUV� JLYHQ DQ LQLWLDO FRDUVH REMHFW UHSUHVHQWDWLRQ DQG D URXQGLQJ VSHFLILFDWLRQ� 0XFK

UHVHDUFK HIIRUW KDV EHHQ SXW LQWR GLIIHUHQW YROXPH URXQGLQJ WHFKQLTXHV� ZKLFK ZLOO EH EULHIO\

UHYLHZHG LQ &KDSWHU ��
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7KLV WKHVLV LQWURGXFHV D QHZ FODVV RI IDVW YROXPH URXQGLQJ PHWKRGV ² 3RO\KHGURQ %HYHOOLQJ�

:KLOH PRVW RI WKH H[LVWLQJ YROXPH�URXQGLQJ PHWKRGV HPSKDVLVH RQ WKH TXDOLW\ RI WKH

UHVXOWDQW VKDSH RU WKH FRPSOH[ FRQWURO RI URXQGQHVV� 3RO\KHGURQ EHYHOOLQJ� RQ WKH RWKHU

KDQG� GLIIHUHQWLDWHV LWVHOI E\ LWV IDVW H[HFXWLRQ VSHHG DQG WKH UHDO WLPH XVDJH�

1.3 Virtual Reality Modelling Language

7KLV VHFWLRQ EULHIO\ LQWURGXFHV WKH KLVWRU\ DQG QDWXUH RI RXU WDUJHW LPSOHPHQWDWLRQ

PRGHOOLQJ ODQJXDJH ² 9LUWXDO 5HDOLW\ 0RGHOOLQJ /DQJXDJH �950/�� 7KH WHUP PRGHOOLQJ

ODQJXDJH JHQHUDOO\ UHIHUV WR WKH ILOH IRUPDW XVHG IRU GHVFULELQJ FRPSXWHU JUDSKLFV VFHQH

PRGHO� 950/ LV RQH RI WKH SRSXODU VFHQH GHVFULSWLRQ ODQJXDJHV XVHG WR GHVFULEH ERWK VWDWLF

RU DQLPDWHG FRPSXWHU JUDSKLFV VFHQHV� ,W LV GHVLJQHG IRU XVH PDLQO\ RQ WKH ,QWHUQHW�

950/ ZDV FRQFHLYHG LQ WKH VSULQJ RI ���� DW WKH ILUVW DQQXDO :RUOG :LGH :HE �:::�

&RQIHUHQFH� 7KH WHUP 9LUWXDO 5HDOLW\ 0DUNXS /DQJXDJH ZDV FRLQHG DW WKDW WLPH� 7KH ZRUG


0DUNXS
 ZDV ODWHU FKDQJHG WR 
0RGHOOLQJ
 WR UHIOHFW WKH JUDSKLFDO QDWXUH RI 950/� 950/ LV

TXLFNO\ EHLQJ DGRSWHG DV D VWDQGDUG IRU GHVFULELQJ LQWHUDFWLYH WKUHH�GLPHQVLRQDO VFHQH

REMHFWV DQG YLUWXDO ZRUOGV� 950/ LV DOVR LQWHQGHG WR EH D XQLYHUVDO LQWHUFKDQJH IRUPDW IRU

LQWHJUDWHG WKUHH�GLPHQVLRQDO JUDSKLFV DQG PXOWLPHGLD� 950/ ���� WKH VHFRQG UHOHDVH RI

950/� DGGHG VLJQLILFDQWO\ PRUH LQWHUDFWLYH DQG DQLPDWLRQ FDSDELOLWLHV� ,Q 'HFHPEHU �����

950/�� UHSODFHG 950/ ��� DV WKH IRUPDO ,QWHUQDWLRQDO 6WDQGDUG� 6HH >950/��@�

950/ ILOHV DUH XVXDOO\ ORFDWHG RQ D UHPRWH VHUYHU� 7KH ILOH JHWV WUDQVIHUUHG DFURVV WKH

QHWZRUN DQG UHQGHUHG ORFDOO\ ZLWK DQ 950/�HQDEOHG EURZVHU RQO\ RQ XVHUV· UHTXHVWV�

'RZQORDGLQJ VSHHG LV KHQFH RQH RI WKH PDMRU FRQFHUQV LQ 950/� 7KHVH IDFWRUV VHYHUHO\

FRQVWUDLQ WKH VFHQH FRPSOH[LW\ WKDW LV IHDVLEOH ZLWK WRGD\·V VFDUFH EDQGZLGWK�

1.4 Just-In-Time VRML Volume Rounding

$OWKRXJK VROLG�EDVHG PRGHOOLQJ LV JDLQLQJ SRSXODULW\ LQ UHFHQW \HDUV� SRO\JRQ PHVKHV RU

SRO\KHGUD UHPDLQ WKH PRVW FRPPRQO\ XVHG UHSUHVHQWDWLRQ RI WKUHH�GLPHQVLRQDO REMHFWV LQ

FRPSXWHU JUDSKLFV� 7KLV LV ODUJHO\ EHFDXVH RI WKH H[LVWHQFH RI IDVW DQG HIILFLHQW SRO\JRQ

UHQGHUHUV� 950/� IRU H[DPSOH� LV ODUJHO\ D SRO\JRQ�EDVHG WHFKQRORJ\�

$V QRWHG HDUOLHU� RQH REYLRXV IDXOW RI WKH SRO\KHGURQ UHSUHVHQWDWLRQ LV WKH LQDELOLW\ LQ

UHSUHVHQWLQJ FXUYHG VXUIDFHV� &RQVHTXHQWO\� LW UHTXLUHV ODUJH DPRXQWV RI GDWD WR DSSUR[LPDWH

REMHFWV ZLWK FXUYHG VXUIDFHV� 2EMHFWV ZLWK URXQGHG HGJHV DQG FRUQHUV� IRU H[DPSOH� QHHG

ODUJH QXPEHUV RI WLQ\ SRO\JRQV WR DSSUR[LPDWH� +HQFH ILOHV GHVFULELQJ WKH RULJLQDO

´XQURXQGHGµ YROXPH DQG WKRVH ZLWK URXQGHG HGJHV DQG FRUQHUV FDQ HDVLO\ GLIIHU LQ VL]H E\

DQ RUGHU RI PDJQLWXGH�

7KH GLIIHUHQFH LV VLJQLILFDQW HVSHFLDOO\ LQ WKH FRQWH[W RI 950/� DV 950/ ILOHV DUH PRVWO\

KRVWHG RQ D UHPRWH PDFKLQH DQG WUDQVIHUUHG RYHU WKH QHWZRUN RQ UHTXHVW� 7KH GLIIHUHQFH LQ
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ILOH VL]H PD\ PHDQ D KXJH FRVW LQ VFDUFH QHWZRUN UHVRXUFHV� 7KLV LPSRVHV DQ H[WUD FKDOOHQJH

IRU WKUHH�GLPHQVLRQDO YROXPH URXQGLQJ LQ 950/�

&RPSUHVVLRQ VHUYHV DV D VROXWLRQ KHUH� 3UH�FRPSUHVVHG VFHQH GHVFULSWLRQV FDQ EH JHQHUDWHG�

WUDQVIHUUHG DQG HYHQ PDQLSXODWHG GLUHFWO\� 'HFRPSUHVVLRQ WDNHV SODFH RQO\ EHIRUH UHQGHULQJ�

'DWD WUDQVIHU LV WKHUHIRUH PLQLPLVHG�

8QDUJXDEO\ RQH RI WKH PRVW QDWXUDO DQG HIIHFWLYH ZD\V RI FRPSUHVVLQJ URXQGHG WKUHH�

GLPHQVLRQDO REMHFW LV WR DFWXDOO\ UHSUHVHQW LW E\ LWV VHPDQWLF� ,QVWHDG RI GHVFULELQJ WKH

URXQGHG YROXPH DV D ODUJH FROOHFWLRQ RI VPDOO SRO\JRQV� LW FDQ EH UHSUHVHQWHG DV WKH

JHRPHWU\ RI WKH RULJLQDO REMHFW DQG D URXQGLQJ VSHFLILFDWLRQ� 5RXQGLQJ DOJRULWKP FDQ EH

DSSOLHG MXVW EHIRUH UHQGHULQJ� :H ZLOO FDOO WKLV DSSURDFK -XVW�,Q�7LPH �-,7� PRGLILFDWLRQ�

7KH EHQHILWV RI -,7 PRGLILFDWLRQ FDQ EH HDVLO\ DSSUHFLDWHG� $ URXQGHG HTXLYDOHQW RI D

FRPSXWHU JUDSKLFV VFHQH RI OHVV WKDQ D KXQGUHG NLORE\WHV FDQ EH HDVLO\ ODUJHU WKDQ WKH

RULJLQDO E\ VHYHUDO PHJDE\WHV RI GDWD� $VVXPLQJ DQ DYHUDJH KRPH�XVH ,QWHUQHW FRQQHFWLRQ�

ZH DUH WDONLQJ DERXW PLQXWHV RU HYHQ KRXUV PRUH RQ WKH UHTXLUHG GRZQORDG WLPH� ,Q

FRQWUDVW� JLYHQ WKH KXJH DQG FRQWLQXRXVO\ LQFUHDVLQJ SURFHVVLQJ SRZHU DYDLODEOH RQ GHVNWRS

FRPSXWLQJ� D IDVW YROXPH�URXQGLQJ DOJRULWKP FDQ EH H[HFXWHG ZLWKLQ VHFRQGV�

(QKDQFHG UHDGDELOLW\ DQG PDLQWDLQDELOLW\ IXUWKHU MXVWLI\ WKH -,7 DSSURDFK� :LWK WKH SUH�

FRQVWUXFWHG SRO\JRQ PHVK DSSURDFK� RQFH WKH VKDSH LV JHQHUDWHG LW LV KDUG WR PRGLI\ DQG

KHQFH UHXVDELOLW\ LV OLPLWHG� ,Q FRPSDULVRQ� FKDQJLQJ WKH URXQGQHVV RI WKH YROXPH ZLWK WKH

MXVW�LQ�WLPH DSSURDFK FDQ EH DV HDV\ DV DOWHULQJ RQH VFDODU YDOXH LQ WKH VSHFLILFDWLRQ�

1.5 Goals and Contributions

7KLV UHVHDUFK LV LQLWLDWHG IURP WZR RUWKRJRQDO SDWKV� DFDGHPLF DQG SUDFWLFDO� 2Q WKH

DFDGHPLF VLGH� ZH VHW RXW WR LQYHVWLJDWH D QHZ PHWKRG WR SHUIRUP IDVW YROXPH URXQGLQJ� 2Q

WKH SUDFWLFDO VLGH� ZH ZDQW WR GHYHORS D 950/ YROXPH�URXQGLQJ WRRO� ZKLFK SURGXFHV

URXQGHG HTXLYDOHQWV RI WKH H[LVWLQJ LQSXW 950/ VFHQHV� 7KH IRFXV KHUH LV PRUH RQ WKH XVHU

LQWHUIDFH GHVLJQ DQG WKH DFWXDO LPSOHPHQWDWLRQ�

7KH PDMRU FRQWULEXWLRQ LV WKH GHYHORSPHQW RI D QHZ DSSURDFK WR YROXPH URXQGLQJ �

3RO\KHGURQ %HYHOOLQJ� 3RO\KHGURQ EHYHOOLQJ PHWKRGV DUH EDVHG RQ UHFXUVLYH PHVK VXEGLYLVLRQ

PHWKRGV� ZKLFK DUH XVHG IRU IDVW FRQVWUXFWLRQ RI D VPRRWK VXUIDFH IURP DQ LQLWLDO SRO\JRQ

PHVK� 5HFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV ZLOO EH UHYLHZHG LQ &KDSWHU �� 3RO\KHGURQ

EHYHOOLQJ PHWKRGV H[WHQG UHFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV WR DOORZ XVHU VSHFLILFDWLRQ RI

WKH GHJUHH RI URXQGQHVV� 7ZR DSSURDFKHV KDYH EHHQ WULHG DQG� DV D UHVXOW� WZR SRO\KHGURQ

EHYHOOLQJ PHWKRGV DUH GHYHORSHG� 7KH\ DUH PHVK SUH�SDUWLWLRQLQJ DQG WDUJHW�GULYHQ SRO\KHGURQ

EHYHOOLQJ�

7KH VHFRQG FRQWULEXWLRQ LV WKH GHYHORSPHQW RI D MXVW�LQ�WLPH H[WHQVLRQ LQ 950/�
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1.6 Organisation of the Thesis

7KH UHPDLQGHU RI WKLV UHVHDUFK LV RUJDQLVHG DV IROORZHG�

&KDSWHU WZR GLVFXVVHV WKH VXEMHFWLYH PHDQLQJ RI YROXPH URXQGLQJ� ,W DWWHPSWV WR GHWHUPLQH

ZKDW LV PHDQW E\ ´URXQGLQJµ RI D WKUHH�GLPHQVLRQDO REMHFW� 7KH REMHFWLYH LV WR FRPH XS D
VHW RI TXDOLW\ FULWHULD� ZKLFK FDQ EH XVHG WR HYDOXDWH GLIIHUHQW YROXPH URXQGLQJ PHWKRGV�

&KDSWHU WKUHH JLYHV DQ RYHUYLHZ RI H[LVWLQJ YROXPH URXQGLQJ PHWKRGV� 7KH HPSKDVLV LV
ODUJHO\ RQ WKH UHODWLYH VWUHQJWKV DQG ZHDNQHVVHV RI HDFK RI WKH PHWKRGV� :H UXQ WKURXJK

HDFK RI WKH PHWKRGV DJDLQVW WKH VHW RI TXDOLW\ FULWHULD GHYHORSHG LQ FKDSWHU WZR�
8QGHUVWDQGLQJ RI WKH FXUUHQW GHYHORSPHQW RQ WKH ILHOG KHOSV LGHQWLI\LQJ WKH SRWHQWLDO DUHD RI
UHVHDUFK�

&KDSWHU IRXU UHYLHZV YDULRXV UHFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV� WKH EDVHV RI RXU UHVHDUFK�

7KH IRFXV IRU WKH FKDSWHU ZLOO EH RQ WKH PDWKHPDWLFDO IRUPXODWLRQ DQG GHWDLO H[SODQDWLRQ RI
WKH PHWKRGV�

&KDSWHU ILYH SUHVHQWV WKH ILUVW DWWHPSW RI RXU YROXPH URXQGLQJ PHWKRG� SRO\KHGURQ
EHYHOOLQJ E\ PHVK SUH�SDUWLWLRQLQJ� 7KH LGHD RI PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ

LV WR SUH�SURFHVV WKH LQLWLDO FRDUVH SRO\KHGURQ UHSUHVHQWDWLRQ EHIRUH DSSO\LQJ WKH UHFXUVLYH
PHVK VXEGLYLVLRQ PHWKRG VR WKDW WKH GHVLUHG VKDSH LV REWDLQHG DIWHU WKH PHVK VXEGLYLVLRQ�
'LIIHUHQW GHJUHHV RI URXQGQHVV DUH DFKLHYHG E\ YDU\LQJ WKH SUH�SURFHVVLQJ SKDVH�

&KDSWHU VL[ GHVFULEHV WZR RSWLPLVDWLRQ PHWKRGV IRU WKH PHVK SUH�SDUWLWLRQLQJ PHWKRG� 7KH

RSWLPLVDWLRQ PHWKRGV OHDG WR ERWK D IDVWHU DOJRULWKP DQG OHVV IUDJPHQWDWLRQ�

&KDSWHU VHYHQ LQWURGXFHV SRO\KHGURQ EHYHOOLQJ E\ WDUJHW�GULYHQ VXEGLYLVLRQ� ,QVWHDG RI
DGGLQJ D SUH�SURFHVVLQJ SKDVH WR WKH UHFXUVLYH PHVK VXEGLYLVLRQ SURFHVV� WKH PHWKRG
DFWXDOO\ PRGLILHV WKH UHFXUVLYH PHVK VXEGLYLVLRQ VFKHPH LWVHOI� 7KH FKDSWHU GLVFXVVHV WKH

DGYDQWDJHV DQG GLVDGYDQWDJHV RI ERWK PHWKRGV�

&KDSWHU HLJKW FRYHUV WKH LPSOHPHQWDWLRQ GHWDLOV RI WKH MXVW�LQ�WLPH YROXPH URXQGLQJ
H[WHQVLRQ LQ 950/ XVLQJ WKH WDUJHW�GULYHQ VXEGLYLVLRQ PHWKRG�

&KDSWHU QLQH LV WKH FRQFOXVLRQ RI WKLV UHVHDUFK� LW DOVR GLVFXVVHV WKH OLPLWDWLRQ DQG WKH IXWXUH

UHVHDUFK GLUHFWLRQV�
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0RVW UHDO ZRUOG REMHFWV DUH VOLJKWO\ URXQGHG� 0RGHOOLQJ RI URXQGHG REMHFWV LQ FRPSXWHU

JUDSKLFV KRZHYHU LV WHGLRXV DQG WLPH�FRQVXPLQJ� 7KUHH�GLPHQVLRQDO YROXPH URXQGLQJ LV

FRQFHUQLQJ ZLWK DXWRPDWLFDOO\ URXQGLQJ VKDUS HGJHV DQG FRUQHUV RI DQ REMHFW�

,Q WKLV FKDSWHU� ZH ZLVK WR GLVFXVV ZKDW ZH DFWXDOO\ PHDQ E\ ´URXQGLQJµ RI D ��GLPHQVLRQDO

REMHFW� 7KLV LV LPSRUWDQW ERWK IRU HYDOXDWLQJ WKH SURV DQG FRQV RI YDULRXV H[LVWLQJ YROXPH�

URXQGLQJ PHWKRGV DQG IRU VHWWLQJ XS WKH JRDOV DQG GLUHFWLRQV RI RXU RZQ PHWKRG�

6LQFH WKH WRSLF LV VXEMHFWLYH LQ QDWXUH� ZH ZLOO WU\ WR EDFN XS RXU DUJXPHQWV ZLWK WKH UHVXOW RI

D VXUYH\ RQ KRZ KXPDQV SHUFHLYH WKH FRQFHSWV RI URXQGQHVV DQG URXQGLQJ� 7KH GHWDLOV RI WKH

VXUYH\ FDQ EH IRXQG DW WKH HQG RI WKLV FKDSWHU� 7KH UHVXOW RI WKLV GLVFXVVLRQ ZLOO IRUP WKH

EDVLV IRU HYDOXDWLQJ WKH H[LVWLQJ YROXPH URXQGLQJ PHWKRGV LQ WKH QH[W FKDSWHU�

2.1 Three-dimensional Volume Rounding: What does it mean?

7KH PHDQLQJ RI URXQGLQJ RI D JHRPHWULF REMHFW LV LQWXLWLYHO\ REYLRXV� EXW YHU\ LPSUHFLVH� 7ZR

TXHVWLRQV DUH HVVHQWLDO WR WKH XQGHUVWDQGLQJ RI WKH WUXWK PHDQLQJ RI D URXQGLQJ RSHUDWLRQ�

)LUVW� D VLPSOH�PLQGHG LQWHUSUHWDWLRQ GHVFULEHV D URXQGLQJ RSHUDWLRQ DV PDNLQJ WKH REMHFW

URXQGHU� 7KH IRFXV KHUH LV RQ WKH ZRUG ´URXQGHUµ� 7KH ILUVW TXHVWLRQ RI FRQFHUQ LV WKHUHIRUH�

´+RZ WR FRPSDUH RU TXDQWLI\ URXQGQHVV"µ 7R DQVZHU WKH TXHVWLRQ� ZH QHHG WR VWXG\ ZKDW

FKDUDFWHULVWLFV RI DQ REMHFW FRQWULEXWH WR WKH KXPDQ SHUFHSWLRQ RI LWV URXQGQHVV� 6HFWLRQ ���

LV GHYRWHG WR DSSURDFK WKLV TXHVWLRQ�

$VVXPLQJ WKH URXQGQHVV RI REMHFWV LV PHDVXUDEOH� D URXQGLQJ RSHUDWLRQ FDQQRW EH

LQWHUSUHWHG DV VLPSO\ PDNLQJ DQ REMHFW URXQGHU� 6RPH DGGLWLRQDO FRQVWUDLQWV� ZKLFK JRYHUQ

WKH UHODWLRQVKLS EHWZHHQ WKH RULJLQDO YROXPH WR WKH UHVXOWDQW VKDSH� PXVW EH VDWLVILHG�

0RUHRYHU� RQH ZLOO� IRU H[DPSOH� QRW H[SHFW URXQGLQJ D UHFWDQJXODU ER[ ZLOO \LHOG D

FXFXPEHU� 7KH HVVHQWLDO QDWXUH RI WKH RULJLQDO VKDSH PXVW EH XQDOWHUHG GXULQJ WKH URXQGLQJ

SURFHVV� :H ZLOO FRQFHUQ RXUVHOYHV ZLWK WKH VHFRQG TXHVWLRQ� ´:KDW DUH WKH FRQVWUDLQWV WKDW

JRYHUQ WKH UHVXOWDQW VKDSH RI D URXQGLQJ RSHUDWLRQ"µ ,Q VHFWLRQ ���� ZH ZLOO DGGUHVV WKLV TXHVWLRQ DQG

DWWHPSW WR GHYHORS D VHW RI FRQVWUDLQWV WKDW OLPLW D URXQGLQJ RSHUDWLRQ WR SURGXFH RQO\

´UHDVRQDEOHµ RXWSXWV�

2.2 Quantifying Roundness

7R HQVXUH D XQLIRUPLW\ RI WHUPLQRORJ\� ZH ZLOO ILUVW GLVWLQJXLVK EHWZHHQ WZR UHODWHG EXW

GLVWLQFW FRQFHSWV� VPRRWKQHVV DQG URXQGQHVV�
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2.2.1 Roundness vs. Smoothness

4XDQWLI\LQJ VPRRWKQHVV LV D ZHOO�UHVHDUFKHG DUHD� 6PRRWKQHVV LV GHILQHG DV WKH FRQWLQXLW\ RI

SRLQWV RYHU D VXUIDFH� 3DUDPHWULF DQG JHRPHWULF FRQWLQXLW\ DUH WZR JHQHUDOO\ DFFHSWHG

FRQFHSWV�

)RU D SDUDPHWHULVHG VXUIDFH� WKH SDUDPHWULF FRQWLQXLW\ &
N LV XVHG WR TXDQWLI\ VPRRWKQHVV�

GHQRWLQJ D VXUIDFH WKDW LV FRQWLQXRXV XS WR WKH N�GHULYDWLYH� 3DUDPHWULF FRQWLQXLW\ LV QRW

LQYDULDQW ZLWK UHVSHFW WR UH�SDUDPHWHULVDWLRQ� :KHQ D SDUDPHWULF UHSUHVHQWDWLRQ LV QRW

SUHVHQW RU UH�SDUDPHWHULVDWLRQ LV QHFHVVDU\� JHRPHWULF FRQWLQXLW\ FDQ LQVWHDG EH XVHG WR

TXDQWLI\ VPRRWKQHVV� *HRPHWULF FRQWLQXLW\� *&
N RU *

N� PHDVXUHV VPRRWKQHVV LQ WHUPV RI

RUGHU RI FRQWDFW� )RU H[DPSOH� WZR VXUIDFHV KDYH ]HUR RUGHU RI FRQWDFW PHDQV WKH WZR DUH

WRXFKLQJ HDFK RWKHU� +LJKHU RUGHU RI FRQWDFW PHDQV FRQWLQXRXV LQ JUDGLHQW� FXUYDWXUH�

WRUVLRQ DQG VR IRUWK� *HRPHWULF FRQWLQXLW\ LV XVXDOO\ OHVV UHVWULFWLYH WKDQ SDUDPHWULF

FRQWLQXLW\� )RU H[DPSOH� WZR FXUYHV ZLWK *&� FRQWLQXLW\ UHTXLUHV RQO\ WKDW WKH WDQJHQW

YHFWRUV KDYH WKH VDPH GLUHFWLRQ DW WKH MRLQW SRLQW� ZKLOH &� FRQWLQXLW\ UHTXLUHV WKH WDQJHQW

YHFWRUV PDWFK LQ ERWK GLUHFWLRQ DQG PDJQLWXGH� +RZHYHU� JHRPHWULF FRQWLQXLW\ GRHV RIIHU

FRPSDUDWLYH DGYDQWDJHV OLNH JHRPHWULF LQWHUSUHWDWLRQ DQG SDUDPHWHULVDWLRQ LQGHSHQGHQFH�

8QIRUWXQDWHO\� RQ WKH RWKHU KDQG� URXQGQHVV LV QRW PDWKHPDWLFDOO\ ZHOO GHILQHG� 3HRSOH GR QRW

JLYH TXDQWLWDWLYH PHDVXUHPHQW IRU URXQGQHVV LQ SUDFWLFH� 5RXQGQHVV GHVFULEHV KRZ FORVHO\ D

VKDSH UHVHPEOHV D FLUFOH RU D VSKHUH LQ WZR DQG WKUHH�VSDFH UHVSHFWLYHO\� $ VSKHUH LV

FRPSOHWHO\ URXQGHG ZKLOH D FXEH LV QRW� /LQJXLVWLF TXDQWLILHUV VXFK DV YHU\� PRGHUDWHO\ DUH XVHG

WR GHVFULEH VRPHWKLQJ LQ EHWZHHQ�

7KH TXDOLWDWLYH QDWXUH RI URXQGQHVV LV REYLRXVO\ XQGHVLUDEOH IRU RXU DSSOLFDWLRQ� :KDW LV

HYHQ ZRUVH LV WKDW WKH URXQGQHVV RI D WKUHH�GLPHQVLRQDO REMHFW FDQ EH D YHU\ VXEMHFWLYH

LQWHUSUHWDWLRQ� +RZ D SHUVRQ SHUFHLYHV URXQGQHVV RI DQ REMHFW FDQ EH GLIIHUHQW IURP RQH WR

DQRWKHU�

2.2.2 Interpretation of Curvature Plot

'HVSLWH WKH TXDOLWDWLYH DQG VXEMHFWLYH QDWXUH RI URXQGQHVV� FXUYDWXUH DW WKH URXQGHG HGJHV

DQG FRUQHUV LV XQDUJXDEO\ WKH VLQJOH PRVW LQIOXHQWLDO IDFWRU WKDW DIIHFWV KRZ SHRSOH SHUFHLYH

URXQGQHVV� $OWKRXJK FXUYDWXUH KDV DQ LQWXLWLYH PHDQLQJ WR SHRSOH� ZH ZLOO JLYH WKH

GHILQLWLRQ KHUH WR DYRLG XQQHFHVVDU\ FRQIXVLRQ�

,Q WZR GLPHQVLRQV� WKH UDGLXV RI FXUYDWXUH FDQ EH LQWHUSUHWHG JHRPHWULFDOO\ DV WKH UDGLXV RI

WKH FLUFOH ZKRVH ILUVW DQG VHFRQG GHULYDWLYHV DJUHH ZLWK WKH FXUYH DW WKH JLYHQ SRLQW DQG WKH

FXUYDWXUH LV JLYHQ DV WKH LQYHUVH RI WKH UDGLXV RI FXUYDWXUH�

&XUYDWXUH LQ WKUHH�GLPHQVLRQ LV PRUH FRPSOLFDWHG� $ QRUPDO VHFWLRQ SODQH ZKLFK LV WDQJHQWLDO

WR WKH VXUIDFH DW SRLQW S PXVW EH FKRVHQ� 6HH ILJXUH ����
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7KH QRUPDO FXUYDWXUH κQ DW SRLQW S FDQ WKHQ EH PHDVXUHG

OLNH WKH WZR�GLPHQVLRQDO FDVH DORQJ WKH LQWHUVHFWLRQ FXUYH

RI WKH QRUPDO VHFWLRQ SODQH DQG WKH VXUIDFH� &OHDUO\� WKH

FXUYDWXUH κQ YDULHV DV WKLV QRUPDO VHFWLRQ URWDWHV DORQJ WKH

QRUPDO YHFWRU 1� 7KH PRVW LPSRUWDQW� KRZHYHU� DUH WKH

WZR SULQFLSDO FXUYDWXUHV� κ� DQG κ�� ZKLFK DUH WKH WZR

H[WUHPH YDOXHV DPRQJ DOO κQ� VLQFH DQ\ LQ�EHWZHHQ QRUPDO

FXUYDWXUH κQ DW S FDQ EH REWDLQHG E\�

κQ  κ� FRV
� φ� κ� VLQ

� φ�
)LJXUH ���� 1RUPDO VHFWLRQ�

ZKHUH φ LV WKH DQJOH EHWZHHQ WKH QRUPDO VHFWLRQ DQG WKH GLUHFWLRQ RI WKH ILUVW SULQFLSDO
FXUYDWXUH >+/�� SS���@�

&OHDUO\ WKH ODUJHU WKH UDGLXV RI FXUYDWXUH RQ WKH HGJHV DQG FRUQHUV WKH URXQGHU WKH REMHFW�

6LQFH WKH UDGLXV RI FXUYDWXUH RI HGJHV DQG FRUQHUV ZLOO FKDQJH ZLWK VFDOLQJ� WKDW LPSOLHV

VFDOLQJ RI DQ REMHFW ZLOO DOWHU LWV URXQGQHVV� 7KLV� KRZHYHU� FRQWUDGLFWV WKH UHVXOW RI WKH

VXUYH\� FRYHUHG ODWHU LQ VHFWLRQ ������ LQ ZKLFK PRVW SHRSOH WKLQN WKDW WKH URXQGQHVV RI DQ

REMHFW LV LQYDULDQW WR VFDOLQJ�

,QYHVWLJDWLQJ WKH FXUYDWXUH SORWV ZLOO JLYH D GHHSHU LQVLJKW LQWR KRZ WKH SHUFHSWLRQ RI

URXQGQHVV UHODWHV WR FXUYDWXUH� &XUYDWXUH SORWV DUH REWDLQHG IURP SORWWLQJ WKH FXUYDWXUH

DORQJ D SDUWLFXODU SDWK RQ WKH REMHFW VXUIDFH� )LJXUH ��� GHSLFWV FXUYDWXUH SORWV DFURVV D

VKDUS HGJH IURP D FXEH DQG D URXQGHG HGJH IURP D URXQGHG FXEH�

�D� �E�

)LJXUH ���� &XUYDWXUH SORWV RI D VKDUS HGJH DQG D URXQGHG HGJH

1RWLFH WKDW LQ WKH FXUYDWXUH SORW RI WKH VKDUS HGJH LOOXVWUDWHG RQ ILJXUH ����D�� WKH FXUYDWXUH

UHPDLQV DW ]HUR H[FHSW IRU D YHU\ VKDUS GLVFRQWLQXLW\ DW WKH WXUQLQJ SRLQW� ,Q FRPSDULVRQ�

ILJXUH ����E� VKRZV WKDW RQ D URXQGHG HGJH WKH VKDUS GLVFRQWLQXLW\ LV VSUHDG RXW RYHU D ZLGHU

UDQJH ZLWK D ORZHU SHDN FXUYDWXUH�

:H FDQ VHH WKDW FXUYDWXUH UHODWHV WR WKH GHJUHH RI URXQGQHVV LQ PXOWLSOH DVSHFWV QDPHO\� WKH

SHDN FXUYDWXUH� WKH VKDSH RI WKH FXUYDWXUH SORW DQG WKH VSUHDG RI WKH FXUYDWXUH�

•  7KH SHDN FXUYDWXUH� JLYHQ WKDW WKH VL]H RI WKH REMHFW LV IL[HG� FRQWUROV KRZ VKDUS WKH

WXUQLQJ SRLQW LV�
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•  7KH VKDSH RI WKH FXUYDWXUH SORW JRYHUQV WKH VPRRWKQHVV RI WKH VXUIDFH DQG WKH VKDSH RI

WKH URXQGHG UHJLRQ� :KLOH LW LV SRVVLEOH WR FRQVWUXFW D URXQGHG REMHFW ZLWK D URXJK

VXUIDFH� URXQGHG REMHFWV DUH JHQHUDOO\ VPRRWKHU� 7KHUH DUH PDQ\ PHWKRGV WR FRQWURO WKH

JHQHUDO VKDSH RI WKH URXQGHG UHJLRQ DQG ZH ZLOO FRYHU VRPH RI WKHP ODWHU�

•  7KH VSUHDG RI WKH FXUYDWXUH RQ WKH HGJHV DQG FRUQHUV LV VRPHWLPHV KDUG WR FRQFHSWXDOLVH�

,W FDQ EH EHWWHU XQGHUVWRRG LI YLHZHG DV WKH UDWLR EHWZHHQ WKH VXUIDFH DUHD RI WKH SODQDU

UHJLRQV DQG WKDW RI WKH URXQGHG UHJLRQV� 3ODQDU UHJLRQV DUH LGHQWLILHG E\ WKHLU ]HUR

FXUYDWXUH� 7KH VSUHDG RI FXUYDWXUH WXUQV RXW WR EH WKH PDMRU IDFWRU DIIHFWLQJ KXPDQ

UHFRJQLWLRQ RI GHJUHH RI URXQGQHVV� 7KLV IDFWRU PDWFKHV VHYHUDO SKHQRPHQD REVHUYHG

IURP WKH VXUYH\� 7KHVH SKHQRPHQD LQFOXGH �� URXQGQHVV LV LQYDULDQW XQGHU VFDOLQJ DQG

�� WKH URXQGQHVV RI REMHFWV YDULHV ZLWK WKHLU VL]HV HYHQ LI WKH FXUYDWXUH RI DOO WKHLU HGJHV

DQG FRUQHUV DUH LGHQWLFDO�

7KH GLVFXVVLRQ VR IDU KDV IRFXVHG RQ WKH GHJUHH RI URXQGQHVV RI DQ LQGLYLGXDO HGJH RU

FRUQHU� 2QH FDQ H[SHFW WKH RYHUDOO URXQGQHVV WR EH VRPH FRPELQDWLRQ RI WKH GLIIHUHQW

URXQGHG SDUWV RI DQ REMHFW� 6RPH LQWHUHVWLQJ TXHVWLRQV FDQ EH UDLVHG� )RU H[DPSOH� ZKDW ZLOO

SHRSOH WKLQN RI WKH URXQGQHVV RI D WHDUGURS VKDSH �D VKDUS DQG SRLQW\ HQG EXW URXQG DQG

VPRRWK HYHU\ZKHUH HOVH�" 7KLV UHVHDUFK LV� KRZHYHU� SULPDULO\ FRQFHUQHG ZLWK D JOREDO

URXQGLQJ RSHUDWLRQ� D URXQGLQJ RSHUDWLRQ WKDW FDQ EH DSSOLHG HYHU\ZKHUH HTXDOO\ WR D WDUJHW

REMHFW� +HQFH WKH GHJUHH RI URXQGQHVV RI DQ LQGLYLGXDO HGJH RU FRUQHU ZLOO VHUYH DV D IDLU

HVWLPDWLRQ RI WKH RYHUDOO GHJUHH RI URXQGQHVV�

2.3 Constraints on the Rounding Operation

7KH SUHYLRXV VHFWLRQ ZDV FRQFHUQHG ZLWK FRPSDULQJ DQG TXDQWLI\LQJ URXQGQHVV� ,Q WKH

FXUUHQW VHFWLRQ� ZH ZLOO KDYH D ORRN DW WKH RWKHU TXHVWLRQ UDLVHG LQ VHFWLRQ ���� ´ZKDW DUH WKH

FRQVWUDLQWV WKDW JRYHUQ WKH UHVXOWDQW VKDSH RI D URXQGLQJ RSHUDWLRQ"µ

:H EHJLQ E\ FODLPLQJ WKDW LW LV QHFHVVDU\ WR PDLQWDLQ WKH JHRPHWULF VLPLODULW\ EHWZHHQ WKH

RULJLQDO DQG WKH URXQGHG VKDSH� :H ZLOO VXFFHVVLYHO\ UHILQH WKH UHTXLUHPHQWV RU FRQVWUDLQWV

LQ WKLV VHFWLRQ�

2.3.1 Preservation of Topology

7KH VLPLODULW\ LQ VKDSHV LV VWXGLHG LQ WKH WKHRU\ RI KRPRWRS\ >6LHU��@� 7KLV LV XVXDOO\ UHODWHG

WR WKH VKDULQJ RI WKH VDPH WRSRORJ\� %\ WRSRORJ\� ZH DUH UHIHUULQJ WR WKH FRQQHFWHGQHVV RI

VKDSH� LQFOXGLQJ WKH QXPEHU RI GLVMRLQW FRPSRQHQWV DQG WKH QXPEHU RI KROHV LQ HDFK RI

WKHP�

2XU VXUYH\ LQGLFDWHG WKDW PRVW SHRSOH EHOLHYH FRPSDULQJ URXQGQHVV RI WZR REMHFWV ZLWK

GLIIHUHQW WRSRORJ\ LV QRW VHQVLEOH� $OWKRXJK ZH GR QRW FODLP WKH UHVXOW WR EH FRQFOXVLYH� WKLV

REVHUYDWLRQ SURYLGHV HYLGHQFH WKDW WKH SUHVHUYDWLRQ RI WRSRORJ\ LV D QHFHVVDU\ FRQVWUDLQW RQ D

URXQGLQJ RSHUDWLRQ�
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+RZHYHU� SUHVHUYDWLRQ RI WRSRORJ\ E\ LWVHOI FDQQRW EH VXIILFLHQW� 7RSRORJ\ FRQWULEXWHV OLWWOH

WR WKH JHQHUDO DSSHDUDQFH� )RU H[DPSOH� D FXFXPEHU DQG D UHFWDQJXODU ER[ ZLOO KDYH WKH

VDPH WRSRORJ\ DQG WKHUHIRUH VRPH DGGLWLRQDO FRQVWUDLQWV DUH FOHDUO\ UHTXLUHG�

2.3.2 Preservation of Planar Surface

:H PHQWLRQHG LQ VHFWLRQ ��� WKDW WKH GHJUHH RI URXQGQHVV RI DQ REMHFW LV KLJKO\ UHODWHG WR

WKH UDWLR RI WKH DUHD RI LWV URXQGHG UHJLRQV DQG SODQDU UHJLRQV� +HQFH URXQGLQJ FDQ EH

GHVFULEHG DV D SURFHVV RI UHGXFLQJ WKH DUHD RI WKH SODQDU UHJLRQV� 7KLV LPSOLHV WKH URXQGHG

REMHFW ZLOO SUHVHUYH� WR VRPH H[WHQW� WKH SODQDU UHJLRQV RI WKH RULJLQDO REMHFW�

:H ZLOO ILUVW GHILQH VRPH QRWDWLRQ�

3ODQDU UHJLRQV DUH DOO SRLQW S RQ WKH VXUIDFH RI DQ REMHFW VXFK WKDW WKH WZR SULQFLSDO

FXUYDWXUHV RI S DUH ERWK ]HUR� 2WKHUZLVH WKH SRLQW LV D PHPEHU RI WKH URXQGHG UHJLRQV�

&RQVLGHU D URXQGLQJ RSHUDWLRQ 5 ZLWK D VLQJOH VFDODU FRQWURO RI URXQGQHVV ρ ∈ >�� ∞� DQG OHW

τ EH WKH WRSRORJLFDO VSDFH RI WKH WKUHH�GLPHQVLRQDO (XFOLGHDQ VSDFH� ,Q RWKHU ZRUGV� τ LV D
VHW RI DOO SRVVLEOH VXEVHWV RI WKH WKUHH�VSDFH�

7KH VLJQDWXUH RI WKH URXQGLQJ RSHUDWLRQ FDQ KHQFH EH ZULWWHQ DV 5� τ × >�� ∞� → τ� 7KLV
VLPSO\ PHDQV WKH URXQGLQJ RSHUDWLRQ WDNHV D VKDSH DQG D GHJUHH RI URXQGQHVV DQG PDSV LW WR

DQRWKHU �RU SRVVLEO\ WKH VDPH� VKDSH�

$OVR OHW 6� τ → τ EH D IXQFWLRQ WKDW PDSV DQ\ JLYHQ YROXPH WR LWV SODQDU VXUIDFHV� 7KDW LV 6�W�

LV DOO SRLQWV S� VXFK WKDW S LV RQ WKH ERXQGDU\ RI W DQG WKH WZR SULQFLSDO FXUYDWXUHV DW S DUH

ERWK ]HUR�

1RZ ZH FDQ GHVFULEH WKH FRQVWUDLQW WKDW JRYHUQV WKH SUHVHUYDWLRQ RI SODQDU VXUIDFH� IRU DQ\

JLYHQ LQLWLDO YROXPH W� DV�

_6 � 5 � W� ρ�
� �_ ≥ _6 � 5 � W� ρ�

� �_⇔ ρ� ≥ ρ�

ZKHUH _[_ GHQRWHV WKH FDUGLQDOLW\ RU VL]H RI WKH VHW [�

,Q ZRUGV� WKLV PHDQV JLYHQ DQ\ WZR URXQGHG YHUVLRQV RI WKH VDPH LQLWLDO YROXPH� WKH WRWDO

DUHD RI WKH SODQDU VXUIDFHV RI WKH PRUH URXQGHG RQH ZLOO EH OHVV WKDQ WKDW RI WKH OHVV URXQGHG

RQH�

2.3.3 Monotonic Reduction of Planar Regions

1RW RQO\ GR ZH ZDQW WKH DUHD RI WKH SODQDU VXUIDFH WR UHGXFH DV WKH UHTXLUHG GHJUHH RI

URXQGQHVV LQFUHDVHV EXW DOVR ZH UHTXLUH D FRQVWUDLQW WR JXDUDQWHH WKDW QR H[WUD SODQDU UHJLRQV

ZLOO EH JHQHUDWHG E\ WKH SURFHVV�

,Q RUGHU WR DFFRPSOLVK WKLV� ZH ZLOO VWUHQJWKHQ WKH FRQVWUDLQW IURP VHFWLRQ ������ ZKLOH

NHHSLQJ WKH VDPH QRWDWLRQ� DV�
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6 � 5 � W� ρ
�
� � ⊆ 6 � 5 � W� ρ

�
� �⇔ ρ

�
≥ ρ

�

7KLV PHDQV WKDW JLYHQ DQ\ WZR URXQGHG YHUVLRQV RI WKH VDPH LQLWLDO YROXPH� WKH VHW RI SODQDU

VXUIDFHV RI WKH PRUH URXQGHG RQH LV UHTXLUHG WR EH D VXEVHW RI WKDW RI WKH OHVV URXQGHG RQH�

2.3.4 Shrinking from Boundary

(YHQ ZLWK WKH DERYH FRQVWUDLQWV� ZH VWLOO FDQQRW DYRLG XQGHVLUHG EHKDYLRXU VXFK DV

LQWURGXFLQJ FXUYDWXUH LQ WKH PLGGOH RI WKH SODQDU UHJLRQV� ,I ZH UHJDUG URXQGLQJ DV D SURFHVV

RI VKULQNLQJ SODQDU UHJLRQV RI DQ REMHFW� ZH QHHG WR UHVWULFW WKDW WKH VKULQNLQJ SURFHVVLQJ

WDNHV SODFH RQO\ RQ WKH ERXQGDU\ RI WKH SODQDU UHJLRQV�

$JDLQ� ZH ZLOO VWDUW ZLWK GHILQLQJ VRPH PRUH

QRWDWLRQV�

7KH ERXQGDU\ FRQVWUDLQW PHDQV WKDW SODQDU UHJLRQ

FDQ EH UHGXFHG RQO\ LI LW LV D ERXQGDU\ SODQDU UHJLRQ�

ZKLFK LV GHILQHG DV DOO SRLQW S� VXFK WKDW S LV SODQDU

ZKLOH RQH RU PRUH LPPHGLDWH QHLJKERXU RI S LV QRQ�

SODQDU�

7KH ε�ERXQGDU\ SODQDU UHJLRQ LQFOXGHV DOO SRLQW S�

VXFK WKDW S LV D PHPEHU RI WKH SODQDU UHJLRQV DQG

WKHUH H[LVWV D SRLQW T RQ WKH ERXQGDU\ SODQDU UHJLRQ

DQG T LV D PHPEHU RI WKH ε�QHLJKERXUKRRG RI S�
)LJXUH ���� 7KH ε�ERXQGDU\ SODQDU

UHJLRQV RI D URXQGHG FXEH

7KH ε�QHLJKERXUKRRG RI D SRLQW S LQ D PHWULF VSDFH� ZKLFK LV D WKUHH�GLPHQVLRQDO (XFOLGHDQ
VSDFH LQ WKLV FDVH� LV D VHW RI DOO SRLQWV ZLWKLQ D GLVWDQFH RI ε IURP S�

)LJXUH ��� VKRZV DQ ε�ERXQGDU\ SODQDU UHJLRQV RI D URXQGHG FXEH�

/HW %� τ × >�� ∞� → τ EH WKH IXQFWLRQ WKDW PDS D VKDSH W ∈ τ DQG D GLVWDQFH PHDVXUH ε ∈ >��
∞� LQWR WKH ε�ERXQGDU\ SODQDU UHJLRQ RI W�

1RZ� WKH ERXQGDU\ FRQVWUDLQW FDQ EH ZULWWHQ DV�

IRU DQ\ DUELWUDU\ W ∈ τ � ρ ∈ >�� ∞�

∃ I� >�� ∞�→ >�� ∞� DQG I LV FRQWLQXRXV� VXFK WKDW

�

OLP
→[

I�[�  � DQG

6 � 5 � W� ρ � � ? 6 � 5 � W� ρ � ∆ρ� � ⊆ %� 5 � W� ρ �� I� ∆ρ � �

$ IXQFWLRQ� I� LV FRQWLQXRXV LI [ LV D QHLJKERXU RI \ WKHQ I�[� LV DOVR D QHLJKERXU RI I�\��
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:LWK WKLV H[WHQVLRQ� IRU HYHU\ VLQJOH FRQQHFWHG SODQDU VXUIDFH 6 RQ WKH RULJLQDO YROXPH� WKH

FRUUHVSRQGLQJ SODQDU VXUIDFH�V� 6· RQ WKH URXQGHG YHUVLRQ ZLOO KDYH DQ DGGLWLRQDO SURSHUW\�

WKH QXPEHU RI KROHV LQ 6· PXVW EH OHVV WKDQ RU HTXDOV WR WKDW RI 6� 7KLV JXDUDQWHHV WKDW QR

DGGLWLRQDO KROHV ZLOO EH JHQHUDWHG RQ WKH SODQDU VXUIDFHV E\ WKH SURFHVV�

:H EHOLHYH WKDW E\ VDWLVI\LQJ DOO WKH DERYH FRQVWUDLQWV� PRVW RI WKH XQUHDVRQDEOH RXWSXWV DUH

HOLPLQDWHG� )XUWKHU FRQVWUDLQWV DUH SRVVLEOH EXW JUHDWHU HIIRUW LV UHTXLUHG WR DYRLG WKH

OLPLWDWLRQ RQ WKH GHVLJQ IUHHGRP RI WKH URXQGLQJ RSHUDWLRQ VLQFH WKH WRSLF LV� E\ DQG ODUJH�

VXEMHFWLYH�

2.4 Degree of Roundness and Limit Behaviour

$Q HVVHQWLDO DVSHFW RI D YROXPH URXQGLQJ RSHUDWLRQ LV QRW VWDWHG H[SOLFLWO\ LQ WKH GLVFXVVLRQ

VR IDU� WKH GHJUHH RI URXQGQHVV RI WKH UHVXOWDQW VKDSH PXVW EH XVHU DGMXVWDEOH� ZKLFK OHDGV WR

WKH UHTXLUHPHQW RI D URXQGLQJ SDUDPHWHU� 7KLV� LQ WXUQ� JLYHV ULVH WR WZR DGGLWLRQDO GHVLUHG

EHKDYLRXUV RI DQ\ URXQGLQJ PHWKRG� QDPHO\� D ZHOO�GHILQHG OLPLW EHKDYLRXU DQG FRQWLQXLW\ LQ
FRQWUROODEOH URXQGQHVV�

2.4.1 Well-defined Limit

,W LV RXU EHOLHI WKDW WKH ZHOO�GHILQHG OLPLW EHKDYLRXU VXJJHVWV WZR FULWHULD�

)LUVW� WKHUH PXVW EH D ]HUR URXQGLQJ SULPLWLYH� 7KDW LV� WKHUH LV D FHUWDLQ SDUDPHWHULVDWLRQ VXFK

WKDW WKH URXQGLQJ RSHUDWLRQ LV LGHQWLFDO WR WKH LGHQWLW\ PDSSLQJ�

∃ρ �∀ W � 5 � W� ρ � ≡ W � �

6HFRQG� WKHUH PXVW EH DW OHDVW RQH SDUDPHWHULVDWLRQ WKDW DOZD\V PDSV D JLYHQ LQSXW WR D OLPLW
RI URXQGLQJ� %\ OLPLW RI URXQGLQJ� ZH PHDQ DQ REMHFW WKDW LV DOUHDG\ PD[LPDOO\ URXQGHG�

DWWHPSWLQJ WR DSSO\ IXUWKHU URXQGLQJ ZLOO UHVXOW LQ WKH VDPH REMHFW� /HW·V GHILQH / ⊂ τ DV WKH

FROOHFWLRQ RI DOO OLPLWV RI URXQGLQJ� WKHQ E\ GHILQLWLRQ�

W ∈ /⇔ ∀ρ � 5 � W� ρ � ≡ W �

7KXV ZH FDQ ZULWH WKH VHFRQG FULWHULD DV�

∃ρ �∀ W � 5 � W� ρ � ∈ /� �

2.4.2 Continuity in Controllable Roundness

7KH FRQWLQXLW\ LQ FRQWUROODEOH URXQGQHVV UHTXLUHV WKH URXQGLQJ RSHUDWLRQ LWVHOI WR EH FRQWLQXRXV� ,I

WKH URXQGLQJ SDUDPHWHU ρ
�
LV D QHLJKERXU RI ρ

�
� WKHQ� JLYHQ DQ\ DUELWUDU\ LQSXW VKDSH W� WKH

UHVXOWDQW VKDSH RI WKH URXQGLQJ RSHUDWLRQ 5 �W� ρ
�
� PXVW EH D QHLJKERXU RI 5 �W� ρ

�
�� :H

UHJDUG WZR VKDSHV V DQG W DV QHLJKERXUV LI DQG RQO\ LI HYHU\ SRLQWV LQ V KDV D QHLJKERXU LQ W
DQG YLFH YHUVD�
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2.5 Different ways of Controlling the Rounded Regions

2XU GLVFXVVLRQ� VR IDU KDV SULPDULO\ IRFXVHG RQ WKH SUHVHUYHG SODQDU VXUIDFHV RI D URXQGHG

REMHFW� 2QH FDQQRW UHDOO\ ILQLVK D GLVFXVVLRQ RQ URXQGLQJ ZLWKRXW PHQWLRQLQJ WKH RWKHU KDOI

RI D URXQGHG REMHFW� WKH URXQGHG UHJLRQV� 7KH\ DUH EOHQGV WKDW VPRRWKO\ MRLQ XS WKH

SUHVHUYHG SODQDU UHJLRQV� 7KHUH DUH PDQ\ DFFHSWDEOH ZD\V RI FRQWUROOLQJ WKH VKDSH RI WKH

URXQGHG UHJLRQV GHSHQGLQJ RQ WKH EOHQGLQJ PHWKRG HPSOR\HG� )RXU FRPPRQ ZD\V RI

FRQWUROOLQJ WKH URXQGHG UHJLRQV DUH GHSLFWHG LQ ILJXUH ��� >+/��@� 7KH\ DUH�

�D� 8QERXQGHG EOHQGLQJ� ZKHUH WKH EOHQGV JOREDOO\ LQIOXHQFH WKH VKDSH RI WKH REMHFWV� 7KH

UHVXOWDQW VXUIDFH XVXDOO\ OLHV VOLJKWO\ LQVLGH RU RXWVLGH RI WKH FRQWURO YROXPH DQG

KHQFH QR SODQDU UHJLRQ RI WKH FRQWURO YROXPH ZLOO EH SUHVHUYHG� 1R REYLRXV

PHDVXUHPHQW RI URXQGQHVV LV DVVRFLDWHG ZLWK WKLV W\SH RI EOHQGLQJ�

�E� 9ROXPH�ERXQGHG EOHQGLQJ� ZKHUH WKH VSUHDG RI WKH EOHQG LV FRQWUROOHG E\ D SUHVFULEHG

YROXPH DQG LV XVXDOO\ VXEMHFW WR VRPH VRUW RI VPRRWKQHVV FRQGLWLRQV� 7KHUHIRUH WKH

GHJUHH RI URXQGQHVV RI WKLV EOHQG LV REYLRXVO\ FRQWUROOHG E\ PHDQV RI WKH SUHVFULEHG

YROXPH� 7KH ODUJHU WKH SUHVFULEHG YROXPH WKH URXQGHU WKH UHVXOWDQW VKDSH�

�F� 5DQJH�ERXQGHG EOHQGLQJ� ZKHUH WKH VSUHDG RI EOHQG LV FRQWUROOHG E\ D JLYHQ GLVWDQFH

PHDVXUH IURP WKH HGJH �RU YHUWH[�� 1RWH WKDW D VLQJOH YDOXH VFDODU PHDVXUHPHQW LV

QRW VXIILFLHQW WR GHVFULEH WKH GHJUHH RI URXQGQHVV RI WKLV VRUW RI EOHQGLQJ� ,Q D WZR�

GLPHQVLRQDO FDVH� RQH FDQ DGMXVW WKH GLVWDQFH PHDVXUHV RI HDFK RI WKH VWUDLJKW�OLQH

VHJPHQWV MRLQLQJ WKH FRUQHU� ,Q D WKUHH�GLPHQVLRQDO FDVH� WKHUH LV RQH FRQWURO IURP

HDFK HGJH RQ HDFK IDFH VR WKDW WKH GHJUHHV RI IUHHGRP ULVH WR �×Q� ZKHUH Q LV WKH

YDOHQFH RI WKH FRUQHU RI FRQFHUQ�

�G� &XUYDWXUH�ERXQGHG EOHQGLQJ� ZKHUH WKH UDGLXV RI FXUYDWXUH RI WKH EOHQG LV IL[HG� 7KH

GHJUHH RI URXQGQHVV RI WKLV VRUW RI EOHQGLQJ LV FRQWUROOHG E\ WKH JLYHQ FXUYDWXUH� 7KH

URXQGQHVV RI D FRUQHU LQFUHDVHV DV WKH FXUYDWXUH GHFUHDVHV�

)LJXUH ���� )RXU SRVVLEOH ZD\V RI FRQWUROOLQJ WKH UHJLRQ RI URXQGQHVV�

�D� 8QERXQGHG
�E� 9ROXPH�ERXQGHG

�F� 5DQJH�ERXQGHG
�G� &XUYDWXUH�ERXQGHG

�IURP� >+/��@ SS��� ILJ �����

2.6 Survey on Human Perception of Roundness

:H KDYH DOUHDG\ PHQWLRQHG VHYHUDO WLPHV WKH VXUYH\ ZH SHUIRUPHG RQ KRZ KXPDQV SHUFHLYH

WKH FRQFHSWV RI URXQGQHVV DQG URXQGLQJ� 7KH GHWDLOV DUH FRYHUHG LQ WKLV VHFWLRQ� )LUVWO\ WKH DLP

DQG WKH GHVLJQ RI WKH VXUYH\ ZLOO EH UHYLHZHG� 1H[W� WKH UHVXOWV ZLOO EH SUHVHQWHG� DORQJ ZLWK

WKH LQWHUHVWLQJ REVHUYDWLRQV�
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2.6.1 Aims and Design

7KH DLP RI WKH VXUYH\ LV WR LQYHVWLJDWH KRZ KXPDQV SHUFHLYH URXQGQHVV� ,Q SDUWLFXODU� ZH DUH

LQWHUHVWHG LQ H[DPLQLQJ WKH UHOHYDQFH RI WKH IDFWRUV WKDW ZH WKRXJKW ZRXOG DOWHU WKH

SHUFHLYHG URXQGQHVV RI DQ REMHFW� 7KH TXHVWLRQV ZH DUH JRLQJ WR H[SORUH DUH�

•  +RZ WKH VFDOLQJ RI DQ REMHFW �WKHUHE\ DOWHULQJ WKH FXUYDWXUH RI WKH HGJH� DIIHFWV LWV

SHUFHLYHG URXQGQHVV�

•  7KH HIIHFW RI WKH VL]H RI DQ REMHFW RQ SHUFHLYHG URXQGQHVV JLYHQ WKDW WKH FXUYDWXUH RI

WKH URXQGHG UHJLRQV RI WKH REMHFW UHPDLQV XQFKDQJHG�

•  +RZ SHRSOH WKLQN DERXW FRPSDULQJ WKH URXQGQHVV RI REMHFWV ZLWK GLIIHUHQW WRSRORJ\�

•  +RZ SHRSOH WKLQN DERXW FRPSDULQJ WKH URXQGQHVV RI REMHFWV ZLWK YHU\ GLIIHUHQW VKDSH�

7KH VXUYH\ LV PDGH DYDLODEOH RQ WKH :RUOG :LGH :HE XVLQJ WKH RQOLQH WHVWLQJ PRGXOH RI WKH

&(&,/ SURMHFW >&(&,/@ ² D FXVWRP�EXLOW FRPSXWHU�VXSSRUWHG OHDUQLQJ IDFLOLW\ ZLWKLQ WKH

8QLYHUVLW\ RI $XFNODQG� 3DUWLFLSDQWV FDQ SHUIRUP WKH VXUYH\ DQ\ZKHUH LQ WKH ZRUOG YLD WKH

,QWHUQHW� 7KH UHVSRQVHV IURP HDFK SDUWLFLSDQW DUH UHFRUGHG LQ D GDWDEDVH IRU HDV\

PDQLSXODWLRQ DQG DQDO\VLV�

5DQGRP VDPSOLQJ LV YHU\ KDUG WR DFKLHYH LQ WKLV VLWXDWLRQ� ,QWHUQHW�EDVHG VXUYH\V XVXDOO\

VXIIHU IURP ERWK VHOHFWLRQ ELDV DQG VHOI�VHOHFWLRQ ELDV� 7KHUH FDQ EH VHOHFWLRQ ELDV EHFDXVH RQO\

WKH SHRSOH ZLWK ,QWHUQHW DFFHVV DUH ´VHOHFWHGµ� ZKLFK PD\ UHVXOW LQ DQ XQUHSUHVHQWDWLYH

VXEJURXS RI WKH SRSXODWLRQ� $OVR WKHUH FDQ EH VHOI�VHOHFWLRQ ELDV DV VXUYH\V DUH PDGH

DYDLODEOH WR ODUJH QXPEHUV RI SHRSOH �DOO ,QWHUQHW XVHUV� ZKLOH SHRSOH WKHPVHOYHV GHFLGH

ZKHWKHU RU QRW WR EH VXUYH\HG� +RZHYHU� JLYHQ WKH UHVRXUFHV DYDLODEOH� LW LV LQIHDVLEOH IRU XV

WR SHUIRUP D SURSHU UDQGRP VDPSOHG VXUYH\ DQG� DW WKH VDPH WLPH� REWDLQ D FRQYLQFLQJ

VXUYH\ VL]H DQG UHVSRQVH UDWH� +HQFH� WKH UHVXOWV DUH KHOSIXO WR SURYLGH XV D JRRG LQVLJKW EXW

QR FRQFOXVLYH LQIRUPDWLRQ VKRXOG EH GUDZQ PHUHO\ IURP WKH ILQGLQJV�

7KHUH DUH WZR YHUVLRQV RI WKH VXUYH\ DQG HDFK FRQWDLQV VL[ TXHVWLRQV� 7KH WZR YHUVLRQV

FRQWDLQ VLPLODU TXHVWLRQV H[FHSW WKDW WKH ZRUGLQJ LV VOLJKWO\ DOWHUHG VR WKDW RQH RI WKHP

HPSKDVLVHV WKH RSHUDWLRQ RI URXQGLQJ DQG WKH RWKHU LV FRQFHUQHG ZLWK WKH SXUH FRPSDULVRQ RI

URXQGQHVV�

7KH UHVXOW RI HDFK YHUVLRQ LV REWDLQHG IURP DQ LQGHSHQGHQW JURXS RI SDUWLFLSDQWV� :H

HQIRUFHG WKDW E\ GLVFDUGLQJ DQ\ UHVXOWV LI WKH SDUWLFLSDQW KDG DWWHPSWHG HLWKHU RI WKH WZR

YHUVLRQV EHIRUH� 'XSOLFDWHG DWWHPSWV DUH LGHQWLILHG E\ WKH SDUWLFLSDQW·V ,3 DGGUHVV DQG WKH

SHUVLVWHQW FOLHQW VWDWXV FDOOHG ´FRRNLHVµ� 3DUWLFLSDQWV DUH DOVR DVNHG LI WKH\ KDYH DWWHPSWHG WKH

RWKHU YHUVLRQ EHIRUH� (YHQ ZLWK DOO WKH SUHFDXWLRQV� ZH FDQQRW JXDUDQWHH WKH FRPSOHWH QRQ�

H[LVWHQFH RI GXSOLFDWHG DWWHPSWV LQ DQ RQOLQH HQYLURQPHQW�

(DFK TXHVWLRQ FRQWDLQV DQ LPDJH RI WZR REMHFWV DV VKRZQ LQ ILJXUH ���� (YHU\ TXHVWLRQ IURP

WKH VDPH YHUVLRQ KDV WKH VDPH ZRUGLQJ DQG RSWLRQV� ,Q WKH ILUVW YHUVLRQ RI WKH VXUYH\� WKH

TXHVWLRQ LV ´:KLFK RI WKH REMHFWV VKRZQ LQ WKH LPDJH LV URXQGHU"µ DQG� LQ WKH VHFRQG YHUVLRQ� WKH
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TXHVWLRQ LV ´7KH WZR REMHFWV VKRZQ DUH FXEHV WKDW KDYH KDG D URXQGLQJ RSHUDWLRQ DSSOLHG WR WKHP� :KLFK
GR \RX WKLQN LV PRUH URXQGHG"µ

,Q ERWK YHUVLRQV� WKH SDUWLFLSDQW LV DVNHG WR FKRRVH IURP WKH IRXU JLYHQ RSWLRQV EHORZ�

�� 7KH RQH RQ WKH OHIW

�� 7KH RQH RQ WKH ULJKW

�� 7KH\ DUH WKH VDPH

�� ,W LV QRW VHQVLEOH WR FRPSDUH

)LJXUH ���� ,PDJHV XVHG LQ WKH VXUYH\ RQ KXPDQ SHUFHSWLRQ RI URXQGQHVV

4XHVWLRQ � VKRZV WZR URXQGHG FXEHV ZLWK YHU\ GLIIHUHQW GHJUHHV RI URXQGQHVV� 6HH ILJXUH

����D�� 7KLV TXHVWLRQ LV LQWHQWLRQDOO\ PDGH REYLRXV DQG VHUYHV DV D FRQWURO TXHVWLRQ� 5HVXOWV

IURP SDUWLFLSDQWV ZKRVH IDLO LQ DQVZHULQJ WKLV TXHVWLRQ ´FRUUHFWO\µ DUH UHJDUGHG DV RXWOLHUV

DQG GLVFDUGHG�

7KH SUHVHQWDWLRQ RUGHU RI TXHVWLRQV � WR � LV UDQGRPLVHG E\ WKH V\VWHP DW UXQWLPH WR

PLQLPLVH WKH SRWHQWLDO HIIHFW RQ WKH UHVXOW IURP D SDUWLFXODU RUGHULQJ� 3DUWLFLSDQWV DUH�

KRZHYHU� JLYHQ WKH DELOLW\ WR JR EDFN WR D SDUWLFXODU TXHVWLRQ GXULQJ WKH VXUYH\ DQG PDNH

FKDQJHV EHIRUH WKH\ ILQDOO\ VXEPLW WKHLU VXUYH\ UHVXOW� 7KH V\VWHP UHFRUGV QRW RQO\ WKH UHVXOW

RI WKH VXUYH\ EXW DOVR HYHU\ DVSHFW RQ WKH VXUYH\� +HQFH� ZH FDQ DVN LQWHUHVWLQJ TXHVWLRQV

VXFK DV ZKDW SHUFHQWDJH RI SHRSOH DQVZHU D SDUWLFXODU TXHVWLRQ LQVWDQWO\� VD\� ZLWKLQ WZR

VHFRQGV� RU ZKDW SHUFHQWDJH RI SHRSOH FKDQJH WKHLU PLQG RQ D SDUWLFXODU TXHVWLRQ DIWHU

VHHLQJ DQRWKHU TXHVWLRQ� +RZHYHU� ZH GLG QRW QRWLFH DQ\ LQWHUHVWLQJ SDWWHUQV IURP WKDW�

4XHVWLRQ � VKRZV WZR VSKHUHV RI GLIIHUHQW VL]H� 6HH ILJXUH ����E�� :H EHOLHYH WKDW VSKHUHV

DUH WKH PRVW URXQGHG REMHFWV SRVVLEOH� KHQFH WKHLU GHJUHHV RI URXQGQHVV DUH HTXLYDOHQW� 7KLV

TXHVWLRQ H[SORUHV ZKHWKHU SHRSOH ZLOO FRQVLGHU HLWKHU RQH LV DFWXDOO\ URXQGHU�
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4XHVWLRQ � DJDLQ H[SORUHV WKH HIIHFW RI VFDOLQJ RQ WKH KXPDQ SHUFHSWLRQ RI URXQGQHVV�

+RZHYHU WKH VSKHUHV DUH UHSODFHG ZLWK WZR URXQGHG FXEHV RI GLIIHUHQW VL]HV� 6HH ILJXUH

����F��

4XHVWLRQ � H[SORUHV WKH HIIHFW RI FXUYDWXUH RQ HGJHV DQG FRUQHUV� 7KH ODUJHU WKH UDGLXV RI

FXUYDWXUH RQ WKH HGJHV DQG WKH FRUQHUV� WKH URXQGHU WKH REMHFW� 3DUWLFLSDQWV DUH DVNHG WR

FRPSDUH WKH URXQGQHVV RI WZR URXQGHG FXEHV WKDW DUH YHU\ GLIIHUHQW LQ VL]H EXW ZLWK WKH

VDPH FXUYDWXUH RI WKH HGJHV DQG FRUQHUV� 6HH ILJXUH ����G��

,Q TXHVWLRQ �� SDUWLFLSDQWV DUH DVNHG WR FRPSDUH WKH URXQGQHVV RI D URXQGHG FXEH DQG DQ

HPSW\ VSDFH� 6HH ILJXUH ����H�� $Q HPSW\ VSDFH LV FKRVHQ� DV ZH DUH SDUWLFXODUO\ LQWHUHVWHG LQ

ZKHWKHU SHRSOH FDQ DFFHSW WKH LGHD WKDW DSSO\LQJ D YHU\ KHDY\ URXQGLQJ OHDGV WR D FRPSOHWHO\

YDQLVKLQJ RI WKH REMHFW� 7KH FRQFHSW RI DQ HPSW\ VSDFH LV YHU\ KDUG WR GHVFULEH LQ WKH

FRQWH[W RI DQ LPDJH� $Q H[WUD ZULWWHQ H[SODQDWLRQ LV LQFOXGHG� +RZHYHU� IHHGEDFN IURP

YDULRXV SDUWLFLSDQWV LQGLFDWHG WKDW WKLV TXHVWLRQ LV VWLOO FRQIXVLQJ�

4XHVWLRQ � H[SORUHV KRZ SHRSOH FRPSDUH WKH URXQGQHVV RI REMHFWV ZLWK YHU\ GLIIHUHQW

VKDSHV EXW ZLWK WKH VDPH WRSRORJ\� 3DUWLFLSDQWV DUH DVNHG WR FRPSDUH WKH URXQGQHVV RI D

SHDFK DQG DQ DSSOH� 6HH ILJXUH ����I��

2.6.2 Survey Result

7KH UHVXOWV RI WKH VXUYH\ ZHUH FROOHFWHG GXULQJ WKH SHULRG IURP �WK 0D\ ���� WR ��WK 0D\

����� 7RWDOV RI �� DQG �� SDUWLFLSDQWV ZHUH VXUYH\HG IRU WKH ILUVW DQG WKH VHFRQG YHUVLRQV

UHVSHFWLYHO\� 7ZR RXW RI WKH �� DQG IRXU RXW RI WKH �� SDUWLFLSDQWV ZHUH LGHQWLILHG DV RXWOLHUV

E\ IDLOLQJ WR DQVZHU WKH ILUVW TXHVWLRQ ´FRUUHFWO\µ� 7KDW OHDYHV �� DQG �� YDOLG UHVSRQVHV� 7KH

IDFW WKDW D UDWKHU ODUJH SURSRUWLRQ ������� RI WKH SDUWLFLSDQW IDLOHG WR FRUUHFWO\ DQVZHU WKH

REYLRXV TXHVWLRQ IRU WKH VHFRQG YHUVLRQ PD\ EH GXH WR WKH VPDOO VDPSOH VL]H RU FRQIXVLQJ

ZRUGLQJ�

1RW RQO\ DUH ZH LQWHUHVWHG LQ WKH UHVXOWV RI WKH VXUYH\ EXW DOVR WKH SRWHQWLDO HUURUV� ,Q RUGHU

WR REWDLQ DQ HVWLPDWLRQ RI WKH HUURUV� ZH QHHG WR NQRZ WKH GLVWULEXWLRQ RI WKH SRSXODWLRQ ZH

VDPSOH IURP� 2EYLRXVO\ ZH FDQQRW KDYH DQ\ NQRZOHGJH RI WKDW� EXW E\ WKH &HQWUDO /LPLW

7KHRUHP� ZH ZLOO DVVXPH WKH VDPSOH LV QRUPDOO\ GLVWULEXWHG� 7KH YDOLGLW\ RI WKLV DVVXPSWLRQ LV�

KRZHYHU� DUJXDEOH ZLWK D VPDOO VDPSOH VL]H RI ��� 0RVW HOHPHQWDU\ VWDWLVWLFV ERRNV VD\ WKH

DVVXPSWLRQ LV JRRG LI WKH VDPSOH VL]H LV DURXQG �� RU PRUH� ,Q SUDFWLFH� WKH FHQWUDO OLPLW

HIIHFW ZRUNV VR ZHOO WKDW HYHQ LI WKH LQLWLDO GLVWULEXWLRQ LV YHU\ VNHZHG� LW ZLOO FRQYHUJH

WRZDUGV D UHDVRQDEOH QRUPDO GLVWULEXWLRQ ZLWK D VDPSOH VL]H DV VPDOO DV ��� 6R ZH DVVXPH D

QRUPDO GLVWULEXWLRQ� EXW WKH UHDGHU VKRXOG QRWLFH WKH SRVVLELOLW\ RI DQ LQDGHTXDWH

DSSUR[LPDWLRQ KHUH�

6LQFH ZH DOVR HVWLPDWH WKH VWDQGDUG GHYLDWLRQ XVLQJ WKH VWDQGDUG HUURU� WKH VWXGHQW�W

GLVWULEXWLRQ ZLOO EH XVHG ZLWK WKH GHJUHH RI IUHHGRP RI Q � � IRU D EHWWHU HVWLPDWLRQ WKDQ WKH

QRUPDO GLVWULEXWLRQ� ZKHUH Q LV WKH VL]H RI WKH VDPSOH�

7KH UHVXOWV DUH SORWWHG LQ ILJXUH ��� ZLWK WKH ��� FRQILGHQFH LQWHUYDOV�
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2.6.3 Observations

7KH VHFRQG YHUVLRQ RI WKH VXUYH\ KDV UHODWLYHO\ ZLGHU FRQILGHQFH LQWHUYDOV EHFDXVH RI WKH

VPDOOHU VDPSOH VL]H� +RZHYHU� WKH JHQHUDO GLVWULEXWLRQV RI ERWK YHUVLRQV RI WKH VXUYH\ DUH

YHU\ VLPLODU LQGLFDWLQJ WKDW WKH HIIHFW RI WKH GLIIHUHQW ZRUGLQJV LV QRW VLJQLILFDQW� $W OHDVW� ZH

FDQQRW UHMHFW WKH K\SRWKHVLV WKDW WKH WZR DUH VWDWLVWLFDOO\ LGHQWLFDO� 7KH GRPLQDQW RSWLRQV RI

HDFK TXHVWLRQ LQ ERWK YHUVLRQV DUH WKH VDPH H[FHSW IRU TXHVWLRQ �� :H IRFXV RXU GLVFXVVLRQ

RQ WKH ILUVW YHUVLRQ RI WKH VXUYH\ EHFDXVH RI WKHLU VLPLODULW\ RI ERWK VXUYH\V DQG WKH ODUJHU

VDPSOH VL]H RI YHUVLRQ RQH�

$OO TXHVWLRQV H[FHSW TXHVWLRQ � KDYH WKH GRPLQDQW RSWLRQ FKRVHQ E\ WKH PDMRULW\ RI WKH

SRSXODWLRQ�

7KH UHVXOW RI TXHVWLRQ � VKRZV WKDW PRVW SHRSOH WKLQN WKDW WZR VSKHUHV RI GLIIHUHQW VL]HV

KDYH WKH VDPH GHJUHH RI URXQGQHVV�

7KH UHVXOW RI TXHVWLRQ � UHYHDOV WKDW PRVW SHRSOH WKLQN D URXQGHG FXEH LV RI WKH VDPH GHJUHH

RI URXQGQHVV DV D VKUXQNHQ YHUVLRQ RI WKH VDPH URXQGHG FXEH� 7KLV UHVXOW LV FRQVLVWHQW ZLWK

WKH ODVW TXHVWLRQ� +HQFH� WKLV JLYHV IXUWKHU HYLGHQFH WKDW WKH SHUFHLYHG URXQGQHVV LV LQYDULDQW

WR VFDOLQJ�

7KH UHVXOW RI TXHVWLRQ �� KRZHYHU� VKRZV WKDW JLYHQ WZR URXQGHG FXEHV WKDW DUH YHU\

GLIIHUHQW LQ VL]H EXW ZLWK WKH VDPH FXUYDWXUH RQ WKH HGJHV DQG FRUQHUV� PRVW SHRSOH WKLQN

WKDW WKH VPDOOHU RQH LV DFWXDOO\ URXQGHU �PRUH URXQGHG�� 7KLV LQGLFDWHV WKDW WKH FXUYDWXUH RQ

WKH HGJHV DQG FRUQHUV LV QRW WKH RQO\ HIIHFW WKDW JRYHUQV WKH SHUFHLYHG URXQGQHVV� EXW WKH

UDWLR RI DUHD RI WKH SODQDU UHJLRQV WR DUHD RI WKH URXQGHG UHJLRQV LV LQ IDFW PRUH LPSRUWDQW�

7KH UHVXOW RI TXHVWLRQ � UHYHDOV WKDW PRVW SHRSOH WKLQN WKDW LW LV QRW VHQVLEOH WR FRPSDUH WKH

URXQGQHVV RI D URXQGHG FXEH ZLWK DQ HPSW\ VSDFH� 7KH IHHGEDFN IURP RXU SDUWLFLSDQWV

VXJJHVWHG WKDW WKLV TXHVWLRQ LV UHODWLYHO\ FRQIXVLQJ� 7KDW PD\ FRQWULEXWH WR WKH ODUJH

SURSRUWLRQ RI SDUWLFLSDQWV VHOHFWLQJ WKH RSWLRQ ´LW LV QRW VHQVLEOH WR FRPSDUHµ� :KLOH ZH

FDQQRW GUDZ ILUP FRQFOXVLRQV DERXW SUHVHUYDWLRQ RI WRSRORJ\ DQG FRPSDULVRQ RI URXQGQHVV�

WKH UHVXOW LV VWLOO LQGLFDWLYH WKDW UDSLG FKDQJH LQ WKH WRSRORJ\ LV QRW LQWXLWLYH LQ WKH URXQGLQJ

SURFHVV�

7KHUH LV QR PDMRULW\ RSWLRQ LQ TXHVWLRQ �� 7KLV LQGLFDWHV WKDW ZKLOH PRVW SHRSOH WKLQN WKDW LW

LV VHQVLEOH WR FRPSDUH WKH URXQGQHVV RI WZR REMHFWV ZLWK YHU\ GLIIHUHQW VKDSH� WKH MXGJHPHQW

RI URXQGQHVV LV� KRZHYHU� YHU\ VXEMHFWLYH LQ WKLV FRPSOH[ VLWXDWLRQ� ,W LV DOVR LQWHUHVWLQJ WR

QRWH WKDW ZKLOH RQO\ ��� RI WKH SDUWLFLSDQWV �YHUVLRQ RQH� WKLQN WKDW LW LV QRW VHQVLEOH WR

FRPSDUH URXQGQHVV RI WZR REMHFWV ZLWK YHU\ GLIIHUHQW VKDSH� WKH SHUFHQWDJH LQFUHDVHV WR

��� ZKHQ WDONLQJ DERXW D URXQGLQJ RSHUDWLRQ �YHUVLRQ WZR��
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9HUVLRQ � 9HUVLRQ �

4XHVWLRQ �

4XHVWLRQ �

9HUVLRQ � 4XHVWLRQ

:KLFK RI WKH REMHFWV VKRZQ

LQ WKH LPDJH LV URXQGHU"

4XHVWLRQ �

9HUVLRQ � 4XHVWLRQ

7KH WZR REMHFWV VKRZQ DUH

FXEHV WKDW KDYH KDG D

URXQGLQJ RSHUDWLRQ DSSOLHG

WR WKHP� :KLFK GR \RX WKLQN

LV PRUH URXQGHG"

4XHVWLRQ �

4XHVWLRQ �

)LJXUH ���� 6XUYH\ UHVXOWV
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2.7 Quality Criteria of Volume Rounding

$W WKH EHJLQQLQJ RI WKH FKDSWHU� ZH PHQWLRQHG WKDW WKH GLVFXVVLRQ LQ WKLV FKDSWHU LV JRLQJ WR

EH XVHG DV D EDVLV IRU HYDOXDWLQJ YDULRXV H[LVWLQJ YROXPH URXQGLQJ PHWKRGV� 7R IXOILO WKLV

REMHFWLYH� ZH ZLOO GHILQH LQ WKLV VHFWLRQ� D VHW RI TXDOLW\ FULWHULD RI JHQHUDO�SXUSRVH YROXPH

URXQGLQJ PHWKRGV� 7R D ODUJH H[WHQW� WKH TXDOLW\ FULWHULD DUH EDVHG XSRQ WKRVH GHVLUHG

EHKDYLRXUV ZH FRYHUHG EHIRUH� ,Q DGGLWLRQ� FULWHULD HYDOXDWLQJ WKH DOJRULWKP LWVHOI VXFK DV WKH

H[HFXWLRQ VSHHG DQG WKH VWDELOLW\ DUH LQFOXGHG� 7KH TXDOLW\ FULWHULD DUH VXPPDULVHG EHORZ�

⇒  $OJRULWKP ([HFXWLRQ 6SHHG

⇒  $OJRULWKP 6WDELOLW\ IRU $UELWUDU\ ,QSXW &RQILJXUDWLRQ

⇒  3UHVHUYDWLRQ RI 7RSRORJ\

⇒  3UHVHUYDWLRQ RI 3ODQDU 5HJLRQ

♦  5HGXFWLRQ RI 3ODQDU $UHD

♦  0RQRWRQLF 5HGXFWLRQ

♦  6KULQNLQJ IURP %RXQGDU\

⇒  6PRRWKQHVV RU &RQWLQXLW\

⇒  8VHU &RQWUROODEOH 'HJUHH RI 5RXQGQHVV

♦  &RQWLQXLW\ LQ 5RXQGQHVV &RQWURO

♦  )OH[LELOLW\ LQ 5RXQGQHVV &RQWURO

♦  :HOO�GHILQHG /LPLW %HKDYLRXU

� ([LVWHQFH RI /LPLW 5RXQGLQJ

� ([LVWHQFH RI =HUR 5RXQGLQJ

2.8 Chapter Conclusion and Summary

7KH FKDSWHU KDV H[SORUHG WKH FRQFHSWXDO YLHZ RI WKH SUREOHP ² ZKDW H[DFWO\ LV WKH PHDQLQJ

RI YROXPH URXQGLQJ WR KXPDQV� $OWKRXJK VRPH PD\ FKDOOHQJH ZKHWKHU LW LV ZRUWK SXWWLQJ

HIIRUW LQWR VRPHWKLQJ WKDW FRQWULEXWHV VR OLWWOH WR WKH ILQDO DOJRULWKP� LW LV RXU EHOLHI WKDW LW LV

DOZD\V D JRRG SUDFWLFH WR IXOO\ XQGHUVWDQG WKH SUREOHP EHIRUH UXVKLQJ LQWR WKH VROXWLRQ�

2XU IRFXV LQ WKLV FKDSWHU KDV EHHQ PDLQO\ RQ ´+RZ WR FRPSDUH RU TXDQWLI\ URXQGQHVV"µ DQG

´:KDW DUH WKH FRQVWUDLQWV WKDW JRYHUQ WKH UHVXOWDQW VKDSH RI D URXQGLQJ RSHUDWLRQ"µ 6LQFH WKH WRSLF LV

VXEMHFWLYH� RXU GLVFXVVLRQV ZHUH ODUJHO\ EDVHG RQ WKH UHVXOW RI D VXUYH\�

7KH PRVW LPSRUWDQW ILQGLQJ LV WKDW LQVWHDG RI WKH FXUYDWXUH RI WKH URXQGHG HGJHV DQG

FRUQHUV� WKH UDWLR RI WKH SUHVHUYHG SODQDU DUHD WR WKH WRWDO VXUIDFH DUHD RI WKH XQURXQGHG

REMHFW LV D PRUH LQWXLWLYH DQG VLJQLILFDQW PHDVXUH RI WKH ´URXQGHGQHVVµ� :H WKHUHIRUH

UHFRJQLVH WKH LPSRUWDQFH RI WKH SUHVHUYDWLRQ RI SODQDU UHJLRQV DQG KHQFH WKH ´HVVHQWLDO

SRO\KHGUDO QDWXUHµ DV WKH PDMRU JRDO RI RXU YROXPH�URXQGLQJ PHWKRG�

)LQDOO\ ZH FRQFOXGHG WKH FKDSWHU ZLWK D OLVW RI TXDOLW\ FULWHULD� 7KHVH FULWHULD ZLOO WKHQ

EHFRPH RXU HYDOXDWLRQ WRRO IRU WKH H[LVWLQJ YROXPH URXQGLQJ PHWKRGV�



��

&KDSWHU � ([LVWLQJ 9ROXPH 5RXQGLQJ 0HWKRGV

7KLV FKDSWHU LV DQ RYHUYLHZ RI YROXPH�URXQGLQJ PHWKRGV� 7KHUH DUH WKUHH PDLQ FODVVHV RI

PHWKRG QDPHO\ LPSOLFLW EOHQGLQJ� SDUDPHWULF EOHQGLQJ DQG UHFXUVLYH PHVK VXEGLYLVLRQ� :H ZLOO ILUVW

EULHIO\ GLVFXVV HDFK RI WKHP� $W WKH HQG RI WKLV FKDSWHU� ZH ZLOO KDYH D ORRN DW KRZ WKH

YDULRXV PHWKRGV IXOILO WKH TXDOLW\ FULWHULD ZH SUHVHQWHG LQ WKH SUHYLRXV FKDSWHU�

3.1 Implicit Blending Methods

,PSOLFLW EOHQGLQJ PHWKRGV LQYROYH GHVFULELQJ WKH URXQGHG REMHFW LQ WKH IRUP RI DQ LPSOLFLW

VXUIDFH� 7KHUH DUH PDQ\ YDULDQWV RI LPSOLFLW EOHQGLQJ� ZKLFK GLIIHUHQWLDWH WKHPVHOYHV E\ KRZ

WKH URXQGHG VXUIDFH LV GHILQHG� &RQYROXWLRQDO VPRRWKLQJ DQG UROOLQJ�EDOO EOHQGV DUH WKH WZR

PRVW FRPPRQ H[DPSOHV RI LPSOLFLW EOHQGLQJ�

3.1.1 Convolutional smoothing

&RQYROXWLRQ LV RIWHQ XVHG IRU VPRRWKLQJ LPDJHV LQ WKH

ILHOG RI LPDJH SURFHVVLQJ� 7KH LGHD LV WR EOXU RXW KLJK

IUHTXHQF\ VKDUS HGJHV RI DQ LPDJH E\ DYHUDJLQJ�

&ROEXUQ >&ROE��@ DSSOLHG D WKHUH�GLPHQVLRQDO *DXVVLDQ

ILOWHU WR DQ RFWUHH UHSUHVHQWDWLRQ RI D VROLG YROXPH� 7KH

VXUIDFH LV GHILQHG DV WKH ORFXV RI WKH FHQWUH RI D JLYHQ

JDXVVLDQ �RU VROLG VSKHULFDO� ILOWHU ZKHUH RQH KDOI RI WKH

ZHLJKWHG YROXPH LV LQVLGH DQG WKH RWKHU KDOI LV RXWVLGH

WKH RULJLQDO VROLG YROXPH� 6HH ILJXUH ���� 7KH UHVXOW LV D

QLFHO\ VPRRWKHG VXUIDFH ZLWK KLJK IUHTXHQF\ FRUQHUV

DQG HGJHV EHLQJ URXQGHG RXW� 2QH JUHDW DGYDQWDJH RI

WKLV DSSURDFK LV WKDW WKH GHJUHH RI URXQGQHVV RI WKH

UHVXOWDQW YROXPH LV FRQWUROODEOH E\ VLPSO\ DGMXVWLQJ WKH

VL]H RI WKH JDXVVLDQ ILOWHU�

)LJXUH ���� &RQYROXWLRQDO

VPRRWKLQJ RI D SRO\JRQ
E\ D FLUFXODU ILOWHU�

IURP� >/REE��@

&RQYROXWLRQDO VPRRWKLQJ� DOWKRXJK PDWKHPDWLFDOO\ VLPSOH� LV FRPSXWDWLRQDOO\ H[SHQVLYH� ,W

LQYROYHV WKH FRPSXWDWLRQ RI WKH H[DFW ZHLJKWHG YROXPH RI LQWHUVHFWLRQ RI WKH VFHQH DQG WKH

ILOWHULQJ VSKHUH� /REE >/REE��@ SUHVHQWHG TXDVL�FRQYROXWLRQDO VPRRWKLQJ �4&6� DV D IDVW

DSSUR[LPDWLRQ RI FRQYROXWLRQDO VPRRWKLQJ� 4XDVL�FRQYROXWLRQDO VPRRWKLQJ UHTXLUHV WKH

LQSXW SRO\KHGUD LQ D IRUPDW RI &RQVWUXFWLYH 6ROLG *HRPHWU\ ZLWK WKH OLPLWDWLRQ WKDW RQO\ WKH

KDOI�VSDFH SULPLWLYH LV DOORZHG� $ULWKPHWLF DGGLWLRQ� VXEWUDFWLRQ DQG PXOWLSOLFDWLRQ DUH WKHQ

XVHG WR DSSUR[LPDWH VHW XQLRQ� GLIIHUHQFH DQG LQWHUVHFWLRQ RI KDOI�VSDFHV UHVSHFWLYHO\�

'DQVWHG >'DQV��@ SUHVHQWHG WKH DOJRULWKP IRU FDOFXODWLQJ H[DFWO\ WKH YROXPH RI LQWHUVHFWLRQ

RI D SRO\KHGURQ DQG D VSKHUH� +RZHYHU KH DOVR FRQFOXGHG LQ KLV SDSHU� WKDW ´WKH LQWHUVHFWLRQ
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IXQFWLRQ LV DW OHDVW RQH� KHDGLQJ WRZDUGV WZR RUGHUV RI PDJQLWXGH VORZHU WKDQ WKH

FRUUHVSRQGLQJ 4&6 RSHUDWLRQ�µ

5HQGHULQJ RI WKH UHVXOWDQW YROXPH RI LPSOLFLW EOHQGLQJ PHWKRGV LV XVXDOO\ E\ PHDQV RI UD\

WUDFLQJ� ,I IDVW UHQGHULQJ LV UHTXLUHG� SRO\JRQLVDWLRQ LV XVXDOO\ QHFHVVDU\� :�QVFKH >:XQV��@

SUHVHQWHG 7ULDJH SRO\JRQLVDWLRQ WKDW LV KLJKO\ RSWLPLVHG IRU &6�4&6 VPRRWKHG REMHFWV�

&RQYROXWLRQDOO\ RU TXDVL�FRQYROXWLRQDOO\ VPRRWKHG REMHFWV XVXDOO\ FRQWDLQ ODUJH SODQDU

UHJLRQV� 7ULDJH SRO\JRQLVDWLRQ WDNHV DGYDQWDJH RI WKLV SURGXFLQJ IDVW SRO\JRQLVDWLRQ ZLWK

ORZ IUDJPHQWDWLRQ E\ H[WUDFWLQJ WKRVH UHJLRQV ULJKW DW WKH EHJLQQLQJ� ,Q FRPSDULVRQ WR

JHQHUDO�SXUSRVH SRO\JRQLVDWLRQ VFKHPD OLNH PDUFKLQJ FXEHV >/&��@� ´7ULDJH SRO\JRQLVDWLRQ LV
����� WLPHV IDVWHU DQG RXWSXWV RQO\ ���� RI WKH SRO\JRQV �ZKHQ DSSOLHG WR &6�4&6 VPRRWKHG

REMHFWV�µ >:�QV��@�

3.1.2 Rolling-ball Blends

5ROOLQJ�EDOO EOHQGV DUH DOVR NQRZQ DV F\OLQGULFDO ILOOHWV� 5ROOLQJ�EDOO EOHQGV FDQ EH HDVLO\

UHDOLVHG E\ UROOLQJ D VSKHUH ZLWK D JLYHQ UDGLXV DORQJ WKH LQQHU VXUIDFH RI WKH FRQWURO YROXPH

>+/��@� 6HH ILJXUH ����

7R WKH EHVW RI RXU NQRZOHGJH� 5RVVLJQDF ZDV WKH ILUVW WR

VXJJHVW WKH EOHQGLQJ RI WKLV W\SH >+/��@� 7KH VXUIDFH RI D

UROOLQJ�EDOO EOHQG DFKLHYHV *&� FRQWLQXLW\�

6LPSOH UROOLQJ�EDOO EOHQGV DUH DOVR FDOOHG FRQVWDQW UDGLXV EOHQGV

�&5�EOHQGV�� VLQFH WKH UDGLXV RI WKH UROOLQJ�EDOO LV IL[HG� $

YDULDWLRQ RI UROOLQJ�EDOO EOHQGV DOORZ WKLV UDGLXV WR YDU\� WKHVH

DUH FDOOHG YDULDEOH UDGLXV EOHQGV �95�EOHQGV��

7KH EOHQGV DUH� WKHUHIRUH� GHILQHG DV WKH HQYHORSH RI D VSKHUH

ZLWK UDGLXV U�S�� ZKRVH FHQWUH S PRYHV DORQJ D VSDFH FDOOHG WKH

GLUHFWUL[� 7KH GLUHFWUL[ FRQWDLQV DOO SRLQWV S VXFK WKDW D VSKHUH

FHQWUHG DW S ZLWK UDGLXV U�S� ILWV FRPSOHWHO\ LQVLGH WKH RULJLQDO

VROLG YROXPH >+/��@� )RU D UROOLQJ�EDOO ZLWK D IL[HG UDGLXV U� WKH
GLUHFWUL[ LV WKH VSDFH ERXQGHG E\ WKH LQQHU RIIVHW VXUIDFH ZLWK D

GLVWDQFH RI U IURP WKH VXUIDFH RI WKH RULJLQDO YROXPH�

)LJXUH ���� 5ROOLQJ�EDOO
EOHQG GHILQHG

RQ WKH VDPH
SRO\JRQ DV LQ

ILJXUH ����

(YHQ ZLWK VLPSOH UROOLQJ�EDOO EOHQGV� WKH GHWHUPLQDWLRQ RI WKH GLUHFWUL[ DQG WKH EOHQG FDQ EH

YHU\ H[SHQVLYH LQ SUDFWLFH� )RU H[DPSOH� LQ >+/��@ WKH &5�EOHQG RI WZR F\OLQGHUV LV

GHVFULEHG E\ DQ HTXDWLRQ ZLWK ��� WHUPV� 7KH PDWKHPDWLFDO GHVFULSWLRQ RI 95�EOHQGV LV

HYHQ PRUH FRPSOLFDWHG�

3.2 Parametric Blending Methods

$V WKH QDPH LPSOLHV� SDUDPHWULF EOHQGLQJ GHVFULEHV LQ SDUDPHWULF IRUP D VXUIDFH WKDW EOHQGV

SODQDU UHJLRQV RI D URXQGHG REMHFW� 3DUDPHWULF EOHQGLQJ FDQ XVXDOO\ EH VHSDUDWHG LQWR WZR

GLVWLQFW VWDJHV� 7KH\ DUH WKH GHWHUPLQDWLRQ RI WULP FXUYHV DQG WKH ILWWLQJ RI EOHQGLQJ
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VXUIDFHV� 7ULP OLQHV DUH WKH ERXQGDU\ RQ WKH SUHVHUYHG SODQDU VXUIDFHV� 6PRRWK� L�H�� ZLWK &U

RU *&U FRQWLQXLW\� SDUDPHWULF SDWFKHV DUH WKHQ ILWWHG RQWR WKRVH WULP FXUYHV�

7ULP FXUYHV FDQ EH GHILQHG ERWK LQWHUDFWLYHO\ DQG DXWRPDWLFDOO\� 7KHUH DUH PDQ\ DXWRPDWLF

DSSURDFKHV� )RU H[DPSOH� RQH FRPPRQ DSSURDFK DV GHVFULEHG LQ >+/��@ LV EDVHG ILUVW RQ

WKH FDOFXODWLRQ RI WKH LQWHUVHFWLRQV RI WKH RIIVHW VXUIDFHV ZLWK WKH WZR JLYHQ VXUIDFHV� 7ULP

OLQHV DUH WKHQ WDNHQ DV WKH RUWKRJRQDO SURMHFWLRQV RI WKH LQWHUVHFWLRQ FXUYH EDFN RQWR WKH

RULJLQDO VXUIDFHV�

)LWWLQJ D EOHQGLQJ VXUIDFH UHTXLUHV ILQGLQJ DQ H[SOLFLW IRUPXOD IRU D SDWFK WKDW VDWLVILHV VRPH

ERXQGDU\ DQG JUDGLHQW FRQGLWLRQV� 7KH EOHQGLQJ PHWKRG GHSHQGV RQ WKH IRUP LQ ZKLFK WKH

WULP OLQHV DUH JLYHQ� ,I WKH WULP OLQHV DUH GHILQHG LQ FORVHG IRUP� IRU H[DPSOH %�VSOLQH RU

%p]LHU FXUYHV� WKHQ WKH EOHQG FDQ EH FRQVWUXFWHG DV D WHQVRU SURGXFW VXUIDFH� +RZHYHU�

XVXDOO\ WULP FXUYHV QHHG WR EH GHILQHG DV D VHW RI SRLQWV RQO\� ,Q WKDW FDVH� WKH EOHQG LV

GHVFULEHG DV D VHW RI FXUYHV� 1RWLFH WKDW WKH FRUUHVSRQGHQFH RI SRLQWV LQ HDFK WULP FXUYH

QHHGV WR EH VSHFLILHG�

:KLOH LW LV HDV\ WR ILW D EOHQGLQJ VXUIDFH EHWZHHQ WZR SODQHV JLYHQ ERXQGDU\ JUDGLHQW DQG

WULP OLQHV� WKH SUREOHP EHFRPHV H[SRQHQWLDOO\ KDUGHU WR VROYH ZKHQ FRQVLGHULQJ EOHQGLQJ

VXUIDFH WKDW MRLQV 1 IDFHV� &RPPRQ H[DPSOHV DUH WKH VXLWFDVH FRUQHU �1 �� DQG WKH KRXVH

FRUQHU �1 ��� )LJXUH ��� VKRZV VRPH VROXWLRQV WR WKHVH 1�VLGHG YHUWH[ SUREOHPV�

)LJXUH ���� ([DPSOHV RI EOHQGLQJ VXUIDFH RI 1�VLGHG YHUWH[ ZKHUH �D� 1 � �E� 1 � �F� 1 �

3.3 Recursive Mesh Subdivision Methods

5HFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV DUH QRW YROXPH URXQGLQJ PHWKRGV DV VXFK� LQ WKH VHQVH

WKDW WKH\ GR QRW SURGXFH URXQGHG YROXPHV ZLWK XVHU VSHFLILHG URXQGQHVV� ,QVWHDG WKH\

JHQHUDWH VPRRWK VXUIDFHV IURP D FRQWURO PHVK� $ VXEGLYLVLRQ VXUIDFH LV GHILQHG E\

UHFXUVLYHO\ DSSO\LQJ D UHILQHPHQW SURFHGXUH WR D SRO\KHGURQ�OLNH FRQILJXUDWLRQ� 7KH RQO\

GLIIHUHQFH RI WKHVH FRQILJXUDWLRQV IURP QRUPDO SRO\KHGUD LV WKDW WKHLU SRO\JRQDO IDFHV GR QRW

QHHG WR EH SODQDU�

&KDLNLQ >&KDL��@ LQWURGXFHG D UHFXUVLYH FRUQHU�FXWWLQJ UHILQHPHQW WR D OLVW RI FRQWURO SRLQWV

WR JHQHUDWH D FXUYH WKDW ZDV VKRZQ HTXLYDOHQW WR D XQLIRUP TXDGUDWLF %�VSOLQH E\ 5LHVHQIHOG

>5LHV��@� &DWPXOO DQG &ODUN >&&��@ DQG 'RR DQG 6DELQ >'6��@ LQWURGXFHG WKH ILUVW SRSXODU

VXEGLYLVLRQ UHILQHPHQW VFKHPHV IRU SRO\JRQ PHVKHV� 7KH\ ERWK SURGXFH ELTXDGUDWLF DQG

ELFXELF WHQVRU SURGXFW %�VSOLQH VXUIDFHV IURP TXDGULODWHUDO PHVKHV� /RRS >/RRS��@
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LQWURGXFHG D VXEGLYLVLRQ VFKHPH EDVHG RQ TXDUWLF WULDQJXODU %�VSOLQHV� -R\ DQG 0DF&UDFNHQ

>-0��@ H[WHQGHG WKH ZRUN RI &DWPXOO�&ODUN WR &DWPXOO�&ODUN YROXPHV�

&DWPXOO�&ODUN·V TXDGUDWLF DQG FXELF VXUIDFH UHVSHFWLYHO\ DFKLHYH &� DQG &� FRQWLQXLW\ H[FHSW

RQ VRPH H[WUDRUGLQDU\ SRLQWV� ([WUDRUGLQDU\ SRLQWV DUH WKRVH YHUWLFHV DW ZKLFK Q HGJHV MRLQ

RU WKH FHQWURLGV RI Q�VLGHG IDFHV ZKHUH Q LV QRW �� 'RR DQG 6DELQ >'6��@ DQDO\VHG WKH

EHKDYLRXU DURXQG H[WUDRUGLQDU\ SRLQWV XVLQJ )RXULHU WUDQVIRUPV DQG DQ HLJHQ DQDO\VLV� )LQH�

WXQLQJ RI WKH TXDGUDWLF UHILQHPHQW UXOHV LV SUHVHQWHG LQ ZKLFK WKH UHVXOWDQW VXUIDFH H[KLELWV

WKH VR�FDOOHG LGHDO EHKDYLRXU� QDPHO\ *&� FRQWLQXLW\ DW H[WUDRUGLQDU\ SRLQWV�

6XEGLYLVLRQ VXUIDFH PHWKRGV FDQ EH JHQHUDOO\ FDWHJRULVHG LQWR DSSUR[LPDWLQJ DQG

LQWHUSRODWLQJ� 7KH VFKHPHV PHQWLRQHG VR IDU DUH DOO DSSUR[LPDWLQJ� $SSUR[LPDWLQJ VFKHPHV

FDQ EH WKRXJKW RI DV D UHFXUVLYH SURFHVV RI NQRFNLQJ RII FRUQHUV� 7KH UHVXOWDQW OLPLW VXUIDFH

VKULQNV LQVLGH WKH FRQWURO PHVK� ,QWHUSRODWLQJ VFKHPHV� DV LPSOLHG E\ WKH QDPH� JHQHUDWH

VXUIDFHV WKDW LQWHUSRODWH FRQWURO SRLQWV DQG QRUPDOV� 6RPH LQWHUSRODWLQJ VFKHPHV LQWHUSRODWH

RQO\ ERXQGDU\ FRQWURO SRLQWV ZKLOH VRPH LQWHUSRODWH DOO FRQWURO SRLQWV DQG QRUPDOV�

1DVUL >1DVU��@ GLVFXVVHG ERXQGDU\ FRQWURO ZLWK 'RR�6DELQ TXDGUDWLF VXUIDFHV� +H XVHG WKH

IDFW WKDW HDFK IDFH RI WKH FRQWURO PHVK FRQYHUJHV WRZDUGV LWV FHQWURLG GXULQJ WKH UHILQHPHQW�

DQG PRGLILHG WKH WRSRORJ\ RI ERXQGDU\ IDFHV WR JHQHUDWH D VXEGLYLVLRQ VXUIDFH WKDW

LQWHUSRODWHV WKH ERXQGDU\ RI LWV FRQWURO PHVK� /DWHU >1DVU��@� KH SUHVHQWHG D PHWKRG WR

IRUFH TXDGUDWLF 'RR�6DELQ VXUIDFHV WR LQWHUSRODWH YHUWLFHV DQG QRUPDOV� +DOVWHDG� .DVV DQG

'H5RVH >+.'��@ GLG WKH VDPH IRU FXELF &DWPXOO�&ODUN VXUIDFHV�

/RRS >/RRS��@� EDVHG RQ D JHQHUDOLVDWLRQ RI TXDUWLF WULDQJXODU %�VSOLQH� VXJJHVWHG D

VXEGLYLVLRQ VFKHPH WKDW ZRUNV ZLWK DUELWUDU\ WULDQJXODU PHVKHV�

'\Q� /HYLQ DQG *UHJRU\ >'/*��@ SUHVHQWHG WKH %XWWHUIO\ VFKHPH WKDW SURGXFHV D VPRRWK

VXUIDFH WKDW LQWHUSRODWHV DOO YHUWLFHV� 7KH UHVXOWDQW VXUIDFH H[KLELWV &� FRQWLQXLW\ RYHU D

WRSRORJLFDOO\ UHJXODU FRQWURO PHVK� ZKHUH UHJXODU PHDQV WKDW DOO YHUWLFHV KDYH YDOHQFH RI �

IRU WULDQJXODU SDWFK� =RULQ� 6FKU|GHU DQG 6ZHOGHQV >=66��@ PRGLILHG WKH %XWWHUIO\ VFKHPH

WR SURGXFH VPRRWK LQWHUSRODWLQJ VXUIDFH HYHQ RQ DQ LUUHJXODU FRQWURO PHVK� /LNH /RRS
V

PHWKRG� ERWK WKH %XWWHUIO\ VFKHPH DQG WKH H[WHQGHG %XWWHUIO\ VFKHPH UHTXLUH LQSXWV RI

WULDQJXODU PHVKHV�

/RRS >/RRS��@ ODWHU SUHVHQWHG DQRWKHU YDULDQW RI VXUIDFH VXEGLYLVLRQ� +H DSSOLHG RQH VWHS

RI 'RR�6DELQ UHILQHPHQW WR HQVXUH DOO H[WUDRUGLQDU\ SRLQWV DUH LVRODWHG� +H WKHQ GHULYHG

GLUHFWO\ D VHW RI %p]LHU SDWFKHV WKDW DFKLHYH D JOREDO &� FRQWLQXLW\ RYHU WKH UHVXOWDQW YROXPH�

3HWHUV DQG 5HLI >35��@ SUHVHQWHG WKH PLG�HGJH VXEGLYLVLRQ PHWKRG� D PXFK VLPSOHU VHW RI

UHILQHPHQW UXOHV� ZKLFK DIWHU HYHU\ VHFRQG VXEGLYLVLRQ VWHS� SURGXFHV VLPLODU FRQILJXUDWLRQV

WR WKH 'RR�6DELQ PHWKRG�

3.4 The Fulfilment of Quality Criteria

,PSOLFLW EOHQGLQJ PHWKRGV IRFXV RQ WKH GHVFULSWLRQ RI D URXQGHG YROXPH IURP DQ RULJLQDO

VROLG YROXPH� 3DUDPHWULF EOHQGLQJ PHWKRGV DUH PRVWO\ FRQFHUQHG ZLWK ILWWLQJ EOHQGV
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EHWZHHQ GLIIHUHQW VXUIDFHV� 7KH IRFXV WKHUH LV PRUH RQ WKH FRQWLQXLW\ RI WKH UHVXOWDQW

VXUIDFH� 5HFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV� VWULFWO\ VSHDNLQJ� FDQQRW EH UHJDUGHG DV

YROXPH URXQGLQJ PHWKRGV� DV LW LV PRUH FRUUHFW WR VD\ WKDW WKH\ SURGXFH VPRRWK VXUIDFHV

UDWKHU WKDQ VD\LQJ WKDW WKH\ SURGXFH URXQGHG YROXPHV� 'HVSLWH WKH GLYHUVLW\ RI WKH IRFL� ZH

ZLOO KDYH D ORRN DW KRZ WKH WKUHH W\SHV RI H[LVWLQJ YROXPH URXQGLQJ PHWKRGV IXOILO RXU

TXDOLW\ FULWHULD GHYHORSHG LQ VHFWLRQ ����

7KH FDQGLGDWHV KHUH DUH FRQYROXWLRQDO VPRRWKLQJ� TXDVL�FRQYROXWLRQDO VPRRWKLQJ� UROOLQJ�

EDOO EOHQGV� SDUDPHWULF EOHQGLQJ PHWKRGV DQG UHFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV� 7KH\ DUH

WDEXODWHG DJDLQVW WKH TXDOLW\ FULWHULD LQ ILJXUH ����

&RQYROXWLRQDO

6PRRWKLQJ

4XDVL�

&RQYROXWLRQDO

6PRRWKLQJ

5ROOLQJ�EDOO

%OHQGV

3DUDPHWULF

%OHQGLQJ

0HWKRGV

5HFXUVLYH

0HVK

6XEGLYLVLRQ

0HWKRGV

$OJRULWKP ([HFXWLRQ 6SHHG ([WUHPHO\ VORZ 9DULHV
α ([WUHPHO\ VORZ 9DULHV

β )DVW

$OJRULWKP 6WDELOLW\ IRU $UELWUDU\ ,QSXW *RRG *RRG *RRG )DLU
δ *RRG

3UHVHUYDWLRQ RI 7RSRORJ\ 1R
ε

1R
φ

1R
γ <HV <HV

3UHVHUYDWLRQ RI 3ODQDU 5HJLRQV <HV <HV <HV <HV 1R

5HGXFWLRQ RI 3ODQDU $UHD <HV <HV <HV <HV FRPSOHWH YDQLVK

0RQRWRQLF 5HGXFWLRQ <HV <HV <HV QRW QHFHVVDU\ �

6KULQNLQJ IURP %RXQGDU\ <HV <HV <HV <HV �

6PRRWKQHVV RU &RQWLQXLW\ �XQNQRZQ� �XQNQRZQ�
η *&� *&� � *&� �

8VHU &RQWUROODEOH 'HJUHH RI 5RXQGQHVV <HV <HV <HV <HV 1R

&RQWLQXLW\ LQ 5RXQGQHVV &RQWURO <HV <HV <HV <HV �

)OH[LELOLW\ LQ &RQWURO 6LPSOH 6LPSOH 6LPSOH 0XOWL�GLPHQVLRQDO �

:HOO�GHILQHG /LPLW %HKDYLRXU <HV <HV <HV 1R �

([LVWHQFH RI /LPLW 5RXQGLQJ <HV <HV <HV 1R �

([LVWHQFH RI =HUR 5RXQGLQJ <HV <HV <HV <HV �

)LJXUH ���� )XOILOOPHQW RI WKH TXDOLW\ FULWHULD IRU H[LVWLQJ YROXPH URXQGLQJ PHWKRGV

2QH VKRXOG QRWLFH WKDW WKH VXPPDU\ KLJKOLJKWV WKH ODFN RI D IDVW YROXPH�URXQGLQJ PHWKRG

ZLWK D UHODWLYH VLPSOH URXQGQHVV FRQWURO� 2XU UHVHDUFK PRWLYDWLRQ LV WKHUHIRUH SURYLGHG E\

WKH IDFW WKDW D IDVW YROXPH�URXQGLQJ PHWKRG GRHV QRW \HW H[LVW�

α The execution speed varies depending upon the choice of rendering primitive. Wunsche’s polygonisation
method, for example, can be much faster than the ray-tracing method proposed in the original paper
[Lobb96].

β Fast on simple joint but the execution speed dramatically decreases when the complexity of input
increases.

δ Usually undefined when trim curve is not on the surface of concern. i.e. too heavily rounded.
ε The whole volume vanishes with very heavy rounding. The volume may break into separate components

in some circumstance.
φ Same as convolutional smoothing.
γ Object vanish if the rolling ball does not fit inside the volume.
η Same as convolutional smoothing in general but may produce visually unsmooth artefacts with some

input configuration.
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3.5 Chapter Conclusion and Summary

7KLV FKDSWHU KDV LQWURGXFHG WKUHH PDLQ FODVVHV RI YROXPH URXQGLQJ RU UHODWHG PHWKRGV�

7KH\ DUH LPSOLFLW EOHQGLQJ PHWKRGV� SDUDPHWULF EOHQGLQJ PHWKRGV DQG UHFXUVLYH PHVK

VXEGLYLVLRQ PHWKRGV�

,PSOLFLW EOHQGLQJ PHWKRGV GHILQH WKH URXQGLQJ LQ WKH IRUP RI LPSOLFLW VXUIDFHV� 8QDUJXDEO\�

WKH\ DUH WKH VLPSOHVW DQG WKH PRVW HOHJDQWO\ GHILQHG LQ FRPSDULVRQ WR RWKHU FODVVHV RI

PHWKRGV� ,URQLFDOO\� WKHLU LPSOHPHQWDWLRQV DUH WKH PRVW FRPSXWDWLRQDOO\ H[SHQVLYH�

3DUDPHWULF EOHQGLQJ PHWKRGV UHSUHVHQW YROXPH URXQGLQJ ZLWK WKH PRVW FRPSOH[ FRQWUROV�

5RXQGHG UHJLRQV DUH GHVFULEHG LQ WKH IRUP RI SDUDPHWULF VXUIDFHV� 7KH H[DFW WULP OLQHV RU

FXUYHV FDQ EH VSHFLILHG ERWK DXWRPDWLFDOO\ DQG PDQXDOO\� 7KH\ DUH WKHQ MRLQHG VPRRWKO\ ZLWK

SDUDPHWULF VXUIDFHV� +RZHYHU� WKH KLJK FRQWUROODELOLW\ GRHV QRW FRPH ZLWKRXW D FRVW� WKH\ DUH

KDUGHU WR GHILQH� PDWKHPDWLFDO FRPSOH[ DQG VORZ WR FRPSXWH�

5HFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV DUH QRW YROXPH URXQGLQJ PHWKRGV DV VXFK� LQ WKH VHQVH

WKDW WKH\ GR QRW SURGXFH URXQGHG YROXPHV ZLWK XVHU VSHFLILHG URXQGQHVV� 7KH\ UHSUHVHQW D

FODVV RI IDVW PHWKRGV WKDW JHQHUDWH VPRRWK VXUIDFHV IURP D FRQWURO PHVK� 7KH\ VHUYH DV WKH

EDVLV RI WKH SRO\KHGURQ EHYHOOLQJ PHWKRGV WKDW ZLOO EH SUHVHQWHG LQ WKH UHPLQGHU RI WKLV

WKHVLV�

7KH FRPSDULVRQ EHWZHHQ WKH YDULRXV PHWKRGV LV VXPPDULVHG LQ ILJXUH ���� LQ ZKLFK VHYHUDO

H[LVWLQJ NH\ URXQGLQJ PHWKRGV DUH WDEXODWHG DJDLQVW WKH TXDOLW\ FULWHULD GHYHORSHG LQ WKH

SUHYLRXV FKDSWHU� 7KH VXPPDU\ KLJKOLJKWV WKH ODFN RI D IDVW YROXPH�URXQGLQJ PHWKRG ZLWK D

UHODWLYH VLPSOH URXQGQHVV FRQWURO�
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&KDSWHU � 5HFXUVLYH 0HVK 6XEGLYLVLRQ

3RO\KHGURQ EHYHOOLQJ LV EDVHG KHDYLO\ RQ UHFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV HVSHFLDOO\ WKH

&DWPXOO�&ODUN DQG 'RR�6DELQ UHILQHPHQWV� +HQFH LQ WKLV FKDSWHU ZH ZLOO FRYHU LQ PRUH

GHWDLO KRZ UHFXUVLYH PHVK VXEGLYLVLRQ PHWKRGV ZRUN�

)LUVW ZH ZLOO GLVFXVV KRZ XQLIRUP %�VSOLQH VXUIDFH UHILQHPHQW JHQHUDWHV D %�VSOLQH VXUIDFH

IURP D VHULHV RI UHSHWLWLYH UHILQHPHQW SURFHVVHV� 7KH &DWPXOO�&ODUN >&&��@ VXUIDFH� ZKLFK LV

D JHQHUDOLVDWLRQ RI WKH XQLIRUP %�VSOLQH VXUIDFH UHILQHPHQW VFKHPH� ZLOO WKHQ EH FRYHUHG�

)LQDOO\ ZH ZLOO FRYHU WKH VPRRWKQHVV FRQGLWLRQ IRU D &DWPXOO�&ODUN VXUIDFH DQG DQ

LPSURYHPHQW RYHU &DWPXOO�&ODUN UHILQHPHQW ZKLFK ZDV VXJJHVWHG E\ 'RR DQG 6DELQ

>'6��@�

'RR�6DELQ UHILQHPHQW VFKHPH LV XVHG DV D EDVLV RI RXU YROXPH�URXQGLQJ PHWKRGV�

4.1 Uniform B-Spline Surface Refinement

5HFXUVLYH PHVK VXEGLYLVLRQ VWHPV IURP WKH LGHD WKDW D %�VSOLQH VXUIDFH FDQ EH REWDLQHG E\

UHSHWLWLYHO\ DSSO\LQJ D UHILQHPHQW WR LWV UHFWDQJXODU FRQWURO PHVK� $W HDFK OHYHO RI

UHILQHPHQW� D VHW RI QHZ FRQWURO SRLQWV LV FDOFXODWHG EDVHG RQ D ZHLJKWHG VXP RI WKH RULJLQDO

FRQWURO SRLQWV�

:H ZLOO VHH KRZ WKH UHILQHPHQW LV REWDLQHG E\ FRQVLGHULQJ D TXDGUDWLF %�VSOLQH VXUIDFH�

$ WHQVRU SURGXFW TXDGUDWLF %�VSOLQH VXUIDFH FDQ EH H[SUHVVHG LQ PDWUL[ IRUP DV�

6�X�Y�  80*0W9W

ZKHUH 0 LV WKH EDVLV PDWUL[ IRU D TXDGUDWLF %�VSOLQH DQG * LV WKH JHRPHWULF FRQVWUDLQW

PDWUL[�
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(DFK HOHPHQW SLM LQ * LV RQH RI WKH FRQWURO SRLQWV DUUDQJHG RQ D WRSRORJLFDOO\ UHFWDQJXODU

SDWFK DFFRUGLQJ WR WKH VXEVFULSWV GHSLFWHG LQ ILJXUH ����D��

8 DQG 9 DUH WKH SRZHU EDVHV DQG DUH JLYHQ DV�

8 >X� X �@ DQG 9 >Y� Y �@� ZKHUH ��� ≤≤ YX �
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�D� �E� �F�

)LJXUH ���� �D� $ TXDGUDWLF %�VSOLQH SDWFK ZLWK LWV FRQWURO PHVK �E� 7KH FRQWURO PHVK DIWHU D VWHS RI
UHILQHPHQW �F� 7KH IRXU VXE�SDWFKHV JHQHUDWH %�VSOLQH VXUIDFHV� (DFK RI WKHP LV
HTXLYDOHQW WR D TXDUWHU RI WKH %�VSOLQH VXUIDFH JHQHUDWHG IURP WKH LQLWLDO FRQWURO PHVK�

:H ZLOO ILUVW GHILQH WZR WHUPV WKDW ZLOO EH XVHG ODWHU� WKH HGJHV DQG IDFHV RI D PHVK� (GJHV

DUH VWUDLJKW OLQHV FRQQHFWLQJ WZR DGMDFHQW FRQWURO SRLQWV LQ D URZ RU D FROXPQ RI WKH

JHRPHWULF FRQVWUDLQW PDWUL[� )DFHV DUH DUHD ERXQGHG FRQQHFWHG HGJHV WKDW GR QRW FRQWDLQ

DQ\ RWKHU IDFHV LQVLGH�

,Q WKH QH[W VWHS RI WKH UHILQHPHQW� D FRQWURO SDWFK ZLWK �� FRQWURO SRLQWV TLM LV JHQHUDWHG

IURP WKH RULJLQDO ��SRLQW FRQWURO PHVK� 6HH ILJXUH ����E�� )RXU %�VSOLQH VXUIDFHV FDQ WKHQ EH

GHILQHG ZLWK WKH JHRPHWULF FRQVWUDLQW PDWULFHV JLYHQ E\�
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7KH ZKROH LGHD RI UHILQHPHQW LV WKDW HDFK RI WKH %�VSOLQH VXUIDFHV GHILQHG E\ WKH JHRPHWULF

FRQVWUDLQW PDWULFHV *� WR *� LV D TXDUWHU RI WKH %�VSOLQH VXUIDFH JHQHUDWHG E\ *� 6HH ILJXUH

����F�� +HQFH LQ HDFK VWHS RI WKH UHILQHPHQW� IRXU VPDOOHU TXDGUDWLF %�VSOLQH FRQWURO PHVKHV

DUH JHQHUDWHG ZKLFK WRJHWKHU \LHOG WKH VDPH VXUIDFH GHILQHG E\ WKH RULJLQDO FRQWURO PHVK�

7KLV WRJHWKHU ZLWK WKH FRQYH[ KXOO SURSHUW\� RI %�VSOLQH VKRZV WKDW� E\ UHFXUVLYHO\ DSSO\LQJ

WKH UHILQHPHQW SURFHVV� WKH FRQWURO PHVK ZLOO FRQYHUJH WR WKH %�VSOLQH VXUIDFH LWVHOI DW WKH

OLPLW�

7KH UHPDLQLQJ TXHVWLRQ LV KRZ WR FDOFXODWH WKH VHW RI QHZ FRQWURO SRLQWV LQ HDFK UHILQHPHQW�

1 All points on the B-spline surface lie within the convex hull of its control patch.
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(DFK UHILQHG VXE�SDWFK PXVW EH D TXDUWHU RI WKH %�VSOLQH VXUIDFH GHILQHG E\ WKH RULJLQDO
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%\ VLPSOH DOJHEUD� ZH FDQ REWDLQ D OLQHDU PDS EHWZHHQ WKH VHW RI QHZ DQG ROG FRQWURO SRLQWV

DV VKRZQ EHORZ�
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(TXDWLRQV IRU WKH UHVW RI WKH FRQWURO SRLQWV FDQ EH REWDLQHG E\ FRQVLGHULQJ WKH RWKHU WKUHH

VXE�SDWFKHV� +RZHYHU� EHFDXVH RI WKH V\PPHWU\ RI WKH %�VSOLQH EDVLV� ZH ZLOO QRW SUHVHQW

WKH GHWDLOV KHUH�

(DFK QHZ FRQWURO SRLQW LV JLYHQ DV D ZHLJKWHG VXP RI RQO\ IRXU RI WKH RULJLQDO FRQWURO

SRLQWV� ,W FDQ EH YHULI\ WKDW WKHVH IRXU FRQWURO SRLQWV IRUP D VLQJOH IDFH LQ WKH RULJLQDO

FRQWURO PHVK� RQWR ZKLFK WKH QHZ FRQWURO SRLQW OLHV� 7KH ZHLJKWLQJ IRU WKH QHZ FRQWURO

SRLQW DUH JLYHQ DV
��

� IRU WKH FRUUHVSRQGLQJ �QHDUHVW� FRQWURO SRLQW�
��

� IRU WKH WZR DGMDFHQW

FRQWURO SRLQWV DQG
��

� IRU WKH RSSRVLWH FRQWURO SRLQW�

5HILQHPHQWV WKDW JHQHUDWH KLJKHU RUGHU %�VSOLQH VXUIDFHV DUH DOVR SRVVLEOH� &XELF UHILQHPHQW

ZDV SUHVHQWHG LQ >&&��@�

4.2 Catmull-Clark Refinement

7KH UHILQHPHQW UXOHV SUHVHQWHG LQ WKH ODVW VHFWLRQ DUH EDVHG RQ WKH DVVXPSWLRQ WKDW WKH LQLWLDO

FRQWURO PHVK LV UHFWDQJXODU� +RZHYHU� WKH\ FDQ EH JHQHUDOLVHG WR ZRUN IRU DQ\ DUELWUDU\

UHFWDQJXODU PHVK� &DWPXOO DQG &ODUN >&&��@ JHQHUDOLVHG WKH LGHD IXUWKHU DQG GHILQHG

UHILQHPHQW UXOHV ZKLFK ZRUN IRU DQ\ DUELWUDU\ WRSRORJ\ IRU ERWK WKH FXELF DQG TXDGUDWLF

FDVH� 6LQFH RQO\ WKH TXDGUDWLF IRUPXODWLRQ LV HPSOR\HG LQ WKLV WKHVLV� ZH ZLOO FRYHU RQO\ WKH

TXDGUDWLF UHILQHPHQW UXOHV KHUH�

/LNH WKH TXDGUDWLF XQLIRUP %�VSOLQH VXUIDFH UHILQHPHQW� &DWPXOO�&ODUN UHILQHPHQW JHQHUDWHV

D QHZ YHUWH[ IRU HDFK FRQWURO SRLQW RQ HDFK IDFH� +RZHYHU� WKH ZD\ WR FDOFXODWH WKH QHZ

YHUWH[ LV JHQHUDOLVHG WR ZRUN IRU IDFHV WKDW KDYH DUELWUDU\ QXPEHU RI YHUWLFHV� 7KH IRUPXOD LV

JLYHQ DV WKH DYHUDJH RI WKH IDFH SRLQW� WZR HGJH SRLQWV DQG WKH YHUWH[ SRLQW� 7KHVH SRLQWV DUH

GHILQHG DV�

•  7KH IDFH SRLQW LV WKH FHQWURLG RI WKH IDFH RI FRQFHUQ�

•  7KH WZR HGJH SRLQWV DUH WKH PLGSRLQWV RI WKH HGJHV WKDW DUH LQFLGHQW RQ WKH RULJLQDO

FRQWURO SRLQW�

•  7KH YHUWH[ SRLQW LV WKH RULJLQDO FRQWURO SRLQW�

+HQFH IRU DQ Q�VLGHG IDFH� ZLWK WKH YHUWLFHV ODEHOOHG IURP S� WR SQ FRXQWHU�FORFNZLVH� WKH

IRUPXOD IRU WKH L
WK QHZ YHUWH[� TL� FDQ EH ZULWWHQ DV�
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FRPSOLFDWLRQ LV GXH WR WKH F\FOLF QDWXUH RI WKH ODEHOOLQJ�

7KH HTXDWLRQ LV� PRUH FRPPRQO\� ZULWWHQ DV D ZHLJKWHG VXP RI WKH LQLWLDO FRQWURO SRLQWV�
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7KH VHW RI JHQHUDWHG YHUWLFHV DUH WKHQ UHFRQQHFWHG WR IRUP WKH QHZ FRQWURO PHVK� 7KH ZD\

WR UHFRQQHFW WKH PHVK LV EHVW LOOXVWUDWHG DV WKH FRQVWUXFWLRQ RI � GLIIHUHQW W\SHV RI IDFHV�

QDPHO\ )�IDFHV� (�IDFHV DQG 9�IDFHV�

�D� �E� �F�

)LJXUH ���� 7KUHH GLIIHUHQW W\SHV RI IDFHV LQ TXDGUDWLF &DWPXOO�&ODUN UHILQHPHQW

•  (DFK )�IDFH LV FRQVWUXFWHG E\ OLQNLQJ XS WKH QHZ YHUWLFHV JHQHUDWHG IURP DOO YHUWLFHV RI

RQH RI WKH RULJLQDO IDFHV� 6HH ILJXUH ����D��

•  )RU HDFK FRPPRQ HGJH LQ WKH RULJLQDO PHVK� D IRXU�VLGHG (�IDFH LV FRQVWUXFWHG E\

OLQNLQJ XS WKH WZR FRUUHVSRQGLQJ HGJHV RQ HDFK RI WKH )�IDFHV JHQHUDWHG IURP WKH WZR

RULJLQDO IDFHV WKDW VKDUH WKH HGJH� 6HH ILJXUH ����E��

2 The formula is slightly different from that in the original paper, which ignored the cyclic nature of the
labelling for the sake of simplity.
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•  )RU HDFK FORVHG YHUWH[ RI WKH RULJLQDO PHVK� D 9�IDFH LV FRQVWUXFWHG E\ OLQNLQJ XS DOO WKH

QHZ YHUWLFHV JHQHUDWHG IURP WKDW YHUWH[� 6HH ILJXUH ����F��

4.3 Smoothness of Catmull-Clark Surface and Extraordinary Points

:H KDYH DOUHDG\ SURYHG WKDW WKH XQLIRUP %�VSOLQH VXEGLYLVLRQ VFKHPH SURGXFHV D %�VSOLQH

VXUIDFH DW WKH OLPLW� 7KH UHVXOWDQW VXUIDFHV KDYH &� DQG &� FRQWLQXLW\ IRU WKH TXDGUDWLF DQG

FXELF VXEGLYLVLRQ VFKHPHV UHVSHFWLYHO\� +HQFH WKH &DWPXOO�&ODUN VXUIDFH ZLOO EH VPRRWK

H[FHSW DW D ILQLWH QXPEHU RI H[WUDRUGLQDU\ SRLQWV�

)RU WKH TXDGUDWLF IRUPXODWLRQ� WKH H[WUDRUGLQDU\ SRLQWV DUH IRXQG DW WKH FHQWURLGV RI DOO Q�

VLGHG RULJLQDO IDFHV DQG DOO 9�IDFHV RI Q�YDOHQFH YHUWLFHV ZKHUH Q DUH QRW ��

)RUWXQDWHO\� WKH QXPEHU RI H[WUDRUGLQDU\ SRLQWV LV IL[HG DIWHU WKH ILUVW UHILQHPHQW VWHS� 7KH

NH\ LV WR UHDOLVH WKDW DOO (�IDFHV DUH ��VLGHG� (YHU\ QRQ���VLGHG IDFH ZLOO JLYH ULVH WR RQH DQG

RQO\ RQH QRQ���VLGHG )�IDFH� )RXU�VLGHG (�IDFHV KRZHYHU� DOZD\V LVRODWH WKLV )�IDFH� +HQFH

WKH QXPEHU RI H[WUDRUGLQDU\ SRLQWV UHPDLQV FRQVWDQW IURP LWHUDWLRQ WR LWHUDWLRQ� 2Q WKH

RWKHU KDQG� D QRQ���VLGHG 9�IDFH ZLOO EH JHQHUDWHG LI WKH QXPEHU RI HGJHV LQFLGHQW RQ D

YHUWH[ LV QRW �� +RZHYHU WKLV VLWXDWLRQ FDQ RQO\ KDSSHQ RQ WKH ILUVW VWHS RI UHILQHPHQW� DV

HYHU\ YHUWH[ RQ WKH UHILQHG PHVK LV DOZD\V FRQQHFWHG WR DQ )�IDFH� WZR (�IDFHV DQG D 9�IDFH�

+HQFH WKH YDOHQFH RI DOO YHUWLFHV DIWHU WKH ILUVW UHILQHPHQW VWHS LV H[DFWO\ ��

7KH VPRRWKQHVV RYHU H[WUDRUGLQDU\ SRLQWV LV RQO\ &�� 'RR DQG 6DELQ >'6��@ VXJJHVWHG D

UHPHG\� DV GHVFULEHG LQ WKH IROORZLQJ VHFWLRQ�

4.4 Doo-Sabin Refinement

$ &DWPXOO�&ODUN VXUIDFH H[KLELWV D SUREOHP LQ VPRRWKQHVV RYHU D ILQLWH QXPEHU RI

H[WUDRUGLQDU\ SRLQWV� 'RR DQG 6DELQ >'6��@ VXJJHVWHG LPSURYHPHQWV WR ERWK WKH &DWPXOO�

&ODUN FXELF DQG TXDGUDWLF UHILQHPHQW VFKHPHV� $ 'RR�6DELQ TXDGUDWLF VXUIDFH H[KLELWV LGHDO

EHKDYLRXU� ZKLFK PHDQV LW DFKLHYHV *&� FRQWLQXLW\ RYHU H[WUDRUGLQDU\ SRLQWV� 7KDW PHDQV

WKH 'RR�6DELQ TXDGUDWLF VXUIDFH LV *&� FRQWLQXRXV JOREDOO\ ZKLOH DFKLHYLQJ D ORFDO &�

FRQWLQXLW\ H[FHSW DW H[WUDRUGLQDU\ SRLQWV�

7KH 'RR�6DELQ TXDGUDWLF VXEGLYLVLRQ VFKHPH LV YHU\ PXFK OLNH WKH &DWPXOO�&ODUN TXDGUDWLF

H[FHSW LQ WKH ZD\ XVHG WR REWDLQ QHZ YHUWLFHV� ,Q D 'RR�6DELQ TXDGUDWLF� QHZ YHUWLFHV FDQ

DJDLQ EH ZULWWHQ DV D ZHLJKWHG PHDQ RI ROG YHUWLFHV�

∑
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EXW WKH ZHLJKWLQJ IXQFWLRQ :LM LV PRGLILHG WR�
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7KH QHZ FRPSXWHG YHUWLFHV DUH WKHQ UHFRQQHFWHG

XVLQJ WKH VDPH PHWKRG DV LQ WKH TXDGUDWLF &DWPXOO�

&ODUN UHILQHPHQW�

)LJXUH ���� &DWPXOO�&ODUN �OHIW� DQG
'RR�6DELQ �ULJKW� TXDGUDWLF

VXUIDFH GHILQHG ZLWK D XQLW
FXEH FRQWURO PHVK�

'RR DQG 6DELQ VWDWHG LQ WKHLU SDSHU WKDW�

«WKH LGHDO EHKDYLRXU PD\ QRW EH VLJQLILFDQWO\ EHWWHU WKDQ
WKH &DWPXOO TXDGUDWLF LQ QRUPDO XVH >'6�� SS���@�

+RZHYHU� ZH FDQ VHH LQ ILJXUH ��� WKDW 'RR�6DELQ TXDGUDWLF VXUIDFH LV VLJQLILFDQWO\ VPRRWKHU

WKDQ &DWPXOO�&ODUN TXDGUDWLF RYHU H[WUDRUGLQDU\ SRLQWV�

$QRWKHU UHDVRQ IRU XVLQJ 'RR�6DELQ UHILQHPHQW LV WKDW DOWKRXJK WKH ZHLJKWLQJ IXQFWLRQ XVHG

LV VRPHZKDW PRUH FRPSXWDWLRQDOO\ H[SHQVLYH WKDQ WKH RQH LQ WKH &DWPXOO�&ODUN TXDGUDWLF� LW

FDQ EH SUH�FRPSXWHG IRU FRPPRQ YDOXHV RI Q� L DQG M DQG WDEOH ORRNXS FDQ EH XVHG WR

UHWULHYH WKRVH SUH�FRPSXWHG YDOXHV�

4.5 Chapter Conclusion and Summary

3RO\KHGURQ EHYHOOLQJ� WR VRPH H[WHQW� GLIIHUHQWLDWHV LWVHOI IURP RWKHU YROXPH�URXQGLQJ

PHWKRGV E\ LWV IDVW H[HFXWLRQ VSHHG� 7KH IDVW H[HFXWLRQ VSHHG DULVH IURP WKH IDFW WKDW LW LV

EDVHG RQ UHFXUVLYH VXEGLYLVLRQ PHWKRGV� ZKLFK WKHPVHOYHV DUH IDVW DQG HIILFLHQW�

7KLV FKDSWHU JDYH D GHHSHU LQVLJKW LQWR VHYHUDO UHFXUVLYH VXEGLYLVLRQ VFKHPHV QDPHO\

XQLIRUP %�VSOLQH UHILQHPHQW� WKH &DWPXOO�&ODUN UHILQHPHQW >&&��@ DQG WKH 'RR�6DELQ

UHILQHPHQW >'6��@� 7KH IRFXV ZDV SULPDULO\ RQ WKH PDWKHPDWLFDO IRUPXODWLRQ DQG SURSHUWLHV�



��

&KDSWHU � 3RO\KHGURQ %HYHOOLQJ E\ 0HVK 3UH�SDUWLWLRQLQJ

,Q WKLV FKDSWHU ZH GHVFULEH RXU ILUVW DSSURDFK RI YROXPH URXQGLQJ� WKH PHVK SUH�SDUWLWLRQLQJ

SRO\KHGURQ EHYHOOLQJ PHWKRG� 7KH PHWKRG LV EDVHG RQ WKH 'RR�6DELQ >'6��@ PHVK

VXEGLYLVLRQ UHILQHPHQW VFKHPH WR REWDLQ D VPRRWK VXUIDFH ZLWK D FRQWURO PHVK� 7KH PDMRU

FRQWULEXWLRQ RI WKH PHWKRG LV WKDW LW DOORZV D XVHU�GHILQHG GHJUHH RI URXQGQHVV E\ SURYLGLQJ DQ

H[WUD SDUDPHWHULVDWLRQ�

7KH LGHD RI PHVK SUH�SDUWLWLRQLQJ LV WR PRGLI\ WKH FRQWURO PHVK EHIRUH DSSO\LQJ WKH

UHFXUVLYH PHVK VXEGLYLVLRQ� 7KH GHVLUHG UHVXOWDQW VXUIDFH LV DFKLHYHG DIWHU WKH VXEGLYLVLRQ�

7KH EHDXW\ RI WKLV SUH�SURFHVVLQJ DSSURDFK LV WKDW WKH UHVXOWDQW VXUIDFH LV XQDOWHUHG DIWHU WKH

ILQDO PHVK VXEGLYLVLRQ SKDVH� 7KH ILQDO UHVXOW LV WKHUHIRUH D 'RR�6DELQ VXUIDFH� $V D UHVXOW� LW

LQKHULWV WKH ZHOO�GHILQHG OLPLW EHKDYLRXU DQG VPRRWKQHVV IURP D 'RR�6DELQ VXUIDFH�

2XU GLVFXVVLRQV LQ WKLV FKDSWHU DUH OLPLWHG WR SRO\KHGUD ZLWK RQO\ FRQYH[ IDFHV� $Q\ FRQFDYH

SRO\JRQDO IDFHV VKRXOG EH FXW LQWR FRQYH[ SRO\JRQV LQ DGYDQFH� :H ZLOO FRPH EDFN WR WKH

FRQFDYLW\ SUREOHP LQ &KDSWHU VHYHQ�

5.1 Architecture

7KH DUFKLWHFWXUH RI PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ LV VKRZQ LQ ILJXUH ����

)LJXUH ���� $UFKLWHFWXUH RI PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ

,Q JHQHUDO� WKUHH VHSDUDWH SKDVHV FDQ EH LGHQWLILHG DV IROORZV�

�� 0HVK SDUWLWLRQLQJ ² 7KH SXUSRVH RI WKLV SKDVH LV WR LQWURGXFH H[WUD SDUWLWLRQLQJ ZLWKLQ WKH

FRQWURO PHVK VR WKDW WKH XVHU�VSHFLILHG URXQGQHVV FDQ EH DFKLHYHG ZKHQ WKH VXEVHTXHQW

VXEGLYLVLRQ LV DSSOLHG� 'HVLUHG SODQDU DUHDV DUH EXIIHUHG E\ WKH SDUWLWLRQLQJ DQG KHQFH

IXUWKHU PHVK VXEGLYLVLRQ ZLOO QRW DIIHFW WKHLU SODQDULW\�
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�� 0HVK VXEGLYLVLRQ ² 'RR�6DELQ UHILQHPHQW LV DSSOLHG WR WKH SDUWLWLRQHG FRQWURO PHVK

JHQHUDWHG IURP WKH SUHYLRXV SKDVH� ,Q WKHRU\� WKLV SURFHVV LV UHSHDWHG DG LQILQLWXP XQWLO

WKH OLPLW VXUIDFH LV REWDLQHG� ,Q SUDFWLFH� WZR RU WKUHH UHILQHPHQW VWHSV DUH XVXDOO\

HQRXJK WR DFKLHYH D UHDVRQDEO\ VPRRWK SRO\JRQ PHVK� 7KH UHFXUVLYH QDWXUH RI WKLV

SKDVH LV LQGLFDWHG ZLWK D GRWWHG ORRS DV VKRZQ RQ ILJXUH ����

�� 0HVK RSWLPLVDWLRQ �RSWLRQDO� ² $ YDVW QXPEHU RI XQQHFHVVDU\ IDFHV LV SURGXFHG LQ WKH

SUHYLRXV SKDVH� 7KH QXPEHU RI IDFHV JURZV YHU\ UDSLGO\ DW HDFK VWHS RI WKH UHFXUVLRQ�

)RU SUDFWLFDO UHDVRQV� RYHU�GHWDLOHG VXUIDFH UHSUHVHQWDWLRQ PXVW EH DSSUR[LPDWHG XVLQJ D

FRDUVHU SRO\KHGURQ� 2SWLRQDO PHVK VLPSOLILFDWLRQ RU RSWLPLVDWLRQ UHGXFHV WKH QXPEHU RI

SULPLWLYHV SUHVHQWHG DQG HQKDQFHV WKH UHQGHULQJ VSHHG� 7KH\ XQIRUWXQDWHO\ DGG WR WKH

FRVW RI WKH URXQGLQJ SURFHVV� ([DPSOHV RI JHQHUDO�SXUSRVH PHVK RSWLPLVDWLRQ

WHFKQLTXHV FDQ EH IRXQG LQ >+''��@>.7��@� 7KH\ DUH� KRZHYHU� RXWVLGH WKH VFRSH RI

WKH WKHVLV�

2YHU�DSSO\LQJ PHVK VXEGLYLVLRQ DQG WKHQ VLPSOLI\LQJ WKH UHVXOWDQW PHVK LV QHLWKHU QDWXUDO

QRU HIILFLHQW� $V DQ LPSURYHPHQW� SUH�VXEGLYLVLRQ PHVK RSWLPLVDWLRQ ZLOO EH GLVFXVVHG LQ WKH

QH[W FKDSWHU� 7KH RSWLPLVDWLRQ PHWKRG FRPELQHV SKDVH WZR DQG WKUHH RI WKH DOJRULWKP DV

WKH VR�FDOOHG LQWHJUDWHG VXEGLYLVLRQ VFKHPH� 7KH PRGLILFDWLRQ DYRLGV VRPH RI WKH XQQHFHVVDU\

VXEGLYLVLRQV DQG KHQFH LQFUHDVHV WKH SHUIRUPDQFH RI WKH URXQGLQJ PHWKRG DQG DOVR UHGXFHV

IUDJPHQWDWLRQ�

5.2 Two-dimensional Analogy

$ EHWWHU XQGHUVWDQGLQJ RI PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ FDQ EH DFKLHYHG YLD D

WZR�GLPHQVLRQDO DQDORJ\� ZKLFK LV ERWK VLPSOH DQG UREXVW LQ FRPSDULVRQ WR WKH WKUHH�

GLPHQVLRQDO FDVH�

7KH &KDLNLQ UHILQHPHQW VFKHPH SURGXFHV D TXDGUDWLF %�VSOLQH FXUYH IURP D VHW RI FRQWURO

SRLQWV� ,W LV� WKHUHIRUH� D ORJLFDO HTXLYDOHQW RI WKH 'RR�6DELQ UHILQHPHQW VFKHPH IRU WKH

PHVK VXEGLYLVLRQ SKDVH LQ WZR GLPHQVLRQV� 7KH &KDLNLQ UHILQHPHQW PHWKRG LV EULHIO\

FRYHUHG EHORZ� ,W LV IROORZHG E\ PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ LQ WZR�

GLPHQVLRQV� )LQDOO\� WKH SUREOHP ZLWK WKH PHVK SUH�SDUWLWLRQLQJ DSSURDFK LV LGHQWLILHG DQG

VXJJHVWHG UHPHG\ ZLOO EH SUHVHQWHG�

5.2.1 Chaikin Refinement Scheme

7KH &KDLNLQ UHILQHPHQW VFKHPH SURGXFHV D TXDGUDWLF %�VSOLQH FXUYH LQ WKH OLPLW� 7KH SURRI

LV JLYHQ E\ 5LHVHQIHOG >5LHV��@�

)LJXUH ����D� VKRZV DQ H[DPSOH RI D FRQWURO SRO\JRQ DQG WKH UHVXOWDQW TXDGUDWLF %�VSOLQH

FXUYH� 7KH LQSXW RI WKH &KDLNLQ UHILQHPHQW FDQ DOVR EH D VHW RI FRQWURO SRLQWV� ,Q WKDW FDVH�

WKH UHVXOWDQW FXUYH ZLOO EH RSHQ LQVWHDG RI FORVHG�
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/LNH &DWPXOO�&ODUN RU 'RR�6DELQ UHILQHPHQW� WKH PHWKRG LV UHFXUVLYH� $W HDFK VWHS RI WKH

UHFXUVLRQ� D EHWWHU SLHFHZLVH OLQHDU DSSUR[LPDWLRQ RI WKH UHVXOWDQW TXDGUDWLF %�VSOLQH FXUYH LV

SURGXFHG� 7ZR QHZ FRQWURO SRLQWV� S
�
· DQG S

�
·� DUH JHQHUDWHG EHWZHHQ HDFK RI WKH WZR

FRQVHFXWLYH RULJLQDO FRQWURO SRLQWV� DV LOOXVWUDWHG LQ ILJXUH ����E�� 7KH IRUPXODV DUH JLYHQ DV�

S
�
·  

�

� S
�
�

�

� S
�
DQG S

�
·  

�

� S
�
�

�

� S
�

7KH RULJLQDO FRQWURO SRLQWV DUH WKHQ GLVFDUGHG DQG WKH QHZ FRQWURO SRLQWV LQ HDFK RI WKH

VXFFHVVLYH VHJPHQW IRUP WKH FRQWURO SRO\JRQ RI WKH QH[W LWHUDWLRQ�

)LJXUH ����F� VKRZV WKH UHVXOWDQW FRQWURO SRO\JRQV DIWHU WKH ILUVW DQG VHFRQG LWHUDWLRQ� ,Q WKH

OLPLW� LW ZLOO FRQYHUJH WR WKH TXDGUDWLF %�VSOLQH FXUYH GHILQHG E\ WKH RULJLQDO FRQWURO SRO\JRQ�

$V VKRZQ LQ WKH ILJXUH� WKH FRQWURO SRO\JRQ DIWHU WKH VHFRQG LWHUDWLRQ DOUHDG\ JLYHV D YHU\

FORVH DSSUR[LPDWLRQ WR WKH DFWXDO TXDGUDWLF %�VSOLQH FXUYH VKRZQ LQ ILJXUH ����D��

�D� �E� �F�

)LJXUH ���� 7KH &KDLNLQ UHILQHPHQW VFKHPH� �D� 7KH FRQWURO SRO\JRQ DQG WKH UHVXOWDQW TXDGUDWLF E�
VSOLQH FXUYH �E� 1HZ FRQWURO SRLQWV JHQHUDWHG RQ WKH ILUVW LWHUDWLRQ �F� &RQWURO SRO\JRQV
IURP WKH ILUVW WZR LWHUDWLRQV VXSHULPSRVHG RQ WKH RULJLQDO FRQWURO SRO\JRQ�

5.2.2 Mesh Pre-partitioning Polyhedron Bevelling in Two Dimensions

7KH SUHVHUYDWLRQ RI VWUDLJKW�OLQH VHJPHQWV RI D SRO\JRQ LV REYLRXVO\ WKH WZR�GLPHQVLRQDO

DQDORJXH RI WKH SUHVHUYDWLRQ RI SODQDU UHJLRQV RI D SRO\JRQDO IDFH� +HQFH� WKH WZR�

GLPHQVLRQDO SUREOHP FDQ EH GHVFULEHG DV ILWWLQJ D TXDGUDWLF %�VSOLQH FXUYH RYHU WKH OLQHDU

VHJPHQWV WR EH SUHVHUYHG� HDFK RI ZKLFK EHORQJV WR D VLQJOH HGJH RI D SRO\JRQ� 7KH

VHJPHQWV WR EH SUHVHUYHG LQ D SRO\JRQ DUH PDUNHG LQ UHG LQ ILJXUH ����D��

�D� �E� �F�

)LJXUH ���� 0HVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ LQ ��GLPHQVLRQV� �D� 2ULJLQDO
SRO\JRQ ZLWK WKH GHVLUHG ILQDO VWUDLJKW�OLQH VHJPHQWV PDUNHG UHG �E� ([WUD
FRQWURO SRLQWV DUH DGGHG VR WKDW WKH HQGSRLQWV RI WKH ILQDO VWUDLJKW�OLQH
VHJPHQWV DUH DW WKH PLGSRLQWV RI WKRVH FRUQHU VHJPHQWV �F� $ TXDGUDWLF E�
VSOLQH FXUYH GHILQHG RQ WKH SUH�SDUWLWLRQHG FRQWURO SRO\JRQ�
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%HIRUH ZH GHVFULEH WKH VROXWLRQ� ZH ZLOO EULHIO\ UHYLHZ WKUHH LPSRUWDQW SURSHUWLHV RI %�VSOLQH

FXUYHV� ORFDOLW\� PLGSRLQW LQWHUSRODWLRQ �TXDGUDWLF %�VSOLQH RQO\� DQG WKH FRQYH[ KXOO

SURSHUW\� 7KH ORFDOLW\ SURSHUW\ HQVXUHV WKDW HDFK SRLQW RQ DQ P�RUGHU %�VSOLQH FXUYH LV

GHILQHG VROHO\ E\ �P��� LQVWHDG RI DOO RI WKH FRQWURO SRLQWV� 7DNH D TXDGUDWLF %�VSOLQH DV DQ

H[DPSOH� WKH SRVLWLRQ RI HDFK SRUWLRQ RI WKH TXDGUDWLF %�VSOLQH FXUYH LV LQIOXHQFHG

H[FOXVLYHO\ E\ WKUHH FRQVHFXWLYH FRQWURO SRLQWV� 7KH PLGSRLQW LQWHUSRODWLRQ SURSHUW\

VXJJHVWV WKDW WKH SRUWLRQ RI WKH FXUYH FRQWUROOHG E\ WKH WKUHH FRQWURO SRLQWV VWDUWV DW WKH

PLGSRLQW RI WKH ILUVW DQG WKH VHFRQG FRQWURO SRLQWV DQG HQGV DW WKH PLGSRLQW RI WKH VHFRQG

DQG WKH WKLUG� )LQDOO\� WKH FRQYH[ KXOO SURSHUW\ JXDUDQWHHV WKDW DOO SRLQWV RI WKDW SRUWLRQ DUH

ORFDWHG LQVLGH WKH FRQYH[ KXOO FUHDWHG E\ WKH WKUHH FRQWURO SRLQWV�

(TXLSSHG ZLWK WKHVH WKUHH SURSHUWLHV� ZH QRZ GHVFULEH DQG H[SODLQ RXU VROXWLRQ WR WKH

SUREOHP PHQWLRQHG� $V LQGLFDWHG HDUOLHU� WKH HVVHQFH RI WKH PHVK SUH�SDUWLWLRQLQJ

SRO\KHGURQ EHYHOOLQJ LV WR PRGLI\ WKH FRQWURO PHVK VXFK WKDW WKH GHVLUHG VKDSH LV REWDLQHG

DIWHU DSSO\LQJ WKH PHVK VXEGLYLVLRQ� ,Q D WZR�GLPHQVLRQDO FDVH� ZH VLPSO\ DGG H[WUD FRQWURO

SRLQWV WR SDUWLWLRQ WKH RULJLQDO HGJH RI WKH FRQWURO SRO\JRQ EHIRUH DSSO\LQJ WKH &KDLNLQ

UHILQHPHQW� 7KH WHUP ¶HGJH· UHIHUV WR WKH VWUDLJKW�OLQH VHJPHQW EHWZHHQ WKH WZR FRQVHFXWLYH

FRQWURO SRLQWV�

)LJXUH ����E� VKRZV WKH VHJPHQW H
�
H
�
� GHILQHG DV WKH ILQDO VWUDLJKW�OLQH VHJPHQW WR EH

SUHVHUYHG RQ S
�
S
�
� 2Q HDFK HGJH� S

�
S
�
� RI WKH LQLWLDO FRQWURO SRO\JRQ ZH DGG WZR QHZ FRQWURO

SRLQW S
�
· DQG S

�
· VXFK WKDW H

�
LV ORFDWHG DW WKH PLGGOH RI S

�
DQG S

�
· DQG H

�
LV ORFDWHG DW WKH

PLGGOH RI S
�
DQG S

�
·� 7KXV WZR QHZ FRQWURO SRLQWV DUH VLPSO\ JLYHQ DV�

S
�
·  H

�
� �H

�
� S

�
� DQG S

�
·  H

�
� �H

�
� S

�
�

7KH QHZ FRQWURO SRO\JRQ DIWHU SDUWLWLRQLQJ ZLOO KHQFH KDYH WKUHH WLPHV WKH QXPEHU RI

FRQWURO SRLQWV RI WKH RULJLQDO FRQWURO SRO\JRQ� 7KH\ DUH VKRZQ DV WKH EODFN GRWV LQ ILJXUH

����E�� (DFK VHJPHQW RI WKH RULJLQDO FRQWURO SRO\JRQ LV GLYLGHG LQWR WKUHH SDUWV� RQH LQWHUQDO

VHJPHQW DQG WZR FRUQHU VHJPHQWV� &RUQHU VHJPHQWV DUH WKH RQHV DW ERWK HQGV DQG WKH

LQWHUQDO VHJPHQW LV WKH RQH LQ EHWZHHQ�

)LJXUH ����F� VKRZV WKH UHVXOWDQW TXDGUDWLF %�VSOLQH FXUYH DIWHU DSSO\LQJ WKH &KDLNLQ

UHILQHPHQW VFKHPH WR WKH SDUWLWLRQHG FRQWURO SRO\JRQ� 7KH FXUYH SUHVHUYHV WKH VWUDLJKW�OLQH

SRUWLRQV ZLWK WKH URXQGHG FRUQHUV VPRRWKO\ MRLQLQJ WKRVH SRUWLRQV�

7KH IROORZLQJ LV WKH H[SODQDWLRQ RI KRZ WKH OLQHDU VHJPHQW LV SUHVHUYHG�

)LUVW� EHFDXVH RI WKH PLGSRLQW LQWHUSRODWLRQ SURSHUW\� WKH UHVXOWDQW TXDGUDWLF %�VSOLQH FXUYH

LQWHUSRODWHV DOO WKH PLGSRLQWV RI WKH FRUQHU VHJPHQWV RI WKH SDUWLWLRQHG FRQWURO SRO\JRQ� %\

FRQVWUXFWLRQ� WKHVH PLGSRLQWV DUH WKH HQGSRLQWV RI WKH VWUDLJKW�OLQH VHJPHQWV WR EH

SUHVHUYHG� +HQFH WKH UHVXOWDQW FXUYH LV D VPRRWK TXDGUDWLF %�VSOLQH FXUYH ZKLFK LQWHUSRODWHV

DOO WKH HQGSRLQWV RI WKRVH VHJPHQWV WR EH SUHVHUYHG�

6HFRQGO\� ZH QHHG WR VKRZ WKDW SRUWLRQV RI WKH FXUYH LQ EHWZHHQ WKRVH HQGSRLQWV DUH

DFWXDOO\ VWUDLJKW�OLQHV� $JDLQ E\ FRQVWUXFWLRQ� WKHUH ZLOO EH IRXU FROOLQHDU FRQWURO SRLQWV RQ

HYHU\ VHJPHQWV RI WKH RULJLQDO FRQWURO SRO\JRQ� WKH WZR HQGSRLQWV RI WKH VHJPHQW DQG WKH

WZR QHZ FRQWURO SRLQWV LQWURGXFHG LQ WKH SDUWLWLRQ� %\ WKH ORFDOLW\ SURSHUW\ RI WKH %�VSOLQH�
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WKH IRXU FRQVHFXWLYH FRQWURO SRLQWV ZLOO GHILQH D SRUWLRQ RI WKH UHVXOWDQW TXDGUDWLF %�VSOLQH

FXUYH VWDUWLQJ IURP WKH PLGSRLQW RI WKH ILUVW WZR WR WKH PLGSRLQW RI WKH ODVW WZR� 6LQFH WKH

IRXU FRQWURO SRLQWV DUH FROOLQHDU� WKH FRQYH[ KXOO IRUPHG E\ WKH IRXU FRQWURO SRLQWV ZLOO DOVR

EH D VWUDLJKW�OLQH� %\ WKH FRQYH[ KXOO SURSHUW\� WKH SRUWLRQV RI WKH FXUYH LQ EHWZHHQ WKRVH

HQGSRLQWV PXVW WKHUHIRUH EH OLQHDU�

5.2.3 Problem and Remedy in Two Dimensions

7KH PHWKRG GHVFULEHG LQ WKH ODVW VHFWLRQ ZLOO KDYH D SUREOHP LI WKH OHQJWK RI WKH SRUWLRQ WR

EH SUHVHUYHG LV YHU\ VKRUW LQ FRPSDULVRQ WR WKDW RI LWV RULJLQDO HGJH� 7KH LQWHUQDO VHJPHQWV

FUHDWHG E\ WKH SDUWLWLRQLQJ ZLOO EH IOLSSHG LQ VXFK D FDVH� )LJXUH ����D� GHSLFWV D SDUWLWLRQHG

FRQWURO SRO\JRQ ZLWK DOO WKH LQWHUQDO VHJPHQWV IOLSSHG� DV HPSKDVLVHG E\ WKH QXPEHULQJ RI

WKH FRQWURO SRLQWV LQ WKH ILJXUH� %HFDXVH RI WKH IOLSSHG LQWHUQDO VHJPHQWV� WKH UHVXOWDQW

TXDGUDWLF %�VSOLQH FXUYH LV DOVR IOLSSHG DQG GRHV QRW HQG RQ WKH GHVLUHG HQGSRLQWV DV VKRZQ

LQ ILJXUH ����E��

�D� �E� �F�

)LJXUH ���� $UWHIDFWV SURGXFHG E\ PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ LQ WZR GLPHQVLRQV�
�D� 7KH GHVLUHG ILQDO VWUDLJKW�OLQH VHJPHQWV DUH VKRUWHU WKDQ KDOI RI WKH RULJLQDO
HGJHV ZKLFK OHDG WR RYHUODSSLQJ RI FRQWURO SRO\JRQ VHJPHQWV �E� $ TXDGUDWLF E�
VSOLQH GHILQHG ZLWK D FRQWURO SRO\JRQ ZLWK RYHUODSSLQJ �F� 4XDGUDWLF E�VSOLQH
VHJPHQWV SURGXFHG E\ RQO\ WKH FRUQHU VHJPHQWV RI WKH FRQWURO SRO\JRQ�

,W LV QRW KDUG WR VKRZ WKDW WKH ´IOLSSLQJ HGJHµ SUREOHP RFFXUV ZKHQ WKH OHQJWK RI WKH SRUWLRQ

WR EH SUHVHUYHG LV OHVV WKDQ KDOI RI WKH OHQJWK RI LWV RULJLQDO HGJH� $JDLQ IRU WZR FRQVHFXWLYH

FRQWURO SRLQWV S
�
DQG S

�
RI WKH RULJLQDO FRQWURO SRO\JRQ� ZH FDOO WKH WZR QHZO\ LQWURGXFHG

FRQWURO SRLQWV S
�
· DQG S

�
· DQG WKH HQGSRLQWV RI WKH GHVLUHG ILQDO VWUDLJKW�OLQH VHJPHQW H

�
DQG H

�
�

7KH OHQJWK RI WKH LQWHUQDO VHJPHQW ZLOO EH JLYHQ DV�

/HQJWK  


��

SS −  ( )( ) ( )( )
������

SHHSHH −+−−+

 ( ) ( )
����

� SSHH −−−  
����

� SSHH −−−

+HQFH WKH OHQJWK RI WKH LQWHUQDO VHJPHQW ZLOO EH SRVLWLYH �QR IOLSSLQJ� LI WKH OHQJWK RI WKH

GHVLUHG ILQDO VWUDLJKW�OLQH VHJPHQW �H
�
� H

�
� LV JUHDWHU WKDQ RU HTXDO WR KDOI RI WKH OHQJWK RI WKH

RULJLQDO HGJH �S
�
� S

�
��

)RUWXQDWHO\� WKHUH DUH PDQ\ ZD\V WR VROYH WKH SUREOHP� 3HUKDSV WKH VLPSOHVW RQH LV WR

SURGXFH WKRVH URXQGHG SRUWLRQV RI WKH TXDGUDWLF E�VSOLQH FXUYH E\ VXEGLYLGLQJ RQO\ WKH

FRUQHU VHJPHQWV RI WKH SDUWLWLRQHG FRQWURO SRO\JRQ DV VKRZQ LQ ILJXUH ����F�� :H FDQ WKHQ
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VLPSO\ MRLQ XS WKRVH URXQGHG FRUQHUV ZLWK VWUDLJKW�OLQHV� VLQFH WKRVH PLVVLQJ SRUWLRQV RI WKH

FXUYH DUH OLQHDU� DV H[SODLQHG HDUOLHU�

7KH PHWKRG ZRUNV ZHOO RQ DQ\ DUELWUDU\ LQSXW FRQILJXUDWLRQ� 7KH RWKHU EHDXW\ LV WKDW LW

SURGXFHV D PRUH HIILFLHQW LPSOHPHQWDWLRQ ZLWK OHVV IUDJPHQWDWLRQ EHFDXVH RI WKH HOLPLQDWLRQ

RI XQQHFHVVDU\ VXEGLYLVLRQ RQ WKH VWUDLJKW�OLQH VHJPHQWV� 7KLV LGHD OHDGV WR WKH RSWLPLVDWLRQ

VFKHPH RI PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ�

5.3 Locality, Centroid Interpolation and the Convex Hull Property

7KH SODQDU UHJLRQ SUHVHUYDWLRQ LV EDVHG KHDYLO\ RQ WKH WKUHH SURSHUWLHV RI TXDGUDWLF %�VSOLQH

FXUYH LQWURGXFHG HDUOLHU� 8QOLNH WKH &KDLNLQ DOJRULWKP� ZKLFK SURGXFHV DQ H[DFW TXDGUDWLF %�

VSOLQH FXUYH� &DWPXOO�&ODUN DQG 'RR�6DELQ VXUIDFHV ZLWK QRQ�TXDGULODWHUDO FRQWURO PHVK DUH

RQO\ DSSUR[LPDWLRQV WR WKH TXDGUDWLF %�VSOLQH VXUIDFHV� +HQFH� EHIRUH PRYLQJ WR WKH

URXQGLQJ DOJRULWKP LQ WKUHH GLPHQVLRQV� WKLV VHFWLRQ FRQILUPV WKDW ORFDOLW\� FHQWURLG

LQWHUSRODWLRQ DQG WKH FRQYH[ KXOO SURSHUW\ KROG IRU 'RR�6DELQ UHILQHG VXUIDFHV�

7KH ORFDOLW\ SURSHUW\ FDQ EH HDVLO\ FRQILUPHG E\ WKH IDFW WKDW HDFK QHZ FRQWURO SRLQW RQ WKH

L��WK LWHUDWLRQ PHVK LV FRPSXWHG E\ D OLQHDU FRPELQDWLRQ RI YHUWLFHV RQO\ IURP RQH DQG RQO\

RQH IDFH LQ WKH LWK LWHUDWLRQ PHVK� +HQFH WKH ORFDWLRQ RI DQ\ SRLQWV RQ WKH OLPLW VXUIDFH DUH

VROHO\ FRQWUROOHG E\ VRPH VXEVHW RI FRQWURO SRLQWV LQ WKH LQLWLDO PHVK�

)RU WKH PLGSRLQW LQWHUSRODWLRQ SURSHUW\� ZH FRQVLGHU DQ Q�VLGHG IDFH ZLWK YHUWLFHV SL DQG WKH

FRUUHVSRQGLQJ IDFH DIWHU RQH VWHS RI WKH 'RR�6DELQ UHILQHPHQW ZLWK YHUWLFHV TL� ZKHUH L ∈
>����Q@�

)RU WKH 'RR�6DELQ UHILQHPHQW� ZH NQRZ WKDW�
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,W LV ZHOO NQRZQ WKDW D EL�TXDGUDWLF %�VSOLQH VXUIDFH LQWHUSRODWHV WKH FHQWUH RI HDFK

UHFWDQJXODU JULG FHOO RQ WKH FRQWURO PHVK� 7R VKRZ WKDW LW LV DOVR WUXH IRU WKH 'RR�6DELQ

UHILQHPHQW� ZH QHHG WR VKRZ WKDW WKH FHQWURLG RI HDFK IDFH UHPDLQV WKH VDPH DIWHU RQH VWHS

RI UHILQHPHQW�
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DOZD\V VXP WR ]HUR�� 7KH UHVXOW VKRZV WKDW WKH QHZ IDFH FHQWURLG

VWD\ XQFKDQJHG DIWHU HDFK VWHS RI UHILQHPHQW DQG WKHUHIRUH FRQILUPV WKH FHQWURLG

LQWHUSRODWLRQ SURSHUW\ IRU WKH 'RR�6DELQ VXEGLYLVLRQ�

7KH FRQYH[ KXOO SURSHUW\ FDQ EH SURYHQ E\ WKH IDFW WKDW WKH ZHLJKWLQJ IXQFWLRQ� :
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� DOZD\V

OLHV LQ EHWZHHQ � DQG � DV ZHOO DV WKH VXP RI WKH ZHLJKWLQJ ∑
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 ��

:LWK WKH WKUHH SURSHUWLHV UHFRQILUPHG� ZH FDQ QRZ PRYH WR WKH H[SODQDWLRQ DQG GHVFULSWLRQ

RI WKH DOJRULWKP�

5.4 Simple Mesh Pre-partitioning Polyhedron Bevelling

7KH REMHFWLYH RI WKH PHVK SDUWLWLRQLQJ SKDVH LV WR FRQVWUXFW D SDUWLWLRQLQJ RI WKH PHVK JLYHQ

D VFDODU YDOXH URXQGQHVV FRQWURO� VXFK WKDW WKH SUHVHUYHG SODQDU UHJLRQV RI WKH ILQDO VKDSH DUH

UHGXFHG DV WKH URXQGQHVV FRQWURO LQFUHDVHV� 7KLV SDUDPHWHULVHG PHVK SDUWLWLRQLQJ SKDVH FDQ

EH ORJLFDOO\ VHSDUDWHG LQWR WZR VWHSV�

�� 'HILQLWLRQ RI WKH SODQDU UHJLRQV EDVHG RQ WKH JLYHQ URXQGQHVV FRQWURO�

�� 3DUWLWLRQ WKH LQLWLDO PHVK VR WKDW WKH SODQDU UHJLRQV DUH SUHVHUYHG DIWHU PHVK VXEGLYLVLRQ�

:H ZLOO ILUVW ORRN DW KRZ WKH SODQDU UHJLRQV DUH GHILQHG XVLQJ D URXQGQHVV FRQWURO� %DVHG RQ

WKH GLVFXVVLRQ LQ &KDSWHU WZR� ZH LGHQWLILHG WKDW WKH UDWLR EHWZHHQ WKH VXUIDFH DUHD RI WKH

SODQDU UHJLRQV WR WKH URXQGHG UHJLRQV LV DQ LQWXLWLYH PHDVXUH RI URXQGQHVV RI DQ REMHFW� :H

ZLOO GHILQH WKH URXQGHGQHVV� ρ� IRU RXU URXQGLQJ RSHUDWLRQ DV�

3 Proven by Mathematica®
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ZKHUH pA DQG pA′ DUH WKH DUHD RI WKH SODQDU UHJLRQV RQ WKH RULJLQDO SRO\KHGURQ DQG WKH

URXQGHG SRO\KHGURQ UHVSHFWLYHO\� 7KXV ρ LV D YDOXH EHWZHHQ � DQG �� ZLWK � UHSUHVHQWLQJ D

QRQ�URXQGHG SRO\KHGURQ DQG � UHSUHVHQWLQJ D FRPSOHWHO\ URXQGHG SRO\KHGURQ ZLWK QR

UHPDLQLQJ SODQDU DUHDV� :H ZLOO DOVR DVVXPH WKH SHUFHQWDJH UHGXFWLRQ RI SODQDU DUHD LV WKH

VDPH IRU HYHU\ SRO\JRQDO IDFH�

7KH FRQVWUDLQW RI PRQRWRQLF UHGXFWLRQ RI SODQDU UHJLRQV VXJJHVWV WKH VKUXQNHQ YHUVLRQ RI

WKH SRO\JRQDO IDFH VKRXOG OLH FRPSOHWHO\ ZLWKLQ WKH RULJLQDO IDFH� (YHQ WKHQ� WKHUH DUH

QXPHURXV ZD\V WR GHILQH WKH SUHVHUYHG UHJLRQ� DQG WKHUH LV QRW D VLQJOH ´FRUUHFWµ DQVZHU�

:H ZLOO DVVHUW RQO\ WKDW WKH SUHVHUYHG UHJLRQ RI DQ DUELWUDU\ Q�VLGHG FRQYH[ SRO\JRQ VKRXOG

DOVR EH DQ Q�VLGHG SRO\JRQ WKDW VLWV HQWLUHO\ ZLWKLQ WKH RULJLQDO IDFH�

:H KDYH FRQILUPHG HDUOLHU WKDW WKH OLPLW VXUIDFH LQWHUSRODWHV WKH FHQWURLG� +HQFH� IRU DQ

DUELWUDU\ Q�VLGHG FRQYH[ SRO\JRQDO IDFH� ZH FDQ FRQVWUXFW� E\ SDUWLWLRQLQJ� Q ´FRUQHU IDFHVµ

ZLWK WKHLU FHQWURLGV ORFDWHG DW FRUQHUV RI WKH SUHVHUYHG UHJLRQ DV GHSLFWHG LQ ILJXUH ����

)LJXUH ���� 3DUWLWLRQLQJ RI D FRQYH[

SRO\JRQDO IDFH

7KLV� KRZHYHU� VWLOO GRHV QRW XQLTXHO\ GHILQH WKH

SDUWLWLRQLQJ� $V D UHVXOW� ZH KDYH JRQH WKURXJK D

VHULHV RI WULDOV DQG HUURUV LQ RUGHU WR ILQG RXW WKH

´RSWLPDOµ SDUWLWLRQLQJ�

7KH ILUVW ´UHDVRQDEOHµ DSSURDFK GHILQHV WKH

SDUWLWLRQLQJ E\ VLPSOH GLVSODFLQJ HDFK HGJH RI WKH

SRO\JRQDO IDFH LQZDUGV E\ D FHUWDLQ DPRXQW VXFK

WKDW UHVXOWDQW FRUQHU IDFHV KDYH WKHLU FHQWURLGV

LQWHUSRODWH WKH YHUWLFHV RI WKH VKUXQNHQ IDFH�

:KLOH WKLV DSSURDFK ZRUNV ZHOO RQ VPDOO

URXQGLQJ ZLWK VRPH LQSXW FRQILJXUDWLRQV� LW

VXIIHUV VHULRXVO\ IURP WKH VWDELOLW\ SUREOHP LQ

VRPH RWKHU FRQILJXUDWLRQV� ,Q DGGLWLRQ WR

IDLOLQJ RQ FRQFDYH IDFHV� WKLV SDUWLWLRQLQJ

VFKHPH IDLOV HYHQ ZLWK FRQYH[ SRO\JRQV ZLWK D

YHU\ VKRUW HGJH DV VKRZQ LQ ILJXUH ����

)LJXUH ���� 3UREOHP ZLWK SDUWLWLRQLQJ VFKHPH

XVLQJ DEVROXWH GLVSODFHPHQW

7KH SUREOHP DULVHV ZKHQ WKH DEVROXWH GLVSODFHPHQW FKRVHQ LV ODUJH LQ FRPSDULVRQ WR WKH

OHQJWK RI DQ HGJH� 7KLV FDQ HDVLO\ EH IL[HG E\ UHSODFLQJ WKH DEVROXWH GLVSODFHPHQW ZLWK D

GLVSODFHPHQW WKDW LV UHODWLYH WR WKH OHQJWK RI WKH FXUUHQW HGJH� 7KH PRGLILHG SDUWLWLRQLQJ

VFKHPH LV GHVFULEHG ZLWK D QRPHQFODWXUH VKRZQ LQ ILJXUH ����
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for each face F of original polyhedron

for each edge ei = (pi , p(i+1) mod n) of F

Add vertex q2i = pi + α (p(i+1) mod n – pi) to mesh

Add vertex q2I+1 = pi+1 + α (pi – p(i+1) mod n) to mesh

for each “edge” gI = (q(2i-1) mod 2n , q(2i+2) mod 2n)

Add to mesh the intersection point ri of gi and g(i-1) mod n

Delete face F from mesh

Add new face F’ = {r0 , r1 , ... rn-1) to mesh

for each vertex pI of F

Add new face {pi , q(i+1) mod n , ri , q2i} to mesh

for each edge ei = (pi , p(i+1) mod n) of F

Add new face {q2i , ri , r(i+1) mod n , q2i+1} to mesh

)LJXUH ���� 7KH QRPHQFODWXUH
IRU D SUH�SDUWLWLRQHG IDFH

7KH VWDELOLW\ RI WKLV UHILQHG SDUWLWLRQLQJ VFKHPH LV PXFK EHWWHU WKDQ WKDW RI WKH DEVROXWH

GLVSODFHPHQW VFKHPH� EXW LW PD\ VWLOO IDLO LQ FRQVWUXFWLQJ WKH SDUWLWLRQLQJ LI WKH URXQGQHVV

FRQWURO� α� LV ODUJHU WKDQ D IXQGDPHQWDO OLPLW RI URXQGQHVV FRQWURO α
PD[
�)�� ZKLFK YDULHV IURP

GLIIHUHQW LQSXW SRO\JRQDO IDFHV )� )RU H[DPSOH α
PD[
 ��� IRU D VTXDUH IDFH� 7KLV SUREOHP LV

UHODWHG WR WKH ´IOLSSLQJ HGJHµ SUREOHP DV LOOXVWUDWHG LQ WKH WZR GLPHQVLRQV� DQG UHPHG\ KDV

EHHQ SURSRVHG� 7KH UHPHG\ LQ WKH WKUHH GLPHQVLRQV LV� KRZHYHU� PRUH FRPSOLFDWHG� :H ZLOO

QRZ DFFHSW WKH OLPLWDWLRQ DQG ZLOO FRPH EDFN WR WKH VROXWLRQ ODWHU�

:LWK WKH DOJRULWKP GHVFULEHG� DQ Q�VLGHG SRO\JRQDO IDFH ZLOO EH SDUWLWLRQHG LQWR �Q�� IDFHV
RI WKUHH W\SHV�

•  &HQWURLG IDFH ² ([DFWO\ RQH QRQ�ERXQGDU\ Q�VLGHG FHQWURLG IDFH ZLOO EH SURGXFHG� ZKLFK LV
ORFDWHG DW WKH FHQWUH DQG EXIIHUHG XS ZLWK WKH DGMDFHQW FRSODQDU IDFHV�

•  &RUQHU IDFH ² Q FRUQHU IDFHV DUH SURGXFHG� HDFK RI ZKLFK LV ORFDWHG DW WKH FRUQHU DQG
VKDULQJ RQH RI WKH LQLWLDO YHUWLFHV� 6HH ILJXUH ���� 1RWH DOVR WKDW WKH\ DUH DOZD\V ��VLGHG E\

FRQVWUXFWLRQ�

•  (GJH IDFH ² Q HGJH IDFHV DUH SURGXFHG� 7KH\ DUH
ORFDWHG LQ EHWZHHQ WZR FRUQHU IDFHV DORQJ WKH

LQLWLDO ERXQGDU\� $JDLQ WKH\ DUH DOZD\V ��VLGHG

E\ FRQVWUXFWLRQ�

%RWK WKH FRUQHU DQG HGJH IDFHV DUH DOVR UHIHUUHG

ODWHU DV ERXQGDU\ IDFHV�

)LJXUH ��� VKRZV DQ H[DPSOH RI XVLQJ WKH

SDUWLWLRQLQJ VFKHPH WR SURGXFH URXQGHG FXEHV

ZLWK GLIIHUHQW URXQGQHVV�

)LJXUH ���� 'LIIHUHQW SDUWLWLRQLQJ UHVXOW

LQ GLIIHUHQW URXQGHGQHVV
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5.5 Justification of the Pre-partitioning Scheme

7ZR MXVWLILFDWLRQV DUH UHTXLUHG�

)LUVW� LW PXVW EH VKRZQ WKDW WKH SUHVHUYHG UHJLRQ LV DFWXDOO\ SODQDU� 7KLV FDQ EH WULYLDOO\

SURYHQ E\ WKH ORFDOLW\ DQG WKH FRQYH[ KXOO SURSHUWLHV DV LQ WKH WZR�GLPHQVLRQDO FDVH� )RU DQ\

Q�VLGHG SRO\JRQDO IDFH� �Q�� IDFHV ZLOO EH SURGXFHG DQG E\ FRQVWUXFWLRQ DOO WKRVH DGMDFHQW

IDFHV DUH FRSODQDU� 6LQFH ZH KDYH DOUHDG\ PHQWLRQHG WKDW WKH WZR SURSHUWLHV KROG IRU 'RR�

6DELQ VXEGLYLVLRQ� WKH VDPH DUJXPHQWV FDQ EH DSSOLHG DV LQ WKH WZR�GLPHQVLRQDO FDVH� 7KH

�SUHVHUYHG� UHJLRQ RI WKH UHVXOWDQW VXUIDFH LV VROHO\ FRQWUROOHG E\ WKH FRUUHVSRQGLQJ VHW RI

FRSODQDU DGMDFHQW IDFHV� DQG WKH UHJLRQ PXVW OLH ZLWKLQ WKH FRQYH[ KXOO RI WKRVH FRSODQDU

IDFHV DQG KHQFH PXVW EH SODQDU�

6HFRQG� DV PHQWLRQHG HDUOLHU� IRU DQ Q�VLGHG SRO\JRQDO IDFH� DQ Q�VLGHG SODQDU UHJLRQ LV

H[SHFWHG� :H KDYH DOUHDG\ VKRZQ WKDW WKH OLPLW VXUIDFH RI WKH 'RR�6DELQ UHILQHPHQW

LQWHUSRODWHV WKH FHQWURLG RI HDFK IDFH� +HQFH ZH FDQ WHOO WKDW WKH UHVXOWDQW VXUIDFH ZLOO ODQG

RQ WKH FHQWURLGV RI DOO WKH FRUQHU IDFHV DIWHU SDUWLWLRQLQJ� +RZHYHU� E\ FRQVWUXFWLRQ� �Q

ERXQGDU\ IDFHV DUH FUHDWHG IRU DQ Q�VLGHG SRO\JRQDO IDFH DIWHU SDUWLWLRQLQJ� &RQVHTXHQWO\� LQ

RUGHU WR VKRZ WKDW WKH SUHVHUYHG UHJLRQ LV DQ Q�VLGHG SRO\JRQ� ZH QHHG WR VKRZ WKDW WKH

FHQWURLG RI HDFK HGJH IDFH LV FROOLQHDU ZLWK WKH WZR QHLJKERXULQJ FRUQHU IDFHV� :H PXVW DOVR

YHULI\ WKDW WKH ERXQGDULHV LQ EHWZHHQ WKH FHQWURLGV RI WZR VXFFHVVLYH ERXQGDU\ IDFHV DUH

DFWXDOO\ OLQHDU� $OWKRXJK� XQIRUWXQDWHO\� ERWK RI WKH WZR FULWHULD GR QRW KROG IRU DUELWUDU\ Q�

VLGHG SRO\JRQV� ZH DUH DEOH WR VKRZ WKDW WKH VWUDLJKW ERXQGDU\ SURSHUW\ RI WKH SUHVHUYHG

SODQDU UHJLRQV LV VDWLVILHG IRU DQ\ DUELWUDU\ ��RU���VLGHG SRO\JRQDO IDFHV� ZKLFK DUH WKH WZR

PRVW FRPPRQ FDVHV� 7KH SURRI FDQ EH IRXQG LQ $SSHQGL[ $�� )RU PRVW RWKHU LQSXW

FRQILJXUDWLRQV� DOWKRXJK WKH VWUDLJKW ERXQGDU\ SURSHUW\ LV QRW QHFHVVDULO\ VDWLVILHG LQ D

PDWKHPDWLFDO VHQVH� WKH FXUYDWXUH LV QRW DSSDUHQW YLVXDOO\�

5.6 Mapping from the Roundness Control Value to the Roundedness

6LQFH ZH KDYH FODLPHG WKDW WKH URXQGHGQHVV� ρ� LV DQ LQWXLWLYH PHDVXUH IRU D URXQGLQJ

RSHUDWLRQ� ZH ZLOO DWWHPSW WR UHODWLQJ WKH URXQGQHVV FRQWURO� α� ZLWK LW� 8QIRUWXQDWHO\� WKH

PDSSLQJ EHWZHHQ WKH WZR LV QRW WULYLDO� 7KHUH DUH LQ JHQHUDO WZR SUREOHPV�

7KH ILUVW SUREOHP DULVHV IURP WKH IDFW WKH FRPSXWDWLRQ RI α JLYHQ ρ LV YHU\ FRPSOLFDWHG�

(YHQ ZLWK WKH DVVXPSWLRQ WKDW WKH VWUDLJKW ERXQGDU\ SURSHUW\ LV VDWLVILHG IRU DOO LQSXW IDFHV�

QRW RQO\ GRHV WKH α YDOXH GHSHQG RQ WKH QXPEHU RI VL]H RI D JLYHQ IDFH EXW DOVR WKH DFWXDO

JHRPHWU\ RI WKH IDFH�

:H WKHUHIRUH EHOLHYH WKDW WKH FRVW LQYROYHG WR FRPSXWH WKH H[DFW α YDOXH IRU HYHU\ VLQJOH

IDFH FDQQRW MXVWLI\ WKH XVHIXOQHVV RI WKH DEVROXWH DFFXUDF\� 6LQFH DOVR WKH VWUDLJKW ERXQGDU\

SURSHUW\ LV RQO\ DQ DSSUR[LPDWLRQ� D KHXULVWLF PHWKRG LV DGRSWHG� :H DVVXPH WKDW WKH

PDSSLQJ IURP α WR ρ GHSHQGV RQO\ RQ WKH VL]H RI WKH SRO\JRQDO IDFH� Q� 7KHUHE\ ZH

DSSUR[LPDWH WKH UHTXLUHG α YDOXH RI DQ Q�VLGHG LQSXW IDFH )� EDVHG RQ WKH DVVXPSWLRQ WKDW )

LV D UHJXODU Q�JRQ�
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7KH PDSSLQJ LV WKHUHIRUH JLYHQ DV�

α  
θ+
ρ−−

FRV�

��
ZKHUH θ  

( )
Q

Q π− �

7KH SURRI RI FRUUHFWQHVV LV SUHVHQWHG LQ $SSHQGL[ $��

7KH IRUPXOD UHYHDOV WKH RWKHU OLPLWDWLRQ RI WKH SDUWLWLRQLQJ VFKHPH� 6LQFH α LV ERXQGHG E\
WKH OLPLW RI � E\ FRQVWUXFWLRQ� WKH IXQGDPHQWDO OLPLW RQ ρ LV WKHUHIRUH�

ρ
PD[
 � ² FRV�θ

KHQFH�

�OLP
PD[

=ρ
∞→Q

7KXV ZH FDQQRW� IRU H[DPSOH� REWDLQ DQ\ URXQGHGQHVV RQ D FLUFXODU IDFH FRPSRVHG E\

LQILQLWH QXPEHU RI YHUWLFHV XVLQJ WKH SDUWLWLRQLQJ VFKHPH SUHVHQWHG� )RU H[DPSOH� HYHQ ZLWK

D YHU\ ODUJH α YDOXH� WKH HIIHFW RI URXQGLQJ D SRO\KHGUDO DSSUR[LPDWLRQ RI D F\OLQGHU� IRU
ZKLFK ERWK HQG IDFHV DUH FLUFXODU� LV XQQRWLFHDEOH� :H ZLOO LJQRUH WKH RFFXUUHQFH DQG DVVXPH

LQSXW IDFHV ZLWK D ORW RI YHUWLFHV DUH FXW LQWR WULDQJXODU RU TXDGULODWHUDO IDFHV LQ DGYDQFH�

7KH RWKHU SUREOHP WKDW ZH HQFRXQWHU ZKHQ

PDSSLQJ ρ WR α LV WKDW GLIIHUHQW α YDOXHV DUH
UHTXLUHG RQ GLIIHUHQW IDFH RI WKH LQSXW PHVK�

7KLV LV KRZHYHU QRW SRVVLEOH IRU WKH

SDUWLWLRQLQJ DOJRULWKP SUHVHQWHG HDUOLHU� 7KH

VXEVHTXHQW PHVK VXEGLYLVLRQ UHOLHV RQ WKH

IDFW WKDW YHUWLFHV DUH VKDUHG DORQJ WKH

ERXQGDU\ IDFHV RQ ERWK VLGHV RI HYHU\ HGJH�

)LJXUH ����D� LOOXVWUDWHV WKDW� ZKHQ GLIIHUHQW α
YDOXHV DUH XVHG� ERXQGDU\ IDFHV DIWHU

SDUWLWLRQLQJ ZLOO QRW VKDUH FRPPRQ YHUWLFHV

DORQJ WKH HGJHV RI WKH RULJLQDO PHVK�

�D� �E�

)LJXUH ���� 8VLQJ GLIIHUHQW α YDOXHV RQ GLIIHUHQW
IDFHV

6HYHUDO DSSURDFKHV KDYH EHHQ WULHG WR GHDO ZLWK WKH SUREOHP� 7KH VLPSOHVW DSSURDFK WDNHV

DQ α YDOXH IRU HDFK HGJH E\ DYHUDJLQJ WKH α YDOXHV IURP WKH WZR DGMDFHQW IDFHV� :KLOH WKLV

DSSURDFK LV VWUDLJKWIRUZDUG DQG VLPSOH WR LPSOHPHQW� WKH PDMRU GUDZEDFN LV WKDW WKH SURFHVV

DOWHUV WKH SUHVHUYHG SODQDU UHJLRQV� ,W LV LOOXVWUDWHG E\ WKH GLIIHUHQFH EHWZHHQ WKH EOXH UHJLRQV

VKRZQ LQ ILJXUHV ����D� DQG �E�� 9DULRXV RWKHU PRUH UREXVW EXW FRPSOLFDWHG PHWKRGV DUH

SRVVLEOH�

$OWKRXJK WKH XVH RI URXQGHGQHVV LV� WR VRPH H[WHQW� PRUH DQ DFDGHPLF LQWHUHVW UDWKHU WKDQ D

SUDFWLFDO UHTXLUHPHQW� PHWKRGV WKDW DOORZ WKH XVH RI GLIIHUHQW DOSKD YDOXHV LV LPSRUWDQW WR

WKH GHYHORSPHQW RI QRQ�XQLIRUP URXQGLQJ� +RZHYHU� VLQFH RXU VWXG\ LV SULPDULO\ FRQFHUQHG

ZLWK D JOREDO URXQGLQJ RSHUDWLRQV� WKLV VLGH�LVVXH ZLOO QRW EH IXUWKHU GLVFXVVHG�
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5.7 Results

:LWK PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ� ZH

DUH DEOH WR SURGXFH URXQGHG YROXPH ZLWK XVHU

VSHFLILHG GHJUHH RI URXQGQHVV� )LJXUH ���� VKRZV DQ

LPDJH RI ILYH PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ

EHYHOOHG FXEHV URXQGHG ZLWK α YDOXHV UDQJH IURP ���

WR ����

)LJXUH ���� VKRZV DQ LPDJH RI D VWDSOHU� VPRRWK

VKDGHG� ZLWK WKH RULJLQDO QRQ�URXQGHG PRGHO DVLGH

IRU FRPSDULVRQ� 7KH VWDSOHU PRGHO LV FRPSRVHG ZLWK

ILYH GLIIHUHQW VHSDUDWHG FRPSRQHQWV� 5RXQGLQJ RQ

HDFK FRPSRQHQW LV SHUIRUPHG VHSDUDWHO\ ZLWK

GLIIHUHQW URXQGQHVV FRQWURO YDOXH�

)LJXUH ����� )LYH PHVK SUH�SDUWLWLRQLQJ

SRO\KHGURQ EHYHOOHG FXEHV
ZLWK GLIIHUHQW URXQGHGQHVV

7KH DOJRULWKP DOVR H[HFXWHV IDVW� 5RXQGLQJ RI WKH HQWLUH VWDSOHU PRGHO WDNHV OHVV WKDQ ���

VHFRQG ZLWK D -DYD LPSOHPHQWDWLRQ UXQQLQJ RQ D ���0+] 3HQWLXP GHVNWRS FRPSXWHU

SHUIRUPLQJ WKUHH VWHSV RI 'RR�6DELQ UHILQHPHQW� 7KLV UHVXOW LV SURPLVLQJ IRU RXU LQLWLDO DLP

RI UHDO�WLPH XVDJH� )LJXUH ���� GHSLFWV PRUH H[DPSOHV RI PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ

EHYHOOHG REMHFWV� 1RWH WKDW DOO FRQFDYH LQSXW IDFHV� IRU H[DPSOH WKH VWDSOHU·V EDVH� DUH EURNHQ

LQWR VPDOOHU FRQYH[ IDFHV LQ DGYDQFH�

)LJXUH ����� 7KH ILQDO URXQGHG VWDSOHU ZLWK

WKH RULJLQDO LQ WKH EDFNJURXQG

)LJXUH ����� 2WKHU H[DPSOHV RI PHVK

SUH�SDUWLWLRQLQJ

SRO\KHGURQ EHYHOOHG
REMHFWV

5.8 Chapter Conclusion and Discussion

3HUIHFW SRO\KHGUDO PRGHOV LQ FRPSXWHU JUDSKLFV KDYH D KDUVK DSSHDUDQFH WKDW GHWUDFWV IURP

WKH UHDOLVP RI WKH VFHQH� 2XU ILUVW DWWHPSW DW YROXPH URXQGLQJ ² PHVK SUH�SDUWLWLRQLQJ

SRO\KHGURQ EHYHOOLQJ ² ZDV SUHVHQWHG LQ WKLV FKDSWHU� 7KH HVVHQFH RI WKH PHWKRG LV WR

LQWURGXFH SDUWLWLRQLQJ LQWR WKH LQLWLDO PHVK VXFK WKDW WKH GHVLUHG VKDSH LV SURGXFHG DIWHU WKH

DSSO\LQJ UHFXUVLYH PHVK VXEGLYLVLRQ� 8VHUV DGMXVW D VLQJOH VFDODU URXQGQHVV FRQWURO α� ZKLFK
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DOWHUV WKH SDUWLWLRQLQJ DQG KHQFH LQGLUHFWO\ FRQWUROV WKH GHJUHH RI URXQGQHVV RI WKH UHVXOWDQW

VKDSH�

7KH HOHJDQFH RI WKH DSSURDFK LV WKDW WKH UHVXOWDQW VXUIDFH LV VLPSO\ D OLPLW VXUIDFH RI WKH

UHFXUVLYH PHVK VXEGLYLVLRQ SURFHVV� 'RR�6DELQ UHILQHPHQW ZDV VHOHFWHG DV WKH PHVK

VXEGLYLVLRQ VFKHPH DQG� DV D UHVXOW� PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOHG YROXPHV ZLOO

KDYH *&� FRQWLQXLW\ DV LI 'RR�6DELQ VXUIDFHV� 7KH QHZ URXQGLQJ PHWKRG SURGXFHV H[FHOOHQW

TXDOLW\ UHVXOWV RQ D ZLGH UDQJH RI PRGHOV�

7KH DOJRULWKP DOVR H[HFXWHV YHU\ TXLFNO\� 7\SLFDO PRGHOV FDQ EH URXQGHG LQ OHVV WKDQ D

VHFRQG� )RU H[DPSOH� WKH VWDSOHU PRGHO DV VKRZQ LQ ILJXUH ���� WDNHV OHVV WKDQ ��� VHFRQG IRU

WKH HQWLUH URXQGLQJ SURFHVV� 7KLV SURPLVLQJ UHVXOW PDNHV WKH PHWKRG DSSURSULDWH IRU WKH

´MXVW LQ WLPHµ PRGLILFDWLRQ ZH SURSRVHG HDUOLHU DQG QXPHURXV RWKHU UHDO�WLPH DSSOLFDWLRQV�

+RZHYHU� WKH PHWKRG LV QRW SHUIHFW� ,W VXIIHUV IURP VHYHUDO GUDZEDFNV�

)LUVWO\� WKH DOJRULWKP GRHV QRW ZRUN RQ FRQFDYH SRO\JRQDO IDFHV� ZKLFK PXVW EH FXW LQWR

FRQYH[ SRO\JRQV LQ DGYDQFH�

6HFRQGO\� WKH VWDELOLW\ RI WKH SDUWLWLRQLQJ VFKHPH LV RI FRQFHUQ� 7KHUH LV D IXQGDPHQWDO OLPLW

RQ WKH URXQGQHVV FRQWURO α
PD[
� ZKLFK LV QRW DFKLHYDEOH ZLWK WKH SDUWLWLRQLQJ VFKHPH

SUHVHQWHG� 7KH IXQGDPHQWDO OLPLW α
PD[

RI D IDFH YDULHV IURP RQH WR DQRWKHU GHSHQGLQJ RQ WKH

VKDSH RI WKH LQSXW IDFH� )RU H[DPSOH� LW LV QRW SRVVLEOH WR SURGXFH URXQGHG FXEHV ZLWK α !

��� ZLWK WKH PHWKRG� 0RUH VHULRXVO\ LV WKH SUREOHP ZLWK WKH IXQGDPHQWDO OLPLW RQ WKH

URXQGHGQHVV� ρ
PD[
� )RU DQ Q�VLGHG LQSXW SRO\JRQDO IDFH� WKH HIIHFW RQ WKH UHVXOWDQW URXQGQHVV

RI α GLPLQLVKHV DV Q LQFUHDVHV� 7KHUHIRUH WKH PHWKRG ZRUNV ZHOO RQO\ IRU LQSXW IDFHV ZLWK D

VPDOO QXPEHU RI YHUWLFHV�

/DVW EXW QRW OHDVW� WKH PHWKRG SURGXFHV IDU PRUH IUDJPHQWDWLRQ WKHQ RSWLPDO� *HQHUDO�

SXUSRVH RSWLPLVDWLRQ PHWKRGV FDQ EH HPSOR\HG IRU EHWWHU UHQGHULQJ VSHHG� 7KLV� KRZHYHU�

DGGV WR WKH FRVW RI URXQGLQJ�
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&KDSWHU � 2SWLPLVDWLRQ 0HWKRGV IRU 0HVK 3UH�

SDUWLWLRQLQJ 3RO\KHGURQ %HYHOOLQJ

)LJXUH ���� 7KH KLJK IUDJPHQWDWLRQ
SUREOHP LOOXVWUDWHG E\ D

URXQGHG FXEH ZLWK UDQGRPO\
FRORXUHG IDFHV

2QH REYLRXV SUREOHP ZLWK PHVK SUH�SDUWLWLRQLQJ

SRO\KHGURQ EHYHOOLQJ LV WKH KLJK IUDJPHQWDWLRQ RI

WKH UHVXOWDQW VXUIDFH� 7KH SUREOHP LV KLJKOLJKWHG

LQ ILJXUH ���� ZKLFK VKRZV D FXEH URXQGHG E\ WKH

PHWKRG ZLWK HDFK IDFH VKDGHG ZLWK D UDQGRP

FRORXU�

,W LV DSSDUHQW WKDW WKHUH DUH PDQ\ UHGXQGDQW

VXEGLYLVLRQV� )RU H[DPSOH� VXEGLYLGLQJ WZR

FRSODQDU QHLJKERXULQJ IDFHV ZLOO DOZD\V UHVXOW LQ D

VHW RI VPDOOHU FRSODQDU IDFHV� ZKLFK FDQ EH PRUH

DSSURSULDWHO\ FRPELQHG LQWR D ODUJHU HOHPHQW�

7KLV LGHD OHDGV WR WKH GHYHORSPHQW RI SUH�VXEGLYLVLRQ RSWLPLVDWLRQ� ZKLFK DYRLGV UHGXQGDQW

VXEGLYLVLRQV E\ UHPRYLQJ DSSURSULDWH IDFHV ULJKW EHIRUH WKH VXEGLYLVLRQ SKDVH� 3UH�

VXEGLYLVLRQ RSWLPLVDWLRQ QRW RQO\ UHGXFHV IUDJPHQWDWLRQ EXW DOVR VSHHGV XS WKH URXQGLQJ

DOJRULWKP VLQFH D KXJH DPRXQW RI XQQHFHVVDU\ VXEGLYLVLRQ LV DYRLGHG�

6.1 Optimisation by Extracting Planar Regions

7KHUH LV QR GRXEW WKDW WKH PRVW GLVWLQJXLVKLQJ FKDUDFWHULVWLF RI D SRO\KHGURQ�EHYHOOHG REMHFW

LV WKH ODUJH DUHD RI SUHVHUYHG SODQDU UHJLRQV� 6LQFH ZH NQRZ LQ DGYDQFH WKDW WKH UHJLRQV DUH

SODQDU� DQ\ VXEGLYLVLRQ RYHU WKRVH UHJLRQV ZLOO EH REYLRXVO\ UHGXQGDQW� $Q LPSURYHPHQW FDQ

EH DFKLHYHG E\ H[WUDFWLQJ WKRVH UHJLRQV EHIRUH PHVK VXEGLYLVLRQ DQG ILWWLQJ D ODUJH SRO\JRQ

RYHU HDFK RI WKH SODQDU IDFHV�

:�QVFKH >:�QV��@ ZDV WKH ILUVW WR

HPSOR\ WKLV LGHD LQ KLV 7ULDJH

SRO\JRQLVDWLRQ� )ODW UHJLRQV DUH UHPRYHG

ULJKW DW WKH EHJLQQLQJ RI WKH DOJRULWKP

DQG WKXV JLYH ULVH WR D IDVW SRO\JRQLVDWLRQ

VFKHPH ZLWK ORZ IUDJPHQWDWLRQ�

2XU UHILQHG DOJRULWKP LV EHVW VXPPDULVHG

LQ WKH DUFKLWHFWXUDO GLDJUDP VKRZQ LQ

ILJXUH ����

)LJXUH ���� $UFKLWHFWXUH RI RSWLPLVDWLRQ ZLWK
SODQDU UHJLRQV H[WUDFWHG
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,Q WKH RSWLPLVHG PHWKRG� WKH RULJLQDO PHVK VXEGLYLVLRQ SKDVH KDV EHHQ VHSDUDWHG LQWR WKUHH

SDUWV� QDPHO\� FRSODQDU QHLJKERXU UHPRYDO� PHVK VXEGLYLVLRQ DQG SODQDU UHJLRQ ILWWLQJ�

7KH PHVK VXEGLYLVLRQ SKDVH LV LGHQWLFDO WR WKH RULJLQDO� ,Q WKH VXEVHTXHQW VHFWLRQV� ZH ZLOO
FRQFHUQ RXUVHOYHV ZLWK WKH FRSODQDU QHLJKERXU UHPRYDO DQG WKH SODQDU UHJLRQ ILWWLQJ SKDVH�

6.1.1 Coplanar Neighbour Removal

$V WKH QDPH LPSOLHV� WKH FRSODQDU QHLJKERXU UHPRYDO SKDVH UHPRYHV DQ\ IDFHV WKDW DUH
FRSODQDU ZLWK DOO WKHLU QHLJKERXUV� $Q\ VXEGLYLVLRQ RQ VXFK D IDFH ZLOO VLPSO\ UHVXOW LQ D ODUJH
VHW RI VPDOOHU FRSODQDU IDFHV�

%\ FRQVLGHULQJ RXU PHVK SUH�SDUWLWLRQLQJ VFKHPH JLYHQ LQ WKH SUHYLRXV FKDSWHU� RQH VKRXOG
QRWLFH WKDW RQO\ WKH FHQWURLG IDFHV DIWHU SDUWLWLRQLQJ ZLOO EH UHPRYHG DW WKLV VWDJH� $OWKRXJK
WKHUH LV DQ H[FHSWLRQ WKDW VRPH HGJH IDFHV VKRXOG EH UHPRYHG LI WZR DGMDFHQW IDFHV DUH
FRSODQDU HYHQ EHIRUH PHVK SUH�SDUWLWLRQLQJ� WKLV VLWXDWLRQ LV XQFRPPRQ� 6LQFH WKH UHPRYDO

RI WKH FRSODQDU QRQ�FRUQHU ERXQGDU\ IDFHV LV QRW HVVHQWLDO WR WKH ´FRUUHFWQHVVµ RI WKH
DOJRULWKP� ZH FODLP WKDW LW LV PRUH ´HFRQRPLFDOµ WR VLPSO\ LJQRUH WKHP DQG UHPRYH RQO\ WKH
FHQWURLG IDFHV�

)LJXUH ����D� VKRZV D FXEH DIWHU PHVK SDUWLWLRQLQJ DQG FRSODQDU QHLJKERXU UHPRYDO� 7KUHH

VWHSV RI 'RR�6DELQ VXEGLYLVLRQ DUH WKHQ DSSOLHG DQG WKH UHVXOW LV VKRZQ LQ ILJXUH ����E��

�D� �E�

)LJXUH ���� $ FXEH� �D� DIWHU PHVK SUH�SDUWLWLRQLQJ ZLWK DOO WKH FHQWURLG IDFHV UHPRYHG �E� DIWHU
PHVK VXEGLYLVLRQ� ERWK ZLWK UDQGRPO\ FRORXUHG IDFHV WR LOOXVWUDWH WKH SDUWLWLRQLQJ

6.1.2 Planar Region Fitting

,W LV FOHDU WKDW WKH UHPDLQLQJ MRE LV WR ILW WKH PLVVLQJ SODQDU UHJLRQV EDFN LQWR WKH PHVK� 7KH
SODQDU UHJLRQ ILWWLQJ SKDVH LV QRWKLQJ PRUH WKDQ LGHQWLI\LQJ DOO WKH PLVVLQJ KROHV IURP D
SRO\JRQ PHVK DQG WKHQ UHSODFLQJ WKHP ZLWK SRO\JRQDO IDFHV�
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$Q H[DPSOH DOJRULWKP LV�

Initialise E to be the set of all boundary edges of the mesh

// i.e. all edges that belong to only a single face

while E is not empty

Initialise e0 be any element in E

F ← {}

e ← e0

E ← E \ {e0}

repeat

Find e’ = ( e.p2 , _ ) ∈  E

// where e.p1 and e.p2 is the first and second point of e respectively

 // and _ denotes any point

E ← E \ {e’}

F ← F + {e’.p2}

e ← e’

until e = ( _ , e0.p1 )

Add F to mesh

7KUHH SRLQWV DUH ZRUWK HPSKDVLVLQJ� )LUVW� WKH VHQWHQFH Find e’ = ( e.p2 , _ ) ∈  E LV

HVVHQWLDOO\ VHDUFKLQJ IRU D VXFFHVVRU HGJH VHJPHQW IURP WKH VHW RI DOO ERXQGDU\ HGJHV� 7KLV
FDQ EH GRQH LQ FRQVWDQW WLPH� XVLQJ DQ\ RI D ZLGH UDQJH RI ZHOO NQRZQ WHFKQLTXHV� $
G\QDPLFDOO\�VL]HG KDVKWDEOH LV XVHG LQ RXU LPSOHPHQWDWLRQ� 6HFRQGO\� WKH DOJRULWKP UHTXLUHV
DFFHVV WR WKH VHW RI ERXQGDU\ HGJHV RI WKH PHVK� 7KHVH DUH GHWHUPLQHG DW DOPRVW QR FRVW

GXULQJ WKH ILQDO VWHS RI PHVK VXEGLYLVLRQ� )LQDOO\� RQH VKRXOG DOVR QRWLFH WKH DOJRULWKP
SUHVHQWHG LV EDVHG RQ WKH DVVXPSWLRQ WKDW WKH LQSXW YROXPH LV FORVHG�

6.1.3 Result of the Optimisation by Extracting Planar Regions

)LJXUH ��� VKRZV WKH UHVXOWDQW FXEH URXQGHG E\ WKH RSWLPLVHG PHWKRG E\ ILUVW H[WUDFWLQJ
SODQDU UHJLRQ� 7KH UHVXOW LV SURPLVLQJ� +XJH DPRXQW RI IUDJPHQWDWLRQ RYHU WKRVH SODQDU
UHJLRQV LV FRPSOHWHO\ HOLPLQDWHG�

,Q WKH FDVH RI D FXEH� RULJLQDO ���� SRO\JRQV DUH
UHGXFHG WR ���� SRO\JRQV ZLWK WKUHH VWHSV RI 'RR�
6DELQ VXEGLYLVLRQ� 7KH H[DFW VDYLQJ GHSHQGV XSRQ
WKH LQSXW PHVK DQG WKH UHTXLUHG QXPEHU RI VWHSV RI

PHVK VXEGLYLVLRQ� 5RXJKO\� D ������ UHGXFWLRQ LQ
WKH QXPEHU RI SRO\JRQV LV DWWDLQDEOH�

7KH RSWLPLVHG PHWKRG DOVR FXWV WKH UHTXLUHG
H[HFXWLRQ WLPH DSSUR[LPDWHO\ LQ KDOI E\ DYRLGLQJ

ODUJH DPRXQW RI XQQHFHVVDU\ PHVK VXEGLYLVLRQV�
)LJXUH ���� 5HVXOWDQW FXEH URXQGHG ZLWK

WKH RSWLPLVHG PHWKRG E\ ILUVW
H[WUDFWLQJ WKH SODQDU UHJLRQV
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6.2 Optimisation by Corners Subdivision and Reconstruction

(YHQ ZLWK WKH RSWLPLVDWLRQ PHWKRG RI H[WUDFWLQJ SODQDU UHJLRQV� LW FDQ EH VHHQ LQ ILJXUH ���
WKDW WKH FXUYHG ´ILOOHWµ DORQJ WKH VWUDLJKW HGJHV RI WKH SRO\KHGURQ LV VWLOO XQQHFHVVDULO\

IUDJPHQWHG� VLQJOH SRO\JRQ VWULSV IURP RQH FRUQHU WR WKH RWKHU ZRXOG EH PRUH HIILFLHQW�

7KLV VHFWLRQ SUHVHQWV D IXUWKHU LPSURYHPHQW RYHU WKH ODVW PHWKRG� ZKLFK HOLPLQDWHV DOVR WKH
XQQHFHVVDU\ IUDJPHQWDWLRQ RYHU WKRVH FXUYHG HGJHV� )LJXUH ��� VKRZV WKH UHVXOWDQW FXEH
URXQGHG E\ VXFK LPSURYHG PHWKRG�

)LJXUH ���� 5HVXOWDQW FXEH

URXQGHG E\ WKH

RSWLPLVHG PHWKRG
WKDW SHUIRUP PHVK

VXEGLYLVLRQ RQO\ RQ
FRUQHU IDFHV

7KLV IXUWKHU LPSURYHPHQW LV DFKLHYHG E\ SHUIRUPLQJ WKH
PHVK VXEGLYLVLRQ RQO\ RQ WKH FRUQHUV RI WKH RULJLQDO
VKDSH DQG ILWWLQJ EDFN WKH DSSURSULDWH HGJHV DQG SODQDU
IDFHV DIWHUZDUGV�

2QH PD\ QRWLFH WKDW WKLV PHWKRG LV RQO\ DQ
DSSUR[LPDWLRQ RI WKH RULJLQDO PHVK SUH�SDUWLWLRQLQJ
PHWKRG VLQFH� DV H[SODLQHG EHIRUH� WKH HGJH RI WKH
SUHVHUYHG SODQDU UHJLRQ PD\ QRW EH OLQHDU RQ IDFHV WKDW

DUH QRW � RU ��VLGHG�

2XU DUJXPHQW LV WKDW WKH VWUDLJKW HGJHV RI WKH SUHVHUYHG
SODQDU UHJLRQ DUH H[DFWO\ ZKDW ZH ZDQW� ,W LV� KRZHYHU�
LPSRUWDQW WR QRWLFH WKDW WKH UHVXOW �DQG KHQFH WKH

FRQWLQXLW\� PD\ QRW EH WKH VDPH DV WKH RULJLQDO PHWKRG�

6.2.1 Architecture of Corners Subdivision and Reconstruction

)LJXUH ��� VKRZV WKH LPPHGLDWH UHVXOWV IRU URXQGLQJ D FXEH ZLWK WKH RSWLPLVHG PHWKRG�
(DFK RI WKHP FRUUHVSRQGV WR D VLQJOH SKDVH RI WKH PHWKRG� 7KH\ DUH�

�� &RUQHU ([WUDFWLRQ ² LV DQ DQDORJXH RI WKH PHVK SDUWLWLRQLQJ SKDVH RI WKH RULJLQDO PHWKRG
H[FHSW WKDW RQO\ WKH FRUQHU IDFHV DUH UHWDLQHG LQ WKH SURFHVV� ([WUD WRSRORJLFDO �RU
FRQQHFWHGQHVV� LQIRUPDWLRQ RI WKH LQSXW VKDSH LV UHTXLUHG IRU WKH UHFRQVWUXFWLRQ RI WKH
YROXPH LQ WKH ODWHU VWDJH� $ VHW RI GLVMRLQW FRUQHU PHVKHV LV FUHDWHG DIWHU WKLV SKDVH�

�� 0HVK 6XEGLYLVLRQ ² LV WKH VDPH DV WKH RULJLQDO� 6LQFH RQO\ WKH FRUQHUV DUH UHWDLQHG IURP WKH
RULJLQDO VKDSH� WKH URXQGLQJ DSSOLHV RQO\ WR WKHP� 8QIRUWXQDWHO\� QRW RQO\ GRHV WKH PHVK
QHHG WR EH UHILQHG� WKH WRSRORJLFDO LQIRUPDWLRQ QHHGV WR EH PRGLILHG DW HDFK VWHS RI WKH
UHILQHPHQW LQ RUGHU WR UHFRQVWUXFW WKH YROXPH DIWHU WKLV SKDVH�

�� (GJHV )LWWLQJ ² LV WKH ILUVW SDUW RI D YROXPH UHFRQVWUXFWLRQ SURFHVV� ,Q WKLV SKDVH� WKH URXQGHG
HGJHV DUH UHFRQVWUXFWHG EDVHG RQ WKH UHILQHG WRSRORJLFDO LQIRUPDWLRQ�

�� 3ODQDU 5HJLRQV )LWWLQJ ² LV WKH VHFRQG SDUW RI D YROXPH UHFRQVWUXFWLRQ SURFHVV� ,W LV WKH VDPH DV
WKH RQH XVHG LQ WKH ILUVW RSWLPLVDWLRQ PHWKRG H[FHSW WKH QXPEHU RI YHUWLFHV RI HDFK

SODQDU IDFH LV GUDPDWLFDOO\ UHGXFHG�
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)LJXUH ���� ,PPHGLDWH UHVXOW RI HDFK VWHS RI WKH FRUQHUV VXEGLYLVLRQ 	 UHFRQVWUXFWLRQ PHWKRG

6.2.2 Volume Reconstruction of Corners Subdivision and Reconstruction

7KH UHFRQVWUXFWLRQ RI WKH YROXPH UHTXLUHV WKH WRSRORJLFDO LQIRUPDWLRQ RI WKH RULJLQDO PHVK�

ZKLFK XQIRUWXQDWHO\ ZLOO QRUPDOO\ EH ORVW DIWHU WKH PHVK VXEGLYLVLRQ SKDVH� ,Q RUGHU WR
UHFRQVWUXFW WKH YROXPH� WKLV LQIRUPDWLRQ PXVW EH VWRUHG HOVHZKHUH DQG XSGDWHG GXULQJ WKH
SURFHVV RI PHVK VXEGLYLVLRQ�

:H ZLOO SUHVHQW LQ WKLV VHFWLRQ RXU LPSOHPHQWDWLRQ RI WKH YROXPH UHFRQVWUXFWLRQ SURFHVV�

2XU PHWKRG VWDUWV ZLWK ODEHOOLQJ HDFK RI WKH GLVMRLQW FRUQHU PHVKHV GXULQJ WKH FRUQHU
H[WUDFWLRQ SKDVH� 7KH LQWHQWLRQ KHUH LV WR VHW XS YLUWXDO OLQNDJHV EHWZHHQ HDFK RI WKH GLVMRLQW
FRUQHU PHVKHV DQG LWV QHLJKERXU PHVKHV�

)LUVW� ZH GHILQH DQ\ HGJH WKDW EHORQJV RQO\ WR D VLQJOH IDFH DV D ERXQGDU\ HGJH DQG DQ\ YHUWH[

WKDW LV FRQQHFWHG WR WKH ERXQGDU\ HGJHV DV D ERXQGDU\ YHUWH[�

$UWLILFLDO ´ODEHOVµ FRQWDLQLQJ WRSRORJLFDO LQIRUPDWLRQ DUH DWWDFKHG WR HDFK RI WKH ERXQGDU\
YHUWLFHV RI HDFK FRUQHU PHVK� (DFK ODEHO RI YHUWH[ S FRQWDLQV WZR SLHFHV RI LQIRUPDWLRQ� 7KH
ILUVW RQH LQGLFDWHV WKH RSSRVLWH FRUQHU PHVKHV WR ZKLFK S VKRXOG FRQQHFW� 7KH VHFRQG LV WKH

UHODWLYH LQGH[LQJ DORQJ DOO SDLUV RI YHUWLFHV EHWZHHQ WKH WZR FRUQHU PHVKHV� 6LQFH WKHUH DUH�
E\ FRQVWUXFWLRQ� WKUHH SDLUV RI YHUWLFHV RQ HDFK HGJH RI WKH RULJLQDO PHVK� WKH LQLWLDO LQGH[LQJ
ZLOO HLWKHU EH �� � RU �� )LJXUH ����D� VKRZV DQ H[DPSOH FRQILJXUDWLRQ DIWHU WKH LQLWLDOLVDWLRQ�
7KH ODEHOOLQJ RI WKH ERXQGDU\ YHUWLFHV VHWV XS LPSOLFLW OLQNDJH DORQJ GLIIHUHQW FRUQHU PHVKHV�

ZKLFK PDNHV YROXPH UHFRQVWUXFWLRQ SRVVLEOH�

7KH ODEHO�LQLWLDOLVLQJ DOJRULWKP LV JLYHQ DV�

MA ← initial input mesh

MB ← mesh after extracting corners

for each disjoint corner mesh Mi in MB

Label Mi.p with pi where pi is the common vertices of Mi and MA

for each disjoint corner mesh Mi in MB

for each boundary vertex p of Mi

if p is on some edge e = ( Mi.p , q ) or ( q , Mi.p ) of MA

Label p with ( q , 1 )

else ( p is on some face F = { … , pi-1 , pi , pi+1 , … } of MA

Label p with ( pi-1 , 0 ) and ( pi+1 , 2 )
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)LJXUH ���� 7RSRORJLFDO LQIRUPDWLRQ XVHG LQ WKH FRUQHU VXEGLYLVLRQ DQG UHFRQVWUXFWLRQ PHWKRG
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7KH UHPDLQLQJ LVVXH LV WR XSGDWH WKRVH ODEHOV DW HDFK VWHS RI PHVK VXEGLYLVLRQ� VR WKDW WKH
LPSOLFLW OLQNDJHV �UHODWLYH LQGH[LQJ� DUH PDLQWDLQHG GXULQJ WKH SURFHVV�

:H QRZ GHILQH SDUHQW�DQG�FKLOG UHODWLRQVKLSV EHWZHHQ YHUWLFHV RQ WKH L
WK DQG L��WK UHILQHG

PHVK RI PHVK VXEGLYLVLRQ� )RU PHVK VXEGLYLVLRQ� DQ\ YHUWH[ RQ WKH L��WK UHILQHG PHVK LV
JLYHQ DV VRPH OLQHDU FRPELQDWLRQV RI WKH YHUWLFHV RQ WKH L

WK UHILQHG PHVK� :H FDQ WKHUHIRUH
GHILQH D YHUWH[ S RQ WKH L

WK UHILQHG PHVK WR EH WKH SDUHQW RI YHUWH[ T RQ WKH L��WK UHILQHG

PHVK LI S KDV WKH KLJKHVW FRHIILFLHQW LQ WKH OLQHDU FRPELQDWLRQ WKDW GHILQHG T�

:H FDQ QRZ GHILQH WKH XSGDWLQJ SURFHVV DV�

for each face F on the mesh

for each refined vertex qi on F

for each label ( x , n ) attach on the parent pi of qi

if a label ( x , n-1 ) is attached on the predecessor pi-1 of pi in F

Attach label ( x , 2n-1 ) to qi

else

Attach label ( x , 2n ) to qi

)LJXUH ����E� VKRZV WKDW WKH ODEHOOLQJ RI WKH ERXQGDU\ YHUWLFHV LV SURSDJDWHG RQ WR WKH QH[W
VWHS RI WKH UHILQHG PHVK� 7KH WRSRORJLFDO LQIRUPDWLRQ LV SDVVHG WKURXJK WKLV SDUHQW�DQG�
FKLOG KLHUDUFK\ GXULQJ WKH PHVK VXEGLYLVLRQ SKDVH� $IWHU WKH PHVK VXEGLYLVLRQ SKDVH� HDFK
HGJH RI WKH RULJLQDO PHVK ZLOO HQG XS ZLWK VRPH FRQILJXUDWLRQ DV VKRZQ LQ ILJXUH ����

$SSURSULDWH ORQJ VWULSV FDQ EH DGGHG DFFRUGLQJ WR WKH LQGH[LQJ WR ILW RYHU HDFK HGJH� )LQDOO\
WKH SURFHVV RI ILWWLQJ SODQDU UHJLRQV ZLWK ODUJH SRO\JRQV LV LGHQWLFDO WR WKH RQH GHVFULEHG
EHIRUH�

)LJXUH ���� 7KH WRSRORJLFDO ODEHOOLQJ RQ HDFK FXUYHG HGJH

6.2.3 Result of Corners Subdivision and Reconstruction

:LWK WKLV PHWKRG� ZH DUH DEOH WR EULQJ GRZQ WKH QXPEHU RI SRO\JRQV IURP WKH RULJLQDO ����
WR RQO\ ��� LQ FDVH RI URXQGLQJ D FXEH ZLWK WKUHH VWHSV RI 'RR�6DELQ UHILQHPHQW� ,Q JHQHUDO�
WKLV RSWLPLVDWLRQ PHWKRG RXWSXWV RQO\ DERXW ��� RI WKH SRO\JRQV RI WKH RULJLQDO PHWKRG�
(YHQ ZLWK WKH RYHUKHDG UHTXLUHG WR PDQDJH WKH WRSRORJLFDO LQIRUPDWLRQ IRU WKH YROXPH

UHFRQVWUXFWLRQ� WKH H[HFXWLRQ VSHHG LV DSSUR[LPDWHO\ WZLFH WKDW RI WKH ILUVW RSWLPLVDWLRQ
PHWKRG SUHVHQWHG LQ VHFWLRQ ��� EHFDXVH RI WKH KXJH UHGXFWLRQ LQ XQQHFHVVDU\ VXEGLYLVLRQV�
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)RU WKH VWDSOHU PRGHO VKRZQ LQ ILJXUH ����� DQ H[HFXWLRQ WLPH RI ����V LV UHFRUGHG RQ D

���0+] 3HQWLXP ZLWK WKLV PHWKRG� 7KDW LV� DSSUR[LPDWHO\ � ² � WLPHV IDVWHU WKDQ WKH
RULJLQDO PHWKRG SUHVHQWHG�

)XUWKHUPRUH� WKH FRUQHUV VXEGLYLVLRQ DQG UHFRQVWUXFWLRQ PHWKRG RIIHUV D EHWWHU DOJRULWKPLF
VWDELOLW\ WKDQ WKH RULJLQDO PHWKRG� $V VWDWHG EHIRUH� WKHUH LV D IXQGDPHQWDO OLPLW RQ WKH

URXQGQHVV FRQWURO α
PD[

ZKLFK LV QRW DFKLHYDEOH LQ WKH RULJLQDO PHVK SUH�SDUWLWLRQLQJ PHWKRG�

7KH SUREOHP DULVHV DV WKH FHQWURLG DQG HGJH IDFHV ZLOO IOLS LI WKH α YDOXH LV WRR ODUJH�

6LQFH WKH QHZ PHWKRG SHUIRUPV URXQGLQJ RQO\ RQ FRUQHU
IDFHV� LW GRHV QRW PDWWHU HYHQ LI WKH WZR RWKHU W\SHV RI
IDFHV DUH IOLSSHG� )LJXUH ��� VKRZV ILYH FXEHV URXQGHG E\

WKH QHZ PHWKRG ZLWK α YDOXHV UDQJH IURP ��� WR ����
ZKLFK DUH QRUPDOO\ XQDFKLHYDEOH ZLWK WKH RULJLQDO

PHWKRG� ,Q WKHRU\� α
PD[

RI � LV DFKLHYDEOH ZLWK WKH
PHWKRG LI WKH PHVK VXEGLYLVLRQ SKDVH LV UHFXUVLYH DG

LQILQLWXP� ,Q SUDFWLFH� D VXIILFLHQW QXPEHU RI VXEGLYLVLRQ
PXVW EH DSSOLHG WR SXOO WKH FRUQHU PHVKHV DSDUW VR WKDW
WKH\ GR QRW RYHUODS HDFK RWKHU� )RU H[DPSOH� URXQGHG

FXEHV ZLWK α HTXDOV ���� DQG ���� DUH DWWDLQDEOH ZLWK

WKUHH DQG IRXU VWHSV RI VXEGLYLVLRQ UHVSHFWLYHO\�

7KH EHQHILWV RI WKH PHWKRG� KRZHYHU� GR QRW FRPH
ZLWKRXW D SULFH� 7KH DOJRULWKP LV FRQVLGHUDEO\ KDUGHU WR
LPSOHPHQW HVSHFLDOO\ PDLQWDLQLQJ WKH WRSRORJLFDO

LQIRUPDWLRQ LQ HDFK VWHS RI PHVK VXEGLYLVLRQ� 7KH
IROORZLQJ VHFWLRQ ZLOO EH GHYRWHG WR GHVFULELQJ KRZ WKH
YROXPH UHFRQVWUXFWLRQ ZRUNV LQ WKH LPSOHPHQWDWLRQ OHYHO�

)LJXUH ���� )LYH FXEHV URXQGHG

XVLQJ WKH FRUQHUV

VXEGLYLVLRQ DQG
UHFRQVWUXFWLRQ

RSWLPLVDWLRQ PHWKRG
ZLWK URXQGHGQHVV WKDW

QRUPDOO\ DUH
XQDFKLHYDEOH XVLQJ WKH

QRUPDO PHWKRG

6.3 Chapter Summary and Conclusion

0HVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ VXIIHUV IURP WKH SUREOHP RI KLJK IUDJPHQWDWLRQ�

VRPH RI ZKLFK LV XQQHFHVVDU\ DQG DYRLGDEOH� 7ZR RSWLPLVDWLRQ PHWKRGV� QDPHO\ SODQDU

UHJLRQV H[WUDFWLRQ DQG FRUQHU VXEGLYLVLRQ DQG UHFRQVWUXFWLRQ� ZHUH GHYHORSHG DQG SUHVHQWHG LQ WKLV
FKDSWHU� 1RW RQO\ KDYH ZH DFKLHYHG DQ DSSUR[LPDWHO\ ��� DQG ��� FXW LQ IUDJPHQWDWLRQ
IURP WKH WZR PHWKRGV UHVSHFWLYHO\� EXW DOVR WKH H[HFXWLRQ VSHHG URXJKO\ GRXEOHV DQG

LQFUHDVHV IRXU WLPHV GXH WR WKH IDFW WKDW PRVW XQQHFHVVDU\ VXEGLYLVLRQV DUH DYRLGHG�

$Q H[WUD EHQHILW RI WKH FRUQHU VXEGLYLVLRQ DQG UHFRQVWUXFWLRQ PHWKRG LV WKDW LW RIIHUV EHWWHU

DOJRULWKPLF VWDELOLW\ E\ SXVKLQJ WKH IXQGDPHQWDO OLPLW RI WKH URXQGQHVV α
PD[

FORVH WR WKH
RSWLPDO YDOXH RI ��
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&KDSWHU � 3RO\KHGURQ %HYHOOLQJ E\ 7DUJHW�GULYHQ

6XEGLYLVLRQ

7KH SUHFHGLQJ FKDSWHUV IRFXV RQ WKH PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ PHWKRG�
ZKLFK URXQGV YROXPH ZLWK XVHU VSHFLILHG URXQGQHVV E\ LQWURGXFLQJ SDUWLWLRQLQJ WKDW

LQGLUHFWO\ FRQWUROV WKH ILQDO VKDSH� ,Q WKLV FKDSWHU� ZH ZLOO VKLIW RXU IRFXV WR SRO\KHGURQ
EHYHOOLQJ E\ WDUJHW�GULYHQ VXEGLYLVLRQ RU� VLPSO\� WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ� ZKLFK
YDULHV WKH DFWXDO PHVK VXEGLYLVLRQ SURFHVV WR SUHVHUYH SODQDU UHJLRQV LQ D PRUH GLUHFW
PDQQHU� 2XU GLVFXVVLRQ VWDUWV ZLWK ZK\ WKH IRUPHU PHWKRG LV QRW DSSURSULDWH LQ VRPH UDUH

VLWXDWLRQV� ZKLFK OHG WR WKH SDUDOOHO GHYHORSPHQW RI ERWK PHWKRGV� $W WKH HQG RI WKH FKDSWHU�
ZH ZLOO FRPSDUH DQG FRQWUDVW WKH WZR�

7.1 Rationale

7KH GHYHORSPHQW RI WKH WDUJHW�GULYHQ DSSURDFK LV ODUJHO\ EHFDXVH RI WKH XQVDWLVIDFWRU\ UHVXOW
RI WKH PHVK SUH�SDUWLWLRQLQJ DSSURDFK LQ VRPH FLUFXPVWDQFHV� 7KH PDMRU OLPLWDWLRQ RI WKH

PHVK SUH�SDUWLWLRQLQJ DSSURDFK LV SHUKDSV WKH DVVXPSWLRQ RI FRQYH[ LQSXW IDFHV�

7KH FRQFDYLW\ SUREOHP LV IDFHG E\ PDQ\
SRO\JRQ�EDVHG DOJRULWKPV� ,QWHUHVWLQJO\ HQRXJK�
D FRPPRQ DSSURDFK WDNHQ E\ WKHVH DOJRULWKPV

LV WR VLPSO\ LJQRUH WKH FRQFDYLW\ SUREOHP E\
DVVXPLQJ FRQYH[ LQSXW RU WR UHO\ RQ SUH�
SURFHVVLQJ PHWKRGV VXFK DV WULDQJXODWLRQ�

5HFXUVLYH PHVK VXEGLYLVLRQ� XQIRUWXQDWHO\�

WDNHV WKH VDPH DSSURDFK WR UHVROYH WKH
FRQFDYLW\ SUREOHP� $OWKRXJK WKH DXWKRU LV
XQDZDUH RI DQ\ UHIHUHQFH IURP OLWHUDWXUH� WKH
SUREOHP FDQ EH UHDOLVHG IURP ILJXUH ���� 7KH

GLDJUDP VKRZV D VKDSH LQ ZLUHIUDPH SURFHVVHG
E\ WKH 'RR�6DELQ VXEGLYLVLRQ PHWKRG� $Q
XQGHVLUHG OXPS FDQ EH FOHDUO\ QRWLFHG RQ WKH
FRQFDYH FRUQHU LQ WKH HQODUJHPHQW� 7KH

IRUPDWLRQ RI WKH OXPS LV GXH WR WKH IDFW WKDW
HDFK YHUWH[ LV PRYLQJ WRZDUG WKH IDFH FHQWURLGV
LQ HDFK VWHS RI UHFXUVLRQ� ZKLOH WKH IDFH
FHQWURLGV RI D FRQFDYH IDFH PD\ OLH RXWVLGH RI

WKH IDFH LWVHOI�

)LJXUH ���� $Q H[DPSOH RI DUWHIDFWV SURGXFHG
RQ D LQSXW PHVK ZLWK FRQFDYH

IDFHV E\ WKH 'RR�6DELQ
UHILQHPHQW VFKHPH

7KH FRQFDYLW\ SUREOHP HQFRXQWHUHG E\ UHFXUVLYH PHVK VXEGLYLVLRQ� WR VRPH H[WHQW� MXVWLILHV
ZK\ ZH GR QRW FRQVLGHU FRQFDYH IDFHV LQ WKH PHVK SUH�SDUWLWLRQLQJ DSSURDFK� *LYHQ WKDW
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UHFXUVLYH PHVK VXEGLYLVLRQ LV� E\ GHILQLWLRQ� RQH RI WKH VHSDUDWHG SKDVHV RI PHVK SUH�

SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ� LW VHHPV XQOLNHO\ WKDW DQ\ PHVK SUH�SDUWLWLRQLQJ PHWKRG
FDQ JHW DURXQG ZLWK WKH SUREOHP DQG� DW WKH VDPH WLPH� NHHS WKH PHVK VXEGLYLVLRQ SKDVH
XQDOWHUHG�

$SDUW IURP WKDW� WKH SDUWLWLRQLQJ VFKHPH SUHVHQWHG LQ

&KDSWHU ILYH IDLOV RQ FRQFDYH IDFHV� 6HYHUDO DOWHUQDWLYH
SDUWLWLRQLQJ VFKHPHV ZHUH H[SORUHG DQG H[DPLQHG�
ZKLFK LQYROYH VSHFLDO KDQGOLQJ RI FRQFDYH FRUQHUV�
+RZHYHU� QRW RQO\ GR WKRVH PHWKRGV FRPSURPLVH WKH

VLPSOLFLW\ RI WKH DOJRULWKP� EXW DOVR QRQH RI WKH
DWWHPSWV LV UREXVW HQRXJK WR KDQGOH DUELWUDU\ FRQFDYH
LQSXWV�

$OO WKH DERYH JLYH ULVH WR WKH GHYHORSPHQW RI WDUJHW�

GULYHQ SRO\KHGURQ EHYHOOLQJ� ZKLFK DYRLGV WKH
SDUWLWLRQLQJ SKDVH DOWRJHWKHU�

)LJXUH ���� $Q H[DPSOH RI SDUWLWLRQLQJ

RI D FRQFDYH IDFH ZLWK RQH
RI WKH VSHFLDO SDUWLWLRQLQJ

VFKHPH H[SORUHG

7.2 Two-dimensional Analogy – A New Concept of “Centroids”

$V PHQWLRQHG LQ WKH SUHYLRXV VHFWLRQ� UHFXUVLYH PHVK VXEGLYLVLRQ IDLOV RQ WKH FRQFDYLW\
SUREOHP PDLQO\ EHFDXVH WKH FHQWURLG RI D FRQFDYH SRO\JRQ PD\ OLH RXWVLGH WKH SRO\JRQ
LWVHOI� 7KH WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ PHWKRG UHVROYHV WKH SUREOHP E\ LQWURGXFLQJ

WKH FRQFHSW RI ´GHVWLQDWLRQ SRLQWµ� +RZHYHU� EHIRUH JRLQJ LQWR WKH GHWDLOV� ZH ZLOO LQ WKLV
VHFWLRQ UHRUJDQLVH WKH SUHVHQWDWLRQ RI WKH WZR�GLPHQVLRQ PHVK VXEGLYLVLRQ JLYHQ LQ &KDSWHU
ILYH� EXW IURP D SHUVSHFWLYH RI PRYLQJ YHUWLFHV WRZDUGV WKH FHQWURLGV DW HDFK VWHS RI
UHFXUVLRQ�

7.2.1 Mesh Subdivision as Moving Vertices Towards Centroids

5HFDOO IURP &KDSWHU ILYH WKDW WKH &KDLNLQ UHILQHPHQW VFKHPH FRPSXWHV WKH WZR QHZ YHUWLFHV

RQ HDFK VXFFHVVLYH HGJH E\ D OLQHDU FRPELQDWLRQ RI WKH WZR HQGSRLQWV RI WKH HGJH�

/HW L

MS EH WKH MWK YHUWLFHV RQ WKH LWK LWHUDWLRQ PHVK�

7KHQ WKH UHILQHPHQW UXOH JLYHQ HDUOLHU FDQ EH ZULWWHQ

DV� �
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M
S IRU DOO RGG YHUWLFHV�

1RZ ZH GHILQH DOVR L

MF DV WKH FHQWURLG RI WKH MWK

VHJPHQW RI WKH LWK LWHUDWLRQ PHVK� ZKHUH WKH MWK VHJPHQW

LV WKH RQH WKDW KDV HQGSRLQWV RI L

M
S DQG L

M
S

�+ � 6HH

ILJXUH ����

)LJXUH ���� 7KH QRPHQFODWXUH IRU D

VWHS RI &KDLNLQ UHILQHPHQW

7KH UHILQHPHQW UXOHV FDQ QRZ EH UHZULWWHQ LQ WHUPV RI L

MF DV�
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1RWH DOVR WKDW WKH FHQWURLGV UHPDLQV XQFKDQJHG LQ HDFK VWHS RI UHFXUVLRQ� 7KDW LV� DQ\ HYHQ
FHQWURLG LQ WKH L��WK LWHUDWLRQ PHVK ZLOO EH WKH VDPH DV WKH FRUUHVSRQGLQJ FHQWURLG LQ WKH L

WK

LWHUDWLRQ PHVK� �

�

+L
MF  L

MF � 7KH &KDLNLQ UHILQHPHQW FDQ KHQFH EH GHVFULEHG DV D SURFHVV RI

PRYLQJ YHUWLFHV WRZDUGV WKH FHQWURLGV�

$W HDFK VWHS RI UHFXUVLRQ� HDFK YHUWH[ LV PRYLQJ KDOI ZD\ WRZDUGV WKH FHQWURLG RI WKH

FRUUHVSRQGLQJ VHJPHQW� ([DPLQLQJ WKH DULWKPHWLF VHTXHQFH�
�

� �
�

� �
�

� �
��

� � «  ��

FRQILUPV WKH YHUWH[ FRLQFLGHV ZLWK WKH FHQWURLG DW WKH OLPLW� :H WKHUHIRUH FDOO WKH FHQWURLG RI
HDFK VHJPHQW WKH GHVWLQDWLRQ SRLQW RI WKH UHFXUVLRQ�

7.2.2 Rounding by Moving Vertices Towards Target Points

:H ZLOO QRZ H[WHQG WKH FRQFHSW RI GHVWLQDWLRQ SRLQWV RI UHFXUVLRQ WR DFKLHYH SRO\JRQ
URXQGLQJ ZLWK D XVHU VSHFLILFDWLRQ RI URXQGHGQHVV�

,Q WZR GLPHQVLRQV� WKHUH DUH WZR HQGSRLQWV RQ HDFK VHJPHQW RI WKH PHVK� :H ZRXOG OLNH WKH

WZR HQGSRLQWV WR PRYH WR WZR GLIIHUHQW ILQDO SRVLWLRQV� VR WKDW D ILQDO OLQHDU VHJPHQW ZLWK D
XVHG�GHILQHG OHQJWK LV SUHVHUYHG LQ EHWZHHQ� :H WKHUHIRUH GHILQH WKH WDUJHW� D JHQHUDOLVDWLRQ
RI FHQWURLG� RI WKH M

WK VHJPHQW RQ WKH L
WK LWHUDWLRQ PHVK DV D WXSOH RI WZR GHVWLQDWLRQ SRLQWV�
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WK GHVLUHG ILQDO OLQHDU VHJPHQW�

7KH WDUJHW LV D JHQHUDOLVHG FRQFHSW RI D QRUPDO ´FHQWURLGµ� +HQFH WKH HYHQ WDUJHW LV GHILQHG

OLNH WKH FHQWURLG DV�
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WXSOH QDWXUH RI WKH WDUJHW�
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,Q WKLV PRGLILHG UHILQHPHQW VFKHPH� HDFK YHUWH[ LV PRYLQJ WRZDUGV D FRUUHVSRQGLQJ

GHVWLQDWLRQ SRLQW� ZKLFK PD\ RU PD\ QRW EH WKH VDPH DV WKH FHQWURLG�
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)LJXUH ���� 7DUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ LQ ��GLPHQVLRQV� �D�
LQLWLDO SRO\JRQ DQG QRPHQFODWXUH �E� DIWHU RQH VWHS RI VXEGLYLVLRQ

)LJXUH ��� VKRZV DQ H[DPSOH RI KRZ WKH PRGLILHG UHILQHPHQW VFKHPH SHUIRUPV URXQGLQJ LQ

WZR GLPHQVLRQV� 7KH HQGSRLQWV RI WKH GHVLUHG ILQDO OLQHDU VHJPHQWV DUH PDUNHG DV UHG SRLQWV

LQ ILJXUH ����D�� (DFK YHUWH[ LV PRYLQJ WRZDUGV WKH FRUUHVSRQGLQJ GHVWLQDWLRQ SRLQWV LQ WKH

GLUHFWLRQV VKRZQ E\ WKH DUURZV� )LJXUH ����E� VKRZV WKH UHVXOWDQW SRO\JRQ DIWHU WKH ILUVW VWHS

RI VXEGLYLVLRQ�

:H FDQ VHH LQ WKH ILJXUH WKDW DOO WKH HYHQ VHJPHQWV DUH SRUWLRQV RI WKH LQLWLDO VHJPHQWV DQG

WKH HYHQ WDUJHW �´FHQWURLGVµ� UHPDLQ XQFKDQJHG� 2GG VHJPHQWV DUH LQVHUWHG DQG RGG WDUJHWV

DUH FRPSXWHG E\ WKH QRUPDO GHILQLWLRQ RI FHQWURLG� 7KH SURFHVV WKHQ FDUULHV RQ UHFXUVLYHO\

DG LQILQLWXP�

7KH VDPH OLPLW FXUYH LV REWDLQHG DV WKH PHVK SUH�SDUWLWLRQLQJ PHWKRG ZLWK WKH SUH�

SDUWLWLRQLQJ SKDVH WRWDOO\ HOLPLQDWHG�

:H ZLOO ILQLVK WKH GLVFXVVLRQ E\ VXPPDULVLQJ WKH WKUHH SDUWV RI WKH IXQFWLRQDO GHILQLWLRQ RI

WKH WDUJHW� ZKLFK LV WKH NH\ DVSHFW RI WKH H[WHQGHG PHWKRG�

�� ,QLWLDO WDUJHWV� �

MW � DOVR NQRZQ DV WKH ]HUR LWHUDWLRQ WDUJHWV� GHILQHV WKH SUHVHUYHG OLQHDU

UHJLRQV� ,Q WKH FDVH RI
�

MW  � �

MF � �

MF �� WKH UHVXOWDQW FXUYH ZLOO EH LGHQWLFDO WR WKDW JHQHUDWHG

ZLWK WKH &KDLNLQ PHWKRG� 7KLV VKRZV WKH &KDLNLQ UHILQHPHQW LV D SURSHU VXEFODVV RI WKH

H[WHQGHG PHWKRG�

�� (YHQ WDUJHWV�
L

MW
�
� DUH GHILQHG WR EH WKH VDPH DV WKH WDUJHWV RI WKH SUHYLRXV LWHUDWLRQ�
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MW � 7KLV JXDUDQWHH WKH ´FHQWURLGµ LQWHUSRODWLRQ SURSHUW\� ZKLFK UHTXLUHV WKH ´FHQWURLGµ

WR VWD\ XQFKDQJHG LQ HDFK VWHS RI UHILQHPHQW�

�� 2GG WDUJHWV�
L

MW
�� + � DUH GHILQHG DV D WXSOH RI WZR FRLQFLGHQW SRLQWV� ERWK RI ZKLFK DUH WKH

QRUPDO FHQWURLG RI WKH VHJPHQW� 7KLV HQVXUHV WKH PHWKRG WR EH LGHQWLFDO WR WKH &KDLNLQ

PHWKRG LQ FDVH RI
�

MW  �
�

MF � �

MF � DQG WKXV JXDUDQWHHV WKH VPRRWKQHVV RI WKH UHVXOWDQW

FXUYH�
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7.3 Treatment in Three-Dimensions

:H DUH QRZ JRLQJ WR ORRN DW KRZ WKH WUHDWPHQW FDQ EH PDSSHG LQWR WKUHH GLPHQVLRQV� 7KH

NH\ SDUW RI WKH PHWKRG LV DJDLQ WKH IXQFWLRQDO GHILQLWLRQ RI WKH WDUJHW� 7KH WDUJHW IXQFWLRQ RI

DQ Q�VLGHG SRO\JRQDO IDFH LV H[WHQGHG WR DQ Q�WXSOH RU Q�YHFWRU�
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L

MNG � 7KH QHZ FRQWURO SRLQWV DUH FRQQHFWHG

DV LI ZLWK WKH QRUPDO TXDGUDWLF &DWPXOO�&ODUN�'RR�6DELQ UHILQHPHQW� +HQFH WKH FRQFHSW RI

RGG DQG HYHQ VHJPHQWV LQ WZR GLPHQVLRQV QHHGV WR PDS WR WKH WKUHH IDFH�W\SHV �)� ( DQG 9�

IDFHV� LQ TXDGUDWLF &DWPXOO�&ODUN UHILQHPHQW� $W HDFK OHYHO RI UHFXUVLRQ� )�IDFHV� ZKLFK

FRUUHVSRQG WR HYHQ VHJPHQWV LQ WKH WZR GLPHQVLRQV� DUH FRPSXWHG EDVHG RQ WKH LPDJH RI

HDFK RI WKH RULJLQDO IDFHV�
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WK LWHUDWLRQ PHVK

)LJXUH ����D� VKRZV DQ LQLWLDO PHVK ZLWK WKH GHVWLQDWLRQ SRLQWV�
�

MW � GHILQHG LQ UHG� LQ ZKLFK

ZH GHILQH WKH ERXQGDU\ RI WKH GHVLUHG SODQDU UHJLRQV� (DFK YHUWH[ LV PRYLQJ KDOI ZD\

WRZDUGV WKH FRUUHVSRQGLQJ GHVWLQDWLRQ SRLQWV DQG WKHVH GHILQH WKH FRQWURO PHVK RI WKH QH[W

LWHUDWLRQ� (�IDFHV DQG 9�IDFHV�
�+L

MI IRU 1L � M � 1L��� DUH FRQVWUXFWHG DV LI WKH &DWPXOO�&ODUN

UHILQHPHQW DV VKRZQ LQ ILJXUH ����E��

)�WDUJHWV� OLNH WKH HYHQ WDUJHWV LQ WZR GLPHQVLRQV� UHPDLQ DV LV�
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ZKLOH (�WDUJHWV DQG 9�WDUJHWV�
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MW IRU 1L � M � 1L��� DUH FRPSXWHG E\ D VSHFLILF IXQFWLRQDO

GHILQLWLRQ� ZKLFK ZH ZLOO GLVFXVV LQ WKH IROORZLQJ VHFWLRQ� ( DQG 9�WDUJHWV DUH PDUNHG ZLWK

TXHVWLRQ PDUNV LQ ILJXUH ����F�� 7KH QHZ FRQWURO SRLQWV DUH FRQWLQXRXVO\ UHILQHG E\ PRYLQJ

VWHDGLO\ WRZDUGV WKH FRUUHVSRQGLQJ GHVWLQDWLRQ SRLQWV�
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)LJXUH ���� 3RO\KHGURQ EHYHOOLQJ E\ WDUJHW�GULYHQ VXEGLYLVLRQ LQ �'� �D� LQLWLDO PHVK
ZLWK LQLWLDO FHQWURLGV GHILQHG� �E� WKH PHVK DIWHU WKH ILUVW VWHS RI VXEGLYLVLRQ�
�F� WKH ( DQG 9�WDUJHWV DUH UH�FRPSXWHG DQG WKH QHZ FRQWURO SRLQWV DUH
PRYLQJ WRZDUGV WKH FRUUHVSRQGLQJ GHVWLQDWLRQ SRLQWV LQ WKH VXEVHTXHQW
UHILQHPHQWV

7.4 Defining the Target Function - The Skeletal Target

7KH EHKDYLRXU RI WKH WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ PHWKRG GHSHQGV ODUJHO\ XSRQ KRZ

IXQFWLRQDO GHILQLWLRQ RI WKH WDUJHWV ZLWKLQ WKH JHQHULF IUDPHZRUN� 7KH IXQFWLRQ DIIHFWV ERWK

WKH XVH RI WKH URXQGLQJ SDUDPHWHU DQG WKH FRQWLQXLW\ RI WKH UHVXOWDQW VKDSH�

:H EHOLHYH WKDW WZR FULWHULD DUH HVVHQWLDO WR WKH ZD\ WKH WDUJHW RI WKH SRO\JRQDO IDFH� S� LV

GHILQHG� 7KH\ DUH�

�� $OO WKH GHVWLQDWLRQ SRLQWV PXVW OLH ZLWKLQ S�

�� 7KH WDUJHW PXVW� WR VRPH H[WHQW� GHVFULEH WKH WRSRORJ\ RI S�

,W LV QRW KDUG WR QRWLFH WKH WZR FULWHULD DUH YHU\ PXFK UHIOHFWLQJ WKH TXDOLW\ FULWHULD RI D

URXQGLQJ RSHUDWLRQ LQ &KDSWHU WZR� )RU LQVWDQFH� WKH ILUVW FULWHULRQ LV GLUHFWO\ UHODWHG WR WKH

FULWHULD RI PRQRWRQLF UHGXFWLRQ RI SODQDU DUHD�

2XU UHVHDUFK LQ WKLV SRLQW LV GULYHQ KHDYLO\ E\ WKH VHFRQG FULWHULRQ� 7KLV OHG WR WKH

GHYHORSPHQW RI WKH FRQFHSW RI ¶VNHOHWDO· WDUJHW� 7KLV IXQFWLRQDO GHILQLWLRQ RI WDUJHW PDNHV XVH

RI D VLPSOH YDULDQW RI VNHOHWRQ FDOOHG VWUDLJKW VNHOHWRQ >$$��@� :H EHJLQ ZLWK D EULHI

EDFNJURXQG RQ VNHOHWRQV DQG DQ LQWURGXFWLRQ WR WKH VWUDLJKW VNHOHWRQ� 0RVW LPSRUWDQWO\ KRZ

WKH VWUDLJKW VNHOHWRQ LV HPSOR\HG LQ WKH GHILQLWLRQ RI WKH WDUJHW IXQFWLRQ LV SUHVHQWHG

DIWHUZDUGV� 6LQFH RXU SULPDU\ IRFXV KHUH LQ WKLV FKDSWHU LV WR GHVFULEH DQG GHILQH WKH YROXPH

URXQGLQJ PHWKRG� WKH GLYLGH�DQG�FRQTXHU DOJRULWKP ZH HPSOR\HG IRU FRPSXWLQJ VWUDLJKW

VNHOHWRQ LV LQFOXGHG RQO\ LQ WKH $SSHQGL[ %�
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7.4.1 Background on Skeleton

6NHOHWRQV RU PHGLDO D[LV WUDQVIRUPV >%%��@ DUH KHDYLO\ XVHG LQ LPDJH SURFHVVLQJ DQG

FRPSXWHU YLVLRQ� 7KH FRQFHSW RI D VNHOHWRQ LV D XVHIXO UHSUHVHQWDWLRQ RI PDQ\ WRSRORJLFDO

DQG VL]H FKDUDFWHULVWLFV RI WKH SRO\JRQ� $V LWV QDPH LPSOLHV� WKH VNHOHWRQ DOZD\V OLHV ZLWKLQ

WKH ERXQGDU\ RI WKH SRO\JRQ� $OO WKHVH SURSHUWLHV PDNH LW LGHDO IRU VHUYLQJ DV D UHSODFHPHQW

RI WKH QRUPDO GHILQLWLRQ RI SRO\JRQDO FHQWURLG�

7KH VNHOHWRQ RU PHGLDO D[LV WUDQVIRUP RI D WZR�

GLPHQVLRQDO UHJLRQ LV GHILQHG DV WKH ORFXV RI WKH FHQWUH

RI DQ LQVFULEHG FLUFOH RI PD[LPDO GLDPHWHU DV LW PRYHV

LQVLGH WKH REMHFW DV VKRZQ LQ ILJXUH ���� $QRWKHU

GHILQLWLRQ RI PHGLDO D[LV WUDQVIRUP LV WKDW LW FRQVLVWV RI

DOO LQWHULRU SRLQWV ZLWK PRUH WKDQ RQH FORVHVW SRLQW RQ

WKH SRO\JRQ ERXQGDU\�

:H FDOO VHJPHQWV RI WKH VNHOHWRQ WKDW DUH HTXLGLVWDQW

IURP WZR DGMDFHQW HGJHV OLPEV RI WKH VNHOHWRQ ZKLOH WKH

UHVW RI LW ZH ZLOO FDOO WKH EDFNERQH�
)LJXUH ���� 0HGLDO D[LV WUDQVIRUP

1RWH WKDW WKH PHGLDO D[LV WUDQVIRUP LV PDGH XS RI VWUDLJKW�OLQH VHJPHQWV DQG SDUDEROLF DUFV�

7KH SDUDEROLF DUFV DUH IRUPHG DW SRLQWV WKDW DUH HTXLGLVWDQW IURP D FRQFDYH YHUWH[ DQG

¶RSSRVLQJ· HGJHV� 7KHVH SDUDEROLF DUFV DUH FRQVLGHUHG DV GLVDGYDQWDJH LQ RXU DSSOLFDWLRQ

ERWK LQ WHUPV RI UHSUHVHQWDWLRQ DQG FRQVWUXFWLRQ�

7.4.2 Introduction to Straight Skeleton

5HFHQWO\� $LFKKRO]HU DQG $XUHQKDPPHU >$$��@

LQWURGXFHG D QHZ W\SH RI VNHOHWRQ� WKH VWUDLJKW VNHOHWRQ�

ZKLFK KDV WKH QLFH SURSHUW\ WKDW LW FRQVLVWV RI RQO\

VWUDLJKW�OLQH VHJPHQWV ZLWK QR SDUDEROLF DUF� $Q

H[DPSOH RI D VWUDLJKW VNHOHWRQ LV VKRZQ LQ ILJXUH ����

8QIRUWXQDWHO\� ZKLOH WKH PHGLDO D[LV WUDQVIRUP LV

GHILQHG JHRPHWULFDOO\� $LFKKRO]HU DQG $XUHQKDPPHU�

DOWKRXJK DWWHPSWHG� FRXOG QRW FRPH XS ZLWK D QLFH

JHRPHWULF GHILQLWLRQ RI WKH VWUDLJKW VNHOHWRQ�
)LJXUH ���� 6WUDLJKW VNHOHWRQ

7KH VWUDLJKW VNHOHWRQ LV GHILQHG� SURFHGXUDOO\ DV IROORZV�

)RU DQ Q�JRQ *� Q ZDYHIURQWV DULVHV LQLWLDOO\ IURP WKH Q HGJHV IRU *� (DFK ZDYHIURQW

SURSDJDWHV LQZDUGV VLPXOWDQHRXVO\� DW WKH VDPH VSHHG� DQG LQ D VHOI�SDUDOOHO PDQQHU� 7KH

4 The definition given here is slightly simplified from that given in the original paper which works on an
arbitrary straight line graph rather than just a closed polygon.
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HQGSRLQWV RI HDFK ZDYHIURQW PRYH DORQJ WKH DQJXODU ELVHFWRUV ZLWK WKH WZR DGMDFHQW

ZDYHIURQWV�

(DFK SRLQW RQ WKH ZDYHIURQW FRQWLQXHV WR SURSDJDWH XQWLO LW KLWV VRPH RWKHU ZDYHIURQW� 7KH

VWUDLJKW VNHOHWRQ RI * LV WKHQ GHILQHG DV DOO SRLQWV ZKHUH ZDYHIURQWV KLW�

:KLOH WKH VWUDLJKW VNHOHWRQ UHSUHVHQWV PDQ\ RI WKH VDPH WRSRORJLFDO DQG VL]H FKDUDFWHULVWLFV

RI WKH SRO\JRQ DV WKH PHGLDO D[LV WUDQVIRUP GRHV� LW LV GLIIHUHQW IURP WKH PHGLDO D[LV

WUDQVIRUP LQ WZR PDMRU DVSHFWV�

�� 6WUDLJKW VNHOHWRQ FRQWDLQV RQO\ VWUDLJKW�OLQH VHJPHQWV ZKLOH PHGLDO D[LV WUDQVIRUP ZLOO

KDYH SDUDEROLF DUFV LI FRQFDYH YHUWLFHV H[LVW� 7KLV PDNHV WKH VWUDLJKW VNHOHWRQ

FRPSXWDWLRQDOO\ HDVLHU WR FRPSXWH� ,Q IDFW� PHGLDO D[LV WUDQVIRUPV DUH PRVWO\ HPSOR\HG

LQ LPDJH�EDVHG DSSOLFDWLRQ VLQFH WKH YHFWRU�EDVHG FRQVWUXFWLRQ RI PHGLDO D[LV LV

H[WUHPHO\ KDUG DQG FRPSXWDWLRQDO H[SHQVLYH� ZKLOH WKH SL[HO�EDVHG DSSUR[LPDWLRQ LV

VLPSOH WR FRPSXWH�

�� 0RUH LPSRUWDQWO\� HYHU\ VLQJOH YHUWH[ RI D SRO\JRQ ZLOO KDYH D FRUUHVSRQGLQJ OLPE LQ WKH
VWUDLJKW VNHOHWRQ ZKLOH RQO\ FRQYH[ YHUWLFHV ZLOO KDYH D OLPE LQ WKH PHGLDO D[LV WUDQVIRUP�

+HQFH IRU DQ Q�VLGHG SRO\JRQ� WKH VWUDLJKW VNHOHWRQ ZLOO KDYH H[DFWO\ Q OLPEV�

%RWK RI WKHVH PDNH WKH VWUDLJKW VNHOHWRQ SDUWLFXODUO\ VXLWDEOH IRU RXU DSSOLFDWLRQ�

7.4.3 Functional Definition of Targets Using the Straight Skeleton

5HFDOO IURP HDUOLHU LQ WKH FKDSWHU WKDW D FRPSOHWH GHILQLWLRQ RI D WDUJHW IXQFWLRQ LQ WKUHH

GLPHQVLRQV FDQ URXJKO\ EH GLYLGHG LQWR WKUHH SDUWV QDPHO\� WKH LQLWLDO WDUJHWV� WKH )�WDUJHWV

DQG WKH ( RU 9�WDUJHWV�

6LQFH DOO )�WDUJHWV DUH E\ GHILQLWLRQ JLYHQ DV�
�+L

MW  
L

MW IRU L1M ≤<� � RQO\ WKH LQLWLDO WDUJHWV

DQG WKH ( RU 9�WDUJHWV QHHG WR EH VSHFLILHG IRU WKH VNHOHWDO WDUJHW IXQFWLRQ� $JDLQ� 1L LV WKH

QXPEHU RI IDFHV RI WKH LWK LWHUDWLRQ PHVK�

/HW ϕ� I � EH D IXQFWLRQ ZKLFK PDSV DQ Q�VLGHG
SRO\JRQ IDFH I  ^ S

�
� S

�
� «� SQ�� ` WR DQ Q�WXSOH �M

�
�

M
�
� «� MQ���� ZKLOH MN LV WKH MRLQW SRLQW EHWZHHQ WKH
OLPE RI SN DQG WKH EDFNERQH RI WKH VWUDLJKW VNHOHWRQ

RI I�

)LJXUH ��� VKRZV WKH MRLQW SRLQWV RI D VWUDLJKW

VNHOHWRQ� 7KH FRUUHVSRQGHQFH RI HDFK MRLQW SRLQW

ZLWK WKH YHUWH[ LV VWUHVVHG E\ WKH LQGH[LQJ LQ WKH

ILJXUH

( RU 9�WDUJHWV IRU DQ\ QRQ�]HUR LWHUDWLRQ PHVK IDFH

LV VLPSO\ JLYHQ DV�

)LJXUH ���� -RLQW SRLQWV RI VWUDLJKW
VNHOHWRQ
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L

MW  ϕ � L

MI � IRU L ! � DQG 1L � M � 1L��

7KH ]HUR LWHUDWLRQ WDUJHWV LPSOLFLWO\ GHILQH WKH SUHVHUYHG SODQDU UHJLRQV RI WKH UHVXOWDQW VKDSH

DQG KHQFH WKH URXQGHGQHVV RI WKH UHVXOWDQW VKDSH� DQG VR LW LV VHQVLEOH WR GHILQH WKHP HLWKHU

ZLWK DXWRPDWLF RU LQWHUDFWLYH PHWKRGV� :H ZLOO IRFXV KHUH RQO\ RQ WKH DXWRPDWLF GHILQLWLRQ

ZLWK D VLQJOH VFDODU FRQWURO RI URXQGQHVV�

:H FDQ GHILQH WKH ]HUR LWHUDWLRQ WDUJHWV ZLWK WKH URXQGQHVV SDUDPHWHU� α� DV�
�

MW  �� � α� 9 � �

MI � � α ϕ � �

MI �

ZKHUH 9� I � LV WKH YHUWH[ IXQFWLRQ IRU DQ LQSXW IDFH I� L�H� D IXQFWLRQ ZKLFK PDSV DQ Q�VLGHG

SRO\JRQDO IDFH� I� WR DQ Q�YHFWRU � S
�
� S

�
� «� SQ��� ZKHUH SL LV WKH L

WK YHUWH[ RI I�

)LJXUH ���� 3UHVHUYHG SODQDU UHJLRQV GHILQHG XVLQJ
WKH VWUDLJKW VNHOHWRQ �XSSHU URZ� DQG

PHVK SUH�SDUWLWLRQLQJ �ORZHU URZ�

=HUR LWHUDWLRQ WDUJHWV GHILQHG XVLQJ

WKH VWUDLJKW VNHOHWRQ RIIHU PDQ\

DGYDQWDJHV RYHU WKRVH GHILQHG XVLQJ

WKH SDUWLWLRQLQJ VFKHPH LQ WKH PHVK

SUH�SDUWLWLRQLQJ DSSURDFK� 1RW RQO\

GRHV WKH IRUPHU VXSSRUW FRQFDYH

LQSXW IDFHV� EXW DOVR LW SURGXFHV

PRUH ´UHDVRQDEOHµ UHVXOW LQ VLWXDWLRQ

OLNH LQSXW IDFH KDYLQJ FROOLQHDU

ERXQGDU\ VHJPHQWV RU ODUJH UHODWLYH

OHQJWK EHWZHHQ GLIIHUHQW HGJHV�

)LJXUH ��� VKRZV LQ WKH XSSHU URZ WKH SUHVHUYHG UHJLRQV GHILQHG XVLQJ D VWUDLJKW VNHOHWRQ RQ

WKUHH GLIIHUHQW VKDSHV� 7KH ORZHU URZ VKRZV WKH FRUUHVSRQGLQJ RQHV GHILQHG XVLQJ WKH PHVK

SUH�SDUWLWLRQLQJ DSSURDFK� 7KH ILUVW SDLU LQ WKH OHIW LOOXVWUDWHV WKH EHKDYLRXU RQ FRQFDYH IDFHV�

7KH SDLU LQ WKH PLGGOH VKRZV D WULDQJXODU IDFH ZLWK WZR H[WUD YHUWLFHV RQ LWV EDVH HGJH� ,W FDQ

EH VHHQ WKDW WKH SUHVHUYHG UHJLRQ GHILQHG XVLQJ D VWUDLJKW VNHOHWRQ LV PRUH UREXVW WR WKH

FROOLQHDU VHJPHQWV� 7KH ODVW SDLU VKRZV WKDW URXQGLQJ LV DSSOLHG PRUH HYHQO\ ZLWK D

SUHVHUYHG UHJLRQ GHILQHG XVLQJ D VWUDLJKW VNHOHWRQ RQ D IDFH ZLWK D ODUJH DVSHFW UDWLR�

7KH VROXWLRQ� KRZHYHU� LV QRW SHUIHFW� 3UREOHPV FDQ DULVH LQ

WKH GHILQLWLRQ RI WKH LQLWLDO VNHOHWDO WDUJHW ZLWK VRPH YHU\

FRQFDYH IDFHV ZKHQ WKH UHTXLUHG URXQGLQJ LV ODUJH� )LJXUH ����

VKRZV D FDVH ZKHUH WKH GHILQHG UHJLRQ WR EH SUHVHUYHG LV QRW D

YDOLG SRO\JRQ� 7KH VXJJHVWHG DSSURDFK WR GHDOLQJ ZLWK WKH

VLWXDWLRQ LV SDUWLWLRQ RQ GHWHFWLRQ� 6LQFH LW LV HDV\ WR GHWHFW WKH

YDOLGLW\ RI WKH SUHVHUYH UHJLRQV RQFH FUHDWHG� ZH FDQ

WULDQJXODWH WKH SRO\JRQDO IDFH LI QHHGHG� 7KLV DSSURDFK

PLQLPLVHV WKH WULDQJXODWLRQ UHTXLUHG� 7ULDQJXODWLRQ� WR VRPH

H[WHQW� GHVWUR\V WKH HVVHQWLDO SRO\JRQDO QDWXUH RI WKH PHVK�

ZKLFK ZH ZRXOG OLNH WR SUHVHUYH GXULQJ WKH URXQGLQJ SURFHVV�

)LJXUH ����� 3UREOHP RI WKH

LQLWLDO VNHOHWDO
WDUJHW
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)LJXUH ���� VKRZV H[DPSOHV RI WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ XVLQJ WKH VNHOHWDO WDUJHWV

RQ ERWK FRQYH[ DQG FRQFDYH LQSXW IDFHV� 7KH VWUDLJKW VNHOHWRQV DUH VKRZQ LQ EOXH DQG WKH

WDUJHWV DUH LQ UHG�

)LJXUH ����� 7KH LQLWLDO DQG WKH ILUVW LWHUDWLRQ PHVK RI WDUJHW�GULYHQ SRO\KHGURQ

EHYHOOLQJ XVLQJ VNHOHWDO WDUJHWV

7.5 Results and Discussion

7KH PDMRU FRQWULEXWLRQ RI WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ LV WKH VWDELOLW\ RIIHUHG E\

HOLPLQDWLQJ WKH SDUWLWLRQLQJ SURFHVV� ,W GRHV QRW VXIIHU IURP WKH OLPLWDWLRQ RI IXQGDPHQWDO

OLPLW RI WKH URXQGQHVV α
PD[

DV LQ WKH PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ� 7KH

PHWKRG LV VWDEOH IRU DOO LQSXW PHVKHV ZLWK FRQYH[ IDFHV� ,W LV DOVR DSSOLFDEOH WR FRQFDYH LQSXW

IDFHV LQ PRVW FLUFXPVWDQFHV�

)LJXUH ���� VKRZV VRPH H[DPSOH REMHFWV URXQGHG E\ WKH PHWKRG� 7KH\ DUH QRUPDOO\

XQDFKLHYDEOH E\ WKH PHVK SUH�SDUWLWLRQLQJ PHWKRG ZLWKRXW KDYLQJ WKHLU FRQFDYH IDFHV FXW

LQWR FRQYH[ SRO\JRQV LQ DGYDQFH�

)LJXUH ����� ([DPSOHV RI WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ XVLQJ VNHOHWDO WDUJHWV

7KH RWKHU DUHD RI FRQFHUQV LV WKH FRQWLQXLW\ RI WKH UHVXOWDQW VXUIDFH� $OWKRXJK RQH FDQ VHH

IURP ILJXUH ���� WKDW WKH UHVXOWV DUH YLVXDOO\ SOHDVLQJ� WKHLU FRQWLQXLW\ LV XQNQRZQ WR WKH

DXWKRU� 7KH UHVXOWDQW VXUIDFH LV QRW WKH VDPH DV WKH VWDQGDUG &DWPXOO�&ODUN�'RR�6DELQ

VXUIDFH ERWK EHFDXVH RI WKH UHSODFHPHQW RI FHQWURLGV ZLWK WKH VNHOHWDO WDUJHWV DQG WKH LGHD RI

VWHSSLQJ OLQHDULW\ KDOI ZD\ WRZDUGV WKH GHVWLQDWLRQ SHU LWHUDWLRQ�
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)LJXUH ���� GHSLFWV WKH IUDJPHQWDWLRQ RI D WDUJHW�GULYHQ

SRO\KHGURQ EHYHOOHG REMHFW� 7KH UHVXOW LV VLPLODU WR WKDW RI

WKH FRUQHUV H[WUDFWLRQ DQG UHFRQVWUXFWLRQ PHWKRG GHVFULEHG

LQ WKH SUHYLRXV FKDSWHU� 7KH IUDJPHQWDWLRQ RFFXUV RQO\

ZKHUH QHFHVVDU\� RYHU WKH UHJLRQV RI URXQGHG FRUQHUV DQG

HGJHV� DQG ODUJH DUHD RI SODQDU UHJLRQ DUH OHIW XQWRXFKHG�

)LJXUH ���� VKRZV D \HOORZ VWDSOHU� ZKLFK LV WKH VDPH VWDSOHU

LQ ILJXUH ���� URXQGHG E\ WKH WDUJHW�GULYHQ SRO\KHGURQ

EHYHOOLQJ PHWKRG� %HVLGH LW LV WKH RQH LQ UHG URXQGHG E\ WKH

PHVK SUH�SDUWLWLRQLQJ PHWKRG IRU FRPSDULVRQ� 2QH PD\

QRWLFH VRPH VOLJKW GLIIHUHQFHV EHWZHHQ WKH WZR OLNH WKH IURQW

FRUQHUV LQ WKH VWDSOHU·V EDVHV� %RWK RI WKHP DUH� KRZHYHU�

YLVXDOO\ SOHDVLQJ�

)LJXUH ����� )UDJPHQWDWLRQ RI
D WDUJHW�GULYHQ

SRO\KHGURQ
EHYHOOHG REMHFW

)LJXUH ����� 6WDSOHUV URXQGHG ZLWK WKH WZR GLIIHUHQW SRO\KHGURQ EHYHOOLQJ PHWKRGV�

2ZLQJ WR WKH DOJRULWKPLF VLPSOLFLW\� WKH PHWKRG DOVR H[HFXWHV YHU\ TXLFNO\� ,WV H[HFXWLRQ

VSHHG LV HYHQ IDVWHU WKDQ WKH PHVK SUH�SDUWLWLRQLQJ DSSURDFK DQG LV DSSURDFKLQJ WKH VSHHG RI

WKH &DWPXOO�&ODUN�'RR�6DELQ VXEGLYLVLRQ PHWKRGV� 7KH RQO\ H[WUD FRPSXWDWLRQ� DSDUW IURP

WKH PHVK VXEGLYLVLRQ� LV WR FDOFXODWH WKH VNHOHWDO WDUJHWV� 7KH FRPSXWDWLRQ RI WKH VWUDLJKW

VNHOHWRQ FDQ EH UDWKHU H[SHQVLYH� KRZHYHU� WKH WDUJHW RI HDFK IDFH QHHGV WR EH FRPSXWHG

RQO\ RQFH DQG VWD\V XQFKDQJHG WKURXJKRXW WKH UHFXUVLYH SURFHVV� $OVR� DOO ( DQG 9�IDFHV

JHQHUDWHG DIWHU WKH VHFRQG LWHUDWLRQ DUH RQO\ ��VLGHG DQG KHQFH WKHLU VWUDLJKW VNHOHWRQ FDQ EH

FRPSXWHG YHU\ IDVW� ,WV H[HFXWLRQ VSHHG LV VXIILFLHQW IRU UHDO�WLPH XVDJH� )RU LQVWDQFH� RXU

-DYD LPSOHPHQWDWLRQ DFKLHYHV DQ H[HFXWH�WLPH DSSUR[LPDWHO\ RI ����V IRU WKH \HOORZ VWDSOHU

VKRZQ LQ ILJXUH �����
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7.6 Comparison with the Mesh Pre-partitioning Approach

0RVW RI WKH GLIIHUHQFHV EHWZHHQ WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ DQG PHVK SUH�

SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ KDYH DOUHDG\ EHHQ GLVFXVVHG� .H\ SRLQWV DUH WDEXODWHG

EHORZ�

)HDWXUHV 3RO\KHGURQ %HYHOOLQJ E\ 0HVK

3UH�SDUWLWLRQLQJ

3RO\KHGURQ %HYHOOLQJ E\ 7DUJHW�

GULYHQ 6XEGLYLVLRQ

$OJRULWKPLF

6WDELOLW\

)DLU� 7KH PHWKRG GRHV QRW VXSSRUW

FRQFDYH IDFHV� (YHQ ZLWK FRQYH[

LQSXW IDFHV� WKHUH LV D IXQGDPHQWDO
OLPLW RQ WKH URXQGQHVV SDUDPHWHU�

αPD[� ZKLFK FDQQRW EH DFKLHYHG� 7KH

RSWLPLVDWLRQ PHWKRG ¶FRUQHUV
VXEGLYLVLRQ DQG UHFRQVWUXFWLRQ·

UHVROYHV WKLV OLPLWDWLRQ E\ SXVKLQJ
WKH IXQGDPHQWDO OLPLW FORVH WR WKH

RSWLPDO YDOXH RI �� KRZHYHU� WKH
PHWKRG VWLOO VXIIHU IURP WKH ORZ

IXQGDPHQWDO OLPLW RQ WKH

URXQGHGQHVV� ρPD[ RQ DQ LQSXW IDFH

ZLWK ODUJH QXPEHU RI YHUWLFHV

7KH VWDELOLW\ LV YHU\ PXFK HQKDQFHG�

,W VXIIHUV IURP QHLWKHU WKH αPD[ QRU

WKH ρPD[ SUREOHPV� DV WKH SUH�

SDUWLWLRQLQJ SKDVH LV FRPSOHWHO\
HOLPLQDWHG� $Q\ DUELWUDU\ FRQYH[

IDFHV DUH VXSSRUWHG� &RQFDYH

SRO\JRQDO IDFHV DUH DV ZHOO VXSSRUWHG�
EXW WKH GHILQLWLRQ RI LQLWLDO WDUJHW

XVLQJ VWUDLJKW VNHOHWRQ PD\ IDLO RQ
VXFK LQSXW LI WKH GHVLUHG URXQGQHVV LV

ODUJH� )RUWXQDWHO\ WKH SUREOHP LV
HDVLO\ GHWHFWDEOH RQFH WKH WDUJHW LV

FRQVWUXFWHG� 6XFK FRQFDYH IDFH FDQ

EH WKHQ FXW LQWR FRQYH[ SRO\JRQV�

&RQWLQXLW\ $QDO\WLFDO VPRRWK� *&�� EXW

RFFDVLRQDOO\ SURGXFHV XQSOHDVDQW
UHVXOWV LQ VLWXDWLRQV OLNH VHYHUDO

FRQVHFXWLYH FROOLQHDU HGJHV LQ D
SRO\JRQDO IDFH�

9LVXDOO\ VPRRWK� $QDO\WLFDO

VPRRWKQHVV LV XQNQRZQ� 2QH PD\
QRWLFH WKH UHVXOW� LQ VRPH FDVHV� LV QRW

DV VPRRWK DV WKDW RI WKH PHVK SUH�
SDUWLWLRQLQJ DSSURDFK E\ YHU\ FDUHIXO

H[DPLQDWLRQ� KRZHYHU� LW LV JHQHUDOO\

PRUH UREXVW WR VLWXDWLRQ OLNH
FRQVHFXWLYH FROOLQHDU HGJHV DQG VR

IRUWK�

([HFXWLRQ 6SHHG )DVW LQ FRPSDULVRQ ZLWK PRVW

H[LVWLQJ YROXPH URXQGLQJ PHWKRGV�
0RGHOV ZLWK W\SLFDO FRPSOH[LW\ FDQ

EH URXQGHG ZLWKLQ D VHFRQG�

(YHQ IDVWHU WKDQ WKH PHVK SUH�

SDUWLWLRQLQJ PHWKRG� 2XU SURWRW\SH
LQGLFDWHG DQ DSSUR[LPDWHO\ WKH VDPH

H[HFXWH VSHHG DV WKH RSWLPLVHG PHVK
SUH�SDUWLWLRQLQJ PHWKRG ¶FRUQHUV

VXEGLYLVLRQ DQG UHFRQVWUXFWLRQ·� :H�

KRZHYHU� EHOLHYH WKDW WKH PHWKRG LV
SRWHQWLDOO\ D ORW IDVWHU GXH WR LWV

VLPSOLFLW\�

)UDJPHQWDWLRQ 7KH UHVXOWDQW VXUIDFH H[KLELWV PXFK

KLJKHU IUDJPHQWDWLRQ WKDQ QHFHVVDU\�
7KH SUREOHP LV KRZHYHU UHVROYHG E\

WKH PRUH FRPSOLFDWHG RSWLPLVDWLRQ

PHWKRGV�

7KH IUDJPHQWDWLRQ LV VLPLODU WR WKDW

UHVXOWHG IURP WKH FRUQHUV�VXEGLYLVLRQ
DQG UHFRQVWUXFWLRQ PHWKRG�
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7.7 Chapter Summary and Conclusion

7KLV FKDSWHU SUHVHQWHG WKH SRO\KHGURQ EHYHOOLQJ E\ WDUJHW�GULYHQ VXEGLYLVLRQ� 7KH LGHD RI

WKH PHWKRG LV WR PRGLI\ WKH DFWXDOO\ PHVK VXEGLYLVLRQ SKDVH WR DFKLHYH WKH WDVN RI

SUHVHUYLQJ SODQDU UHJLRQ LQ D PRUH GLUHFW DQG VLPSOH PDQQHU�

7KH WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ PHWKRG DULVHV GLUHFWO\ IURP WKH LGHD RI WZR�

GLPHQVLRQDO &KDLNLQ UHILQHPHQW PHWKRG ZKHUH� DW HDFK VWHS RI UHILQHPHQW� HDFK YHUWH[ LV

PRYLQJ KDOIZD\ WRZDUG WKH HGJH FHQWURLG� 7KH JHQHULF IUDPHZRUN RI WDUJHW�GULYHQ

SRO\KHGURQ EHYHOOLQJ UHSODFHV WKH FRQFHSW RI FHQWURLG E\ WKH VR�FDOOHG WDUJHWV RU D VHW RI

GHVWLQDWLRQ SRLQWV WRZDUGV ZKLFK WKH YHUWLFHV DUH PRYLQJ JUDGXDOO\ DW HDFK VWHS RI UHFXUVLRQ�

7KH FKRLFH RI WDUJHW IXQFWLRQ DIIHFWV ERWK WKH XVH RI WKH URXQGLQJ SDUDPHWHU DQG WKH

FRQWLQXLW\ RI WKH UHVXOWDQW VKDSH� 7KH XVH RI D WDUJHW WKDW PDNHV XVHV RI WKH VWUDLJKW VNHOHWRQ

ZDV LQYHVWLJDWHG DQG SURYHG YHU\ HIIHFWLYH H[FHSW IRU SRO\KHGUD ZLWK H[WUHPHO\ FRQFDYH

IDFHV�

7KH WDUJHW�GULYHQ DSSURDFK GLIIHUHQWLDWHV LWVHOI IURP WKH PHVK SUH�SDUWLWLRQLQJ DSSURDFK

ODUJHO\ E\ WKH VWDELOLW\ DGYDQWDJHV RIIHUHG� ,W LV UREXVW WR DOO DUELWUDU\ FRQYH[ LQSXW SRO\JRQDO

IDFHV DV ZHOO DV WR PRVW FRQFDYH RQHV�

$OWKRXJK WKH UHVXOW LV YLVXDOO\ SOHDVLQJ� WKH FRQWLQXLW\ LV XQNQRZQ WR WKH DXWKRU GXH WR WKH

ODFN RI JHRPHWULFDO GHILQLWLRQ RI VWUDLJKW VNHOHWRQ� 7KLV RSHQV XS IXWXUH UHVHDUFK GLUHFWLRQV

LQ VWXG\LQJ WKH H[DFW PDWKHPDWLFDO SURSHUWLHV DQG� LI QHFHVVDU\� LQ GHYHORSLQJ D QHZ WDUJHW

IXQFWLRQ WKDW OHDGV WR DQ DQDO\WLFDOO\ VPRRWK UHVXOWDQW VXUIDFH�
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&KDSWHU � 7KH -XVW�,Q�7LPH ,PSOHPHQWDWLRQ

,Q WKLV FKDSWHU� ZH VKLIW RXU IRFXV WR WKH SUDFWLFDO LPSOHPHQWDWLRQ RI WKH 950/ MXVW�LQ�WLPH

YROXPH URXQGHU� 6LQFH WKH SUHFHGLQJ FKDSWHUV KDYH DOUHDG\ FRYHUHG WKH URXQGLQJ DOJRULWKP

² SRO\KHGURQ EHYHOOLQJ ² WKH IRFXV KHUH ZLOO EH SULPDULO\ RQ WKH DUFKLWHFWXUH DQG YDULRXV

RWKHU GHWDLOV RI WKH LPSOHPHQWDWLRQ�

7KH GLVFXVVLRQ LQ WKLV FKDSWHU DVVXPHV IDPLOLDULW\ ZLWK WKH 950/�� ODQJXDJH GHILQLWLRQ

>950/��@ DQG WKH QRWDWLRQ XVHG LQ WKDW GHILQLWLRQ� 7KH FKDSWHU LV� KRZHYHU� GHVLJQHG VR

WKDW UHDGHUV XQIDPLOLDU ZLWK WKH GHILQLWLRQ FDQ XQGHUVWDQG ZLWKRXW WRR PXFK FRQFHUQLQJ

DERXW WKH H[DFW 950/ V\QWD[�

8.1 Scope and Objective

7KH DLP RI WKH LPSOHPHQWDWLRQ LV WR H[WHQG 950/ WR DOORZ VFHQH REMHFW ZLWK XVHU VSHFLILHG

URXQGQHVV� :H ZLOO OLPLW RXU VFRSH WR GHDO ZLWK RQO\ SRO\KHGUD �RU� LQ 950/ WHUPLQRORJ\�

,QGH[HG)DFH6HW�� RWKHU W\SHV RI 950/ EXLOW�LQ VFHQH REMHFW OLNH ´F\OLQGHUµ RU ´ER[µ ZLOO EH

QRW FRQVLGHUHG KHUH� 7KH ILUVW YHUVLRQ RI WKH SURWRW\SH V\VWHP ZLOO DOVR DVVXPH FORVHG LQSXW

PHVK�

$V ZH KDYH EULHIO\ PHQWLRQHG ULJKW DW WKH EHJLQQLQJ LQ &KDSWHU RQH� WKH WDUJHW V\VWHP LV D

MXVW�LQ�WLPH LPSOHPHQWDWLRQ� WKH 950/ ILOH GHVFULEHV WKH RULJLQDO ´XQURXQGHGµ YROXPH DQG

WKH URXQGLQJ RSHUDWLRQ LV SHUIRUPHG MXVW EHIRUH UHQGHULQJ� 7KH EHQHILWV RI WKH DSSURDFK

KDYH DOUHDG\ EHHQ GLVFXVVHG LQ VHFWLRQ ���� 7KH -,7 PRGLILFDWLRQ LV EHVW GHVFULEHG E\ LWV

FRQFHSWXDO PRGHO VKRZQ LQ ILJXUH ���� 7KH 950/ ILOH PD\ EH ORFDWHG HLWKHU LQ D UHPRWH

KRVW RU ORFDOO\ RQ D FOLHQW PDFKLQH� ,W LV WUDQVIHUUHG RYHU D FRPPXQLFDWLRQ OLQN XSRQ UHTXHVW�

7KH FRPPXQLFDWLRQ OLQN FDQ EH WKH ,QWHUQHW RU D ORFDO DUHD QHWZRUN XVLQJ WKH K\SHUWH[W

WUDQVIHU SURWRFRO �+773� RU PHUHO\ D ORFDO GDWD EXV LI LW LV D ORFDO ILOH� 7KH -,7 SOXJ�LQ �RU

EURZVHU H[WHQVLRQ� LV ODXQFKHG DQG WKH URXQGLQJ DOJRULWKP LV H[HFXWHG� 7KH URXQGHG PHVK

LV� ILQDOO\� UHQGHULQJ E\ WKH 950/ EURZVHU�

)LJXUH ���� &RQFHSWXDO PRGHO RI WKH -,7 PRGLILFDWLRQ
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7KH URXQGLQJ VSHFLILFDWLRQ RI WKH SURWRW\SH V\VWHP LV OLPLWHG WR D JOREDO URXQGLQJ RSHUDWLRQ

ZLWK D VLQJOH VFDODU FRQWURO� 7KH V\VWHP VKRXOG� KRZHYHU� EH HDVLO\ H[WHQGDEOH WR DOORZ PRUH

FRPSOH[ URXQGQHVV FRQWURO�

7KUHH RWKHU UHTXLUHPHQWV � GHVLJQ JRDOV DUH DV OLVWHG EHORZ�

�� 7KH HIIRUW UHTXLUHG WR FRQYHUW H[LVWLQJ 950/ PRGHOV VR DV WR EHQHILW IURP WKH URXQGLQJ

H[WHQVLRQ VKRXOG EH PLQLPLVHG�

�� 7KH LQWHJUDWLRQ EHWZHHQ WKH -,7 SOXJ�LQ DQG WKH 950/ EURZVHU VKRXOG EH DV VHDPOHVVO\

DV SRVVLEOH�

�� 7KH FOLHQW�VLGH LQVWDOODWLRQ VKRXOG EH DYRLGHG � PLQLPLVHG�

8.2 Extensibility of VRML

%HIRUH ZH PRYH RQ WR RXU LPSOHPHQWDWLRQ GHWDLOV� ZH ZLOO ILUVW EULHIO\ GHVFULEH KRZ 950/

RIIHUV H[WHQVLELOLW\ WR WKH EDVH ODQJXDJH� %HLQJ RQH RI WKH VL[ GHVLJQ FULWHULD VWDWHG LQ WKH

LQWHUQDWLRQDO VWDQGDUG >950/��@� H[WHQVLELOLW\ LV PDLQO\ SURYLGHG YLD WZR PHFKDQLVPV LQ

950/� 7KH\ DUH SURWRW\SLQJ DQG VFULSWLQJ� ERWK RI ZKLFK ZLOO EH XVHG LQ RXU

LPSOHPHQWDWLRQ�

8.2.1 Prototypes

3URWRW\SLQJ LV D PHFKDQLVP IRU GHILQLQJ QHZ QRGH W\SHV LQ WHUPV RI DOUHDG\�GHILQHG QRGH

W\SHV� 7KH 950/ VWDQGDUG GHILQHV D VHW RI EXLOW�LQ QRGH W\SH� 1RGH W\SHV DUH GHILQHG LQ WKH

VWDQGDUG DV�

´$ FKDUDFWHULVWLF RI HDFK QRGH WKDW GHVFULEHV� LQ
JHQHUDO� LWV SDUWLFXODU VHPDQWLFV� )RU H[DPSOH� %R[�
*URXS� 6RXQG� DQG 6SRW/LJKW DUH QRGH W\SHV�µ
>950/�� ����@

$ QRGH LV WKH IXQGDPHQWDO FRPSRQHQW RI WKH

VFHQH GHVFULEHG LQ D 950/ ILOH� 7KH UHODWLRQVKLSV

EHWZHHQ QRGHV� QRGH W\SHV� EXLOW�LQ QRGH W\SHV

DQG SURWRW\SHV DUH EHVW LOOXVWUDWHG LQ D PHWDPRGHO�

VKRZQ LQ ILJXUH ���� 7KH GLDJUDP UHDGV DV IROORZ�

HDFK QRGH KDV D QRGH W\SH� ZKLFK FDQ EH HLWKHU D

EXLOW�LQ W\SH RU D SURWRW\SH� $ SURWRW\SH LV LQ WXUQ

GHILQHG XVLQJ D VHW RI QRGHV RI DOUHDG\�GHILQHG

QRGH W\SHV�

)LJXUH ���� $ SRUWLRQ RI WKH PHWDPRGHO

RI 950/ XVLQJ WKH

QRWDWLRQ RI WKH 8QLILHG
0RGHOOLQJ /DQJXDJH >)6��@

5 The term “metamodel” means a model that describe a model.
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7KH SURWRW\SLQJ PHFKDQLVP DOORZV H[WHQVLRQ WR WKH EDVH ODQJXDJH� 2QH FDQ� IRU LQVWDQFH�

GHILQH D JHRPHWU\ QRGH W\SH RI D ´&XEHµ XVLQJ WKH ´%R[µ EXLOW�LQ QRGH W\SH ZLWK V\QWD[�

 PROTO Cube [] { Box [] }

7KH ¶&XEH· QRGH FDQ WKHQ EH LQVWDQWLDWHG DV LI VWDQGDUG QRGH W\SH�

Shape { geometry Cube { } }

0RUH FRPSOH[ QRGH W\SHV FDQ EH GHILQHG E\ ERWK DJJUHJDWLRQ DQG SDUDPHWHULVDWLRQ� )RU

H[DPSOH� PRUH WKDQ RQH QRGH W\SH FDQ EH XVHG WR GHILQH D VLQJOH QHZ W\SH� DQG DOVR

SDUDPHWHUV RU ´ILHOGVµ FDQ EH DGGHG WR GLIIHUHQWLDWH WKH EHKDYLRXUV RI HDFK LQVWDQWLDWLRQ RI

WKH VDPH QRGH W\SH�

8.2.2 Scripts

6FULSWLQJ LV \HW DQRWKHU PHFKDQLVP DOORZLQJ H[WHQVLELOLW\ LQ 950/� :LWK VFULSWLQJ� D 950/

ZRUOG FDQ FKDQJH G\QDPLFDOO\ LQ UHVSRQVH WR XVHU LQSXWV� H[WHUQDO HYHQWV DQG WKH FXUUHQW

VWDWH RI WKH ZRUOG� 7KHUH DUH WZR VFULSWLQJ ODQJXDJHV SURSRVHG E\ WKH VWDQGDUG�� 7KH\ DUH

-DYD DQG (&0$6FULSW� 7KH H[WHQVLRQ WKDW DOORZV RQH RI DQ REMHFW�RULHQWHG� JHQHUDO�SXUSRVH

SURJUDPPLQJ ODQJXDJH OLNH -DYD SURYLGHV YLUWXDOO\ XQOLPLWHG DELOLW\ IRU G\QDPLFDOO\

PDQLSXODWLQJ WKH YLUWXDO ZRUOG� 2XU GLVFXVVLRQ ZLOO IRFXV RQO\ RQ VFULSWLQJ ZLWK -DYD�

-DYD VRXUFH FRGH LV ILUVW FRPSLOHG LQWR ´E\WHFRGHµ RU ´FODVV ILOHµ� ZKLFK FDQ EH H[HFXWHG

ZLWKLQ WKH YLUWXDO PDFKLQH RI WKH EURZVHU� 7KH ELQGLQJ EHWZHHQ WKH E\WHFRGH DQG 950/ ILOH

LV HVWDEOLVKHG YLD D ´6FULSWµ QRGH ZLWK V\QWD[�

Script { url "...../foo.class" }

ZKHUH WKH XUO ILHOG RI WKH 6FULSW QRGH FRQWDLQV WKH XQLIRUP UHVRXUFH ORFDWRU �85/� RI D ILOH

FRQWDLQLQJ WKH -DYD E\WHFRGH�

6FULSWLQJ LQ 950/ LV HYHQW�GULYHQ� (YHQWV WR WKH 6FULSW QRGH ZLOO WULJJHU WKH FRUUHVSRQGLQJ

PHWKRGV LQ WKH VFULSW� 2Q WKH RWKHU KDQG� WKH VFULSW PDQLSXODWHV WKH ZRUOG DJDLQ E\ VHQGLQJ

HYHQWV� 7KH RXWSXW HYHQWV JHQHUDWHG IURP WKH VFULSW DUH URXWHG WR WKH DSSURSULDWH QRGH LQ

WKH VFHQH JUDSK LQ RUGHU WR YDU\ LWV EHKDYLRXU�

8.3 The Language Extension

7KH LPSOHPHQWDWLRQ RI WKH -,7 950/ YROXPH�URXQGLQJ H[WHQVLRQ LV DFFRPSOLVKHG E\

GHILQLWLRQ RI D QHZ JHRPHWU\ QRGH W\SH XVLQJ WKH SURWRW\SLQJ PHFKDQLVP LQ 950/� :H FDOO

WKLV QHZ QRGH W\SH ´%HYHOOHG3RO\KHGURQµ� 950/ DXWKRUV VKRXOG EH DEOH WR XVH WKH QHZ QRGH

W\SH DV LI LW ZDV D WKH VWDQGDUG JHRPHWU\ QRGH W\SH�

6 Note, however, that no particular scripting language is compulsory to the standard. The only available
VRML browser that currently supports Java implementation is Cosmoplayer 2.x by Silicon Graphics.
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Shape { geometry BevelledPolyhedron { ... } }

ZKHUH WKH HOOLSVLV VWDQGV IRU YDULRXV LQSXW ILHOGV� ZKLFK ZLOO EH GLVFXVVHG LQ WKLV VHFWLRQ�

$V PHQWLRQHG EHIRUH� SURWRW\SLQJ LQ 950/ DOORZV SDUDPHWHUV RU ILHOGV WR EH LQFOXGHG VR DV

WR GLIIHUHQWLDWH WKH EHKDYLRXU RI HDFK LQVWDQWLDWLRQ� (DFK ILHOG KDV D W\SH� D QDPH DQG DQ

RSWLRQDO GHIDXOW YDOXH�

)RU RXU DSSOLFDWLRQ� WZR SDUDPHWHUV DUH UHTXLUHG� 7KH\ DUH WKH LQLWLDO PHVK FRQILJXUDWLRQ DQG

WKH URXQGLQJ VSHFLILFDWLRQ� 6LQFH ZH DUH LQWHUHVWHG LQ D JOREDO URXQGLQJ RSHUDWLRQ ZLWK D

VLQJOH VFDODU FRQWURO� WKH URXQGLQJ VSHFLILFDWLRQ LV WKHUHIRUH VLPSO\ D IORDWLQJ�SRLQW YDOXH

IURP ]HUR WR RQH� :H XVH WKH URXQGQHVV FRQWURO� α� LQ WKH DOJRULWKP GLUHFWO\ IRU WKH VDNH RI

VLPSOLFLW\ DQG QDPH LW WKH URXQGQHVV3DUDPHWHU� $ GHIDXOW YDOXH RI ��� LV JLYHQ� 7KH GHFODUDWLRQ

LV WKHUHIRUH�

field SFFloat roundnessParameter 0.5 #[0, 1]

$V IRU WKH LQLWLDO PHVK FRQILJXUDWLRQ� WKHUH DUH QXPHURXV GLIIHUHQW UHSUHVHQWDWLRQV� +RZHYHU

GXH WR WKH IDFW WKDW RQH RI RXU GHVLJQ JRDOV LV WR PLQLPLVH WKH HIIRUW UHTXLUHG WR FRQYHUW

H[LVWLQJ 950/ PRGHOV LQ RUGHU WR EHQHILW IURP WKH URXQGLQJ H[WHQVLRQ� WKH H[DFW VDPH

UHSUHVHQWDWLRQ HPSOR\HG E\ WKH 950/ ,QGH[HG)DFH6HW QRGH W\SH LV FKRVHQ� 7KH

FRUUHVSRQGLQJ GHFODUDWLRQV DUH�

field SFNode coord NULL

field MFInt32 coordIndex []

7KH FRRUG ILHOG FRQWDLQV D &RRUGLQDWH QRGH WKDW GHILQHV WKH WKUHH�GLPHQVLRQDO YHUWLFHV

UHIHUHQFHG E\ WKH FRRUG,QGH[ ILHOG� %HYHOOHG3RO\KHGURQ XVHV WKH LQGLFHV LQ LWV FRRUG,QGH[ ILHOG

WR VSHFLI\ WKH SRO\JRQDO IDFHV RI WKH LQLWLDO PHVK E\ LQGH[LQJ LQWR WKH FRRUGLQDWHV LQ WKH

&RRUGLQDWH QRGH� $Q LQGH[ RI ���� LQGLFDWHV WKDW WKH FXUUHQW IDFH KDV HQGHG DQG WKH QH[W

RQH EHJLQV� 7KH ODVW IDFH LV RSWLRQDOO\ IROORZHG E\ D ���� LQGH[�

(DFK IDFH RI WKH QRGH ZLOO KDYH�

�� DW OHDVW WKUHH QRQ�FRLQFLGHQW YHUWLFHV�

�� YHUWLFHV WKDW GHILQH D SODQDU SRO\JRQ�

�� YHUWLFHV WKDW GHILQH D QRQ�VHOI�LQWHUVHFWLQJ SRO\JRQ�

:H DVVXPH DOVR WKDW WKH LQSXW PHVK LV FORVHG� 7KHUHIRUH�

�� (DFK HGJH GHILQHG E\ WZR FRQQHFWHG YHUWLFHV PXVW EH VKDUHG E\ WZR SRO\JRQDO IDFHV

)LJXUH ��� VKRZV WKH V\QWD[ RI D URXQGHG VFHQH REMHFW DQG LWV FRUUHVSRQGLQJ QRQ�URXQGHG

,QGH[HG)DFH6HW� 7KH PLQRU GLIIHUHQFHV DUH VKRZQ LQ EROG� $OVR EHFDXVH RI WKH GHIDXOW YDOXH

LQ WKH URXQGQHVV SDUDPHWHU� WKDW ILHOG LV RSWLRQDO� +HQFH WKH RQO\ PDQGDWRU\ FRQYHUVLRQ LV WR

VLPSO\ FKDQJH WKH QDPH RI WKH QRGH W\SH�
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Shape {

  geometry BevelledPolyhedron {

    coord Coordinate {

      point [ 0 0 0, 1 0 0,

              1 1 0, 0 1 0,

              0 0 1, 1 0 1,

              1 1 1, 0 1 1] }

    coordIndex [ 0, 3, 2, 1, -1,

                 6, 7, 4, 5, -1,

                 7, 3, 0, 4, -1,

                 2, 6, 5, 1, -1,

                 4, 0, 1, 5, -1,

                 2, 3, 7, 6, -1 ]

    roundingParameter 0.5

  }

  appearance Appearance { }

}

Shape {

  geometry IndexedFaceSet {

    coord Coordinate {

      point [ 0 0 0, 1 0 0,

              1 1 0, 0 1 0,

              0 0 1, 1 0 1,

              1 1 1, 0 1 1] }

    coordIndex [ 0, 3, 2, 1, -1,

                 6, 7, 4, 5, -1,

                 7, 3, 0, 4, -1,

                 2, 6, 5, 1, -1,

                 4, 0, 1, 5, -1,

                 2, 3, 7, 6, -1 ]

  }

  appearance Appearance { }

}

)LJXUH ���� 950/ FRGH IRU D URXQGHG VFHQH REMHFW DQG LWV FRUUHVSRQGLQJ QRQ�URXQGHG YHUVLRQ

)LQDOO\� DQ RSWLRQDO ILHOG FRQYH[ FDQ EH LQFOXGHG� 7KLV LV D KLQW WKDW PD\ EH XVHG IRU IXWXUH

RSWLPLVDWLRQ SXUSRVHV� 7KLV ILHOG VSHFLILHV ZKHWKHU WKH LQSXW PHVK FRQWDLQV RQO\ FRQYH[

SRO\JRQDO IDFHV� ,W GHIDXOWV WR WUXH�

field SFBool convex TRUE

8.4 Implementation and Architecture of the Just-In-Time Modification

7KH HVVHQFH RI -,7 PRGLILFDWLRQ LV WKDW WKH DFWXDO URXQGLQJ RSHUDWLRQ LV SHUIRUPHG LQ UHDO�

WLPH XVLQJ WKH VFULSWLQJ PHFKDQLVP� 7KH URXQGLQJ DOJRULWKP LV LPSOHPHQWHG LQ WKH -DYD

VFULSWLQJ ODQJXDJH FRPSLOHG LQWR E\WHFRGH�

7KH DUFKLWHFWXUH RI WKH V\VWHP LV VKRZQ LQ ILJXUH ���� 7KH LQWHQWLRQ KHUH LV WR LQWURGXFH D

-,7 950/ SOXJ�LQ LQWR WKH 950/ EURZVHU� VR WKDW WKH 950/ ILOHV ZLWK WKH H[WHQGHG

V\QWD[ FDQ EH SURFHVVHG MXVW LQ WLPH E\ WKH SOXJ�LQ EHIRUH WKH\ DUH UHQGHUHG LQ WKH EURZVHU�

7KHUH DUH WZR FRPSRQHQWV LQ RXU -,7 950/ SOXJ�LQ� 7KH ILUVW LV WKH SURWRW\SH GHILQLWLRQ RI

WKH %HYHOOHG3RO\KHGURQ QRGH W\SH� ZKLFK GHILQHV WKH SDUDPHWHULVDWLRQ� VHWV XS WKH SURSHU

HYHQW URXWLQJ DQG LQGLFDWHV WKH ORFDWLRQ RI WKH -DYD E\WHFRGH� 7KH VHFRQG LV WKH DFWXDO -DYD

E\WHFRGH� ZKLFK LPSOHPHQWV WKH SRO\KHGURQ EHYHOOLQJ PHWKRG�

7KH WZR FRPSRQHQWV LQWHJUDWH VHDPOHVVO\ LQWR D 950/ EURZVHU� 7KH OHIW�KDQG VLGH RI WKH

ILJXUH ��� VKRZV DQ LQWHUQDO VWUXFWXUH RI D W\SLFDO 950/ EURZVHU� 7KH 950/ ILOH FRQWDLQLQJ

WKH H[WHQGHG V\QWD[ LV UHFHLYHG E\ WKH EURZVHU� 7KH ILOH LV ILUVW LQWHUSUHWHG E\ WKH SDUVHU� 7KH
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SDUVHU ´XQGHUVWDQGVµ WKH H[WHQGHG V\QWD[ E\ UHDGLQJ LQ WKH SURWRW\SH GHILQLWLRQ IURP WKH

SOXJ�LQ� 7KH VFHQH JUDSK LV WKHQ EXLOW DQG WKH H[HFXWLRQ HQJLQH ILUHV WKH LQLWLDOLVLQJ HYHQW�

ZKLFK WULJJHUV WKH -DYD E\WHFRGH RI SRO\KHGURQ EHYHOOLQJ WR UXQ� 7KH URXQGLQJ PHWKRG LV

SHUIRUPHG DQG WKH VFHQH JUDSK LV PRGLILHG DFFRUGLQJO\� 7KH URXQGHG YROXPH LV ILQDOO\ VHQW

WR WKH SUHVHQWDWLRQ PRGXOH IRU UHQGHULQJ�

)LJXUH ���� 7KH LQWHJUDWLRQ RI -,7 950/ SOXJ�LQ DQG 950/ EURZVHU

7KH DUFKLWHFWXUH VKRZQ LQ ILJXUH ��� UHTXLUHV

WKDW WKH -,7 950/ SOXJ�LQ EH LQVWDOOHG RQ

WKH ORFDO PDFKLQH SULRU WR WKH LQWHUSUHWDWLRQ

RI WKH 950/ ILOH� 7KH UHTXLUHPHQW RI WKH

FOLHQW VLGH SUH�LQVWDOODWLRQ RI WKH SOXJ�LQ PD\

GHWUDFW IURP LWV FRPPHUFLDO YDOXH� VLQFH

FDVXDO XVHUV PD\ QRW EH ERWKHUHG WR LQVWDOO RU

VHULRXV XVHUV PD\ UHIXVH WR GR VR IRU VHFXULW\

UHDVRQV�

)LJXUH ��� VKRZV D PRUH JHQHUDO VWUXFWXUH LQ

ZKLFK WKH SOXJ�LQ PD\ EH VLWWLQJ RQ D

QHWZRUN UHPRWH WR WKH ORFDO PDFKLQH�

)LJXUH ���� 1HWZRUN WUDQVSDUHQF\ RI WKH -,7
PRGLILFDWLRQ

7KH 950/ EURZVHU FDQ DFFHVV WKH SOXJ�LQ DV LI WKH\ DUH RQ WKH VDPH PDFKLQH� 7KLV�

KRZHYHU� UHTXLUHV WKH 950/ ILOH WR LQFOXGH WKH GHFODUDWLRQ RI WKH H[WHUQDO SURWRW\SH

GHILQLWLRQ�

EXTERNPROTO BevelledPolyhedron [...] "http://.../bevelledpolyhedron.wrl"

ZKHUH WKH SDUDPHWHU OLVW LV LQFOXGHG LQ EHWZHHQ WKH VTXDUH EUDFNHWV DQG WKH 85/ RI WKH

950/ ILOH FRQWDLQLQJ WKH SURWRW\SH GHILQLWLRQ LV LQGLFDWHG DW WKH HQG RI WKH GHFODUDWLRQ� 7KH

FOLHQW�VLGH LQVWDOODWLRQ LV� WKHUHE\� FRPSOHWHO\ HOLPLQDWHG�
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7KH FRPSOHWH GHFODUDWLRQ RI WKH %HYHOOHG3RO\KHGURQ SURWRW\SH LV LQFOXGHG LQ ILJXUH ����

9DULRXV RWKHU LPSOHPHQWDWLRQ GHWDLOV VXFK DV HYHQW URXWLQJ DQG ILHOG ELQGLQJ ZLOO QRW EH

GLVFXVVHG KHUH� 5HDGHUV DUH UHIHUUHG WR WKH VWDQGDUG >950/��@ IRU WKRVH FRQFHSWV�

PROTO BevelledPolyhedron [

  field SFNode coord NULL

  field MFInt32 coordIndex []

  field SFFloat roundingParameter 0.5 #[0,1]

  field SFBool convex TRUE

] {

  DEF shape IndexedFaceSet {

    coord DEF coordinate Coordinate { }

    creaseAngle 3.14

    convex IS convex

  }

  DEF script Script {

    field SFNode coord IS coord

    field MFInt32 coordIndex IS coordIndex

    field SFFloat roundingParameter IS roundingParameter

    eventOut MFVec3f vertices_changed

    eventOut MFInt32 coordIndex_changed

    url "PolyhedronBevelling.class"

  }

  ROUTE script.vertices_changed TO coordinate.set_point

  ROUTE script.coordIndex_changed TO shape.set_coordIndex

}

)LJXUH ���� 7KH SURWRW\SH GHILQLWLRQ RI WKH %HYHOOHG3RO\KHGURQ QRGH W\SH

8.5 Result

)LJXUH ��� VKRZV D VWDSOHU URXQGHG E\ WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ XVLQJ WKH -,7

DSSURDFK LQ D 950/ EURZVHU� 7KH ILOH FRQWDLQLQJ WKH LQLWLDO PHVK ZLWK WKH URXQGLQJ

VSHFLILFDWLRQ LV RQO\ IRXU NLORE\WHV LQ VL]H� ,Q FRQWUDVW� WKH IXOO\ H[SDQGHG ILOH LV RI ���

NLORE\WHV�

$VVXPLQJ D W\SLFDO KRPH�XVH QHWZRUN FRQQHFWLRQ ZLWK �� NESV �NLORELWV SHU VHFRQG� DW IXOO

FDSDFLW\� WKH IXOO ILOH WDNHV KDOI D PLQXWH RU PRUH WR WUDQVIHU� :KLOH LW WDNHV RQO\

DSSUR[LPDWHO\ KDOI D VHFRQG WR GRZQORDG D IRXU NLORE\WHV ILOH SOXV RQH WHQWK RI D VHFRQG WR

SHUIRUP WKH URXQGLQJ RSHUDWLRQ ZLWK WKH -,7 DSSURDFK�
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)LJXUH ���� $ URXQGHG VWDSOHU LQ 950/ EURZVHU

7KH UHGXFWLRQ RI WKH GRZQORDGLQJ WLPH WRJHWKHU ZLWK WKH HQKDQFHG UHDGDELOLW\ DQG

UHXVDELOLW\ RI WKH ILOH IRUPDW KDV SURYHQ WKH WUHPHQGRXV SRWHQWLDO RI WKH -,7 DSSURDFK�

8.6 Chapter Summary and Conclusion

7KH FKDSWHU KDV GLVFXVVHG WKH LPSOHPHQWDWLRQ DQG DUFKLWHFWXUDO GHWDLOV RI MXVW�LQ�WLPH

YROXPH URXQGLQJ XVLQJ 950/ DV WKH EDVH ODQJXDJH� :H KDYH SURSRVHG D ODQJXDJH H[WHQVLRQ

WR 950/ WKDW DOORZV URXQGHG REMHFW WR EH VSHFLILHG LQ WHUPV RI WKH LQLWLDO FRQWURO PHVK DQG

D URXQGLQJ VSHFLILFDWLRQ� 7KH LPSOHPHQWDWLRQ LQWHJUDWHV VHDPOHVVO\ LQWR WKH 950/

HQYLURQPHQW DQG VKRZV HQFRXUDJLQJ UHVXOWV�



��

&KDSWHU � &RQFOXVLRQV

:H KDYH QRZ SUHVHQWHG RXU QHZ YROXPH URXQGLQJ PHWKRG ² SRO\KHGURQ EHYHOOLQJ ² DQG LWV

SUDFWLFDO LPSOHPHQWDWLRQ LQ WKH MXVW�LQ�WLPH 950/ YROXPH URXQGLQJ H[WHQVLRQ� 7KH UHVXOWV

DUH YHU\ SURPLVLQJ� &KDSWHU QLQH FRQFOXGHV ZLWK D VXPPDU\ RI WKH DFKLHYHPHQWV RI WKH

WKHVLV DQG VXJJHVWLRQV IRU IXWXUH ZRUN�

9.1 Research Overview

2XU UHVHDUFK ZDV LQLWLDWHG IURP WKH JRDO RI GHYHORSLQJ D IDVW YROXPH URXQGLQJ DOJRULWKP

DQG� XOWLPDWHO\� D SUDFWLFDO 950/ YROXPH URXQGLQJ WRRO� 7KURXJKRXW WKH \HDU� ZH KDYH JRQH

WKURXJK VHYHUDO GLIIHUHQW VWDJHV RI GHYHORSPHQW�

%HJLQQLQJ ZLWK WKH SUREOHP DQDO\VLV DQG UHTXLUHPHQW JDWKHULQJ� ZH H[SORUHG WKH FRQFHSWXDO

YLHZ RI WKH SUREOHP� 7KH PHDQLQJ RI ´URXQGLQJµ RI D WKUHH�GLPHQVLRQDO REMHFW ZDV

LQYHVWLJDWHG� 7KH VXEMHFW LV QHLWKHU VFLHQWLILFDOO\ GHILQHG QRU RI DQ REMHFWLYH QDWXUH� $ VXUYH\

RQ KRZ KXPDQV SHUFHLYH URXQGQHVV ZDV WKHUHIRUH FRQGXFWHG DQG� DV D UHVXOW� D VHW RI TXDOLW\

FULWHULD RI D URXQGLQJ RSHUDWLRQ ZDV GHYHORSHG� 0RVW LPSRUWDQWO\� ZH KDYH LGHQWLILHG WKH

VXUIDFH DUHD UDWLR EHWZHHQ WKH SODQDU UHJLRQV DQG WKH URXQGHG UHJLRQV DV WKH PRVW LQIOXHQWLDO

IDFWRU WKDW DIIHFWV DQ REMHFW·V SHUFHLYHG URXQGQHVV� 7KLV ILQGLQJ OHG WR D VLJQLILFDQW HIIRUW

EHLQJ SXW LQWR SUHVHUYLQJ SODQDU UHJLRQV ZLWK RXU URXQGLQJ DOJRULWKP�

7ZR SRO\KHGURQ�EHYHOOLQJ PHWKRGV KDYH EHHQ GHYHORSHG� %RWK DUH EDVHG RQ UHFXUVLYH PHVK

VXEGLYLVLRQ� 7KH PHVK SUH�SDUWLWLRQLQJ DSSURDFK OHDYHV WKH UHFXUVLYH PHVK VXEGLYLVLRQ

SKDVH XQDOWHUHG ZKLOH DGGLQJ D SUH�SDUWLWLRQLQJ SKDVH WR LQGLUHFWO\ FRQWURO WKH UHVXOWDQW

URXQGQHVV� 0HVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ LQKHULWV WKH DQDO\WLFDO VPRRWKQHVV

IURP D UHFXUVLYH VXEGLYLVLRQ VXUIDFH� KRZHYHU� WKH SUH�SDUWLWLRQLQJ SKDVH VXIIHUV IURP

VHYHUDO FRQVWUXFWLRQ OLPLWDWLRQV DQG VWDELOLW\ SUREOHPV LI WKH GHVLUHG URXQGQHVV LV ODUJH� 7KH

WDUJHW�GULYHQ DSSURDFK� RQ WKH RWKHU KDQG� PRGLILHV WKH DFWXDO UHFXUVLYH PHVK VXEGLYLVLRQ WR

DFFRPSOLVK PRUH GLUHFWO\ WKH WDVN RI SUHVHUYLQJ SODQDU UHJLRQV� 7KH PHWKRG LV PRUH VWDEOH�

,W ZRUNV RQ DQ\ DUELWUDU\ FRQYH[ SRO\JRQDO IDFHV DQG PRVW FRQFDYH RQHV� 7KH WZR PHWKRGV

SURGXFH H[FHOOHQW UHVXOWV RQ D ZLGH UDQJH RQ LQSXW PHVKHV ERWK LQ WHUPV RI H[HFXWLRQ VSHHG

DQG UHVXOWDQW TXDOLW\�

7KH ILQDO VWDJH LQYROYHG LPSOHPHQWLQJ D -,7 950/ SOXJ LQ� ZKLFK DOORZV URXQGHG 950/

VFHQH REMHFWV WR EH VSHFLILHG E\ WKH LQLWLDO PHVK DQG WKH URXQGLQJ VSHFLILFDWLRQ� 0RVWO\�

950/ ILOHV DUH ORFDWHG RQ D UHPRWH PDFKLQH DQG JHW WUDQVIHUUHG XSRQ UHTXHVW� +HQFH�

EHFDXVH RI WKH KXJH GLIIHUHQFH LQ VL]H EHWZHHQ D 950/ ILOH FRQWDLQLQJ URXQGHG VFHQH

REMHFWV DQG RQH ZLWK WKH FRUUHVSRQGLQJ LQLWLDO PHVKHV� WKH -,7 DSSURDFK VDYHV HQRUPRXV

FRVW LQ QHWZRUN WUDIILF DQG GRZQORDGLQJ WLPH� 7KH URXQGLQJ DOJRULWKP FDQ EH H[HFXWHG

ZLWKLQ D IUDFWLRQ RI D VHFRQG MXVW EHIRUH WKH VFHQH LV UHQGHUHG� 7KH GHYHORSPHQW RI WKH -,7

LPSOHPHQWDWLRQ KDV SURYHQ WKH SUDFWLFDOLW\ RI WKH SRO\KHGURQ EHYHOOLQJ PHWKRGV�
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9.2 Limitations and Directions of Future Research

7KH GHYHORSPHQW RI SRO\KHGURQ EHYHOOLQJ LV VWLOO LQ LWV LQIDQF\� $OWKRXJK WKH UHVXOWDQW

VXUIDFH RI WKH WDUJHW�GULYHQ SRO\KHGURQ EHYHOOLQJ LV YLVXDOO\ VPRRWK� LWV FRQWLQXLW\ LV \HW WR EH

LQYHVWLJDWHG� :H ZLVK WR XQGHUVWDQG WKH H[DFW PDWKHPDWLFDO EHKDYLRXU RI WKH WDUJHW�GULYHQ

SRO\KHGURQ EHYHOOHG VXUIDFH ZLWK VNHOHWDO WDUJHWV� %HWWHU VWLOO� DOWHUQDWLYH IXQFWLRQDO

GHILQLWLRQV RI WDUJHWV WKDW JXDUDQWHH DQDO\WLFDO VPRRWKQHVV DUH VRXJKW�

7KH SUDFWLFDO LPSOHPHQWDWLRQ RI SRO\KHGURQ EHYHOOLQJ ZRUNV EHDXWLIXOO\ LQ 950/� 7KH

PDMRU OLPLWDWLRQ RI WKH FXUUHQW LPSOHPHQWDWLRQ LV WKH ODFN RI WH[WXUH PDSSLQJ >)9��@

VXSSRUWV� :LWK WH[WXUH PDSSLQJ� RQH FDQ SRVLWLRQ D WH[WXUH RQ D VKDSH KHQFH DGGLQJ ILQH

GHWDLOV WR WKH VFHQH ZLWKRXW LPSRVLQJ WKH FRVW RI H[SOLFLW PRGHOOLQJ RI WKH JHRPHWULF GHWDLOV�

%HFDXVH RI LWV EHQHILW� WH[WXUH PDSSLQJ LV ZLGHO\ HPSOR\HG LQ PRVW FRPSXWHU JUDSKLFV VFHQH

PRGHOOLQJ� DQG WKXV WKH ODFN RI WH[WXUH PDSSLQJ VXSSRUW VHYHUHO\ FRQVWUDLQWV WKH SUDFWLFDO

XVH RI SRO\KHGURQ EHYHOOLQJ� :H UHDOLVH WKH UHDO VROXWLRQ KHUH LV WKH WKUHH�GLPHQVLRQDO

WH[WXUH PDSSLQJ� KRZHYHU� WKH VXSSRUW IRU WKUHH�GLPHQVLRQDO WH[WXUHV LV H[SHQVLYH DQG

WKHUHIRUH XQFRPPRQ� )RU H[DPSOH� 950/ FXUUHQWO\ VXSSRUW RQO\ WZR�GLPHQVLRQDO WH[WXUH

PDSSLQJ� 6LQFH RXU XOWLPDWH JRDO LV WR URXQG H[LVWLQJ 950/ VFHQH REMHFW ZLWK SRO\KHGURQ

EHYHOOLQJ DQG PRVW RI WKH H[LVWLQJ VFHQH DUH WZR�GLPHQVLRQDO WH[WXUHG� ZH EHOLHYH WKDW WKH

WZR�GLPHQVLRQDO WH[WXUH PDSSLQJ VXSSRUW IRU SRO\KHGURQ EHYHOOHG REMHFW ZLOO EH� E\ LWVHOI� D

FKDOOHQJLQJ DQG YLDEOH WRSLF�

$ ILQDO UHVHDUFK GLUHFWLRQ ZH ZLVK WR VXJJHVW LV UHODWHG WR WKH UHFHQW LQWHUHVW LQ YLHZ

GHSHQGHQW PRGLILFDWLRQ DQG OHYHOV RI GHWDLO� :KLOH LW LV DGHTXDWH WR SHUIRUP SRO\KHGURQ

EHYHOOLQJ WR D W\SLFDO VFHQH ZLWK PRGHUDWH FRPSOH[LW\ LQ UHDO WLPH� WKH VLWXDWLRQ ZLOO QRW EH

WKH VDPH IRU KLJKO\ FRPSOLFDWHG VFHQH REMHFWV� 7KH LGHD RI YLHZ GHSHQGHQW PRGLILFDWLRQ DQG

OHYHOV RI GHWDLO LV WR JLYH WKH EHVW DFFXUDF\ WR WKH SDUWV RI WKH VFHQH WKDW DUH FOHDUO\ YLHZDEOH

LQ WKH FXUUHQW YLHZ ZKLOH LJQRULQJ WKH H[DFW FRPSXWDWLRQ RI WKH RWKHU SDUWV� 7KH VFHQH LV

DGMXVWHG DFFRUGLQJO\ LQ UHDO WLPH ZKHQ WKH YLHZSRLQW LV FKDQJHG� 7KH LGHD LV DSSOLFDEOH WR

SRO\KHGURQ EHYHOOHG REMHFWV� VLQFH WKH TXDOLW\ RI WKH UHVXOWDQW VKDSH LV GHSHQGHQW XSRQ WKH

QXPEHU RI UHILQHPHQW VWHSV WDNHQ� 7KH LQLWLDO PHVK JLYHV D URXJK DSSUR[LPDWLRQ WR WKH ILQDO

VKDSH DQG D EHWWHU DSSUR[LPDWLRQ LV REWDLQHG IURP HDFK H[WUD VWHS RI UHILQHPHQW ZLWK DQ

LQFUHDVLQJ FRPSXWDWLRQ FRVW� 7KH QXPEHU RI UHILQHPHQW VWHSV WDNHQ LV KDUG�FRGHG LQ WKH

FXUUHQW -,7 SOXJ�LQ� 9LHZ GHSHQGHQW DQG OHYHOV RI GHWDLO VXSSRUW ZKLFK DGMXVW WKH UHTXLUHG

TXDOLW\ G\QDPLFDOO\ LV GHVLUHG LQ WKH IXWXUH�
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A.1 Proof of Linear Boundary Property

7KLV VHFWLRQ SURYLGHV WKH SURRI RI WKH OLQHDU ERXQGDU\

SURSHUW\ RI SUHVHUYHG UHJLRQV RI D PHVK SUH�SDUWLWLRQLQJ

SRO\KHGURQ EHYHOOHG YROXPH IRU DUELWUDU\ � RU ��VLGHG

LQSXW IDFHV�

7KH SURRI ZLOO EH JLYHQ LQ WZR SDUWV� :H NQRZ WKDW WKH

UHVXOWDQW OLPLW VXUIDFH ZLOO LQWHUSRODWH WKH FHQWURLG RI WKH

ERXQGDU\ IDFH LQ EHWZHHQ WKH WZR FRUQHU IDFHV� 7KH ILUVW

SDUW RI WKH SURRI VKRZV WKH OLQHDULW\ RI WKH WKUHH

FRQVHFXWLYH FHQWURLGV RI DQ RULJLQDO HGJH� 6HH ILJXUH $���

7KH VHFRQG SDUW RI WKH SURRI VKRZV WKH ERXQGDULHV RI

WKH SUHVHUYHG UHJLRQ DUH VWUDLJKW OLQHV MRLQLQJ

FRQVHFXWLYH FHQWURLGV� %HFDXVH RI WKH V\PPHWU\ RI WKH

FRQILJXUDWLRQ� ZH QHHG WR VKRZ RQO\ WKDW RQH RI WKH

VHJPHQWV LV DFWXDOO\ VWUDLJKW�

)LJXUH $��� /LQHDULW\ RI FHQWURLGV RI
WKH WKUHH FRQVHFXWLYH

ERXQGDU\ IDFHV
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,Q RUGHU WR SURYH WKDW� ZH ZLOO VKRZ WKH ERXQGDU\ FRQWURO SRLQWV �T
�
� T

�
� T

�
DQG T

�
DV ZHOO DV

T
�
� T

�
� T

�
DQG T

�
� UHPDLQ FROOLQHDU DIWHU RQH VWHS RI PHVK VXEGLYLVLRQ� 7KH SURRI FDQ KHQFH EH
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DSSOLHG UHFXUVLYHO\ WR VKRZ WKDW DOO SRLQWV RQ WKH OLPLW ERXQGDU\ EHWZHHQ P
�
DQG P

�
DUH

FROOLQHDU� 7KDW LV� WKH VHJPHQW LV D VWUDLJKW OLQH�

%HFDXVH RI WKH SDUWLWLRQLQJ VFKHPH� S
�
� S

�
DQG S

�
DUH FROOLQHDU DQG VR DUH S

�
� S

�
DQG S

�
� :H

ZDQW WR VKRZ WKDW T
�
� T

�
� T

�
DQG T

�
DV ZHOO DV T

�
� T

�
� T

�
DQG T

�
LQ WKH QH[W VWHS RI UHILQHPHQW DUH

DOVR FROOLQHDU� $JDLQ GXH WR WKH V\PPHWU\ RI WKH VHWWLQJ� ZH QHHG RQO\ WR VKRZ T
�
� T

�
DQG T

�

DUH FROOLQHDU�

)LUVW EHFDXVH RI WKH OLQHDULW\ RI VHJPHQW S
�
S
�
S
�
DQG VHJPHQW S

�
S
�
S
�
� ZH FDQ UHZULWH S

�
DQG S

�

DV�

S
�
 S

�
� φ�S

�
² S

�
�

S
�
 S

�
� γ�S

�
² S

�
�

ZKHUH φ DQG γ DUH VRPH VFDODU FRQVWDQW DUH WKH OHQJWK UDWLRV S
�
S
�
� S

�
S
�
DQG S

�
S
�
� S

�
S
�
�

'XH WR WKH IDFW WKDW DOO WKH ERXQGDU\ IDFHV DIWHU SDUWLWLRQLQJ DUH ��VLGHG� WKH FRQWURO SRLQWV

DIWHU D VLQJOH VWHS RI 'RR�6DELQ UHILQHPHQW DUH JLYHQ DV�

T
�
 

��

�
S
�
�

��

�
S
�
�

��

�
S
�
�

��

�
S
�

T
�
 

��

�
S
�
�

��

�
S
�
�

��

�
S
�
�

��

�
S
�

T
�
 

��

�
S
�
�

��

�
S
�
�

��

�
S
�
�

��

�
S
�

$JDLQ� WKH OLQHDULW\ RI T
�
� T

�
DQG T

�
LV VDWLVILHG LI DQG RQO\ LI ZH FDQ UHZULWH T

�
LQ WKH IRUP�

T
�
 T

�
� η�T

�
² T

�
�

%\ VXEVWLWXWLRQ DQG FRPSDULVRQ� ZH FDQ DJDLQ YHULI\ WKH OLQHDULW\ SURSHUW\ LV VDWLVILHG LI φ γ�
7KDW LV� WKH OHQJWK UDWLR EHWZHHQ S

�
S
�
DQG S

�
S
�
LV WKH VDPH DV WKDW EHWZHHQ S

�
S
�
DQG S

�
S
�
LQ

ILJXUH $��� 7KLV FRQGLWLRQ KROGV IRU DQ\ DUELWUDU\ � RU ��VLGHG SRO\JRQDO IDFH DIWHU WKH PHVK

SUH�SDUWLWLRQLQJ� DV ZH KDYH DOUHDG\ SURYHQ WKDW DOO WKH LQWHUQDO FRUQHU HGJH UDWLRV DUH α�
+HQFH ERWK φ DQG γPXVW EH HTXDO WR ����α� � α�

6LQFH ZH KDYH VKRZQ WKDW η LV DOVR D FRQVWDQW� WKH FRQVHFXWLYH HGJH OHQJWK UDWLR IRU WKH QH[W
UHILQHPHQW VWHS �T

�
T
�
� T

�
T
�
DQG T

�
T
�
� T

�
T
�
� ZLOO DJDLQ EH WKH VDPH EHFDXVH RI WKH V\PPHWU\ RI

WKH FRQILJXUDWLRQ� 7KLV FRPSOHWHV WKH SURRI WKDW WKH ERXQGDU\ RI WKH SUHVHUYHG UHJLRQ LV

OLQHDU EHWZHHQ WZR FRQVHFXWLYH ERXQGDU\ IDFH·V FHQWURLGV�

7KLV WRJHWKHU ZLWK WKH ILUVW SDUW RI WKH SURRI VKRZ WKDW WKH UHVXOWDQW SUHVHUYHG UHJLRQ IRU D �

RU ��VLGHG SRO\JRQDO IDFH LV DFWXDOO\ D � RU ��VLGHG SRO\JRQ UHVSHFWLYHO\� ,W FDQ EH VKRZQ

QXPHULFDOO\ WKDW WKH SURSHUW\ GRHV QRW KROG IRU DQ\ DUELWUDU\ Q�VLGHG SRO\JRQDO IDFHV� 7KLV�

KRZHYHU� GRHV QRW QHFHVVDULO\ GLVSURYH WKH SURSHUW\ IRU DOO QRQ�´� RU ��VLGHGµ LQSXW IDFHV�

)RU H[DPSOH� LW FDQ EH VKRZQ WKDW WKH OLQHDU ERXQGDU\ SURSHUW\ KROGV DOVR IRU DOO LQSXW RI

UHJXODU Q�JRQV�



0DWKHPDWLFDO 3URRIV

��

A.2 Mapping ρ to α for Regular N-gons

7KLV VHFWLRQ VKRZV KRZ WKH PDSSLQJ IURP URXQGHGQHVV� ρ� WR WKH URXQGQHVV FRQWURO� α� RQ D
UHJXODU Q�JRQDO IDFH ZLWK PHVK SUH�SDUWLWLRQLQJ SRO\KHGURQ EHYHOOLQJ LV GHULYHG�

)LJXUH $�� VKRZV WKH QRPHQFODWXUH XVHG LQ WKLV GHULYDWLRQ�

)LJXUH $��� 7KH QRPHQFODWXUH XVHG LQ GHULYLQJ WKH URXQGQHVV FRQWURO IURP WKH URXQGHGQHVV

)RU VLPSOLFLW\� ZH DVVXPH WKDW WKH OHQJWK RI HDFK HGJH RI WKH UHJXODU Q�JRQ EH ��

+HQFH WKH OHQJWK RI HDFK HGJH RI WKH FRUQHU IDFHV ZLOO EH α E\ FRQVWUXFWLRQ� $OVR VLQFH WKH
OHQJWKV RI WKH HGJHV T

�Q��
S
Q
DQG T

�Q��
S
Q��
DUH ERWK α DQG WKH LQWHUQDO DQJOH θ RI WKH Q�JRQ LV WKH

VDPH DW DQ\ YHUWH[� DQ\ LQWHUQDO HGJH T
�Q��

T
�Q��

ZLOO EH SDUDOOHO WR WKH FRUUHVSRQGLQJ LQLWLDO HGJH

S
Q
S
Q��
�

*LYHQ WKDW�

ρ  � �
S

S

$

$



ZKHUH $·
S
LV WKH DUHD RI WKH SUHVHUYHG UHJLRQ DQG $

S
LV WKH DUHD RI WKH RULJLQDO SRO\JRQDO IDFH�

ρ  � �
�

�

�








+

+

QQ

QQ

SS

PP
 � �

�

�+QQ
PP

∴  
�+QQ

PP  ρ−�

6LQFH P
L
LV WKH FHQWURLG RI WKH LWK ��VLGHG FRUQHU IDFH�

��

��������� ++++− +++
−

+++
QQQQQQQQ
UTTSUTTS

 ρ−�

ZLWK VRPH DOJHEUD� LW FDQ EH VKRZQ WKDW�

� � α � αFRV θ  ρ−�
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∴  α  
θ+
ρ−−

FRV�

��

ZKHUH θ  
( )

Q

Q π− �
IRU WKH LQWHUQDO DQJOH RI D UHJXODU Q�JRQ
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$SSHQGL[ % ,PSOHPHQWDWLRQ RI 6WUDLJKW 6NHOHWRQ

$OWKRXJK DQ DOJRULWKP IRU FRQVWUXFWLQJ VWUDLJKW VNHOHWRQV FDQ EH IRXQG LQ WKH RULJLQDO SDSHU

>$$��@� ZH KDYH IROORZHG D VOLJKWO\ GLIIHUHQW DSSURDFK� 7KLV VHFWLRQ SUHVHQWV RXU GLYLGH�DQG�

FRQTXHU PHWKRG IRU FRPSXWLQJ VWUDLJKW VNHOHWRQV�

$W HDFK VWHS RI WKH UHFXUVLRQ� ZH FRPSXWH WKH PLQLPXP FROODSVLQJ WLPH� W
PLQ
� GHILQHG DV WKH

WLPH WDNHQ IRU WKH ZDYHIURQWV WR SURSDJDWH EHIRUH D FROOLVLRQ RFFXUV EHWZHHQ WZR QRQ�

DGMDFHQW ZDYHIURQWV� (DFK ZDYHIURQW WKHQ SURSDJDWHV LQZDUGV ZLWK WLPH W
PLQ
� =HUR RU PRUH

SRO\JRQV� VHSDUDWHG E\ WKH FROOLVLRQ SRLQW� ZLOO EH IRUPHG E\ WKH FXUUHQW HGJHV RI WKH

ZDYHIURQWV� 7KH SURFHVV LV WKHQ UHFXUVLYHO\ DSSOLHG WR HDFK RI WKH SRO\JRQV IRUPHG�

:H LOOXVWUDWH ZLWK DQ H[DPSOH LQ ILJXUH %��� :DYHIURQWV DUH LQLWLDWHG IURP WKH HGJHV RI D

SRO\JRQ DQG SURSDJDWH VLPXOWDQHRXVO\ XQWLO WZR QRQ�DGMDFHQW ZDYHIURQWV KLW DW WKH FROOLVLRQ

SRLQW DV VKRZQ LQ ILJXUH ����D�� 7ZR SRO\JRQV� D WULDQJOH DQG D TXDGULODWHUDO� DUH IRUPHG� 7KH

DOJRULWKP LV UHFXUVLYHO\ DSSOLHG RQ HDFK RI WKHP� )LJXUH ����E� VKRZV IXUWKHU SURSDJDWLRQ LQ

WKH TXDGULODWHUDO� LQ ZKLFK RQO\ RQH SRO\JRQ LV IRUPHG DIWHU WKH SURFHVV� )LJXUH ����F� VKRZV

WKDW WKH DOJRULWKP WHUPLQDWHV ZKHQ QR IXUWKHU SRO\JRQV DUH IRUPHG E\ WKH SURFHVV� )LJXUH

����G� VKRZV WKH FRPSXWHG VWUDLJKW VNHOHWRQ�

�D� �E� �F� �G�

)LJXUH %��� $ GLYLGH�DQG�FRQTXHU PHWKRG IRU FRPSXWLQJ VWUDLJKW VNHOHWRQ

7KH UHPDLQLQJ TXHVWLRQ LV KRZ WR GHWHUPLQH WKH PLQLPXP FROODSVLQJ WLPH� W
PLQ
� DW HDFK VWHS

RI WKH UHFXUVLRQ� 7KLV LQYROYHV WKH FDOFXODWLRQ RI WKH WLPH WDNHQ IRU HDFK DQJOH�ELVHFWLQJ

YHFWRU� Y
L
� KLWV HDFK RI WKH QRQ�DGMDFHQW ZDYHIURQW RI Y

L
� :H GHILQH WKH DQJOH�ELVHFWLQJ YHFWRU

DW HDFK YHUWH[ DV WKH YHFWRU SRLQWLQJ LQZDUGV ZLWK WKH GLUHFWLRQ RI WKH DQJOH ELVHFWRU RI WKH

YHUWH[ ZKLOH WKH OHQJWK RI WKH YHFWRU LQGLFDWHV KRZ IDVW WKH DGMDFHQW ZDYHIURQW SURSDJDWHV�

6HH ILJXUH %��� :H DVVXPH HDFK ZDYHIURQW SURSDJDWHV LQZDUGV DW D FRQVWDQW VSHHG RI �� 7KH

OHQJWK RU WKH VSHHG RI DQJOH�ELVHFWLQJ YHFWRU LV KHQFH JLYHQ E\ VLQ
�

θ � ZKHUH θ LV WKH LQWHUQDO

DQJOH DW WKH YHUWH[�
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)LJXUH %��� $QJOH�ELVHFWLQJ YHFWRUV

7KH WLPH WDNHQ IRU DQ DQJOH�ELVHFWLQJ YHFWRU WR KLW D ZDYHIURQW ZL FDQ EH DSSUR[LPDWHG E\

FDOFXODWLQJ WKH UHTXLUHG KLW WLPH EHWZHHQ WKH YHFWRU DQG D KDOIVSDFH KL� ZKLFK PRYHV LQZDUGV

SHUSHQGLFXODU DW XQLW VSHHG� 7KH KDOIVSDFH KL LV GHILQHG E\ D SDUWLWLRQLQJ SODQH WKDW FRLQFLGH

ZLWK WKH HGJH RI WKH FRUUHVSRQGLQJ ZDYHIURQW ZL� 7KLV DSSUR[LPDWLRQ JLYHV LQFRUUHFW DQVZHU

RFFDVLRQDOO\� )LJXUH %���D� VKRZV DQ DQJOH�ELVHFWLQJ YHFWRU KLWV D KDOIVSDFH LQ D VKRUW WLPH�

KRZHYHU� WKH DFWXDO ORFDWLRQ RI FROOLVLRQ LV RXWVLGH RI WKH ZDYHIURQW� 7KHUHIRUH LW LV UHTXLUHG

WR FKHFN ZKHWKHU WKH FROOLVLRQ SRLQW LV DFWXDOO\ ORFDWHG LQVLGH WKH FRUUHVSRQGLQJ ZDYHIURQW�

7KH SUREOHP KRZHYHU LV WKDW ZH GR QRW NQRZ WKH H[DFW VKDSH RI D ZDYHIURQW XQWLO ZH KDYH

FRPSOHWHG WKH FDOFXODWLRQ RI WKH VWUDLJKW VNHOHWRQ�

�D� �E�

)LJXUH %��� &DOFXODWLQJ KLW WLPH EHWZHHQ DQ DQJOH�ELVHFWLQJ YHFWRU DQG D ZDYHIURQW

)RUWXQDWHO\� ZH FDQ DSSUR[LPDWH WKH VKDSH RI D ZDYHIURQW ZL E\ D SVHXGR�ZDYHIURQW Z·L�

ZKLFK LV WKH VSDFH FOLSSHG E\ WKH HGJH RI ZL DQG WKH WZR DGMDFHQW DQJOH�ELVHFWRUV� 3VHXGR�

ZDYHIURQWV DUH VKRZQ DV WKH UHG UHJLRQV LQ WKH ILJXUH %��� )LJXUH %���D� VKRZV WKH FDVH LQ

ZKLFK WKH FROOLVLRQ SRLQW LV QRW LQVLGH WKH SVHXGR�ZDYHIURQW� 6LQFH WKH SVHXGR�ZDYHIURQW LV

JXDUDQWHHG WR EH D VXSHU�VHW RI WKH FRUUHVSRQGLQJ ZDYHIURQW� ZH NQRZ LPPHGLDWHO\ WKDW WKH

DQJOH�ELVHFWLQJ YHFWRU ZLOO QRW KLW WKH ZDYHIURQW� )LJXUH %���E� VKRZV WKH FDVH LQ ZKLFK WKH

FROOLVLRQ SRLQW LV LQVLGH WKH SVHXGR�ZDYHIURQW EXW QRW WKH DFWXDO ZDYHIURQW� 7KLV SRWHQWLDO

IDXOW� KRZHYHU� ZLOO QRW DIIHFW WKH FRUUHFWQHVV RI WKH VROXWLRQ� VLQFH ZH DUH LQWHUHVWHG RQO\ LQ

WKH PLQLPXP FROOLVLRQ WLPH� ,I DQ DQJOH�ELVHFWLQJ YHFWRU YL KLWV D KDOIVSDFH KM ZLWKLQ WKH

SVHXGR�ZDYHIURQW Z·M EXW QRW WKH FRUUHVSRQGLQJ ZDYHIURQW ZM DW WLPH W�� WKHUH PXVW H[LVW

DQRWKHU FROOLVLRQ EHWZHHQ ZM DQG VRPH RWKHU DQJOH�ELVHFWLQJ YHFWRU YN DW WLPH W�� ZKLFK FDXVH

WKH VKDSH RI ZM WR FKDQJH� ZKLOH W� � W�� 7KH PLQLPXP FROOLVLRQ WLPH REWDLQHG ZLWK WKLV

KHXULVWLF PXVW WKHUHIRUH EH FRUUHFW�
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%LEOLRJUDSK\

>$$��@ $LFKKRO]HU� 2� DQG $XUHQKDPPHU� )�� 6WUDLJKW 6NHOHWRQV IRU *HQHUDO 3RO\JRQDO

)LJXUHV LQ WKH 3ODQH� 3URFHHGLQJV RI 6HFRQG $QQXDO ,QWHUQDWLRQDO &RQIHUHQFH &RPSXWLQJ
DQG &RPELQDWRULFV �&2&221 
���� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH �����

6SULQJHU� �������� �����

>%%��@ %DOODUG� '� DQG %URZQ� &�� &RPSXWHU 9LVLRQ� 3UHQWLFH�+DOO� �����

>&&��@ &DWPXOO� (� DQG &ODUN� -�� 5HFXUVLYHO\ *HQHUDWHG %�6SOLQH 6XUIDFHV RQ $UELWUDU\

7RSRORJLFDO 0HVKHG� &RPSXWHU $LGHG 'HVLJQ� 9RO� ��� 1R� �� 6HSWHPEHU ��������

�����

>&(&,/@ KWWS���ZZZ�FHFLO�HGX�

>&KDL��@ &KDLNLQ� *�� $Q $OJRULWKP IRU +LJK 6SHHG &XUYH *HQHUDWLRQ� &RPSXWHU *UDSKLFV
DQG ,PDJH 3URFHVVLQJ� 9RO� �� �������� �����

>&ROE��@ &ROEXUQ� 6�� 6ROLG 0RGHOLQJ ZLWK *OREDO %OHQGLQJ IRU 0DFKLQLQJ 'LHV DQG

3DWWHUQV� 6$( WHFKQLFDO SDSHU VHULHV� 6$( ,QWHUQDWLRQDO� ��� &RPPRQZHDOWK

'ULYH� :DUUHQGDOH� 3$ ���������� 8�6�$�� $SULO ����� ��VW$QQXDO (DUWKPRYLQJ

,QGXVWU\ &RQIHUHQFH�

>'DQV��@ 'DQVWHG� &RQYROXWLRQDO 6PRRWKLQJ RI 3RO\KHGUD� 0DVWHU·V 7KHVLV� 'HSDUWPHQW RI

&RPSXWHU 6FLHQFH� 8QLYHUVLW\ RI $XFNODQG� �����

>'6��@ 'RR� '� DQG 6DELQ� 0�� %HKDYLRXU RI 5HFXUVLYH 'LYLVLRQ 6XUIDFHV QHDU

([WUDRUGLQDU\ 3RLQWV� &RPSXWHU $LGHG 'HVLJQ� 9RO� ��� 1R� �� 6HSWHPEHU ��������

�����

>'/*��@ '\Q� 1�� /HYLQ� '� DQG *UHJRU\� -� $� $ %XWWHUIO\ 6XEGLYLVLRQ 6FKHPH IRU

6XUIDFH ,QWHUSRODWLRQ ZLWK 7HQVLRQ &RQWURO� $&0 7UDQVDFWLRQV RQ *UDSKLFV� 9RO�
�� 1R� �� $SULO �������� �����

>)6��@ )RZOHU� 0� DQG 6FRWW� .�� 80/ 'LVWLOOHG� $SSO\LQJ WKH 6WDQGDUG 2EMHFW 0RGHOLQJ
/DQJXDJH� $GGLVRQ�:HVOH\� �����

>)9��@ )ROH\� -� '� YDQ 'DP $� HW DO�� &RPSXWHU *UDSKLFV� 3ULQFLSOHV DQG 3UDFWLFH� $GGLVRQ�
:HVOH\� �����

>+''��@ +RSSH +�� 'H5RVH� 7� DQG 'XFKDPS� 7�� 0HVK 2SWLPL]DWLRQ� ,Q &RPSXWHU
*UDSKLFV 3URFHHGLQJV� $QQXDO &RQIHUHQFH 6HULHV� ������ �����

>+.'��@ +DOVWHDG� 0�� .DVV� 0� DQG 'H5RVH� 7�� (IILFLHQW� )DLU ,QWHUSRODWLRQ XVLQJ

&DWPXOO�&ODUN 6XUIDFHV� ,Q &RPSXWHU *UDSKLFV 3URFHHGLQJV� $QQXDO &RQIHUHQFH

6HULHV� ������ �����

>+/��@ +RVFKHN� -� DQG /DVVHU� '�� )XQGDPHQWDOV RI &RPSXWHU $LGHG *HRPHWULF 'HVLJQ� $ .

3HWHUV :HOOHVOH\� 0DVVDFKXVHWWV� �����

>-0��@ -R\� .� ,� DQG 0DF&UDFNHQ 5�� 7KH 5HILQHPHQW 5XOHV IRU &DWPXOO�&ODUN 6ROLGV�

7HFKQLFDO 5HSRUW &6(������ 'HSDUWPHQW RI &RPSXWHU 6FLHQFH� 8QLYHUVLW\ RI

&DOLIRUQLD� 'DYLV� �����
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>.7��@ .DOYLQ� $� '� DQG 7D\ORU� 5� +�� 6XSHUIDFHV� 3RO\JRQDO 0HVK 6LPSOLILFDWLRQ ZLWK

%RXQGHG (UURU� ,((( &RPSXWHU *UDSKLFV DQG $SSOLFDWLRQV� 9RO� ��� 1R� �� 0D\

������ �����

>/&��@ /RUHQVRQ� :�� DQG &OLQH� +�� 0DUFKLQJ FXEHV� $ KLJK UHVROXWLRQ �' VXUIDFH

FRQVWUXFWLRQ DOJRULWKP� &RPSXWHU *UDSKLFV� 9RO� ��� 1R��� -XO\ �������� �����

>/REE��@ /REE� 5� -�� 4XDVLFRQYROXWLRQDO 6PRRWKLQJ RI 3RO\KHGUD� 7KH 9LVXDO &RPSXWHU�
��� �������� �����

>/RRS��@ /RRS� &�� 6PRRWK 6XEGLYLVLRQ 6XUIDFHV %DVHG RQ 7ULDQJOHV� 0DVWHU
V WKHVLV�
'HSDUWPHQW RI 0DWKHPDWLFV� 8QLYHUVLW\ RI 8WDK� �����

>/RRS��@ /RRS� &�� 6PRRWK 6SOLQH 6XUIDFHV RYHU ,UUHJXODU 0HVKHV� ,Q &RPSXWHU *UDSKLFV
3URFHHGLQJV� $QQXDO &RQIHUHQFH 6HULHV� �������� �����

>1DVU��@ 1DVUL� $� +�� 3RO\KHGUDO 6XEGLYLVLRQ 0HWKRGV IRU )UHH�)RUP 6XUIDFHV� $&0
7UDQVDFWLRQV RQ *UDSKLFV� 9RO� �� 1R� �� -DQXDU\ ������ �����

>1DVU��@ 1DVUL� $� +�� 6XUIDFH ,QWHUSRODWLRQV RQ ,UUHJXODU 1HWZRUNV ZLWK 1RUPDO

&RQGLWLRQV� &RPSXWHU $LGHG *HRPHWULF 'HVLJQ� 9RO� �� ������ �����

>35��@ 3HWHUV� -�� DQG 5HLI� 8�� 7KH 6LPSOHVW 6XEGLYLVLRQ 6FKHPH IRU 6PRRWKLQJ

3RO\KHGUD� $&0 7UDQVDFWLRQV RQ *UDSKLFV� 9RO� ��� 1R� �� 2FWREHU �������� �����

>5HLI��@ 5HLI� 8�� $ 8QLILHG $SSURDFK WR 6XEGLYLVLRQ $OJRULWKPV QHDU ([WUDRUGLQDU\

3RLQWV� &RPSXWHU $LGHG *HRPHWULF 'HVLJQ� 9RO� ��� �������� �����

>5LHV��@ 5LHVHQIHOG� 5�� 2Q &KDLNLQ
V DOJRULWKP� ,((( &RPSXWHU *UDSKLFV DQG $SSOLFDWLRQV�
9RO� �� 1R� �� �������� �����

>6LHU��@ 6LHUDGVNL� $� -� $Q ,QWURGXFWLRQ WR 7RSRORJ\ DQG +RPRORJ\� %RVWRQ� 0DVV� �����

>950/��@ 7KH 9LUWXDO 5HDOLW\ 0RGHOLQJ /DQJXDJH� ,QWHUQDWLRQDO 6WDQGDUG ,62�,(&

�������������

>:XHQ��@ :�HQVFKH� %� &�� $ )DVW 3RO\JRQL]DWLRQ 0HWKRG IRU 4XDVL &RQYROXWLRQDO

6PRRWKHG 3RO\KHGUD� 0DVWHU
V WKHVLV� 'HSDUWPHQW RI &RPSXWHU 6FLHQFH�

8QLYHUVLW\ RI $XFNODQG� �����

>=66��@ =RULQ� '�� 6FKU|GHU� 3� DQG 6ZHOGHQV� :�� ,QWHUSRODWLQJ 6XEGLYLVLRQ IRU 0HVKHV

ZLWK $UELWUDU\ 7RSRORJ\� ,Q &RPSXWHU *UDSKLFV 3URFHHGLQJV� $QQXDO &RQIHUHQFH

6HULHV� �������� �����


