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Abstract

A subset of a topological space possesses the Baire property if it can
be covered by an open set up to a meagre set. For the Cantor space of
infinite words Finkel introduced the automatic Baire category where
both sets, the open and the meagre, can be chosen to be definable by
finite automata. Here we show that, given a Muller automaton defin-
ing the original set, resulting open and meagre sets can be constructed
in polynomial time.

Since the constructed sets are of simple topological structure, it is
possible to construct not only Muller automata defining them but also
the simpler Biichi automata. To this end we give, for a restricted class
of Muller automata, a conversion to equivalent Biichi automata of at
most quadratic size.

Keywords: w-automata, Cantor space, density, Baire property

*email: staiger@informatik.uni-halle.de



2 L. Staiger

Contents

1 Introduction 2
1.1 Notation . . . . . v v v v et e e e e e e e e e e e e e e e e 3
1.2 The Cantor SPACE . . « v v v v v v v e e e e e e e e e e e 3

2 Automata and Regularity 4
2.1 Regular w-languages and finite automata . .. ... ... .. 4
2.2 Loops, strongly connected components and density . . . . . . 5
2.3 The automatic Baire property . . . ... ... ... ...... 7

3 Transformation of Muller to Biichi Automata 8

4 Algorithms 9
4.1 Muller automata for the Automatic Baire property . . . . . . . 10
4.2 Biichi automata for the automatic Baire property . . ... .. 10

1 Introduction

A subset of the Cantor space possesses the Baire property if it differs from an
open set only by a small set, that is, by a meagre set. In the papers [ ,

] the automatic Baire property as a special case of the ordinary Baire
property was introduced, and it was shown that every automaton definable
language of infinite words possesses not only the Baire property but also the
automatic Baire property. To this end Finkel constructed from a given Muller
automaton two Muller automata accepting the involved open and meagre
set, respectively. Due to the simpler topological structure of the open and
meagre sets in Finkel’s definition, we can characterise them also by Biichi
automata.

The aim of this paper is to present a polynomial time algorithm for the
automatic Baire property. For any given Muller automaton A accepting a
regular w-language we construct in polynomial time two Muller and two
Biichi automata for the required w-languages.

Although the conversion, if possible, from Muller to Biichi automata may
result in an exponential blow-up (cf. [ 1), we show that in our case it
can be performed in polynomial time. To this end we prove that the resulting
automata can be kept small, thus allowing for an application of standard
polynomial-time graph algorithms.
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1.1 Notation

In this section we introduce the notation used throughout the paper. By
N =1{0,1,2,...} we denote the set of natural numbers. Its elements will be
usually denoted by letters 1,...,n. Let X be a finite alphabet of cardinality
IX|] = r > 2. Then X* is the set of finite words on X, including the empty
word e, and X% is the set of infinite strings (w-words) over X. Subsets of X*
will be referred to as languages and subsets of X as w-languages.

For w € X* and n € X* U X let w - 1 be their concatenation. This con-
catenation product extends in an obvious way to subsets W C X* and B C
X* U X®. For a language W let W* :=  J;cy W and W® .= {w; ---wji---:
wi € W\ {e}} be the set of infinite strings formed by concatenating non-
empty words in W. Furthermore, |w| is the length of the word w € X* and
pref(B) is the set of all finite prefixes of strings in B C X* U X“. We shall
abbreviate w € pref({n}) (n € X* UX®) by w Cn.

We assume the reader to be familiar with the basic facts of the theory
of regular languages and finite automata. We postpone the definition of
regularity for w-languages to Section 2.1. For more details on w-languages
and regular w-languages see the book [ ] or the survey papers [ ,

1.
As usual, for a set M, we denote by 2M :={M’: M’ C M} its powerset.

1.2 The Cantor space

We consider X as a topological space (Cantor space). The closure (smallest
closed set containing F) of a subset F C X%, C(F), is described as C(F) :={& :
pref({¢}) C pref(F)}. The open sets in Cantor space are the w-languages of
the form W - X%. Countable unions of closed sets are referred to as L,-sets,
their complements as TTy-sets.

Next we recall some topological notions. As usual, an w-language F C
X% is dense in X« if C(F) = X%. This is equivalent to pref(F) = X*. An w-
language F C X< is nowhere dense in X« if its closure C(F) does not contain
a non-empty open subset. This property is equivalent to the fact that for
all w € pref(F) there is a v € X* such that w - v ¢ pref(F). Moreover, a
subset F C X% is meagre or of first Baire category if it is a countable union
of nowhere dense sets.
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2 Automata and Regularity

2.1 Regular w-languages and finite automata

As usual we call a language W C X* regular if there is a finite (deterministic)
automaton A = (X;S;sg;6), where S is the finite set of states, sg € S is
the initial state and & : S x X — S is the transition function’, such that
W ={w:d(sg;w) € S’} for some fixed set S’ C S.

An w-language F C X is called regular provided there are a finite
(deterministic) automaton A = (X;S;sg;0) and atable T C {Z: Z C S}
such that for ¢ € X% it holds ¢ € F if and only if Inf(A;¢&) € T where
Inf(A; &) := (),,ce{8(s0,v) : W C v C &} is the set of all states s € S through
which the automaton A runs infinitely often when reading the input . Ob-
serve that Z = Inf(A; ¢) holds for a subset Z C S and some & € X% if and
only if

1. there is a word u € X* such that 5(sg;u) € Z, and

2. for all s,s’ € Z there are non-empty words w,v € X* such that
d(s,w) =s’and 5(s’,v) = s.

Such sets were referred to as essential sets [ ] or loops [ LI )
Section 5.1], and LOOP 4 = {Inf(A; &) : & € X} is the set of all loops of an
automaton A. The w-language L(A,T) = {§ : Inf(A; &) € T} is the union of
all sets {¢, : Inf(A; &) = Z} where Z € T. The pair (A, T) is usually called a
Muller automaton.

In particular, {§, : Inf(A; &) = Z} and {& : Inf(A; &) = Z'} are disjoint for
Z # Z'. Thus the following holds.

Lemma 1 Let A = (X;S; so; 8) be a deterministic automaton and T, T’ C 25
be tables, and let op be a Boolean set operation. Then L(A,T) op L(A,T’) =
L(A,TopT’). Moreover, for T,T' C 25 we have L(A,T) C L(A,T') if and
only if TN LOOP,4 C T/ NLOOP,.

We are going to represent F = L(A,T) by languages derived from the
automaton A. As in [ s ] refer to a word v € X*,v # e, as (s; Z)-
loop completing if and only if

1. §6(s,v) =sand {6(s,v') : v  Ev}=Z, and

2. {8(s,Vv") : v/ E v} # Z for all proper prefixes v/’ C v with §(s,v”) = s.

!We use the same symbol & to denote the usual extension of the function & to S x X*.
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Denote by V(,.7) the set of all (s;Z)-loop completing words, and by
Us := {w : 8(sg,w) = s} the set of all words leading from the initial state
so to the state s € S. Both languages are regular and constructible from
the finite automaton A = (X;S;so;8). Moreover, V(.7 is prefix-free and
pref(V{, ;) ={w: vw/'(w Cw — §(s,w’) € Z)}.

We obtain the following (cf. with [ , Lemma 3]).

Lemma 2 Let A = (X;S;s0;0) be a finite automaton, and let T be a table.
Then
LAT) = | U Us- Ve, m

eT seZ

Thus every regular w-language has the form Ule W; - Vs where W;, V; are
regular languages (see [ s , Jor [ D). The converse is
also true, that is, if W C X* and F, E C X% are regular then also W®, W - E
and E U F are regular w-languages. Note, however, that the representation
of Eq. (1) is finer, since it splits a regular w-language F = Uf’zl W; -Vj“’ into
parts U ~V(‘§; Z),i € {1,...,n}, where, additionally, the languages V|;.7) are
prefix-free.

2.2 Loops, strongly connected components and density

We consider the loop structure of an automaton. For Z1,Z; C S we write
Zy > Ly if Z1 # Z, and there exists an s € Z; and a w € X* such that
o(s,w) € Zs.

The maximal w.r.t. “ C ” loops are the strongly connected components
SCCyq :={Z:Z € LOOP4 AVZ'(Z' € LOOPy — Z' C ZNV Z' N Z = ()} of
the automaton (multi-)graph of A. They are the vertices of the condensation
graph of A. For vertices Z,Z’ € SCC4 the relation ~ is anti-symmetric and
transitive, thus a partial order. Its maximal w.r.t. “~—” elements are the
terminal strongly connected components SCCY :={Z :VZ'(Z' € SCCa N Z #
VAR WA AR

The following properties are immediate.

Property 1 Let A = (X;S; so;0) be a finite automaton and Z € SCCy.
1. Ifz,6(z,w) € Z then §(z,w’) € Z for all w' C w.

2. Ifz € Zand Z € SCCY, then 6(z,w) € Z for all w € X*.
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We have the following relation to the density of the w-languages V’,.
Theorem 1 Let A = (X;S; sg; 8) be an automaton and Z € LOOP 4.
1. If Z ¢ SCCY; then V¢°; is nowhere dense.

2. If Z € SCCY; then V¢, is dense in X, that is, €(V,) = X©.

Proof. First, observe that pref(V;t’Z) ={w:8(s,w) € Z.
1. Let w € pref(V(",) and let 8(s’,u) ¢ Z for some s’ € Z and u € X*.
Consider v € X* such that 5(s,wv) = s’. Since 5(s,wvu) ¢ Z we have
wvu ¢ pref(VS‘t’Z).
2. If Z € SCCY; then §(s,w) € Z for every w € X*. Thus pref(VS‘t)Z) =
X*, thatis, €(V¢¥,) = X,

[

As a consequence of Theorem 1 we have the following two lemmata.
Lemma 3 If TN SCCY = () then L(A, T) is of first Baire category.

Proof. If F C X is nowhere dense then also w - F is nowhere dense. Now
the assertion follows with Lemma 2 and Theorem 1.1. EI

Lemma 4 If Z € SCCY then L(A,24) ={&:Inf(A; ) NZ # P} ={w:we
X* A d(sg,w) € Z}- X is open in X.

Proof. In view of Property 1.2, z € Z and Z € SCCY; imply 8(z,w) € Z.
Thus Z € SCCY, and Inf(A; &) N Z # @ yield Inf(A; &) C Z. Consequently,
Inf(A, &) C Z when {8(sg,w) : W E}NZ # 0. Q
In particular, for a subset U C SCCY; and its downward closure Ty :={Z' :
3Z(Z € UNZ'" C Z)}, we can simplify an automaton A = (X,S, sg, d)
by merging the elements of the terminal strongly connected components
Z € SCCY, into a single state.

Corollary 1 Let A := (X, S, s9,8) and U C SCCY,. Then L(A, Ty) = L(A’,T’)
where A’ == (X, S’,s(,0") with

s’ == (S\|J{Z:Zesach}) Ufso}U{sz: Z € SCCY},

sy = S0,
§(s.x) 8(s,x), if 8(s,x) € S\U{Z: Z € SCCY}, and
sz ,ifZ€SCCY and 8(s,x) € Zors=sz.

and T’ = {{sz}:Z € Ty nSCCY}.

Proof. By the Lemmata 4 and 1 L(A, Ty) = Uz W : 8(so, w) € Z} - X<,
The construction of A’ shows, that for w # e we have d(sg, w) € Z if and
only if 6'(sg, w) = sz. Now apply Lemma 4 to A’. Q
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2.3 The automatic Baire property

In this section we are going to prove an automatic version of the result
stating that every Borel (and even every analytic) set has the Baire property.

Definition 1 A subset F C X% has the Baire property if there is an open set
E C X% such that their symmetric difference F A E is of first Baire category.

An important result of descriptive set theory is the following result, see

[ > I
Theorem 2 Every Borel set of the Cantor space has the Baire property.

In[ ) ] an automatic version of the above theorem is proved. We
first give the definition.

Definition 2 (Automatic Baire property) A subset F C X% fulfils the Au-
tomatic Baire property if there are a regular w-languages E,F’ such that
FAE CF, where E is open and F' is a Ly-set of first Baire category.

Then the following holds.

Theorem 3 ([ , 1) Every regular w-language fulfils the Automatic
Baire property.
For the purposes of our paper we give a proof. In [ , Corollary 6]

it is shown that the requirement on F’ to be a Z,-set in Definition 1 can
dropped.

Proof. For an automaton A := (X, S, s, 8) and a table T C 25 we have

T = NSCCY) U (T\scCY) C (Tnsccy)u(25\sccy)

7 (2)
C {Z':3Z(ZeTNSCCY ANZ'CZ)}u(25\SCCY).
Since TN SCCY = {Z':3Z(Z € TNSCCY ANZ' C Z)} N SCCY, we have
TA{Z':3Z(Z€TNSCCYy ANZ' C Z)} C 25\SCCY. Then Lemma 1 yields
L(A,T) AL(A,{Z': 3Z(Z € TNSCCY NZ' C Z)}) C L(A,25\ SCCY).
According to Lemmata 4 and 3 the w-languages L(A, {Z’: 3Z(Z € SCCY A
Z' C 7)}) and L(A, 25\ SCCY) = X \ L(A,SCCY) are open and of first
Baire category, respectively. a
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3 Transformation of Muller to Biichi Automata

In this section we consider the Biichi acceptance of w-automata. An w-lan-
guage F C X< is Biichi accepted by an automaton A = (X; S; so; 0) and a set
of states T C Sif F ={& : Inf(A, &) N'T # 0}.

It is well known [ , Theorem 4.2] (cf. also [ X s ] or
[ 1) that an w-language F C X% is accepted by a finite deterministic
Biichi automaton if and only if for every deterministic finite automaton A
and table T such that F = (A, T) the table T is upwards closed with respect
to A, that is, for Z € TN LOOP,4 and Z’ € LOOP4 the inclusion Z C Z’
implies Z’ € 7. This is equivalent to the fact that the w-language F C X%
is the complement of a regular X,-set. In particular, the tables {Z’ :3Z(Z €
SCCY% AZ' C Z)} and SCCY; in the proof of Theorem 3 are upwards closed.

Whether a translation from a Muller automaton (A, 7) to a Biichi au-
tomaton (A’, T) is polynomial, is unknown (cf. [ D. In case when the
table T satisfies a certain condition we obtain a quadratic increase in the
number of states. This implies that the obtained Biichi automaton has only
a polynomial increase in size.

Theorem 4 Let A = (X;S;s0;8) be an automaton and T C 25 be a table
such that TNLOOP4 C SCC . Then there is a deterministic Biichi automaton
(A’; T) with O(|S|?) states such that L(A,T) =L(A’;T).

Proof. Since all loops in T are strongly connected components of the au-
tomaton graph, they are pairwise disjoint. Let TN LOOP, = {Z1,...,Zn}.
For the purposes of the proof we assume that zi ), zél), ZL), i = |Z4], be
a fixed ordering of Z;.

Define A = (X; $; §o; 5) as follows.

§ = (S X {O} U U?:l(zi X {19 L) Ki})) (3)
§0 = (so ) )
{ ZKI, ):1iel,. n}/\zEZi}, (5)

fors € S,and x € X

. ] (8(s,x),0), if 8(s {zl :ief{l,...,n}}, (6.a)
o({s,0),x) '_{ (2", 1) ,lf5(, )_z§ ,ic{l,...,n}, (6.b) ©

and forz e Zi,x € Xandj > 1

(6(2 x),0) ,ifd(z,x) ¢ Z; Vj =Ky, (7.a)
8((z,9),%) =4 (z}V,j+1),ifj < ki AS(z,x) =2, and, (70) ()
(6(z,x),j) , otherwise., (7.c)
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Then 8((z,j),x) = (8(z,x),j’) with j’ € {0,j, ] + 1}, and, consequently,
5((z,j),w) = (8(z,w),j") for w € X* and some j”.
Moreover the following items hold.

1. if z,8(z,x) € Z; and j < k; then 8((z,j),x) = (8(z,x),j’) where j’ €
{5,j + 1}, and

2. if 8((s,j),x) = (s’,j + 1) then s’ = &(s,x) = ]H for some i €
{1,...,n}

This implies

3. If] 1, 6((3 0) w) = (8(s,w),j) and &(s,w) € Z; then {d(s,w’) :
w' Ew}D{zl yeens )_(1)}.

If Inf(A; £) N T # 0 then there are infinitely many prefixes u E such that
5((so, 0),u) = (zil), ki) for some 1. From Item 3 above and 6((z,<1 ,Ki),x) =
(8(zk,,x),0) we obtain 1nﬁn1te1y many ug, wg € X* and x¢; € X such that
e xg - we C ugr1 C & where 8((s0,0),1¢) = (21, k1), 8((s0,0), ¢ - x¢) =
(5(z4, x¢),0) and {8(z), x¢ - w) : w T we} D Zs.

Since Z; is a strongly connected component, Inf(A; &) = Z; and & €
L(A,T) follow.

Let now Inf(A; &) N T = 0, and assume Inf(A; &) = Z; for some i. Since
Inf(A; £) N T = 0, there is a u C & such that {8(sg,w) :uCwrC & C Z
and {8((s0,0),w) : wu T w C &NT = (. Then for all 5((so,0),w) =
(6(s0,W),jw),u & w C &, we have j,, < Kj. Letf = max{jy :uCwLC
£). Fix W,u C W C & such that §((so,0), W) = (5(so,W),)). Then Item 1
implies 6((30, 0),w) = (8(sg,w), 3) for all w,w C w C &. Thus in view of
Item 2, z §é {8(sp, w ) w C w C &} and, consequently, z c q_f Z; which

contrad1cts Inf(A &) =Z7;. Qa

4 Algorithms

After the prerequisites derived in the preceding sections we present the poly-
nomial constructions. To this end we refer to classical graph algorithms (cf.
[ , 1D and to the results of [ 1. It is well known that the
strongly connected components of a graph can be estimated in polynomial
time of the size of the graph. Similarly, its condensation graph, that is, the
graph having as vertices the strongly connected components and as edges
the connections induced by the underlying graph, can be also constructed



10 L. Staiger

in polynomial time. This allows also to find the terminal strongly connected
components SCCY, in polynomial time.
Moreover we have the following.

Lemma5 [ 1 Let A = (X,S,sg,0) be deterministic automaton. Then,
for Z,Z’ C S, the predicates Z C Z' and Z € LOOP4 are decidable in non-
deterministic logarithmic space.

4.1 Muller automata for the Automatic Baire property

We show that the equation
L(A,T) AL(A1,T1) € X\ L(A2,T2) €))

is satisfied for automata A1, A5 and tables 7, T5 which can be constructed in
polynomial time from A and . We have here to construct the complement
of the first Baire category set L(A,2% \ SCCY) in order to avoid a possible
exponential blow-up (cf. [ 1) in the size of the table (25 \ SCCE{) N
LOOP,.

According to Eq. (2) and Lemma 1 we define A, := A and 75 := SCCtA.

The definition of A; := A’ and T7 := {sz : Z € TN SCCY} is given in
Corollary 1.

Then an algorithm constructing A1, A; and T71, T3 from A = (X, S, s, 9)
and T C 25 proceeds in the following way.

1. Detect the strongly connected components SCC 4 of the automaton A.
2. Construct the condensation graph (SCC4, —).

3. Identify, in (SCC4,+—), the terminal strongly connected components
sccl,.

4. Compare SCCY with T to obtain SCCY N 7.

Items 1,2 and 3 are well-known graph algorithms polynomial in size(.A). For
the comparison of SCC}l with T we use Lemma 5 to check whether Z C Z’
and |Z| = |Z'| for Z € SCCY, and Z’' € T. This can be done in polynomial
time in size(A) + size(T).

4.2 Biichi automata for the automatic Baire property

In order to obtain the Biichi automata (B, T;) and (B,, T;) we use the
Muller automata A1, As and tables T7, Ty satisfying Eq. (8). For (A1,T7)
the transformation to (Bq, T;) is straightforward. Set B; := A; and T; :=
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TN SCCELI. This results in a so-called weak Biichi automaton (B, T) where
either RC Tor RNT = () for R € LOOP,.

The table T, = SCCY; , of the Muller automaton (A,, T5) satisfies the hy-
pothesis of Theorem 4. Thus we can construct the Biichi automaton (B2, Tz)
according to the construction in the proof. Since the size of (B, Ty) is only
quadratic in the number of states of A, this can be done in polynomial time.
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