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Abstract

A quasiperiod of a finite or infinite string/word is a word whose
occurrences cover every part of the string. A word or an infinite
string is referred to as quasiperiodic if it has a quasiperiod. It is ob-
vious that a quasiperiodic infinite string cannot have every word as
a subword (factor). Therefore, the question arises how large the set
of subwords of a quasiperiodic infinite string can be [ l.

Here we show that on the one hand the maximal subword com-
plexity of quasiperiodic infinite strings and on the other hand the
size of the sets of maximally complex quasiperiodic infinite strings
both are intimately related to the smallest Pisot number 7p (also known
as plastic constant).

We provide an exact estimate on the maximal subword complex-
ity for quasiperiodic infinite words.
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In his tutorial [ ] Solomon Marcus discussed some open ques-
tions on quasiperiodic infinite words. Soon after its publication Levé and
Richomme gave answers on some of the open problems (see [ ). In

connection with Marcus’ Question 2 they presented a quasiperiodic in-
finite word (with quasiperiod aba) of exponential subword complexity,
and they posed the new question of what is the maximal complexity of a
quasiperiodic infinite word.

In a recent paper | | we estimated the maximal asymptotic (in
the sense of [ 1) subword complexity of quasiperiodic infinite words.
More precisely, itis shownin [ ] that every quasiperiodic infinite word
€ has at most f(&,n) < O(1) -1} factors (subwords) of length n, where 7p is
the smallest Pisot number, that is, the unique positive root of the polyno-
mial 1> —¢ — 1. Moreover, the general construction of Section 5 in [ ]
yields quasiperiodic infinite words achieving this bound. In fact, also

Levé’s and Richomme’s [ ] example meets this asymptotic upper bound
Oo(1)-13.
Surprisingly, it turned out in [ ] that there are also infinite words

meeting this bound having aabaa—a different word—as quasiperiod. More-
over, it was shown that all other quasiperiods yield infinite words asymp-
totically below this bound.
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The aim of this paper is to compare these two maximal quasiperiods
aba and aabaa in order to obtain an answer as to which one of them yields
infinite words of greater complexity. Here we compare the quasiperiods
aba and aabaa in two respects.

1. Which one of the words aba or aabaa generates the larger set (-
language) of infinite words having ¢ as quasiperiod, and

2. which one of the words aba or aabaa generates an o-word &, having
a maximal subword function f(&,,n)?

As a measure of w-languages in Item 1 we use the Hausdorff dimension
and Hausdorff measure of a subset of the Cantor space of infinite words
(w-words). We obtain that, when neglecting the fixed prefix ¢ of quasiperi-
odic w-words having the quasiperiod ¢ the sets of ®-words having quasi-
period aba or aabaa have the same Hausdorff dimension logzp and the
same Hausdorff measure 7, both values showing the close connection to
the smallest Pisot number.

A difference for these quasiperiods appears when we consider the
subword function f(&,n). It turns out that aabaa is the quasiperiod hav-
ing the maximally achievable subword complexity for quasiperiodic ®-
words.

1 Notation

In this section we introduce the notation used throughout the paper. By
N ={0,1,2,...} we denote the set of natural numbers. Let X be an alpha-
bet of cardinality |X| = r > 2. By X* we denote the set of finite words on X,
including the empty word e, and X is the set of infinite strings (o-words)
over X. Subsets of X* will be referred to as languages and subsets of X® as
w-languages.

For w € X* and n € X* UX® let w-n be their concatenation. This con-
catenation product extends in an obvious way to subsets L C X* and B C
X*UX®. For alanguage L let L* := J;cy L, and by L® := {wy---w;--- 1 w; €
L\ {e}} we denote the set of infinite strings formed by concatenating
words in L. Furthermore |w| is the length of the word w € X* and pref(B)
is the set of all finite prefixes of strings in B C X*UX®. We shall abbreviate
w € pref(n) (M € X*UX®) byw C 1.

We denote by B/w := {n : w-n € B} the left derivative of the set B C
X*UX®. Asusual, alanguage L C X* is regular provided it is accepted by a
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finite automaton. An equivalent condition is that its set of left derivatives
{L/w:w € X*} is finite.
The sets of infixes of B orm areinfix(B) := |J pref(B/w) and infix(n) :=
wex*
U pref({n}/w), respectively. Similarly suff(B) := (J B/w is the set of
wex* wex*
suffixes of elements of B. In the sequel we assume the reader to be famil-

iar with basic facts of language theory.

2 Quasiperiodicity

2.1 General properties

A finite or infinite word € X* U X® is referred to as quasiperiodic with
quasiperiod ¢ € X* \ {e} provided for every j < [n| € NU{e} there is a
prefixu; Cnoflength j—|q| < |u;| < jsuchthatu;-g C n, thatis, for every
w C m the relation u),, C w C ), - ¢ is valid (cf. [ , , 1.
Next we introduce the finite language P, (L(g) in [ 1) which gen-
erates the set of quasiperiodic w-words having quasiperiod ¢g. We set

Ppi={vieCvCqgCv-q}={v:IwwC gAv-w=¢q)}. (1)

Corollary 4 in [ ] yields the following characterisation of ®-words
having quasiperiod g € X* \ {e}.

€ has quasiperiod ¢ if and only if pref() C pref(P;’) 2)

We list some further properties of the set of quasiperiodic ®-words which
will be useful in the sequel.

Proposition 1
Py = {§ : pref(§) C pref(P))} 3)

ThereisaV C infix(P) such that
PO—q.VO. )

Proof. Since P, is finite, Eq. (3) follows from Eq. (2).

For the proof of the second identity observe that every word in P(‘;"
starts with the quasiperiod ¢g. Then the assertion follows from the iden-
tity Py = (PZI‘)‘”, k > 1, and the rotation property (W; - W2)® =W - (W, - W;)®
where W), W, C X*, a
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Eq. (3) shows that the set of quasiperiodic ®-words P}’ belongs to the
class of w-languages F C X® satisfying the property F = {£: § € X® A
pref(§) C pref(F)}. Those w-languages are the ones closed in the CANTOR
topology of the set X® (see [ , 1). Moreover, if pref(F) is a regu-
lar language, these w-languages F can be accepted by every deterministic
finite automaton B = (X, S, 50,0, Sr) accepting pref(F) (see Fig. 1).

EeF «— VYw(w e pref(§) — 8(so,w) € Sp). (5)

b a

a
O——C o, o

Figure 1: Deterministic partial automaton accepting P_) , all states being
final.

The proof of Eq. (4) yields a rather large language V. Using the rotation
property successively starting with P, yields a more concise version of V.
We exhibit this for the set P,,pqq = {aab,aaba,aabaa}.

= {aab,aaba,aabaa}® = (aab - {e,a,aa})m
= aab-{aab,aaab,aaaab}®
= aabaa-{baa,abaa,aabaa}®
Observe that the resulting language {baa,abaa,aabaa} is prefix-free. More-
over {baa,abaa,aabaa} = R (aabaa) in terms of [ .
In the same way one obtains P9 = aba- {ba,aba}®. O

Example2 P°

aabaa

3 Hausdorff Dimension and Hausdorff Measure

3.1 General properties

First, we shall briefly describe the basic formulae needed for the defini-
tion of Hausdorff measure and Hausdorff dimension of a subset of X©.
For more background see the textbooks [ , ] or Section 1 in
[ l.

In the setting of languages and w-languages this can be read as follows
(see [ , ). For F CX® r=|X|>2and 0 < a < 1 the equation

ILy(F):= lim inf{ Y r MR CW L XOAYW(w e W — |w| > l)} (6)

I=ve0 wew
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defines the a-dimensional metric outer measure on X®. The measure IL,
satisfies the following properties (see [ , , D.
Proposition3 LetF CX®,V CX*ando € [0,1].
1. IfILo(F) < oo, then Ly ¢(F) =0, for alle > 0.
2. It holds the scaling propertyIo(w-F) = r~ %" . ILo (F).
Then the Hausdorff dimension of F is defined as
dimF :=sup{a: 0 =0VILy(F) =00} =inf{o: ILy(F) =0}.

It should be mentioned that dim is countably stable and invariant under
scaling, that is, for F; C X® we have

dim{J;cn F; = sup{dimF;: i€ N} and dimw-Fy=dimF. (7)

If o = dim F then we call ILy(F) the Hausdorff measure of F.
We have the following relation between a language of finite words V

and the Hausdorff dimension of its ®-power V©.

Proposition 4 ([ , Eq. (6.2)]) LetV C X* andV® be non-empty.
Then dimV® = limsup % log, |V*NX"|.

n—soo

()] ()]
3.2 The Hausdorff measure of P and P,
In Section 4.1 in [PS10] the value limsup & log, |P;NX"|, forw € {aba, aabaa},

n—soo
was found as log,7p where 7p is the smallest Pisot number, that is, the

(unique) positive root of the polynomial 3 —¢ — 1. Thus Proposition 4
shows that the Hausdorff dimension of P and P}, islog, tp.

In what concerns the Hausdorff measure of P and P>, we consider
the identities P®, = aabaa - {baa,abaa,aabaa}® and P = aba-{ba,aba}®
derived in Example 2.

Here the languages {baa,abaa,aabaa} and {ba,aba} are prefix-free. There-
fore we can apply Theorem 4 of | | which gives the following general
formula for the Hausdorff measure of V for prefix-free languages V C X*.

Theorem 5 ([ , Theorem 4]) LetV C X* be prefix-freeand o = dimV®.
Then

" 0 I Y ey el < 1, and
La(VE) =9 int{( £ r M) we pref(V)}, if Yooy ol = 1.

wyeV
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Observe that ¥,y 7 %" > 1 implies o, < dimV® (see e.g. Proposition 3 in

[ D.
Example 6 ForV = {ba,aba} we have

wepref(V) | weVUu{e} a ab b

—a -2 -1 -1
ZWVGV r |V| . 1 tP

tp'

and for V = {baa,abaa,aabaa}
wepref(V) | weVu{e} a aa aab aaba b  ba
Yoy 7% ‘ 1 tp > +h) 17 12 't )

Sincet,° +1,* =1, < 1, we obtain

ILo({ba,aba}®) = Ly ({baa,abaa,aabaa}®) = 1
and in view of the scaling property Proposition 3(2), ILq(P,p,) = 5> and
ILOC(Paabaa) = t[:5- O

3.3 The Hausdorff measure of suff(PS ) and suff(P?

aabaa>

The estimates ILy(Paapaa) = tp > and Lo (Papa) = t;3, however, do not seem
to represent the ‘real’ size of the sets P) and P®, : All ®-words in P
start with aba and all w-words in P, start with the longer word aabaa.
Thus, in view of the scaling property Proposition 3(2), these prefixes con-
tribute the factors 7,° and #,°, respectively, to the Hausdorff measure,
whereas according to Example 6 the tails {ba,aba}® and {baa,abaa,aabaa}®
both have Hausdorff measure 1.

In order to eliminate this influence of the scaling down of the Haus-
dorff measures we consider instead the sets suff(P) of all tails (suffixes)
of m-words in Pg’. In view of Eq. (7) we have

dimsuff(P”) = dim U, cx+ P,°/w = dimP”.

The following proposition enables us to derive a representation of

suff(P,”) suitable for calculating its Hausdorff measure.

Proposition 7 Let the o-language F C X satisfy the condition F = {¢ :
E e X Apref(§) C pref(F)} and let its set of left derivatives {F /w:w € X*}
be finite. Then {suff(F)/w:w € X*} is also finite and suff(F) = {§ : § €
X® Apref(§) Cinfix(F)}.

Both of the assumptions in Proposition 7 are essential. First consider that
{E/w:w € X*} be finite. Here the w-language E = {a®} UU,,ena"b{a,b}" -
a® has infinitely many left derivatives, for E/a"b # E /a™b unless n = m.
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We have infix(E) = {a,b}" but suff(E) # {a,b}®. Next {a,b}*-a® C {a,b}®
has F/w = F /v for w,v € {a,b}* but F does not satisfy the condition F =
{&: & e X Apref(§) C pref(F)}. Here we have suff(F) = F # {a,b}® = {§:
pref(§) € {a,b}"}.

Proof of Proposition 7. Let V C X* be finite such that {F /w:w e X*} =
{F/w:weV}. Then in view of {suff(F)/w:w e X*} C{U,ey  F/v:V' CV}
the set of left derivatives of suff(F') is obviously finite.

Concerning the second assertion, the inclusion “C” follows from
pref(§/w) Cinfix(F) whenever w € X* and § € F.

Let now pref({) C infix(F). Then for every v € pref(() there is a w,, with
v € pref(F/w,). Since the set {F /w: w € X*} is finite, there is a w € pref(F)
such that the language W ,, := {v : v € pref({) A F /w, = F /w} is infinite.
Then pref(W ,,) = pref({) and from the assumption that F = {& : pref(§) C
pref(F)} we obtainw-{ € F. a

Proposition 7 yields suff(Py) = {§ : § € X® Apref(§) C infix(P’)}. In Ta-
ble 1 the partial automata B, = ({a,b},{s0,51,52,53},50,0upa) a0 Buupaa =
({a,b},{z0,21,22,23,24,25,26 },20, Ouabaa) accepting the languages infix(PS )

. o ) :
and infix(P?, ), respectively, are given.
Bava_ |50 51 52 83 Baabaa | 20 21 22 23 24 25 Z6
a |51 8 S1 a 21 22 23 24 26 22
b |s3 53 83 b |z5 25 25 25 25

Table 1: Partial automata B,, and B, accepting the languages
infix(P9 ) and infix(P®, ), respectively

In view of Proposition 7 these automata accept also the w-languages
suff(P?) ) and suff(P®, ). Moreover, replacing the initial states so by s
and zp by z; the modified automata accept the w-languages {ba,aba}®
and {baa,abaa,aabaa}®, respectively. Consequently, the automaton B,
accepts the w-language {a,ba} - {ba,aba}® and the automaton B,,,, ac-
cepts {aa,baa,abaa} - {baa,abaa,aabaa}®.

Using ILy ({ba,aba}®) =Ly ({baa,abaa,aabaa}®) = 1,a.=1log,tp, the scal-
ing property Proposition 3, the facts that the unions are disjoint and IL,
is an outer measure we obtain ILq(suff(PS ) =1, +1, 2 — tp and also
Lo(suff(P2, ) =tp2+1p° +1p* =1p.

In summary, if we neglect the influence of the prefixes, with respect to
Hausdorff measure and Hausdorff dimension both maximal quasiperi-
ods have the same behaviour. Our results support also the close connec-
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tion between the smallest Pisot number 7p and the sets of quasiperiodic

o-words of largest complexity P and P2, .

4 Subword Complexity

4.1 The subword complexity of quasiperiodic w-words

In this section we recall some results from | ] on the subword com-
plexity function f(&,n) for quasiperiodic m-words. If § € X® is quasiperi-
odic with quasiperiod ¢ then Eq. (2) shows infix(§) C infix(P,°). Thus

(&) < |infix(P®) N X"| for & € P2, 8)

Similarly to the proof of Proposition 5.5 in [ llet &, := [lveps\ (e} v
where the order of the factors v € P, \ {e} is an arbitrary but fixed well-
order, e.g. the length-lexicographical order.

This implies infix(§,) = infix(P,”). Consequently, the tight upper bound
on the subword complexity of quasiperiodic ®-words having a certain
quasiperiod g is f,(n) := |infix(P°) N X"|.

The following facts are known from the theory of formal power se-
ries (cf. | , D. As inﬁx(Pq“’) is a regular language the power series
Y .en fq(n) -t is a rational series and, therefore, f, satisfies a recurrence
relation

fa(n+k) =Y dm- fy(n+i) 9)

with integer coefficients m; € Z. Thus f,(n) = Zf/:’ol gi(n) -\ where k' <k,
A; are pairwise distinct roots of the polynomial y,(¢) =" — ):’:01 m; -t' and
g; are polynomials of degree not larger than k.

The growth of f,(n) mainly depends on the (positive) root A, of largest
modulus among the A; and the corresponding polynomial g;. Using Corol-
lary4in [ ] (see also Eq. (8) in [ ]) one can show—without explic-
itly inspecting the polynomials y,(t)—that the polynomial g; correspond-
ing to the maximal root A, is constant.

i

Lemma 8 ([ , Lemma 16]) Let g € X*\ {e}. Then there are constants
Cq1,cq2 >0 and aly > 1 such that

Cat - N < [infix(PY) NX"| < cqn- AL

The quasiperiods aba and aabaa yield the largest value of A, among all
quasiperiods.
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Lemma 9 ([ , Lemma 18]) LetX be an arbitrary alphabet containing
at least the two letters a,b. Then the maximal value A, is obtained for q =
aba or g = aabaa.

This value is Mypa = haabaa = tp Wheretp is the positive root of the polynomial
3—t—1.

Remark 10 The bound in Lemma 9 is independent of the size of the al-
phabet X.

4.2 Quasiperiods of maximal subword complexity

We have seen that the quasiperiods aba and aabaa yield quasiperiodic
w-words of maximal asymptotic subword complexity. In this section we
investigate which one of these two quasiperiods ¢ € {aba,aabaa} yields
o-words &, € {a,b}® of larger subword complexity f(&,,n) = f,(n).

From the deterministic automata B,;,, and B,... (see Table 1) accept-

ing the languages infix(P;, ) and infix(P; , ), respectively, we obtain the

adjacency matrices
01 00O0T1TOPO
0010O0T10PO0
AP 0001010
A= 01 0 o and Zupwe=| 000011 0 |. (10
0010 000O0O0OT1O0O0
000O0O0O0T1
00100O0O00O0

Remark 11 Here the boldface entries are irreducible square submatrices
which correspond to the automata accepting the w-languages {ba,aba}®
and {baa,abaa,aabaa}®, respectively, obtained from B,,, and B,,s., by re-
placing the initial states sy by s; and zg by z5.

Then we obtain f,(n) = [infix(P’ N X")| as the vector-matrix-vector prod-
uct f,(n) = (1,0,...,0)-47-(1,...,1)* (see Chapter IL.9in Jor| D.
The characteristic polynomials of 4,,, and 4., are

YXaba(t) = t-(t*—t—1)and

Xaabaa(t) = 12-(F =1 =1)-(+1) =" +1* 417412, (11)

Thus the sequence (fupa(n)), . satisfies the recurrence relation

faba(n+4> = faba(n+2) +faba(n+ 1)
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and (fuabaa(n)), o satisfies

faahaa(” + 7) — faabaa(n + 4) +faabaa(n + 3) +faabaa(n + 2) .

Since the polynomial 3, (7) divides Yuepaq(t), both sequences ( fapq(n))
and (faapaa(n)),, oy satisfy the recurrence relation

fon+7)=f,(n+4)+ fo(n+3)+ fy(n+2).

The initial values are (1,2,3,4,5,7,9) for ¢ = aba (see also [ 1) and
(1,2,3,4,6,8,10) for g = aabaa. This gives already evidence that the se-
quence (fuapaa(n)), < 8rows faster than (faba(n)), o

In order to calculate the growth of (f,(n)),cn Where g € {aba,aabaa} more
accurately, we use standard methods of recurrent relations (see [ ]
or Chapter 3 of [ 1)

The non-zero roots of the polynomials ¥4, () and Xuupa.(t) are the
roots tp,t1,t, of 13 —t — 1 and, for Y. (t) additionally, i and —i where
i = y/—1is the imaginary unit. The roots tp,#|,t, satisfy the relations

neN

tp+t1+H = 0,
tp-t1-h = 1
tp > land
)=l < 1.
Since both characteristic polynomials have only simple non-zero roots,
faba(n) and fuupaq(n) satisfy the following identities (cf. [ , ,
D.
fava(n) = vi-tp+y2-t1+73-15, n>1and (12)
faabaa(n) = Vi tp+Yo t +os 1 YUY (<) n =2, (13)
For the function f,,.,(n) the following initial conditions hold.

fabaa(2) = 3 = VAV Y+ (1)
favaa(3) = 4 = Y- B34+Y-B4+Ys 65+, P+ (—)
faavaad) = 6 = Y -th+vati Vs 5+, i+ (—i)* (14)
faabaa(3) = 8 = Y -B+Ya B +Ys 15+, 1+ (=)
faabaa(6) = 10 = ¥, 18+ 10+, 15 +v, -0+ - (—i)°
Then fuapaa(S) — faabaa(3) — faabaa(2) =1 a0d fuabaa(6) — faabaa(4) — faabaa(3) =

0inview of r* =¢+ 1 for¢ € {tp,t1,1,} imply

2-i-( %)+ (h+%) = 1,and

(15)
)2 W) = 0
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which in turn yields v, +v; = £ and v, — ¥; = —%'. Thus we may reduce
the numbers of equations in Eq. (14) to three.
faabaa(2) =3 = 'Y,l't123+’Y,2't12+y3't22_1/5
faabaa(3) = 4 = Y’1'f13a+7'2't13+Y'3-t§—2/5 (16)
faabaa<4) = 6 = Yl't$+'Y/2't?+Y3't§+l/5

And for f,,,(n) we obtain the following three equations from the initial

conditions.
fara(l) = 2 = yi-tp+n-t1+73-1

faba2) = 3 = NG+ G a7
faa(3) = 4 = Vi-B+n-H4+1-83
To solve these for the values of y; and v}, respectively, we use Cramer’s
rule.

-1 —1
2 4 b tp 1 b o 2 10
_ 2 2 2 2 2 | 22 3 3 3 3 3
Ti=1|3 t13 t% tg, t% t23 andvy, = 3 tﬁ t% - tﬁ tﬁ t%

The following auxiliary consideration alleviates the calculation of the
determinants. Here we use the identities t| +1, = —tp, 11 - 12 = 1p I which
hold for the roots tp,t;,1 of > —1 — 1.

x 1 1 x 1 0 X 1 0
y i | = (b—t)-|y n 1 |=(n—n)-|y 0 1
Z t12 t% < t12 h+h z —hi'tp tHh+h
2
Iptz-tptXx
= (tz—tl)-y P ; P (18)
P

_ (;2_11)~(x~t%—|—y‘fP+(Z_x))

Extracting common factors, applying the auxiliary Eq. (18) and reducing
to lowest terms we obtain from Eq. (4.2)

2:t3+3-tp+2

~ 1,6787356, and 19

M 213 ; , an (19)
13-12+16-tp+9

= ~ 1,876608 20

’Yll 5‘(2‘1‘13-1-3) ’ 20)

Since |t = |2| < 1 we have |y, -7 +v3 -] < 3 and |} -7 + ¥, - 15 & ]%H <1
for sufficiently large n € N. Taking |, +v;| <  into account, Egs. (12) and
(13) show that for these n € N the values of f,,,(n) and fupq.(n) are the
integers closest to y; -, and v, - 73, respectively.
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