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Abstract

We survey the current known relations between four classes of real num-
bers: Liouville numbers, computable reals, Borel absolutely-normal num-
bers and Martin-Lof random reals. The expansions of the reals will play an
important role. The paper refers to the original material and does not repeat
the proofs. A characterisation of Liouville numbers in terms of their expan-
sions will be proved (Theorem 2.2) and a connection between the asymptotic
complexity of the expansion of a real and its irrationality exponent will be
used to show that Martin-L6f random reals have irrationality exponent 2
(Corollary 3.4). Finally we discuss an open problem: are there computable,
Borel absolutely-normal, non-Liouville numbers?

1 Introduction

The origin of this paper was a question posed by J. Borwein [5] regarding the re-
lations between Liouville numbers and “random” reals. Here we consider the fol-
lowing two mathematical definitions of “random” reals: Borel absolutely-normal
numbers — the number-theoretic random ones — and Martin-Lof random reals,
arguably the most important class of algorithmic random numbers. To get a com-
plete answer we survey the current known relations between the above classes of
random reals, Liouville numbers and computable reals. Many results presented



here are known. However, they are scattered through the literature of various ar-
eas: we will not present proofs for them. A characterisation of Liouville numbers
in terms of their expansions will be proved.

1.1 Notation

In this section we introduce the notation used throughout the paper. By IN =
{0,1,2,...} we denote the set of natural numbers. Its elements will be usually
denoted by letters i,...,n. The set A, = {0, 1,...,b— 1}, where b > 2 is a positive
integer, is called the b—base; the elements of A, are called b—digits. By A; we
denote the set of all finite strings (words) with € denoting the empty string; A is
the set of all (infinite) sequences over A,. Sequences (infinite strings) are usually
denoted by X, y; the prefix of length n of the sequence x is denoted by x | n. The
length of a finite or infinite string ) over A, is denoted by |n
7 is denoted by n(n).

For we A; and B € A;UAp let w- B be their concatenation. This concate-
nation product extends in an obvious way to subsets L C A; and B C A; UAD. If

; the nth element of

w € Aj and i > 0 is an integer, then w' is the concatenation ww- - -w (i times) and
w® is the infinite concatenation ww---w---. The - operator can be omitted where
the meaning is clear, as in wf3.

By w C u and w C y we denote that w is a prefix of u and y, respectively, and
a prefix-free set L C A is a set with the property that for all strings p,q € A}, if

p,pq € Lthen p = pq.

1.2 Preliminary definitions

In this section we define the four classes of real numbers to be studied in the paper.
A real number « is called a Liouville number [26] if it is irrational and for
every positive integer k, there exist integers p; and g; with g; > 1 such that

1
(X—ﬂ <—k'
a|

The irrationality exponent of a real number « is a measure of how “closely”
« can be approximated by rationals [6]:

p

1
inf{,u >0:|o— —‘ <— has finitely many solutions for all p,q € Z,q # 0} .
q q

Thus, Liouville numbers are reals having infinite irrationality exponents.
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After having defined the class of Liouville numbers ., we now introduce the
following three classes of numbers: the Borel absolutely-normal numbers .4, the
Martin-Lof random numbers .# and the computable numbers %

A b-ary expansion (b > 2) of the real @ € [0,1] is an infinite sequence x =
x1xp -+ withx; € Ap, such that @ =} ;> x; - b~i. Here we will use also the notation
o = 0.x1xp---. It is well-known that the b-ary expansion of & € [0, 1] is unique
unless « is a rational of the form o = p/b',i > 0,0 < p < b', in which case o =
1%1 +Zesi 2

A real number a € [0, 1] is referred to as (Borel) normal number in base b if
it has a b-ary expansion x € A}’ which is uniformly distributed, i.e. each b—digit
has the same natural density 1/b, every string of two b—digits has the same natural
density 5~2, and, in general, every string of k digits has the same natural density
b~*. More precisely, for all w € A} we have:

. Hi:1<i<nAx[ie€A;-w}

n—oo n

=p M,

If the base is clear we will simply say that the number is normal. Normality
was introduced by Borel [4] as a model of randomness, sometimes referred to
“number-theoretical randomness”. Obviously, numbers normal in some base b
are irrational.

Champernowne’s number 0.0123456789101112... is normal in base 10 and
computable [14, 2]. A (Borel) -normal number is a real which is normal in every
base.

For the definition of Martin-Lo6f random numbers we adopt a characterisation
of randomness based on description complexity (see [9, 17]).

Recall that the plain (Kolmogorov) complexity of a string x € A, w.r.t. a par-
tially computable function @ : A; — A is Ky (x) = inf{|p| : ¢(p) = x}. It is well-
known that there is a universal partially computable function Uy, : A, — A}, such
that Ky, (x) < Ky(x) + ¢ holds for all strings x € Aj;. Here the constant ¢, de-
pends only on Uj, and ¢ but not on the particular string x € A;. We will denote
the complexity Ky, simply by K, or K if the alphabet is clear from the context.
Furthermore, in the case that one considers only computable partial functions with
prefix-free domain, there are also universal ones among them and the correspond-
ing complexity, called prefix complexity, is denoted by H; like K, the prefix-free
complexity H depends only up to a constant on the given choice of the underlying
universal machine.

Martin-Lof [29] introduced the notion of the random sequences in terms of



tests. Here we adopt the following complexity-theoretic characterisation. An in-
finite sequence x € A}? is Martin-Lof random if there is a constant ¢ such that
H(x[n)>n—c, foralln > 1. Areal o € [0,1] is Martin-Lif random if there is
a base b such that its b-ary expansion is Martin-L6f random.

Unlike the case of Borel normality this property is base-independent, that is, if
x € AP is Martin-Lof random and 0.x = 0.y for y € A}), then y is also Martin-Lof
random (cf. [11, 21, 36]).

A real a € [0,1] is called computable if it has a b-ary expansion which is
computable, that is, there is a computable function f,, such that f(n) = x,, for all
n > 1. This condition is equivalent to the requirement that there is a computable

sequence of rationals <%) N such that |t — 5—”| < zi,,a for all n € IN. This shows
ne "

n

that the b-ary expansions of ¢ are computable, for all bases b.

2 Expansions of Liouville numbers

2.1 Expansion characterisation of Liouville numbers

In the previous section we defined three of the four classes of numbers under
consideration by properties of their expansions. Here we show that also Liouville
numbers have similar characterisations.

We start with a technical result.

Lemma 2.1 Let a € [0, 1] and assume that its b-ary expansion starts with v -w’

where v,w € A}, |w| > 0, and I € IN. Then there exist two non-negative integers
p,q such that

_ It

< g MR (1)

=
q

Proof. Consider the rational number % whose b-ary expansion is v-w®, that is

py(BM 1)+ p,
vaI(blwl —1)

P )
q

where p, and p,, are the natural numbers whose b-ary expansions are v and w,
respectively. Then the denominator g satisfies ¢ < bI"l(bI" —1).

Since the b-ary expansion of « starts with v-w! we have
a_£’ < p(vhe), 3)
q
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Using the inequality

[v|+-¢:|w V|44 |w] V|44 |w]

\
plvI+HEw — (bIVI ‘blwl)W > (blvl (B — 1)) MW > g TEMT (4)

we obtain Eq. (1) from (3). Il

Theorem 2.2 Let o € [0, 1] be an irrational. Then, o is a Liouville number if
and only if for every integer k > 1 there exists a base b = by > 2 and words
v,w e A}, [v| < |wl, |w| >0, such that the b-ary expansion X = x1x> - - - of & satisfies
x=v-wk-X for some x' € A.

Proof. Let k be a positive integer and choose b and v,w € Aj to satisfy the
assumptions of the theorem. Then, in view of |v| < |w|, Lemma 2.1 with ¢ =k
implies the inequality

!a—g\éq‘mv

for suitable positive integers p,q (see (2)). Since k is arbitrary and « is irrational,
then « is a Liouville number.

Now let & be a Liouville number. Since « is irrational, there exists an integer
ko > 1 such that 27% < o < 1 —27%, Let k > kg such that |0 — §| < ¢ % and set
b=q Thenl<p<gqgand(p—1),peA, Ifa > % then the g-ary expansion x
of o starts with p0* € Ay, andif o < § then x starts with (p—1)(g— 1)k € Ay O

Examining the last part of the previous proof we obtain the following property
of expansions of Liouville numbers.

Corollary 2.3 Ifa € |0, 1] is a Liouville number, then for every integer k > 1 there

exist a base b = by > 2 such that the b-ary expansion X = x1x, -+ of O starts
with x10F or x1 (b — 1)k,

2.2 Maillet’s construction of Liouville numbers

Based on patterns of their expansions we describe a simple ‘construction’ of Li-
ouville numbers which will be used in the sequel. This construction was sketched,
without proof by Maillet in [27] (see also [34, Kapitel 1]).

Using finitely or infinitely many strings w; € A; we can construct b-ary ex-

pansions of real numbers. Let f: IN — IN'\ {0}; by A;?’:wa U) we denote the

concatenation of wy (f(0) times), w; (f(1) times),w; (f(2) times). ..



Lemma 2.4 Let (w;)icN be a family of non-empty strings w; € Ay, f 1IN — IN'\
{0}, and n; = ;:Of(j) -|wj|. If liminf;_e n"ln—w =0, then x = A;?:Owj-t(]) is
the b-ary expansion of a rational or a Liouville number.

Proof. Let v; = Afi;l()wf ) and observe that ni_1 = ‘Ai;%w; Y )} = |vi|. Next,

choose two positive integers i,k such that (n;,_; + |w;|) - kK < n; and consider the

JU) o — vi-w®. Then x and y; both start with

: _ Ai-l
b-ary expansion y; = AW ;

Ag':owf(]) = w{(l).
Using Lemma 2.1 we get positive integers p;,g; such that
i () wil n;

ni_1+wil T+l —k
<gq; : =dq; : <gq;". 0

’O.X—%

Remark. Maillet [27] requested that the repetition factors f(i) (K; in the ter-
minology of [34, p. 411] and &, in [27]) increase rapidly (‘Si k,,, croit assez
vite avec m’ [27]). In Lemma 2.4 the function f does not have to be increas-
ing. For example, the above construction with wy; = 0, wp; 1 = 1, f(2i) = i! and
f(2i+1) =1 yields the Liouville number with the expansion A;":OOJ 1.

2.3 A construction of Liouville numbers normal in a given base

In [7] Bugeaud proved that there exist Borel absolutely-normal Liouville numbers.
His existence proof uses complicated measure-theoretical considerations. The pa-
per [31] uses de Bruijn sequences to give a simple construction of Liouville num-
bers normal in a given base b via their b-ary expansions; a similar construction
was given in [37] for the construction of numbers normal in a given base.

A de Bruijn word of order r is a b-ary string w of length b” +r — 1 over the
alphabet A, such that any string of length r occurs as a substring of w (exactly
once). It is well-known that de Bruijn words of any order r and every alphabet
size b exist, and have an explicit construction [16, 38] or [20, Ch. 9]. For example,
00110 and 0001011100 are binary de Bruijn words of orders 2 and 3, respectively,
and 0010221120 and 0011021220 are ternary de Bruijn words of order 2.

Note that de Bruijn words are derived in a circular way, hence their prefix of
length r — 1 coincides with the suffix of length r — 1. Denote by B(b, r) the prefix
of length b" of a de Bruijn word of order r over Aj;. To be precise we assume that
B(b,r) is the lexicographically first b"-length prefix among all b-ary de Bruijn
words of order r. Thus B(b, r) starts with 0”1 and ends on a symbol different from
0, and, consequently, B(b,r) is not a prefix of B(b,r+1).
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From the examples of binary de Bruijn words of orders 2 and 3 previously
presented the strings B(2,2) =0011 and B(2,3) =00010111 are derived. Thus the
string B(b,r) - B'(b,r), where B'(b,r) is the length r — 1 prefix of B(b,r), contains
every b-ary string of length r exactly once as a substring.

Theorem 2.5 ([31]) Let f : IN — IN be an increasing function such that f(i) > i,
foralli> 1. Let B(b,r) the prefix of length b" of a de Bruijn word of order r. Then
every sequence of the form

X = A2 B(b,i)" = B(b, 1) VB(5,2)/? ... B(b,i) ... (5)
is normal in base b.

Moreover, one obtains that certain of the numbers of the form of Eq. (5) are Liou-
ville numbers.

Theorem 2.6 ([31]) If the family (B(b,i))l. e and f satisfy the hypothesis of
Lemma 2.4, then the real oy = 0.Xy is a Liouville number.

Remark. Since the set of strings {B(b,i) : i € IN,i > 1} is, by construction,
prefix-free, it is easy to see that the number oy = 0.Xy is computable if and only
if the function f is computable.

3 Relations between ., ¢, ./ and .#

In this section we explore the relations between the classes .2, €, .4 and .Z .

First, how large are the classes ., %, .4, . from the points of view of mea-
sure and category (in Baire sense, cf. [32])? While % is countable, all the other
classes have the cardinality of the continuum. The class .Z is a dense Gg-set
(hence co-meagre), measure zero set [32, 6]; it has Hausdorff dimension zero [22].
The classes .4 and .# are constructive measure one [29], but constructively mea-
gre in the Cantor space [32, 10] (a constructive meagre set is a meagre set covered
by a computably enumerable union of computably enumerable nowhere dense
subsets; a constructive meagre set is “‘smaller” than a meagre set). The latter prop-
erty depends on the topology chosen: In [12] it is shown that .# is co-meagre for
a suitably chosen metric topology refining the topology of the Cantor space.



3.1 Complexity-theoretic properties

In this section we present results from [36] which provide some sufficient criteria
for numbers being Borel absolutely-normal or non-Liouville using tools of Al-
gorithmic Information Theory. To this end we use the asymptotic complexities
lirllg inf K (x [ n)/n and limsup Kj,(x [ n) /n of their b-ary expansions. Our criteria,

however, imply that the I;lu_)I;lobers fulfilling them are highly incomputable.
These asymptotic complexities are base-invariant (cf. [36]), that is,
liminf Ky (x [ n)/n = liminf Ky (y | n)/n,
n—oo n—roco
(and likewise for limsup) whenever 0.x = 0.y forx € A, andy € A,.

In view of the inequalities K(w) < H(w)+c¢ < K(w) +2-log|w| + ¢’ for suit-
able constants c¢,c’ (cf. [9, 17]) in what follows we could replace the plain com-
plexity K by the prefix-free complexity H.

From the definitions of Martin-Lof random and computable reals we obtain
immediately the following well-known facts (see [9, 17]).

Fact 3.1 (a) Let x be the b-ary expansion of a Martin-Lof random number. Then
h,fging(X ' n)/n=1. (b) If X is the b-ary expansion of a computable number
then limsupK(x [ n)/n=0.
n—oo
Using a result of Kolmogorov [25] and the base-invariance of the asymptotic
complexity, Fact 3.1.(a) can, to a certain extent, be reversed yielding a sufficient
condition for absolute normality.

Lemma 3.2 ([36, Corollary 9]) Let x be the b-ary expansion of a real o € [0, 1].
If lin;ian (x [ n)/n=1, then o is Borel absolutely-normal.
n—oo

Generalising the proof of Lemma 10 of [36] we can establish a close con-
nection between the irrationality exponent of a real o € [0, 1] and the asymptotic
complexity of its b-ary expansions.

Lemma 3.3 Let a € [0,1] be an irrational number with irrationality exponent
WU > 2 and let X be its b-ary expansion. Then lin_1>ian(x 'n)/n<2/u.
n—oo

Proof. We fix a rational number m < . Then there are infinitely many positive

integers p,q such that |a — g[ < g™, so « is an interior point of the interval

(g — q%, § + qu) Proceeding as in the proof of Lemma 10 in [36], we note that



this interval can be covered by at most two intervals of the form [4 ¢t

% Y )> where
k = |log,(g"/2)] (see [36, Fact 4]). The b-ary expansions of the reals in these
intervals start with words wo(p,q) € AX and wy(p,q) € A%, respectively, and these
words can be effectively computed from p and ¢ and the fixed rational number m.

Next we encode the numbers p and g via a prefix-free encoding code : IN — A}

satisfying |code(?)| < log, ¢+ 2log,log, ¢ + ¢ for a suitable constant ¢ € IN (see
e.g. [9, Example 2.5]), and let 7, ,(i) = i- code(p)code(q), i € Ap. Since p < ¢
we have |7, 4(i)| < 2- (logpg + 21og;, log, g +c)

Further define for the fixed rational m the mapping v, : A, — A; by

. wi(p,q), fori=0,1,
Win(Tp,q(i)) = { l )
oo, otherwise.

Then |y, (7, 4(i))| = |log,(¢™/2)] > m-log,q — 3. Hence, there exist in-
finitely many prefixes w;(p,q) of the b-ary expansion x of « such that

Ky(wi(p,q)) §2'(10ng+210gb10ng+C) L 2/m
wi(p,q)| m-log,q—3

As m can be chosen arbitrarily close to u the statement of the lemma follows. [
From the Fact 3.1.(a) we deduce:

Corollary 3.4 Every Martin-Lof random real has irrationality exponent 2.
Lemma 10 and Corollary 11 in [36] are now corollaries.

Corollary 3.5 ([36, Lemma 10]) Every b-ary expansion X of a Liouville number
has liminfK (x [ n) /n=0.
n—yo0

Corollary 3.6 ([36, Corollary 11]) The sets of Liouville numbers and Martin-Lof
random numbers are disjoint.

Is the bound 2/u in Lemma 3.3 the best upper bound for reals having irra-
tionality exponent u? The following considerations based on results by Jarnik
[22] and Ryabko [33] show that the bound 2/u cannot be in general improved.
To this aim we use the Hausdorff dimension for subsets of [0,1] and A7, It is
well-known that dimM = dim{x : x is a b-ary expansion of & € M} and dim is
monotone with respect to set inclusion, see [18, 19]).

Theorem 3.7 ([22]) Let u > 2. Then

dim{a : a € [0, 1]has irrationality exponent 1} =2/u.
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Theorem 3.8 ([33, 35]) Let y > 1. Then
dim{x: lirr_1>ian(X 'n)/n<y}=vy.
n—oo

According to Ryabko’s Theorem 3.8, for every € > 0 the set {x : lirr_1>ian (x|
n—yoo

n)/n <2/u — €} has Hausdorff dimension 2/u — & < 2/u. Thus, this set can-
not contain the set Fj, = {x : 0.x has irrationality exponent equal to tt} which has
dim Fy, = 2/p by Jarnik’s Theorem 3.7. Consequently, there is a sequence y € F,
such that li’gi(EfK(y [n)/n>2/u—e.

3.2 Empty intersections

Here we summarise known relations between our four classes of real numbers.
Except for the one in Eq. (8) which is Corollary 3.6 these relations are folklore,
however, one can deduce them also from the results in the previous section.

Fact 3.9
M N (6)
MNE = (7)
MNYL = 0 )]

If we consider all possible Boolean combinations between the four classes of num-
bers £, AN, .# and € we obtain that out of 16 possible combinations the follow-
ing seven sets are empty:l

LANCNNNM, LOACANNNM, LOACANNNM, LONENN N M (all
because #Z C N), LONENN NM, LONENN N (both because € N.# =
0), and ZNE NN N (because 4 N.L = 0).

3.3 Non-empty intersections

Next we show that eight of the nine remaining intersections are non-empty, but
they are all “small” in measure or/and category. For the remaining intersection
L NE NN N we give an indication that it might be non-empty: a result in
[15] shows that there are computable non-Liouville numbers which have a binary
expansion which is normal.

'We denote by S the complement of the set S.
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The first three non-emptiness results use complicated constructions of Liou-
ville numbers [7]. Liouville numbers normal to a fixed base b,b > 2, can be
constructed in a simpler way (see Section 2.3 above).

331 Znén Ny nA

In [7, Theorem 2] it is proved that the set .2’ N .4 is uncountable, thus it contains
incomputable reals.

332 ZnNeEnNNA

Based on the proof of Theorem 2 of [7] a construction of a computable Borel
absolutely-normal number was given in [3].

333 ZnéensynNA

Incomputable Liouville numbers not normal to a certain base have been con-
structed in [23, Proposition 7]. The required example can be obtained from
Lemma 2.4 with wy; =0, woiy1 = a; € Ap, f(2i+1) =1 and f(2i) =i!'— (i —
1)! — 1, where the sequence (a;);c is incomputable. This yields incomputable
Liouville numbers Y} | a; - b~" with the expansion A;.":OOf 2i)g j which are not
normal in base b.

A stronger existence result is Theorem 1 of [7] which shows that there are
uncountably many Liouville numbers not normal to any base.

334 LnNeEnNAS N

Liouville’s ‘classical’ number ¥'3° | 5~% is computable, and not normal in base b.
A more interesting example was given by Martin [28] who constructed a Li-
ouville number not normal in any base.

335 ZnénAynNA

Let ¢ = 0.x1x3...x,..., xi € Ap be Martin-Lo6f random (given by a b-ary ex-
pansion) and let B = 0.y, where y = x;00x,00...x,00.... Then B is not nor-
mal in base b because it contains at least 2/3 more zeroes than other letters.
It is not computable, for otherwise & would be computable. Finally, since
liminf, . K(y [ n)/n = 1/3 (actually B is 1/3-Martin-L6f random in the sense
of [13]), Lemma 3.5 shows that f3 is not a Liouville number.

11



336 ZLneEnyNA

Here ZNE NN NM = .4 # 0 follows from Fact 3.9.

An interesting example of real in this class is Chaitin Omega number Q =
Y1271 (bin(m) (see [9, 17]), where bin(n) is the nth binary string in quasi-
lexicographical order.

337 ZneEnSNA

Every rational number is computable but neither Liouville nor normal.
The computable irrational number o, =} ;cn b~2 is non-Liouville (see [24]).
It is readily seen that o, is not normal in base b.

338 Znensy N

Let ¢ = 0.x1x>...x, ... be a Martin-Lof random real (given by a b-ary expansion)
and let y(2') = 0 and y(j) = x;, otherwise. Then liminf, . K(y | n)/n =1 (see
[30, Example 4.1]) and, in view of Lemmas 3.2 and 3.5, the real B = 0.y is an
Borel absolutely-normal non-Liouville number.

To show that B = 0.y is not Martin-L6f random we use the following property
(cf. [9, Corollary 6.4.2] or [17, Theorem 7.2.23]):

Fact 3.10 For the b-ary expansion ¢ = 0.x1x2...x,... of a Martin-Lof random
real the set {j : xj = 0} cannot contain an infinite computable subset M C IN, in
particular not the set {2': i € IN}.

339 ZneEn Ny nA

It is an open problem whether there exist computable, Borel absolutely-normal,
non-Liouville numbers. There exist computable, non-Liouville numbers, normal
to base 2, but not Borel absolutely-normal. Any Stoneham number F(1/2) =
Yo 2K .k~ (where k € IN is odd ,k > 3) is computable, normal in base 2 (but
not in base 6, see [15]), and, by [15, Theorem 1], has irrationality exponent
W(F(1/2)) =k, thus, it is not Liouville.

The set £ NE N.A N.# is co-meagre and has measure zero and the set .2 N
€ NN N.M = .4 has constructive measure one and is meagre. The remaining
non-empty sets are meagre and have constructive measure zero.
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4 Concluding remark

We surveyed relations between four classes of real numbers: Liouville numbers,
computable reals, Borel absolutely-normal numbers and Martin-Lo6f random reals.
The results showed that several properties of real numbers are incompatible. For
the remaining possibilities — up to one case — we found real numbers possessing
these properties. We note that the existence results come from quite different
realms of mathematics and theoretical computer science.

The following open question was discussed: the existence of computable,
Borel absolutely-normal, non-Liouville numbers (Section 3.3.9).
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