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Abstract

It is shown that, for every length [ = 3, a quasiperiod of the form
aba™ (or a™bba™ if | is even) generates the largest language @ of
words having this word as quasiperiod. As a means of comparison we
use the growth of the function which counts the number of words of
length [ in the language Q.

Moreover, we give the exact ordering of the lengths / with respect
to the largest language @ generated by a quasiperiod of length .
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1 Introduction

Informally, a word q is a quasiperiod of another word w if q is a prefix and a
suffix of w and every position of w is covered by q.

In this paper we investigate the languages @, of words w having q as
quasiperiod. We are interested in the question of which quasiperiods q gen-
erate large languages @,. Since different quasiperiods may have incompa-
rable w.rt. set inclusion languages @,, we compare the languages @, by
their functions s; : IN — IN which count the number of words of length n in
Q4. As a means of comparison we use their asymptotical growth. It turns
out that the languages @, are essentially regular star-languages, therefore
their function s, satisfies s4(n) = const.- A7, where the value A, = 1 depends
on the quasiperiod q.

The aim of this paper is to estimate, for every length n = 3 the words
q which have the largest value 1,. To this end we consider along with
language-theoretical properties of @ , some combinatorial properties of quasi-
periods. Moreover, we need to consider a special class of integer polynomials
related to quasiperiods.

The paper is organised as follows. After some preliminaries we deal with
combinatorial properties of quasiperiods and the generated languages. The
asymptotic growth of @, is the subject of Section 4. Then we deal with
basic properties of polynomials related to quasiperiods. In these sections
we mainly report results of the papers [ ]l and [ 1. The following
Sections 6 and 7 deal with the proof of the main theorem. Here we derive
also the complete ordering of the values 1,, = max{A, : |q| = n}.

2 Notation and Preliminaries

We introduce the notation used throughout the paper. By IN=1{0,1,2,...} we
denote the set of natural numbers. Let X be a finite alphabet. Usually by
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a,b € X we mean two different letters. X* is the set (monoid) of words on X,
including the empty word e.

For w,v € X* let w - v be their concatenation. This concatenation product
extends in an obvious way to subsets W,L < X*. For a language W let W* :=
Uiew W be the submonoid of X* generated by W. The smallest subset of a
language W which generates W* is called its star root VW I ]. It holds

VW =W\ {eh\ (W\{eh2-W*.

Furthermore |w| is the length of the word w € X*, and by w E v we denote
the fact that w is a prefix of v.

A word w € X™* \{e} is called primitive if w = v™ implies n = 1, that is, w is
not the power of a shorter word.

As usual a language L < X* is called a code provided w1---w; = v1---vp
for w1,...,wy, v1,...,0p € L implies [ =k and w; =v;. A code L is said to be a
suffix code provided no codeword is a suffix of another codeword.

Finally, we define the language @, of words having g € X* \ {e} as quasi-
period.

(0) e€Qy ,and
(1) weQ, ,ifandonlyifweX*-q and
thereisaw' Cw,w' €@y, withwCtw'-q.

3 Quasiperiodic Words

In this part we consider the finite language P, (£(q) in [ 1) which is
tightly related to @,. Most of the results are contained in [ , ]
and [ 1.
We set
P,:={v:ieCvEqCuv-g}. (1)

We have the following property.

Qq\{e}=P,-qc P,nqg-X". (2)

3.1 Combinatorial properties of P,

We investigate basic properties of P, using simple facts from combinatorics
on words (see [ , , D.

Proposition 1 v € P, if and only if |v| < |q| and there is a prefix v C v such
that q = vk for k = ||ql/vl].
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Corollary 1 v € P, if and only if |v| < |q| and there is a k' € IN such that

=T

Now set qo := minc P,. Then in view of Proposition 1 and Corollary 1 we
have the following canonical representation.

q:qlg-q where & = [|ql/Iqol] and ¢ C qo. 3

We will refer to g as the repeated prefix and to k as the repetition factor. If
lgol > |q1/2, that is, if & = 1 we will refer to g as irreducible.!

Corollary 2 Every word v € /P, is primitive.

Proof Assume v =v! for some v € {/P; and [ >1. Then g C ok = vll'k',
and, according to Corollary 1 vy € P, contradicting v € {/Pg. 3

Proposition 2 Let g€ X*,q #e, go=minc Py, q = q’é -g and v €P; \ {e}.
(1) IfwEqthenv-wEqorqEv-w.
(2) If w-vEq then we{qo}”.
3) If lvl <lql—Iqol then v € {qo}*.

Corollary 3 If q ¢ {qo}* then q is not a suffix of q.

Proof. Let ¢ =w-qo. Then according to Proposition 2.2 w € {go}*. Q

Next we derive a slight improvement of Proposition 2.3. To this end, we use
the Theorem of Fine and Wilf.

Theorem 1 ([ 1) Letv,w e X*. Suppose v™ and w", for some m,n € IN,
have a common prefix of length |v| + |w|—ged(Jv],|lw|). Then v and w are
powers of a common word u € X* of length |u| = ged (v, |lw|).

Proposition 3 Let g € X*,q # e, qo =minc Py, ¢ = qf-q and v e Py. If
lvl = lql—Ilqol +ged(lvl,|qol) then v € {go}*.

Proof. qo,v € P, imply that g is a common prefix of q’S” and v*' for some

k' € IN. In view of |v| < |q|—|qo|+ged(Jv],|qo]) Theorem 1 implies that g¢ and

v are powers of a common word, that is, v € {go}*. |
ISuperprimitive in the sense of [ , 1 quasiperiods are irreducible but not vice
versa (see [ , Section 2.3.4]).

2Here gecd(k,1) denotes the greatest common divisor of two numbers %,/ € IN.
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3.2 The reduced quasiperiod ¢

Next we investigate the relation between a quasiperiod q = q’(‘; -q where gg =
minc P, and q C qo and its reduced quasiperiod § := qo-q. Since q € @4, we

have Q3 2Q,. .
We continue with a relation between P, and Py. It is obvious that g, € P,
for every i = 1,...,k. Then Proposition 3 shows that

VPq Slgotufv':v' Eg A’ > gl =Igol +ged(1v'l, 1o} (4)

Lemma 1 ([ , Lemma 2.2]) Let g€ X*,q # e, go =minc Py, ¢ =qk-q
and § = qq-q the reduced quasiperiod of q. Then

Py={qh:i=1,... . k—1ulgtt-v:vePy.

This implies
*\/ P, < {gotugk™-(P;\1{go}), and 5)
P; ¢ {v:igotvgl (6)

Moreover, we have the following.

Lemma 2 Let q :q’(‘;-cj with k=2, §Cqoand § =qo-q.

If Go # qo for the repeated prefix of o then ¢ C go C qo and |Gol > || +
ged(|qol, |Gol). Moreover, then there is a nonempty suffix v # e of qo such that
v goand v'(jE(jg.

Proof.: We have ¢ E g and, since g € P4, also §o = go. Moreover, § q%
and ¢ £ é’gl for some &' € IN. Since qg # §o and both prefixes are primitive
words, Theorem 1 shows that the common prefix ¢ = gq¢-¢ has to satisfy
1g1 <lgol+Igol—ged(lqol,lgol), that is, IGol > Igl+ged(Igol,Igol). The assertion
q C 4o C go now follows from a comparison of the lengths of ¢,go E qo.

Now, let v be the suffix of gy defined by (jgl ‘v=qoC cjlglﬂ. Then v C §g
and v- G C (4o)?. Q

4 Asymptotic Growth

In this section we use the fact that >"\/P_q is a suffix code to estimate the
exponential growth of the family (|Q, N X"|)nen. In view of the identity
Qg \fe} = P;‘ -q we have |Q, nxn"tlal| = IP;‘ NX"|. So we may use P:I‘ instead
of Qq.

First we mention that >"\/P_q is a suffix code. This generalises Proposi-
tion 7 of [ 1.
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Proposition 4 ([ , D /P, is a suffix code.

In order to derive the announced exponential growth we refer to Corollary 4
of [ 1 which shows that for every regular language L < X* there are
constants c1,c9 >0 and a A =1 such that

Cl-/ln <io. |L*ﬁXn|SCQ-/1n. 7)

In the remainder of this section we use, without explicit reference, known
results from the theory of formal power series, in particular about generat-
ing functions of languages and codes which can be found in the literature,
eg. in[ , Jor[ 1.

As P, is a regular language the value A, for L = P, in Eq. (7) is
Aq = limsup,,_, {/IP; N X"| which is the inverse of the convergence radius

of the power series 5;‘(t) ‘=) helN |P; NX"™|-t". The series 5; is also known as
the structure generating function of the language P(’;.

Since * /P, is a code, we have 5;(t) = ﬁq(t) where 5,(£) 1=} _ *\/P—qtlvl is
the structure generating function of the finite language */P,. Thus /1;1 is
the smallest root of 1-5,(¢). Hence A is the largest root of the polynomial
pq(t) .= ¢lal _Zve *\/P_qt|(I|—|U|_

Summarising our observations we obtain the following.
Lemma 3 Let g € X* \{e}. Then there are constants cq1,cq,2 >0 such that
Cq1* /lZ <io. |P; ﬁXn| =Cq2° /12

where Aq is the largest (positive) root of the polynomial p,(2).

5 Polynomials

Before proceeding to the proof of our main theorem we derive some prop-
erties of polynomials of the form p(t) = t" =Y, cpt', M S {i:i e INAi < n}.
We are mainly interested in results which are useful for comparing their
maximal roots.

The polynomials p(¢) € D= {t" - Yiemti: @ #M <{0,...,n—1}} have the
following easily verified properties.

p0)=<0,p(1)=<0,p(2)=1and p(t)<O0forO0<t<1. (8)

If e >0 and p(¢t') = 0 for some t' >0 then p((1+¢)-t')>0. 9)
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Since p(1) <0 and p(2) = 1 for p(t) € 22, Eq. (9) shows that once p(¢) =
0, ¢’ = 1, the polynomial p(¢) has no further root in the interval (#',00) and
pt) e & has exactly one root in the interval [1,2). This yields the following
fundamental property. If ¢ is the positive root of the polynomial p(¢) €
in [1,2) and 1 < ¢ <2 then p(¢') <0 if and only if ¢ <¢3. For the roots of
maximal modulus we have the following theorem.

Theorem 2 (Cauchy) Let p(¢) =37 ;a; -t' be a complex polynomial. Then
every root t' of p(t) satisﬁes_lt'l < tog where tg is the maximal root of the poly-
nomial |a,|-t" — Z?;Ol la;| -t

This implies the following property of polynomials p(¢) € 22.
If p(¢) =0 then |¢| <. (10)

From Property 5 we derive the following criterion to compare the maximal
roots of polynomials in £2.

Criterion 1 Let p1(t),pa(t) € P have maximal roots t1 and ts, respectively.
Then po(t1) >0 if and only if t1 > te. In particular, po(t1) > 0 implies t1 > to.

We conclude this section with a bound on the maximal root of certain poly-
nomials in &.

Lemma 4 Let p(t) =t" -} ttn>m=1 Then p(t)>0 for "Vm+1<t¢
and p(t)<0forl<t< "/ (m+1)2.

Proof. The assertion follows from the inequality ¢"* —(m +1)-t™ < p(¢) <
t" —(m +1)-t"™2 when ¢ > 1. The first part uses the arithmetic-geometric-

means inequality }.7" | th>(m+1). ™ I, ti =(m+1)-#"2, and the second
holds for ¢ > 1. .

The following special case is needed below.

Corollary 4 If p(t)=t" - Z;‘:_g ti,n=4,then p(t)<0for1<t< "V(n-2)0>2

The subsequent sections are devoted to the proof of our main theorem.

6 Irreducible Quasiperiods

We start with irreducible quasiperiods. As quasiperiods q,|q| <2, have triv-
ially P; ={q}", in the subsequent sections. we confine our considerations to
quasiperiods q of length |g| = 3.
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6.1 Extremal polynomials

The polynomials p,(#) of irreducible quasiperiods have non-zero coefficients

only for |q| and i < lg—l. Therefore we investigate the set

(@::{tn—zieMti:nZ1/\¢?£Mg{j:jsn7_1}}'

ST
Let pa(t):=t" =¥, 2 't € 2. Let p(t) € 2 a polynomial of degree n. Then
pa(t) < p(t) for t € [1,2], and p,(¢) has the largest positive root among all

polynomials of degree n in 22.
1251

Proof. This follows from t" -3 ¢ t' < p(t) for p(t) € P when 1 <t <2
and Criterion 1. Qa

Observe that, for n > 1,
Pon+1(8) = 21 =30 (¢" and pansa(t) = 22— 37 (4"

Moreover, a"ba™ and a"wa",w € {xb,bx},x € X are quasiperiods correspond-
ing to the extremal polynomials po,+1(f) € 2?2 and po,+o(t) € 22, respectively.
Let Quax :=1{a"ba™ :n =1} u{a"wa” . weX -bub-X,n=1}
In what follows we will always assume that the first letter of a quasi-
period q is a. Then Qnax is the set of quasiperiods corresponding to the
extremal polynomials.

Lemma b Qnax:={q:q€ X" Algl =3 A py(t)=pq )}

Proof. If q € @max then obviously p,(¢) = p|4/(¢). Conversely, if p,(t) =
¢lal —ZUE mt"?'_'”' = p|q/(?) then /Py ={v:vEqgAlv]> %}. Then, in view
of g Cv-q, every prefix w E ¢ of length |w| < % is also a suffix of ¢. This is

possible only for g € Qmax or q € {a}”. a

In the sequel the positive root of p,(¢) is denoted by 1,,. From Criterion 1 we
obtain immediately.

Criterion 2 Let t = 1. We have t < A, if and only if p,(t) <O.
Then Property 6.1 implies the following.

Theorem 3 If g € X*,|q| = 3, is an irreducible quasiperiod then Ay < Aq),
and Ag = Ayq) if and only if q € Qmax.
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6.2 The ordering of the maximal roots 1,

Before we proceed to the case of reducible quasiperiods we determine the
ordering of the maximal roots A,,. This will not only be interesting for itself
but also useful for proving A4 < 14 when g is reducible (see Eq. (21) below).

The extremal polynomials p,(¢) satisfy the following general relations.

t-pon-2t)—1 = po,_1(2), (11)
pon(®) =t pop-at) = t"—t-1, (12)

t" 2 pon1(®) = (" +1)-poa-1(t) = Y73t and (13)
"2 ponss(®) = (" + 1) poa(®) = —t"+ LI 08 (14)

Lemma 6 The polynomials t* —t—1and t° -2 —t-1=t>+1)-®-t-1)
have largest positive roots A3 = A5 among all polynomials in 2, A5 > A4 and
Aon—1> Aon+1 > Aay, for n = 3.

Proof. From Eq. (11) we have po,+1(12,) = —1 <0 and, therefore, 1o, <
Aon+1 When n=1.

Similarly, Eq. (13) yields pan+1(A2n-1) = A5 72 - X3 AL | >0 which im-

plies A9,+1 < Ag9,-1 for n =3 and A3 = A5 when n =2. a

So far we have ordered the ‘odd’ roots: A3 =15 > A7 > Ag >---. Next we are
going to investigate the ordering of the ‘even’ roots 1g,, n = 2.
To this end we derive the following bounds.

Lemma7 (1) "Vn2<lg, < "Vnand > Vn2<Ag,_1< ¥n forn=2.
(2) Let n=5. Then Ao, = " V2.

Proof. 1. follows from Lemma 4.
2. We calculate po,("V2)=4-"V4- Z?;OI "Voi<4 - VE-2+(n—-1)=
4-v/2—-(n+1)<0if n=5 and the assertion follows with Property 5. Q

Remark 1 The lower bound of Lemma 7.2 does not exceed the lower bound
in Lemma 7.1. However, the latter is more convenient for the purposes of
the subsequent Lemma 8.

Lemma 8 If n =5 then Ao, 9 > Ao, and Ao, > Aoy 3.

3By convention, Y7, a; = 0if & > m.
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Proof Ift= "V/2thent"—t—1=t—1>0. Consequently, Eq. (12) implies
Pan(A2n—2) >0 whence Az, < A2, 2.
Eq. (14), Corollary 4 and the inequality As, < "V/n < ""V/(n—2)2 when
n

n =5 imply Agy - pon+3(Aan) = —(A3, — Zi;(? A;n) > 0 whence A9, > A9,,,3 for
n=>5. |

Since pg(v/2) > 0, the proof of Lemma 8 cannot be applied to lower values of
n. Thus it remains to establish the order of the A; for i < 13. To this end, we
consider some special identities and use Criterion 2 and Lemma 8.

t2-1 and (15)
t3—t—1=ps(t). (16)

p1ra@® -+ 3+t + 2 +1)- pa(d)
p1s@®)—t- B+ +t* +£2+1)- pa(®)

Lemma 9 /18 > /110 > /113 > A4 > A0

Proof. Lemma 8 shows Ag > 119 > A13. Eq. (15) yields p12(A4) = )Li -1>0
whence 14 > 112, and Eq. (16) yields p13(14) = p3(A4) <0, that is 113 > A4.
This shows our assertion. |

For the remaining part we consider the identities

2. p1@) - +1)-pg(t) = —t*+t+1=—py(t) (17)
p1u@®) - +1)-pe(t) = 3 py(t) and (18)
t-po®)—(t*+1)-pe(t) = —£3+1. (19)

Lemma 10 Ag > /l(; > /111 > /18

Proof. We use Eqgs. (17) to (19). Then p11(1g) = —p4(Ag) < 0 implies 111 >
Ag, p11(Ag) = /12 - pa(Ag) > 0 implies Ag > A11, and, finally, Ag- po(Ag) = —/12 +1
implies g > Ag. |

Now Lemmata 6, 8, 9 and 10 yield the complete ordering of the values A,,.

Theorem 4 Let A,,n = 3, be the maximal root of the polynomial p,(t). Then
the overall ordering of the values A, starts with

13:/15>ﬂ7>/lg>/16>111>A8>/110>Al3>/14>112
and continues as follows Aoy 1> Aop > Aopig,n = 1.

From Lemma 7.1 we obtain immediately.

Corollary 5 Let M <IN\ {0,1,2} be infinite. Then inf{A; :i € M} = 1.
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7 Reducible Quasiperiods

Reducible quasiperiods g have a repeated prefix q¢o = minc P, with |gg| <
lg|/2 and a repetition factor £ = 2 such that g = q’é -q where q C q¢. Moreover
Ig] < |qol < 1ql/2. Observe that qq is primitive.

We shall consider three cases depending on the relation between the
lengths n =|q|, £ = |qol, the length of the suffix |g| < |qo| and the repetition
factor k£ = 2.

7.1 The case |§|+|qgo| <2

The case |g| + |gol < 2 is the simplest one. Here, in view of ¢ C qo we have
necessarily ¢ = e and g €a”* U{abd}”, a,b € X,a # b and, therefore, 1, =1 for
gea*uiab}”.

The remaining cases are divided according to the additional requirement
lgl —2|gol = 3 and its complementary one |q| —2|q¢| < 2.

7.2 The case |g|—2|qol =3 1G]+ g0l = 3

Under the additional requirements |g| + |qgo| = 3 and || < |g¢| this condition
is equivalent to the fact that || = 3 or the repetition factor 2 = 3. Moreover,
then |g| = 7 (where ¢ = (ab)3a) or |¢| = 9.

From Eq. (4) we have

*\/qu{qo}u{v:v;q/\lvl>|q|—|q0|} (20)

This implies that for |go| < |q|/2 the polynomials p,(#) have non-zero coeffi-
cients only for |q| =n, |¢gl—|qol =n—¢ and i < |qy]|., that is, are of the form
pqet)=t"— gt —YieM, t* where M,cli:i< ¢}.* Therefore, in the sequel we
consider the positive roots of polynomials in

Preg =" —t" =Y tinz=1al< S AMClizi<Ol
ieM 2
Let pp o(t) :=¢t" - il — ):f:_& t' € Preq and An,e be its maximal root. Similar
to Property 6.1, Criterion 2 and Theorem 3 we have the following. Let n =
3,0 < % and p(¢) € Preq. Then p(t) = p, ¢(¢) for ¢t € [1,2], and p, ¢(¢) has the
largest positive root among all polynomials of degree n and parameter ¢ in
Pred-

4Eq. (4) shows that even M, g €{i:i<¢-1}. For the Eq. (21) below this stronger version
is not needed.
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Lemma 11 If q,|q| = n, is a quasiperiod with |qo|l = ¢ < n/2 then p,(t) =
Pne(t) for t =1, in particular, Ag < Ay ¢.

We have the following relation between the polynomials p,(¢) and p, ¢(?).
pn(t)—té-pn_zf(t)=pn,g(t), forn-2¢=3 (21)

This yields

Corollary 6 Let n—2-¢=3. If A, < Ap_g¢ then Ay ¢ < Aj.

Proof. If A, < Ap_2¢ then pp_2¢(A,) < pr_20(An_2¢) =0. Thus p, (1,) =
Al - pr_20(Ay) >0, that is, 1, > A, 0. 0

Next we show the relation 1, < A)4| for all quasiperiods q having |g¢| < |q|/2
and |gol +1q] = 3.

Lemma 12 Let |q|-2|qol =3 and |qol +1q| = 3. Then A4 < Ajq).

Proof. Above we have shown that |g| —2|qo| =3 and |q¢| +|g| = 3 imply
gl =7 or |q| = 10 according to whether |¢| is odd or even.

The ordering of Theorem 4 and Corollary 6 show A, > A, ¢ for all odd
values n =7 and for all even values n = 12.

It remains to consider the exceptional case when |q| = 10. Here |q|—
2/gol = 3 and |gol + 1| = 3 imply |go| = 3. Then Eq. (4) shows */P, ={q0,q}
whence p,(¢) =10 ¢ —1=p1o(t) - t2- p5(2).

From A5 > 1109 and p19(119) = 0 we have pq(/ll()) = —/1%0 -p5(110) > 0, that
iS, ﬂq < 0. |

Remark 2 In the exceptional case when n =10 and ¢ = 3 we have indeed
M10,3 > A1o. This follows from p10(¢) — p10,3(2) = 3 pa(t) and Mg < A1o.

7.3 The case |q|—2|qol<2A|qol+1q|=3

This amounts to |g| =2-|qo| + || where |g| €{0,1,2}.

Here we have to go into more detail and to take into consideration also
the reduced quasiperiod § = qo-q of ¢ and its repeated prefix §o = minc Pj.
Observe that both repeated prefixes qg,Jo are primitive.

Taking into consideration the repeated prefix ¢, for g = q’é -q,k =2, we
have from Eqs. (5) and (6)

pe@) e {1l —¢lallaol _ 5.\t M {0,141 - 1Gol}}
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Observe that |§] - Igol = g0l —(IGol —1g]) <lIgol.

Let 2! :={t"—t' = Lieqt' :n>0>jAM{0,...,0 — j}} and py ¢ ;(t) =
" — ¢l — Zf:_g ¢'. Then similar to Property 7.2 and Lemma 11 we have Let
n,t=3,0<g,0>j, and p(t) € ‘@;ed' Then p(t) = pp ¢ ;(t) for t € [1,2], and
Dn,e,j(t) has the largest positive root among all polynomials of degree n and

parameters ¢ and j in &/ ;.

Lemma 13 If q,|q| = n, is a quasiperiod with |qo| = ¢ < n/2 and |§o|—|q| = J
then pg(t) = pue j(t) for t = 1, in particular, Ay < An e ;.

We consider the cases |g]| € {0, 1,2} separately.

7.3.1 The case g =q%A|q|=0

In view of Section 7.1 we may consider only the case when |qg| = 3. Here we
have the following relation between pa,(t) and pay ¢ 3(2).

poc®) = paros®) =t 2% -t 1) (22)

Lemma 14 If g = qg and |qol =€ =3 then 1y <.

Proof. First we suppose |Go| = 3. Then |§g| —|¢| = 3 and Property 7.3 and
Lemma 13 yield p4(#) = p2s,¢3(t) for t € [1,2]. Now Eq. (22) shows p,(A2/) =
Dp2r,03(A2r) = —)1522()[3[ — A9y —1). Since t2—¢—-1<0 and DPq(t) = parr3(t)
for 1 <t < A3 =max{A, : n € IN} and Az, < A3, it follows p,(A2/) > 0, that is
Aq < /12[.

It remains to consider 1 < |§o| <2. If g € a* then g¢ = a’ which is not
primitive. Thus §¢ = ab and, since g is primitive, gg = (ab)™a, m =1, and
q= q(z) =(ab)™a-(ab)™a. We obtain * P, = {(@ab)"a-(ab) :i=0,...,m} and,
consequently, p,(¢) = t4m*2 - I 2+l From py(t) = t*m+2 - I 241 >
Pam+2@®) =222 -2 —1) and 3 —t? -1 <0 for 1 < ¢ < A3, in the same way
as above, we obtain py(A4pm+2) > 0. |

7.3.2 Thecase g=q2-gAlgl=1

Here we have the following relation between pg,.1(¢) and pasi1,0,2(2).

Porr1(t) = pars1eo@®) =t 12—t 1) (23)
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Lemma 15 If g = q% ‘a,a €X,then Ag < Ajg).

Proof.  First we suppose |Gol — 1G] = 2. Then ¢ = |q¢| = |§o| = 3, and
Property 7.3 and Eq. (23) yield py(A27+1) = p2s+1,0,2(A20+1) = p2r+1(A20+1) —
ALL O, ~dara1 1.

Since t“—t—-1<0 and py(¢) = pars1,02(¢) for 1 <t < A3 and Agp1 < A3, it
follows pq(/lz[+1) >0, that is Ag <Agri1.

It remains to consider |§o| = 2. Then Lemma 2 implies ¢y = q¢o whence

g =ababa. Now, one easily verifies Ay pq00 < A5 = A3 |

7.3.3 The case q = q%-cj/\ g =2

Here we have the following relation between pg/.2(t) and pasi2 ¢ 2(t).

Pore2(t) = porioro@®) =t 12—t 1) (24)

Lemma 16 If q = qﬁ-q with |q| =2 then Ag < Ajq).

Proof: First we suppose |Gg| = 4. Then Property 7.3 and Eq. (24)
yield passo(A2r+2)— Pq(A2r+2) < Parra(Aarr2) — D2c+2,0,2(Aar42) = Ao, L (A3, o —
A2e+2—1).

Since t3—t—1<0 and Pq(t) = parsoro(t) for 1 <t <max{lg, :n €IN} < A3
and Agyyi9 < Ag, it follows pq(/lzprz) > 0, that is, Ag <Agrqeo.

It remains to consider |G| = 3. Again, Lemma 2 implies §o = q¢9. Then
lgol = 3 and |g| = 8, and Eq. (4) yields */P, < {qo,v,q} where v C ¢ and
lvl=I|gq|—1="T whence p,(?) = Bt —t-1 :pg(t)—t2 -p3(t) for 1<t < A3.

This shows p,(1g) = —A2- ps(1s) >0, that is, A4 < Ag. Q

Our main theorem then follows from Theorem 3 and the results of Section 7.

Theorem 5 If g € X*,|q| = 3, is a quasiperiod then Aq < Aq), and Ag = Ajq| if
and only if q € Qmax-
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