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0ARADISE ,OST� OR 0ARADISE 2EGAINED�

#NTFK@R !QHCFDR @MC +TLHMHSz@ #DCHT

3EPTEMBER �� ����

 ARSQ@BS
 4HIS PAPER OUTLINES SOME OF THE HISTORY AND PHILOSOPHY OF

CONSTRUCTIVE MATHEMATICS� CONCENTRATING ON THE WORK OF THE LATE %RRETT "ISHOP

AND HIS FOLLOWERS�

'HRSNQX

.O ONE SHALL BE ABLE TO DRIVE US FROM THE PARADISE THAT #ANTOR CREATED FOR

US� �(ILBERT� ;��=	

,ASCIATE OGNI SPERANZA� VOI CH�ENTRATE� �$ANTE� L�)NFERNO� #ANTO )))	

&OR (ILBERT� AND ALL MATHEMATICIANS WHO SUBSCRIBE TO HIS PHILOSOPHY OF FORMALISM�

IN ORDER TO PROVE THAT

�X0 �X	

IT SUpCES TO SHOW THAT

��X�0 �X	�

)N OTHER WORDS� EXISTENCE IS EQUIVALENT TO THE IMPOSSIBILITY OF NONEXISTENCE�

�
!S LONG

AS IT CAN BE PROVED� OF A FORMAL� AXIOMATIC MATHEMATICAL SYSTEM� THAT IT IS IMPOSSIBLE

TO DERIVE BOTH 0 AND �0 FROM THE AXIOMS� THEN THAT SYSTEM IS ACCEPTABLE TO THE

FORMALIST� 7HAT MATTERS TO HIM IS CONSISTENCY� RATHER THAN MEANING� IT IS OF NO

CONSEQUENCE THAT AN EXISTENCE PROOF MIGHT ONLY ESTABLISH THE IMPOSSIBILITY OF THE

NONEXISTENCE OF THE OBJECT SOUGHT AFTER� RATHER THAN PROVIDE THE MEANS OF nNDING� OR

AT LEAST APPROXIMATING� THAT OBJECT�

%VEN BEFORE "ROUWER ENTERED THE DEBATE �SEE BELOW	� (ILBERT�S VIEW RECEIVED SOME

INCISIVE CRITICISM� &REGE� FOR INSTANCE� ASKED� <3UPPOSE WE KNEW THAT THE PROPOSITIONS

q ! IS AN INTELLIGENT BEING�

�
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q ! IS OMNIPRESENT�

q ! IS OMNIPOTENT�

TOGETHER WITH ALL THEIR CONSEQUENCES� DID NOT CONTRADICT EACH OTHER� COULD WE INFER

FROM THIS THAT THERE WAS AN OMNIPRESENT� OMNIPOTENT� INTELLIGENT BEING��

7HEN� IN ����� (ILBERT PROVED HIS BASIS THEOREM BY CONTRADICTION� MANY MATHE


MATICIANS WERE DISAPPOINTED BECAUSE THEY EXPECTED A PROOF TO TELL THEM HOW TO nND

THE DESIRED BASIS� HENCE 'ORDAN�S FAMOUS REMARK�

$AS IS NICHT -ATHEMATIK� $AS IST 4HEOLOGIE�

4HE CONTROVERSY CONTINUED� WITH CONTRIBUTIONS FROM 0OINCARuE AND SEVERAL OTHER

HIGHLY REPUTED MATHEMATICIANS� 4HEN� IN ����� THE $UTCH MATHEMATICIAN ,�%�*�

"ROUWER �����
����	 BURST UPON THE SCENE WITH THE PUBLICATION OF HIS DOCTORAL THESIS

;��=� IN WHICH HE PUT FORWARD HIS MATHEMATICAL[PHILOSOPHICAL POSITION KNOWN AS INTU


ITIONISM� 0RECURSORS OF INTUITIONISTIC IDEAS CAN BE TRACED BACK TO THE WORKS OF 'AUSS�

,EBESGUE� "OREL� AND +RONECKER�

�

!CCORDING TO "ROUWER� MATHEMATICS IS A FREE CREATION OF THE HUMAN MIND� AN

OBJECT EXISTS IF AND ONLY IF IT CAN BE MENTALLY CONSTRUCTED� (IS PROGRAMME� WHICH

CAN BE REGARDED AS THE BASIS OF CONSTRUCTIVE MATHEMATICS� INCLUDED TWO MAIN POINTS�

q TO BUILD UP MATHEMATICS CONSTRUCTIVELY �<-ATHEMATICS CAN DEAL WITH NO OTHER

MATTER THAN THAT WHICH IT HAS ITSELF CONSTRUCTED�	� AND

q TO POINT OUT THE ERRORS IN ALL OTHER CONCEPTIONS OF MATHEMATICS�

)N HIS ���� ESSAY <4HE 5NRELIABILITY OF THE ,OGICAL 0RINCIPLES� ;��= "ROUWER CRITICISED

THE UNRESTRICTED USE OF THE LAW OF THE EXCLUDED MIDDLE IN LOGIC� "UT� WITH THE NO


TABLE EXCEPTION� FOR A PERIOD AROUND ����� OF (ERMANN 7EYL �;��=� PP� ��
��	� MOST

MATHEMATICIANS REMAINED SCEPTICAL OF� OR HOSTILE TO� "ROUWER�S VIEWS� BELIEVING THAT

TOO MUCH MATHEMATICS HAD TO BE GIVEN UP IN ORDER TO ACCOMMODATE THEM� .OT ONLY

WERE THE CUSTOMARY LOGIC PRINCIPLES INVALID IN INTUITIONISM� BUT ALSO THE SET
THEORETIC

APPROACH TO THE DEnNITION OF MATHEMATICAL CONCEPTS HAD TO BE SACRInCED� %VEN MATH


EMATICIANS SYMPATHETIC TO A CONSTRUCTIVIST POINT OF VIEW BELIEVED THAT WHAT ONE COULD

DO IN A TOTALLY CONSTRUCTIVIST SYSTEM WAS SO LIMITED THAT ONE WOULD HAVE ONLY A TRUN


CATED FRACTION OF THE MATHEMATICS NEEDED BY THE SCIENCES� &OR EXAMPLE� AS LATE AS

���� WE nND +LEENE WRITING

�
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7HAT KIND OF MATHEMATICS CAN BE BUILT WITHIN THE INTUITIONISTIC RESTRIC


TIONS� )F THE EXISTING CLASSICAL MATHEMATICS COULD BE REBUILT WITHIN THESE

RESTRICTIONS� WITHOUT TOO GREAT INCREASE IN THE LABOR REQUIRED AND TOO GREAT

SACRInCE IN THE RESULTS ACHIEVED� THE PROBLEM OF THE FOUNDATIONS OF MATH


EMATICS WOULD APPEAR TO BE SOLVED� )NTUITIONISTIC MATHEMATICS EMPLOYS

CONCEPTS AND MAKES DISTINCTIONS NOT FOUND IN CLASSICAL MATHEMATICS� AND

IT IS VERY ATTRACTIVE ON ITS OWN ACCOUNT� !S A SUBSTITUTE FOR CLASSICAL MATH


EMATICS IT HAS TURNED OUT TO BE LESS POWERFUL AND IN MANY WAYS MORE

COMPLICATED TO DEVELOP� �;��=� P� ��	

)T APPEARED THAT (ILBERT WAS RIGHT WHEN HE SAID

.O[ONE� THOUGH HE SPEAK WITH THE TONGUES OF ANGELS� WILL KEEP PEOPLE FROM

USING THE LAW OF EXCLUDED MIDDLE�

(IS DISAGREEMENT WITH "ROUWER BECAME MORE AND MORE ACRIMONIOUS� CULMINATING� IN

����� WITH THE NOTORIOUS INCIDENT IN WHICH "ROUWER WAS SACKED FROM THE %DITORIAL

"OARD OF -ATHEMATISCHE !NNALEN �SEE PP� ��
��� OF ;��=	�

(ILBERT�S FORMALIST PROGRAMME RECEIVED A SEVERE BLOW WITH THE PUBLICATION OF

'�ODEL�S 4HEOREM IN ���� ;��=� $ESPITE (ILBERT�S CONTINUED OPPOSITION� THOUGH� CON


STRUCTIVE APPROACHES TO MATHEMATICS SURVIVED�

�
"ROUWER CONTINUED TO LECTURE AND

WRITE ON INTUITIONISM ;��=� (IS STUDENT (EYTING CONTINUED IN THE MASTER�S FOOTSTEPS�

AND EVENTUALLY BECAME THE LEADER OF A SMALL� BUT ACTIVE� GROUP OF INTUITIONISTS SPREAD

THROUGH A NUMBER OF UNIVERSITIES IN THE .ETHERLANDS� !MONG (EYTING�S ACHIEVE


MENTS WAS THE nRST FORMALISATION OF INTUITIONISTIC LOGIC� ABSTRACTED FROM THE PRACTICE

OF INTUITIONISTIC MATHEMATICS� /N THE OTHER HAND� A COMPLETELY DImERENT APPROACH

TO CONSTRUCTIVE MATHEMATICS\ESSENTIALLY RECURSIVE MATHEMATICS WITH INTUITIONISTIC

LOGIC\WAS INITIATED BY !�!� -ARKOV IN THE 3OVIET 5NION IN ����
��� AND ACHIEVED A

NUMBER OF TECHNICAL SUCCESSES �;��=� ;��=	�

.EVERTHELESS� BY THE MID
����S CONSTRUCTIVE MATHEMATICS WAS� WHEN COMPARED

WITH ITS CLASSICAL �TRADITIONAL	 COUNTERPART� RELATIVELY STAGNANT� 4HIS SITUATION

CHANGED VIRTUALLY OVERNIGHT �AT LEAST AS FAR AS THE MATHEMATICAL PUBLIC WAS CON


CERNED	� WITH THE APPEARANCE� IN ����� OF THE SEMINAL MONOGRAPH <&OUNDATIONS OF

#ONSTRUCTIVE !NALYSIS� ;�=� 4HIS BOOK WAS THE FRUIT OF AN ASTONISHINGLY FERTILE PERIOD

OF �
� YEARS IN WHICH %RRETT "ISHOP �����
����	 DEVELOPED� SINGLE[HANDEDLY AND MORE

�
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OR LESS FROM SCRATCH� A LARGE PART OF MODERN ANALYSIS BY RIGOROUSLY CONSTRUCTIVE METH


ODS� &OUNDING HIS MATHEMATICS ON A PRIMITIVE� UNSPECInED NOTION OF ALGORITHM AND

ON THE 0EANO PROPERTIES OF THE NATURAL NUMBERS� AND KEEPING STRICTLY TO THE INTER


PRETATION OF <EXISTENCE� AS <COMPUTABILITY�� "ISHOP WAS ABLE TO DEVELOP HIS ANALYSIS

IN THE STYLE OF THE CLASSICAL ANALYST �BUT� OF COURSE� WITH A DImERENT LOGIC	� WITHOUT

A COMMITMENT TO EITHER "ROUWER�S QUASI
METAPHYSICAL INTUITIONISTIC PRINCIPLES OR THE

RECURSIVE FUNCTION THEORETIC FORMALISM OF THE -ARKOV SCHOOL�

"ISHOP�S REFUSAL TO MAKE SUCH COMMITMENTS� AND IN PARTICULAR TO PIN DOWN HIS

NOTION OF ALGORITHM� LED TO CRITICISM� PARTICULARLY FROM PHILOSOPHERS OF MATHEMATICS

AND FROM THOSE COMMITTED TO #HURCH�S THESIS �THAT ALL COMPUTABLE PARTIAL FUNCTIONS

FROM . TO . ARE RECURSIVE	� "UT HIS IMPRECISION ABOUT THE NATURE OF ALGORITHMS

IS PRECISELY WHAT GIVES "ISHOP�S WORK SO MANY POSSIBLE INTERPRETATIONS� HIS RESULTS

AND PROOFS ARE VALID� MUTATIS MUTANDIS� IN CLASSICAL MATHEMATICS� INTUITIONISM� AND

ALL REASONABLE MODELS OF COMPUTABLE MATHEMATICS\SUCH AS� FOR EXAMPLE� RECURSIVE

FUNCTION THEORY ;��= OR 7EIHRAUCH�S 44% �;��=� ;��=	�

2ECENTLY� 2ICHMAN HAS ADVOCATED THE VIEW� BASED ON HIS EXPERIENCE AS A PRAC


TITIONER OF CONSTRUCTIVE MATHEMATICS FOR MORE THAN TWENTY[nVE YEARS� THAT "ISHOP�S

MATHEMATICS IS SIMPLY MATHEMATICS WITH INTUITIONISTIC LOGIC �SEE ;��=� ;��=	� 4HIS

VIEWPOINT� WHICH IS PREnGURED IN ;�=� ALLOWS THE CONSTRUCTIVE MATHEMATICIAN TO WORK

WITH ANY MATHEMATICAL OBJECTS� NOT JUST THOSE THAT ARE� IN SOME SENSE� CONSTRUCTIVE�

/N THE OTHER HAND� AS A PHILOSOPHY OF CONSTRUCTIVE EPISTEMOLOGY� IT DOES NOT PRECLUDE

THE ONTOLOGICAL POSSIBILITY THAT� AS "ROUWER MAINTAINED� MATHEMATICAL OBJECTS ARE

MENTAL CONSTRUCTS� 7E ADOPT 2ICHMAN�S POINT OF VIEW IN THE REMAINDER OF THIS PAPER�

+NFHB @MC /Q@BSHBD

7HEN USING INTUITIONISTIC LOGIC� WE MUST TAKE INTO ACCOUNT THAT IT DImERS SUBSTANTIALLY

FROM CLASSICAL LOGIC� &OR EXAMPLE�

q 0 ?1 HOLDS IF AND ONLY IF WE HAVE EITHER A PROOF OF 0 OR A PROOF OF 1�

q �X0 �X	 HOLDS IF AND ONLY IF WE HAVE AN ALGORITHM FOR CONSTRUCTING X� AND ONE

FOR VERIFYING THAT 0�X	 HOLDS�

q �X � !0 �X	 HOLDS IF AND ONLY IF WE HAVE AN ALGORITHM WHICH� APPLIED TO AN

OBJECT X AND THE DATA THAT WITNESS THAT X BELONGS TO THE SET !� DEMONSTRATES

THAT 0 �X	 HOLDS�

q 0 	 1 HOLDS IF AND ONLY IF WE HAVE AN ALGORITHM WHICH CONVERTS ANY PROOF OF

0 INTO ONE OF 1�

q IF 0 �N	 IS A DECIDABLE PROPERTY OF NATURAL NUMBERS N�

�N0 �N	 ?��0�N	



NEED NOT HOLD�

q THE LAW OF EXCLUDED MIDDLE� 0 ?�0 � DOES NOT HOLD�

4HERE ARE CERTAIN CLASSICALLY TRIVIAL WEAK FORMS OF THE LAW OF EXCLUDED MIDDLE THAT

ALSO CANNOT BE DERIVED WITHIN INTUITIONISTIC LOGIC AND ARE THEREFORE EXCLUDED FROM

CONSTRUCTIVE MATHEMATICS� !MONG THESE ARE THE SO
CALLED �BY "ISHOP	 OMNISCIENCE

PRINCIPLES�

�

q 4HE LIMITED PRINCIPLE OF OMNISCIENCE �,0/	� )F �AM	 IS A BINARY SEQUENCE�

THEN EITHER AM � � FOR ALL N OR ELSE THERE EXISTS N WITH AM � ��

q 4HE LESSER LIMITED PRINCIPLE OF OMNISCIENCE �,,0/	� )F �AM	 IS A BINARY

SEQUENCE WITH AT MOST ONE TERM EQUAL TO �� THEN EITHER A�M � � FOR ALL N OR ELSE

A�M
� � � FOR ALL N�

!NY CLASSICAL PROPOSITION THAT IMPLIES EITHER OF THESE OMNISCIENCE PRINCIPLES IS RE


GARDED AS ESSENTIALLY NONCONSTRUCTIVE� &OR EXAMPLE� EACH OF THE FOLLOWING IS EQUIVALENT

TO ,0/�

q 4HE LAW OF TRICHOTOMY� �X � 2�X � � ? X � � ? X � �	�

q 4HE LEAST
UPPER
BOUND PRINCIPLE� EACH NONEMPTY SUBSET OF 2 THAT IS

BOUNDED ABOVE HAS A LEAST UPPER BOUND�

q %VERY REAL NUMBER IS EITHER RATIONAL OR IRRATIONAL�

7E SHOW HOW THE LAST OF THESE IMPLIES ,0/� ,ET �AM	
�

M��
BE AN INCREASING BINARY

SEQUENCE� AND DEnNE A REAL NUMBER BY

X �

�8
M��

�` AM

N�

�

3UPPOSE THAT EITHER X IS RATIONAL OR X IS IRRATIONAL� )N THE nRST CASE JX` EJ � �� SO

THERE EXISTS . SUCH THAT

-8
M��

t
�

N�

`

�` AM

N�

u
� ��

WHENCE AM � � FOR SOME N v .� )N THE CASE WHERE X IS IRRATIONAL� WE CLEARLY HAVE

AM � � FOR ALL N�

%ACH OF THE FOLLOWING IS EQUIVALENT TO ,,0/�

�
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q �X � 2�X w �? X v �	�

q )F X� Y � 2 AND XY � �� THEN X � � OR Y � ��

q 4HE )NTERMEDIATE 6ALUE 4HEOREM� IF F � ;�� �=� 2 IS A CONTINUOUS FUNCTION

WITH F��	 � � � F��	� THEN THERE EXISTS X � ��� �	 SUCH THAT F�X	 � ��

&ORTUNATELY� THERE EXIST CONSTRUCTIVE PRINCIPLES AND SUBSTITUTES THAT ENABLE US TO

OBTAIN MANY POSITIVE RESULTS WITHOUT USING THE EJECTED PRINCIPLES� (ERE ARE SOME

EXAMPLES�

q )F A � B� THEN FOR EACH X � 2 EITHER X � A OR X � B�

�

q 4HE CONSTRUCTIVE LEAST[UPPER[BOUND PRINCIPLE� IF 3 IS A NONEMPTY

�

SUB


SET OF 2 THAT IT IS BOUNDED ABOVE� AND IF FOR ALL m� n WITH m � n�

�X � 3�X � n	 ? �X � 3�X � m	�

THEN THE SUPREMUM OF 3 EXISTS�

q )F X � � IS CONTRADICTORY� THEN X v ��

q ! VERSION OF THE )NTERMEDIATE 6ALUE 4HEOREM� IF F � ;�� �=� 2 IS A CONTINUOUS

FUNCTION WITH F��	 � � � F��	� THEN FOR EACH � � � THERE EXISTS X � ��� �	 SUCH

THAT JF�X	J � � �;�=� #H� �� 4HM ����		�

q ! SECOND VERSION OF THE )NTERMEDIATE 6ALUE 4HEOREM�

�

IF F � ;�� �= � 2 IS A

CONTINUOUS FUNCTION WITH F��	 � � � F��	� AND IF F IS LOCALLY NONZERO IN THE

SENSE THAT FOR EACH X � ��� �	 AND EACH R � � THERE EXISTS Y WITH JX` YJ � R AND

F�Y	 �� �� THEN THERE EXISTS X � ��� �	 SUCH THAT F�X	 � � �;�=� P� ��� 0ROBLEM

��	�

! MORE CONTROVERSIAL OMNISCIENCE PRINCIPLE IS -ARKOV�S 0RINCIPLE �-0	�

)F �AM	 IS A BINARY SEQUENCE FOR WHICH IT IS CONTRADICTORY THAT ALL TERMS BE

�� THEN THERE EXISTS N SUCH THAT AM � ��

�
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4HIS PRINCIPLE REPRESENTS AN UNBOUNDED SEARCH� AND CERTAINLY HOLDS IN THE CLASSICAL

RECURSIVE MODEL� )T IS ACCEPTED� AT TIMES RELUCTANTLY� BY THE PRACTITIONERS OF -ARKOV�S

RECURSIVE CONSTRUCTIVE MATHEMATICS� BUT IS REJECTED BY THE INTUITIONISTS� �)NDEED� IT

IS INCONSISTENT WITH "ROUWER�S CONTROVERSIAL THEORY OF THE CREATING SUBJECT\SEE ;��=�

;��=� OR ;�=�	 &OLLOWERS OF "ISHOP NORMALLY REGARD -ARKOV�S 0RINCIPLE AS UNUSABLE�

AND REJECT AS ESSENTIALLY NONCONSTRUCTIVE ANY PROPOSITION THAT IMPLIES IT�

!N INEVITABLE QUESTION IN DISCUSSIONS ABOUT CONSTRUCTIVE MATHEMATICS IS <7HAT

ABOUT THE AXIOM OF CHOICE��� 4HE FOLLOWING RESULT� WHICH APPEARS IN A DISGUISED FORM

AS 0ROBLEM � ON PAGE �� OF ;�=� WAS PUBLISHED BY 'OODMAN AND -YHILL IN ���� �;��=	�

4HE AXIOM OF CHOICE ENTAILS THE LAW OF EXCLUDED MIDDLE�

4O PROVE THIS� LET 0 BE ANY CONSTRUCTIVELY MEANINGFUL STATEMENT AND DEnNE THE SET

! � FS� TG TOGETHER WITH THE EQUALITY RELATION

�
GIVEN BY

S � T IF AND ONLY IF 0 HOLDS�

#ONSIDER NOW THE SET " � F�� �G WITH THE STANDARD EQUALITY� AND LET

3 � F�S� �	� �T� �	G | !b"�

WITH THE EQUALITY RELATION DERIVED FROM THOSE ON ! AND "�

�X� Y	 � �X�� Y�	 IF AND ONLY IF X � X� IN ! AND Y � Y� IN "�

!SSUME THAT THERE EXISTS A FUNCTION F � !� " SUCH THAT �X� F�X		 � 3 FOR ALL X � !�

)F F�S	 � � OR F�T	 � �� THEN S � T AND HENCE 0 HOLDS� IF F�S	 � � AND F�T	 � �� THEN

��S � T	 AND THEREFORE �0 HOLDS�

!NOTHER CLASSICAL RESULT THAT DOES NOT HOLD IN CONSTRUCTIVE MATHEMATICS IS THE

FOLLOWING�

&OR EACH COMPLEX NUMBER Z THERE EXISTS t � ;�� �{	 SUCH THAT
�
Z � JZJ E

Ht
�

AND SUCH THAT IF t �� �� THEN Z �� ��

�
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4O SHOW THAT THIS PROPOSITION ENTAILS ,0/�

��
CONSIDER AN INCREASING BINARY SEQUENCE

�AM	 WITH AT MOST ONE TERM EQUAL TO �� $EnNE A SEQUENCE �ZM	 OF COMPLEX NUMBERS

SUCH THAT

AM � � 	 ZM � ��

AM � �` AM`� 	 Z

J
� E

H{��
�N FOR ALL K w N�

)T IT EASILY SEEN THAT �ZM	 IS A #AUCHY SEQUENCE AND THEREFORE CONVERGES TO A LIMIT Z

IN #� !SSUME THAT Z � JZJ E

Ht
FOR SOME t � ;�� �{	� AND THAT IF t �� �� THEN Z �� ��

%ITHER t �

{

�
OR t � �� )N THE nRST CASE WE HAVE �N�AM � �	� FOR IF WE SUPPOSE THAT

THERE EXISTS N SUCH THAT AM � � ` AM`�� THEN Z � E

H{��
�N AND THEREFORE t �

{

�
� A

CONTRADICTION� )N THE CASE t � � WE HAVE Z �� �� SO THERE EXISTS . SUCH THAT Z- �� ��

THEN AM � � FOR SOME N v .�

.OW� IT MIGHT BE THOUGHT THAT THE FAILURE OF THE MODULUS[ARGUMENT DECOMPOSITION

OF A COMPLEX NUMBER WOULD MEAN THAT THERE WAS NO CONSTRUCTIVE PROOF OF THE EXISTENCE

OF SQUARE ROOTS IN #� &OR� IN ORDER TO nND A SQUARE ROOT OF Z� WE NORMALLY WOULD WRITE

Z � JZJ E

Ht
AND THEN COMPUTE f

P

JZJE

Ht��
� !LTHOUGH THIS METHOD OF nNDING A SQUARE

ROOT CERTAINLY WILL NOT WORK UNLESS WE ALREADY CAN DECIDE THAT Z � � OR Z �� �\WHICH�

IN GENERAL� WE CANNOT\THERE IS A CONSTRUCTIVE PROOF OF THE EXISTENCE OF SQUARE ROOTS�

ONE THAT USES THE COMPLETENESS OF #�
��

4O SEE THIS� CONSIDER ANY COMPLEX NUMBER Z� AND NOTE THAT FOR EACH POSITIVE INTEGER

N WE HAVE EITHER JZJ � ��N OR JZJ � ���N��	� 4HUS WE CAN SUCCESSIVELY CONSTRUCT THE

TERMS OF AN INCREASING BINARY SEQUENCE �wM	 SUCH THAT

wM � � 	 JZJ � ��N�

wM � � 	 JZJ � ���N� �	�

7E MAY ASSUME THAT w� � �� )F wM � �� SET rM � �� IF wM � �`wM`�� CHOOSE t � ;�� �{	

SUCH THAT Z � JZJ E

Ht
� AND SET rJ �

P

JZJE

Ht��
FOR ALL K w N� 4HEN �rM	 IS A #AUCHY

SEQUENCE� IN FACT� JrL ` rMJ v ���N ` �	 WHENEVER M w N w �� !LSO�

n
n
r

�

M
` Z

n
n
� ��N

FOR EACH N� 3INCE # IS COMPLETE� �rM	 CONVERGES TO A LIMIT r � # THAT SATISnES r

�
� Z�

4HIS TECHNIQUE OF <oAGGING� ALTERNATIVES BY THE TERMS OF A BINARY SEQUENCE �wM	�

CONSTRUCTING AN APPROPRIATE #AUCHY SEQUENCE� AND USING THE LIMIT OF THAT SEQUENCE

TO CIRCUMVENT OUR INABILITY TO MAKE THE SORT OF DECISION EMBODIED IN ,0/� ,,0/� OR

-ARKOV�S 0RINCIPLE� IS QUITE COMMON IN CONSTRUCTIVE MATHEMATICS� &OR EXAMPLE� IT IS

USED IN THE PROOFS OF THE FOLLOWING RESULTS�

q ! COMPACTLY GENERATED "ANACH SPACE IS nNITE[DIMENSIONAL �;��=� #H� �� ����		�

��
 U@QH@SHNM NE SGHR @QFTLDMS RGNVR SG@S HE� ENQ D@BG Y � "� SGDQD DWHRSR t � :���{� RTBG SG@S
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q ! LINEAR MAPPING 4 FROM A NORMED SPACE 8 ONTO A "ANACH SPACE 9 IS WELL

BEHAVED� IN THE SENSE THAT IF X �� Y FOR ALL Y � KER�4 	� THEN 4X �� � ;��=�

q )F F IS A NONNEGATIVE INTEGRABLE FUNCTION THAT IS POSITIVE THROUGHOUT A SET OF

POSITIVE MEASURE� THEN

2
F � � �;�=� #H� �� �����		�

q ,ET & BE A nNITE[DIMENSIONAL SUBSPACE & OF A REAL NORMED SPACE 8� AND X AN

ELEMENT OF 8 SUCH THAT MAX FKX` YK � KX` Y

�
KG � � WHENEVER Y� Y

�
ARE DISTINCT

ELEMENTS OF &� 4HEN X HAS A �PERFORCE UNIQUE	 CLOSEST POINT IN & �;�=� #H� ��

�����		�

��

! SPECIAL CASE OF THE nRST OF THESE RESULTS IS THAT IF 2A � FAX � X � 2G IS CLOSED�

THEN A � � OR A �� �� �4HE CONVERSE IS CLEARLY TRUE�	 ! PROOF USING THE FOREGOING

oAGGING TECHNIQUE IS GIVEN IN ;�=� BUT &RED 2ICHMAN HAS SHOWN US THE FOLLOWING

SIMPLER ARGUMENT�

!SSUME THAT 2A IS COMPLETE� &OR EACH � � � WE HAVE EITHER

P
JAJ � � OR ELSE

JAJ � �� IN THE LATTER CASE� Q
JAJ � f

AP
JAJ

� 2A�

3INCE � � � IS ARBITRARY�

P
JAJ � 2A � 2A AND THERE EXISTS R SUCH THAT

P
JAJ � RA�

#HOSE A POSITIVE INTEGER . � R� %ITHER JAJ � � OR JAJ � ��.

�
� )N THE LATTER CASE� IF

A �� �� THEN

JRJ JAJ � JRAJ �

Q
JAJ �

JAJP
JAJ

� . JAJ �

SO JRJ � .� A CONTRADICTION� WHENCE A � ��

/NE ADVANTAGE OF THIS PROOF OVER THE ONE THAT USES THE oAGGING TECHNIQUE IS THAT IT

DOES NOT REQUIRE ANY FORM OF CHOICE PRINCIPLE\NOT EVEN COUNTABLE CHOICE� !LTHOUGH

MOST CONSTRUCTIVE MATHEMATICIANS HAVE NO QUALMS ABOUT THE USE OF COUNTABLE� OR

EVEN DEPENDENT� CHOICE IN THEIR PROOFS� THERE ARE SOME\NOTABLY 2ICHMAN ;��=\WHO

PREFER TO AVOID CHOICE ALTOGETHER WHENEVER POSSIBLE�

4HE READER MUST NOT GET THE IMPRESSION THAT CONSTRUCTIVE MATHEMATICIANS SPEND

THEIR TIME PROVING� BY AMUSING ARGUMENTS� RESULTS THAT ARE CLASSICALLY TRIVIAL� -OST

OF OUR ATTENTION IS DEVOTED TO CLASSICALLY NONTRIVIAL MATTERS� BUT� AS THE ARGUMENTS

WE HAVE GIVEN DEMONSTRATE� THERE ARE SIGNInCANT CONSTRUCTIVE PROBLEMS� OFTEN REQUIR


ING CONSIDERABLE INGENUITY FOR THEIR SOLUTION� AT LEVELS NEARER THE SURFACE THAN THOSE

NORMALLY MINED BY THE CLASSICAL MATHEMATICIAN�

3O FAR� WE HAVE CONCENTRATED ON ANALYSIS� 4URNING TO ALGEBRA� WE nRST NOTE THAT

WHEREAS� IN CLASSICAL ALGEBRA� THE SPLITTING nELD ASSOCIATED WITH A GIVEN POLYNOMIAL IS

UNIQUE UP TO ISOMORPHISM� IN THE CONSTRUCTIVE APPROACH THE UNIQUENESS OF SPLITTING

��
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nELDS FOR POLYNOMIALS OVER COUNTABLE DISCRETE nELDS IS EQUIVALENT TO ,,0/� .EVER


THELESS� SUCH A SPLITTING nELD DOES EXIST �;��=� P� ���	�

#LASSICALLY� A RING IS �LEFT	 .OETHERIAN IF EACH OF ITS LEFT IDEALS IS nNITELY GENERATED�

CONSTRUCTIVELY� EVEN THE nELD :� FAILS TO SATISFY THIS DEnNITION� )NDEED� IF WE HAVE

A nNITE SET OF GENERATORS FOR AN IDEAL OF :� GENERATED BY A BINARY SEQUENCE� WE CAN

DECIDE WHETHER OR NOT THE SEQUENCE HAS A TERM EQUAL TO ��

)T MIGHT BE SUSPECTED THAT� SINCE WE CANNOT PROVE CONSTRUCTIVELY THAT :� IS

.OETHERIAN� THERE WILL BE NO CONSTRUCTIVE VERSION OF THE (ILBERT "ASIS 4HEOREM� 4HIS

SUSPICION IS DOUBTLESS REINFORCED BY RECOLLECTION OF THE FURORE THAT AROSE AFTER (ILBERT�S

ORIGINAL� HIGHLY NONCONSTRUCTIVE PROOF OF THAT THEOREM� "UT THE REAL CONSTRUCTIVE

PROBLEM LIES WITH THE DEnNITION OF <.OETHERIAN�� -INES ET AL� ;��= DEnNE A RING 2 TO

BE .OETHERIAN IF FOR EACH ASCENDING CHAIN

*� | *� | *� | a a a

OF nNITELY GENERATED LEFT IDEALS IN 2 THERE EXISTS N SUCH THAT *M � *M
�� 4HIS DE


nNITION OF <.OETHERIAN� IS CLASSICALLY EQUIVALENT TO THE STANDARD CLASSICAL ONE �SEE�

FOR EXAMPLE� PAGE �� OF ;��=	� IS SATISnED BY THE RING :�� AND LEADS TO THE FOLLOWING

CONSTRUCTIVE VERSION OF THE (ILBERT "ASIS 4HEOREM�

)F 2 IS A COHERENT .OETHERIAN RING� THEN SO IS 2;X=�

WHERE� AS USUAL� 2;X= IS THE RING OF POLYNOMIALS OVER 2� �2EGARDING <COHERENCE��

SUpCE IT TO SAY THAT IT IS A PROPERTY THAT AUTOMATICALLY HOLDS FOR A .OETHERIAN RING

IN CLASSICAL MATHEMATICS�	

4HE (ILBERT "ASIS 4HEOREM ILLUSTRATES THE POINT THAT MANY\IF NOT MOST\CLASSICAL

RESULTS CAN BE RE
CAST� SOMETIMES WITH ADDITIONAL HYPOTHESIS THAT ARE TRIVIALLY SATISnED

IN CLASSICAL MATHEMATICS� INTO FORMS THAT ARE CONSTRUCTIVELY PROVABLE� MOREOVER� THOSE

FORMS ARE OFTEN CLASSICALLY EQUIVALENT TO THE ORIGINAL CLASSICAL THEOREM� &OR ANOTHER

INSTANCE OF THIS� SEE THE RESULT� STATED EARLIER� ABOUT BEST APPROXIMATIONS IN nNITE[

DIMENSIONAL SPACES�

"NMBKTRHNM

)N THIS SHORT ARTICLE WE HAVE TRIED TO SKETCH �THAT IS CERTAINLY THE APPROPRIATE WORD

HERE	 THE HISTORY AND PHILOSOPHY OF CONSTRUCTIVE MATHEMATICS� AND TO nLL IN A FEW

DETAILS OF MODERN� "ISHOP
STYLE CONSTRUCTIVE MATHEMATICS� )N EMPHASISING THE DIF


FERENCES BETWEEN CONSTRUCTIVE AND CLASSICAL MATHEMATICS� WE HAVE INEVITABLY RUN THE

RISK OF CREATING AN IMPRESSION THAT THE FORMER IS AN ESSENTIALLY NEGATIVE MATTER� AT

BEST CONCERNED WITH nLLING IN MINOR GAPS THAT APPEAR WHEN THE CLASSICAL NOTION OF EX


ISTENCE IS REPLACED BY A COMPUTATIONAL ONE� 7E MUST EMPHASISE THAT THIS IMPRESSION�

COMMON IN MANY MATHEMATICAL QUARTERS� IS FALSE� .OT ONLY HAVE THERE BEEN SUBSTAN


TIAL POSITIVE DEVELOPMENTS IN ANALYSIS AND ALGEBRA� STARTING WITH "ISHOP�S REMARKABLE



WORK IN THE ����S AND CONTINUING THROUGH TO THE PRESENT� BUT ALSO THERE HAVE ARISEN

SEVERAL RESEARCH GROUPS INVESTIGATING THE THEORETICAL AND PRACTICAL IMPLICATIONS OF CON


STRUCTIVE MATHEMATICS FOR LOGIC AND COMPUTER PROGRAMMING� 4HE PIONEERING WORK IN

THIS AREA WAS -ARTIN
,�OF�S THEORY OF TYPES� WHICH PROVIDED A FORMAL SYSTEM FOR "ISH


OP�S MATHEMATICS AND LED TO THE EXTRACTION OF PROGRAMS FROM CONSTRUCTIVE PROOFS� THE

PROOF OF A THEOREM BEING� ESSENTIALLY� A GUARANTEE THAT THE EXTRACTED PROGRAM MEETS

ITS SPECInCATION� 'OOD REFERENCES FOR SUCH <PROOFS AS PROGRAMS� APPROACHES ARE ;��=�

;��=� AND ;��=� SEE ALSO ;��=�

! PERHAPS SURPRISING AREA WHERE CONSTRUCTIVE MATHEMATICS HAS FOUND APPLICATIONS

IS IN TOPOS THEORY �SEE ;��=� ;��=	� ! TOPOS IS A SPECIAL KIND OF CATEGORY WHICH CAN BE

USED AS A FOUNDATION FOR MATHEMATICS �THE CATEGORY OF SETS IS JUST ONE EXAMPLE OF A

TOPOS	� AND WITH WHICH ONE CAN ASSOCIATE A LOGIC� )T TURNS OUT THAT THE NATURAL LOGIC

FOR A TOPOS IS INTUITIONISTIC� RATHER THAN CLASSICAL� AND THAT� ROUGHLY SPEAKING� IF A

THEOREM IS PROVED CONSTRUCTIVELY� WITHOUT THE USE OF DEPENDENT CHOICE� IN THE SETTING

OF ONE TOPOS� THEN IT CAN BE REINTERPRETED AS A THEOREM IN COMPLETELY DImERENT TOPOI�

&OR EXAMPLE� BY PROVING A CERTAIN ONE[COMPLEX[VARIABLE THEOREM IN ONE TOPOS� AND

THEN REINTERPRETING IT IN ANOTHER TOPOS� IT IS POSSIBLE TO OBTAIN A THEOREM IN SEVERAL

COMPLEX VARIABLES ;��=�

2ETURNING TO THE EXPANSE OF CONSTRUCTIVE MATHEMATICS PROPER� WE PRESENT A LIST

OF SOME OF THE AREAS OF MATHEMATICS THAT HAVE BEEN DEVELOPED CONSTRUCTIVELY OVER

THE LAST THIRTY[nVE YEARS� 7HERE NO SPECInC REFERENCE FOR A TOPIC HAS BEEN GIVEN� THE

READER SHOULD CONSULT ;�= OR ;�=�

2EAL AND COMPLEX ANALYSIS� !BSTRACT MEASURE AND PROBABILITY THEORY� THE *ORDAN

CURVE THEOREM ;�=� 2IEMANN MAPPING THEOREM� 0ICARD�S THEOREM ;��=�

&UNCTIONAL ANALYSIS� THE (AHN["ANACH AND SEPARATION THEOREMS� THE +REIN[-ILMAN

THEOREM� DUALITY IN "ANACH SPACES �IN PARTICULAR� THE ,O SPACES	� THE 3TONE[

7EIERSTRASS THEOREM�

(ILBERT SPACE� THE FUNCTIONAL CALCULUS AND SPECTRAL THEORY FOR SELFADJOINT OPERATORS

;��=�

0ARTIAL DImERENTIAL EQUATIONS� THE EXISTENCE AND CONTINUITY[IN[PARAMETERS OF WEAK

SOLUTIONS TO THE $IRICHLET 0ROBLEM IN 2

-
�;��=� ;��=� ;��=	�

(AAR MEASURE AND &OURIER TRANSFORMS ON LOCALLY COMPACT GROUPS�

%LEMENTS OF "ANACH ALGEBRA THEORY�

!PPROXIMATION THEORY� #HEBYSHEV APPROXIMATION ;�=� BEST APPROXIMATIONS ON *OR


DAN CURVES ;��=�



-ATHEMATICAL ECONOMICS� THE EXISTENCE AND CONTINUITY OF UTILITY FUNCTIONS REPRESENT


ING PREFERENCE RELATIONS� THE EXISTENCE OF A DEMAND FUNCTION ;�=�

!LGEBRA� GROUPS� RINGS� nELDS� 'ALOIS THEORY� VALUATION THEORY ;��=�

0ERHAPS IT IS BEST TO LET THE LAST WORDS oOW FROM THE PEN OF A TRUE PIONEER AND

MASTER OF CONSTRUCTIVE MATHEMATICS�

7E ARE NOT CONTENDING THAT IDEALISTIC MATHEMATICS IS WORTHLESS FROM THE

CONSTRUCTIVE POINT OF VIEW� 4HIS WOULD BE AS SILLY AS CONTENDING THAT UN


RIGOROUS MATHEMATICS IS WORTHLESS FROM THE CLASSICAL POINT OF VIEW� %VERY

THEOREM PROVED WITH IDEALISTIC METHODS PRESENTS A CHALLENGE� TO nND A CON


STRUCTIVE VERSION� AND TO GIVE IT A CONSTRUCTIVE PROOF� �%RRETT "ISHOP� ;�=�

P� X	

1DEDQDMBDR

;�= -ICHAEL *� "EESON� &OUNDATIONS OF #ONSTRUCTIVE -ATHEMATICS� 3PRINGER[6ERLAG�

(EIDELBERG� �����

;�= %RRETT "ISHOP� &OUNDATIONS OF #ONSTRUCTIVE !NALYSIS� -C'RAW[(ILL� .EW 9ORK�

�����

;�= %RRETT "ISHOP� 3CHIZOPHRENIA IN #ONTEMPORARY -ATHEMATICS� !MER� -ATH� 3OC�

#OLLOQUIUM ,ECTURES� 5NIV� OF -ONTANA� -ISSOULA�

;�= '� "ERG� 7� *ULIAN� 2� -INES� AND &� 2ICHMAN� <4HE CONSTRUCTIVE *ORDAN CURVE

THEOREM�� 2OCKY -OUNTAIN *� -ATH� ���	� ���[����

;�= %RRETT "ISHOP AND $OUGLAS "RIDGES� #ONSTRUCTIVE !NALYSIS� 'RUNDLEHREN DER

MATH� 7ISSENSCHAFTEN ���� 3PRINGER[6ERLAG� �����

;�= $OUGLAS "RIDGES� #ONSTRUCTIVE -ATHEMATICS\)TS 3ET 4HEORY AND 0RACTICE� $�

0HIL THESIS� /XFORD 5NIVERSITY� �����

;�= $OUGLAS "RIDGES� <2ECENT PROGRESS IN CONSTRUCTIVE APPROXIMATION THEORY�� IN

4HE ,�%�*� "ROUWER #ENTENARY 3YMPOSIUM �!�3� 4ROELSTRA AND $� VAN $ALEN�

EDS�	� .ORTH[(OLLAND� !MSTERDAM� ��[��� �����

;�= $OUGLAS "RIDGES� <#ONSTRUCTIVE TRUTH IN PRACTICE�� TO APPEAR IN 4RUTH IN -ATHE


MATICS �0ROCEEDINGS OF THE CONFERENCE HELD AT-USSOMELI� 3ICILY� ��[�� 3EPTEMBER

����� (�'� $ALES AND '� /LIVERI� EDS	� /XFORD 5NIVERSITY 0RESS� /XFORD� �����

;�= $OUGLAS "RIDGES� <#ONSTRUCTIVE METHODS IN MATHEMATICAL ECONOMICS�� TO APPEAR�



;��= $OUGLAS "RIDGES� <#ONSTRUCTIVE -ATHEMATICS� A &OUNDATION FOR #OMPUTABLE

!NALYSIS�� TO APPEAR�

;��= $�3� "RIDGES� !� #ALDER� 7� *ULIAN� 2� -INES� AND &� 2ICHMAN� <0ICARD�S THEO


REM�� 4RANS� !MER� -ATH� 3OC� �����	� ���[���� �����

;��= $OUGLAS "RIDGES AND (AJIME )SHIHARA� <,INEAR MAPPINGS ARE FAIRLY WELL[

BEHAVED�� !RCH� -ATH� ��� ���[���� �����

;��= $OUGLAS "RIDGES AND (AJIME )SHIHARA� <3PECTRA OF SELFADJOINT OPERATORS IN CON


STRUCTIVE ANALYSIS�� 0ROC� +ONINKLIJKE .EDERLANDSE !KAD� 7ETENSCHAPPEN �)NDAG�

-ATH�	 ���	� ��[��� �����

;��= $OUGLAS "RIDGES AND 3TEVE 2EEVES� <#ONSTRUCTIVE MATHEMATICS� IN THEORY AND

PROGRAMMING PRACTICE�� TO APPEAR IN 0HILOSOPHIA -ATHEMATICA�

;��= $OUGLAS "RIDGES AND &RED 2ICHMAN� 6ARIETIES OF #ONSTRUCTIVE -ATHEMATICS� ,ON


DON -ATH� 3OC� ,ECTURE .OTES ��� #AMBRIDGE 5NIVERSITY 0RESS� �����

;��= $OUGLAS "RIDGES AND7ANG 9UCHUAN� <#ONSTRUCTIVE WEAK SOLUTIONS OF THE $IRICH


LET 0ROBLEM�� TO APPEAR IN *� ,ONDON -ATH� 3OC�

;��= $OUGLAS "RIDGES AND 7ANG 9UCHUAN� < #ONSTRUCTING BEST APPROXIMATIONS ON A

*ORDAN CURVE�� *� !PPROX� 4HEORY�

;��= $OUGLAS "RIDGES AND7ANG 9UCHUAN� <#ONSTRUCTIVE ASPECTS OF THE $IRICHLET PROB


LEM�� TO APPEAR�

;��= ,�%�*� "ROUWER� /VER DE 'RONDSLAGEN DER 7ISKUNDE� $OCTORAL 4HESIS� 5NIVERSITY

OF !MSTERDAM� ����� 2EPRINTED WITH ADDITIONAL MATERIAL �$� VAN $ALEN� ED�	 BY

-ATEMATISCH #ENTRUM� !MSTERDAM� �����

;��= ,�%�*� "ROUWER� <$E ONBETROUWBAARHEID DER LOGISCHE PRINCIPES�� 4IJDSCHRIFT VOOR

7IJSBEGEERTE �� ���[���� �����

;��= 0�-� #OHN� !LGEBRA �6OL� �	� *OHN 7ILEY � 3ONS� .EW 9ORK� �����

;��= 2�,� #ONSTABLE ET AL�� )MPLEMENTING -ATHEMATICS WITH THE .UPRL 0ROOF $EVELOP


MENT 3YSTEM� 0RENTICE[(ALL� %NGLEWOOD #LImS� .EW *ERSEY� �����

;��= -�!�%� $UMMETT� %LEMENTS OF )NTUITIONISM� #LARENDON 0RESS� /XFORD� �����

;��= -�0 &OURMAN� <4HE ,OGIC OF 4OPOI�� IN (ANDBOOK OF -ATHEMATICAL ,OGIC *�

"ARWISE� ED�	� ����[����� .ORTH[(OLLAND� !MSTERDAM� �����



;��= +� '�ODEL� <

�

5BER FORMAL UNENTSCHEIDBARE 3�ATZE DER 0RINCIPIA -ATHEMATICA UND

VERWANDTE 3YSTEME )�� -ONATSCHEFTE F�UR -ATHEMATIK UND 0HYSIK ��� ���[����

�����

;��= 3� (AYASHI AND (� .AKANO� 08� ! #OMPUTATIONAL ,OGIC� -)4 0RESS� #AMBRIDGE

-!� �����

;��= 2� 'OLDBLATT� 4OPOI\THE #ATEGORICAL !NALYSIS OF ,OGIC� .ORTH[(OLLAND� !MS


TERDAM� �����

;��= .� $� 'OODMAN AND *� -YHILL� <#HOICE )MPLIES %XCLUDED -IDDLE�� :EIT� ,OGIK

UND 'RUNDLAGEN DER -ATH� ��� ����

;��= !� (EYTING� <$IE FORMALEN 2EGELN DER INTUITIONISTISCHEN ,OGIK�� 3ITZUNGSBER�

PREUSS� !KAD� 7ISS� "ERLIN� ��[��� �����

;��= !� (EYTING� )NTUITIONISM\!N )NTRODUCTION �4HIRD %DITION	� .ORTH (OLLAND�

�����

;��= $� (ILBERT� <

�

5BER DAS 5NENDLICHE�� -ATHEMATISCHE !NNALEN �� � ���[���� TRANS


LATED IN 0HILOSOPHY OF -ATHEMATICS �0� "ENACERRAF AND (� 0UTNAM� EDS	� ���[

���� #AMBRIDGE 5NIVERSITY 0RESS� #AMBRIDGE� �����

;��= 3�#� +LEENE� )NTRODUCTION TO -ETAMATHEMATICS� .ORTH[(OLLAND� !MSTERDAM�

�����

;��= "� +USHNER� ,ECTURES ON #ONSTRUCTIVE -ATHEMATICAL !NALYSIS� !MER� -ATH� 3OC��

0ROVIDENCE 2)� �����

;��= !�!� -ARKOV� 4HEORY OF !LGORITHMS �2USSIAN	� 4RUDY -AT� )STITUTA IMENI 6�!�

3TEKLOVA �� �)ZDATEL�STVO !KADEMII .AUK 3332� -OSKVA	� �����

;��= 0ER -ARTIN[,�OF� !N )NTUITIONISTIC 4HEORY OF 4YPES� 0REDICATIVE 0ART� IN ,OGIC

#OLLOQUIUM ���� �(�%� 2OSE AND *�#� 3HEPHERDSON� EDS	� ��[���� .ORTH[

(OLLAND� !MSTERDAM� �����

;��= 2AY -INES� &RED 2ICHMAN AND 7IM 2UITENBURG� ! #OURSE IN #ONSTRUCTIVE !L


GEBRA� 5NIVERSITEXT� 3PRINGER[6ERLAG� (EIDELBERG� �����

;��= &RED 2ICHMAN� <)NTUITIONISM AS A 'ENERALIZATION�� 0HILOSOPHIA -ATH� �� ���[

���� �����

;��= &RED 2ICHMAN� <)NTERVIEW WITH A #ONSTRUCTIVE -ATHEMATICIAN�� -ODERN ,OGIC

�� ���[���� �����



;��= &RED 2ICHMAN� <4HE FUNDAMENTAL THEOREM OF ALGEBRA� A CONSTRUCTIVE DEVELOP


MENT WITHOUT CHOICE�� TO APPEAR�

;��= #� 2OUSSEAU� <4OPOS THEORY AND COMPLEX ANALYSIS�� IN !PPLICATIONS OF 3HEAVES

�-�0� &OURMAN� #�*� -ULVEY� $�3� 3COTT� EDS	� ,ECTURE .OTES IN -ATHEMATICS

���� 3PRINGER[6ERLAG� (EIDELBERG� �����

;��= !�3� 4ROELSTRA AND $� VAN $ALEN� #ONSTRUCTIVITY IN -ATHEMATICS� !N )NTRODUC


TION �TWO VOLUMES	� .ORTH (OLLAND� !MSTERDAM� �����

;��= $� VAN $ALEN� "ROUWER�S #AMBRIDGE ,ECTURES ON )NTUITIONISM� #AMBRIDGE 5NI


VERSITY 0RESS� #AMBRIDGE� �����

;��= 7�0� VAN 3TIGT� "ROUWER�S )NTUITIONISM� .ORTH[(OLLAND� !MSTERDAM� �����

;��= 7ANG 9UCHUAN� #ONSTRUCTIVE !NALYSIS OF 0ARTIAL $ImERENTIAL %QUATIONS� $�0HIL�

THESIS� 5NIVERSITY OF 7AIKATO� �����

;��= 3TEFAN7ARSCHAWSKI� <%RRETT "ISHOP\)N-EMORIAM�� #ONTEMPORARY -ATHEMAT


ICS ��� !MER� -ATH� 3OC�� �����

;��= +LAUS 7EIHRAUCH� #OMPUTABILITY� 3PRINGER[6ERLAG� (EIDELBERG� �����

;��= +LAUS 7EIHRAUCH� <! FOUNDATION FOR COMPUTABLE ANALYSIS�� IN #OMBINATORICS�

#OMPLEXITY� � ,OGIC �0ROCEEDINGS OF #ONFERENCE IN !UCKLAND� �[�� $ECEM


BER ����� $�3� "RIDGES� #�3� #ALUDE� *� 'IBBONS� 3� 2EEVES� )�(� 7ITTEN� EDS	�

3PRINGER[6ERLAG� 3INGAPORE� �����
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