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A b s t r a c t 

To so lve d i f f i c u l t problems h e u r i s t i c a l l y , 
requ i res d e t a i l e d a t t e n t i o n t o computat iona l 
e f f i c i e n c y . Th is paper descr ibes how a heur
i s t i c problem s o l v i n g system, HPA, at tempts 
to f i n d a near op t ima l s o l u t i o n to the t r a v 
e l i n g salesman problem. A c r i t i c a l innova
t i o n over prev ious search a lgo r i thms is an 
e x p l i c i t dynamic w e i g h t i n g o f the h e u r i s t i c 
i n f o r m a t i o n . The h e u r i s t i c i n f o rma t i on i s 
weighted i n v e r s e l y p r o p o r t i o n a l t o i t s depth 
i n the search t r e e - - i n consequence i t p ro 
duces a narrower depth f i r s t search than t r a 
d i t i o n a l w e i g h t i n g s . At the same t i m e , dy
namic we igh t i ng r e t a i n s the ca tas t rophe p ro 
t e c t i o n of o r d i n a r y branch and bound a l g o r -
i thms. 
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A r t i f i c i a l i n t e l l i g e n c e can be de f i ned as 
the a r t o f computa t iona l compromise. Pro
blem spaces i n a r t i f i c i a l i n t e l l i g e n c e are 
s i zeab le and are n o n - a n a l y t i c in the sense 
t h a t smooth convergence to a s o l u t i o n is un
a v a i l a b l e . Hence computa t iona l methods must 
a t tempt to use t h e i r resources--space and 
t i m e - - c l e v e r l y . Th is paper discusses a heu
r i s t i c search procedure f o r the T r a v e l Sa les
man prob lem--n ! in s i z e , emphasizing computa
t i o n a l e f f i c i e n c y and search o r g a n i z a t i o n . 

The problem (symmetric costs) 

There is a complete graph of n nodes. 
Each edge of the graph has a non-negat ive 
l e n g t h . A t ou r is a path in the graph 
v i s i t i n g every node once and on ly once and 
r e t u r n i n g to the i n i t i a l node. The l eng th 
of a t ou r is the sum of the lengths of the 
edges of the t o u r . A tou r is c a l l e d o p t i m a l , 
i f among a l l p o s s i b l e t o u r s , i t i s the 
s h o r t e s t . Since tou rs are c y c l i c , the i n 
i t i a l node can be f i x e d as node 1. The 
space o f a l l tou rs are the ( n - 1 ) ! permuta
t i o n s of the nodes 2 through n. 

I t is w e l l known (Lawler and Wood, 1966) 
t h a t o r d i n a r y opera t ions research a lgo r i thms 
r e q u i r e exponen t i a l t ime to solve the p ro 
blem. Thus l a r g e (n>15) problems are e i t h e r 
solved by branch-and-bound methods or by l o 
c a l - r e f i n e m e n t methods (Shen L i n 1965) . 
Branch-and-bound methods guarantee an opt im
a l s o l u t i o n , i f they te rmina te w i t h i n t h e i r 
a l l o t t e d t ime ( o f course the method is guar
anteed t o t e rm ina te i n exponen t ia l t i m e ) . 
Loca l - re f i nemen t methods generate s o l u t i o n s 
in po lynomia l t ime wh ich are no t guaranteed 
to be o p t i m a l . 

H e u r i s t i c pa th A l g o r i t h m (HPA) 

HPA is a genera l graph search a l g o r i t h m 

t h a t searches or-graphs us ing a m e r i t o rder 
i n g . I t was developed by t h i s author (Pohl 
1969, 1970) to genera l i ze the methods of 
Doran and Mich ie (1966) and H a r t , N i l s son and 
Raphael (1968) . The c r i t i c a l d i f f e r e n c e from 
the l a t t e r ' s a l g o r i t h m A* is the use of a 
weighted m e r i t f u n c t i o n f ( x ) = ( l - w ) g ( x ) + wh 
( x ) , 0 < w < 1 (see Table 1 ) . S u i t a b l e gener
a l i z a t i o n s of HPA have been used by Kowalsk i 
(1969) and Mich ie (1972) f o r r e s o l u t i o n theo
rem p r o v i n g . In t h i s domain, Kowa lsk i ' s 
c r i t i c i s m s (Kowalsk i 1972) are e s p e c i a l l y 
a s t u t e . He notes t ha t "d iagona l search 
s t r a t e g i e s " ( h i s term f o r w ~ 0.5) have a 
c r i t i c a l d e f e c t . They i n v e s t i g a t e a l l equa l ly 
m e r i t o r i o u s a l t e r n a t i v e pa ths . I n d i f f i c u l t 
problem spaces where any s o l u t i o n path is de
s i r e d , t h i s procedure i s i n a p p r o p r i a t e l y 
b readth f i r s t . 

Computat ional Catastrophes 

When a computa t iona l procedure is forced to 
te rminate hav ing used up i t s t ime and space 
resources w i t h o u t f i n d i n g a s o l u t i o n - - t h i s 
w i l l be c a l l e d a type 1 c a t a s t r o p h e . * 

When a computationaT procedure terminates 
w i t h an i n s u f f i c i e n t l y good s o l u t i o n — t h i s 
w i l l be c a l l e d a type 2 ca tas t rophe . Th is 
type 2 catast rophe can on ly occur in problems 
t h a t have an ordered se t o f f e a s i b l e s o l u 
t i ons . 

Examples: Type 1 ca tas t rophe occurs a l l 
the t ime i n a r t i f i c i a l i n t e l l i g e n c e research . 
An e a r l y example was SAINT's f a i l u r e on 2 
i n t e g r a t i o n problems ( S l a g l e 1961). A t y p i c a l 
Type 1 ca tas t rophe is the f a i l u r e of a r e s o l u 
t i o n search procedure to f i n d a p roo f w i t h i n 
a p rese t l e v e l bound. 

Type 2 ca tas t rophe can on ly occur in p r o 
blems t h a t r e q u i r e " b e s t " s o l u t i o n s . The 
s imp les t l o c a l re f inement s t r a tegy f o r the 
Travel ing-Salesman problem is the nea res t -
neighbor r u l e ( 1 - o p t i n Shen L i n ' s t e r m i n o l 
ogy) . The r u l e is to s e l e c t the neares t node 
no t ye t i nc luded i n the sub - tou r . Us ing t h i s 
r u l e on the graph in f i g u r e 1 leads to a very 
bad t o u r , a type 2 ca tas t rophe . 

Other examples of type 2 ca tas t rophe are 
n o t genera t ing the on ly w inn ing or drawing 
move in a game p l a y i n g program, or remain ing 
on a " h e u r i s t i c p l a t e a u " (Minsky 1961) , which 
i s d i s t i n c t l y s u b - o p t i m a l , in a problem space. 

O v e r - r e l a x a t i o n , a d m i s s i b i l i t y and dynamic 
we igh t i ng 

When us ing HPA to so lve va r ious 15-puzz le 
(see f i g u r e 2) problems, i t was found t h a t 
values of w > 0.5 were most e f f i c i e n t . Th is 
we igh t i ng o f the h e u r i s t i c f u n c t i o n no longer 
guaranteed " a d m i s s i b i l i t y " , i . e . a minimum 
l eng th s o l u t i o n . The o v e r r e l i a n c e on the heu
r i s t i c term i s c a l l e d o v e r r e l a x a t i o n because 
o f the analogous technique in the 

*Space and t ime ca tas t rophe w i l l be d i s t i n g 
uished as separate types in a l a t e r paper. 

12 



computa t iona l s o l u t i o n o f p a r t i a l d i f f e r e n 
t i a l equat ion problems. The weight w was set 
to a constant us ing prev ious exper ience to 
o b t a i n an e f f i c i e n t s e t t i n g . The 15 puzzle 
experiments demonstrated the computat ional 
u t i l i t y o f o v e r r e l a x a t i o n . However, these 
s o l u t i o n s were r a r e l y near the minimum l e n g t h 
s o l u t i o n . I n the t r a v e l i n g salesman problem 
t h i s type of search would r e s u l t in type 2 
ca tas t rophe . 

To avo id a type 2 ca tas t rophe , HPA 
would l i k e t o r e t a i n a d m i s s i b i l i t y o r a t 
l e a s t be w i t h i n a known percentage of e r r o r 
(Poh l 1970). Th is can be accomplished by 
us ing a technique to be c a l l e d "dynamic 
w e i g h t i n g " . Dynamic we igh t i ng makes w a 
f u n c t i o n of the s t a t e . HPA now uses f ( x ) = 
g(x) + w(x )h (x ) where 1 < w(x) * 

Le t x be a s t a t e in the search f o r a t o u r . 
Le t the depth (x) = the number of edges i n 
c luded in the subtour represented by x and 
d e f i n e 

The e f f e c t of hav ing w decrease w i t h depth 
i s t o i nsu re a depth f i r s t search, i f and 
on ly i f the added cost decreases w i t h i n ever 
t i g h t e r bounds. I f a t some po in t i n the 
depth f i r s t search a type 2 ca tas t rophe were 
to occur , the search would r e v e r t to o rd ina ry 
branch-and-bound behav io r . The dynamic 
we igh t i ng prov ides i n c e n t i v e to proceed in a 
depth f i r s t manner prov ided no unforseen i n 
crease in cost occurs . The r e s u l t i n g s o l u 
t i o n i s w i t h i n (1 + e ) o f the op t ima l s o l u 
t i o n (see appendix f o r p roof ) . 

H e u r i s t i c Es t imators f o r the T r a v e l i n g Sales
man Problem 

There are severa l known bounds on the 
T r a v e l i n g Salesman Tour. One is the Ass ign
ment Problem (Lawler and Wood 1966) , and 
another is the Minimum Spanning One-tree 
(Held and Karp 1971) . A t h i r d es t imato r used, 
in my experiments on symmetric d i s tance p ro 
blems ( i . e . und i rec ted graphs) is a v a r i a n t 
o f the L i t t l e es t ima to r ( L i t t l e , e t a l 1963), 
to be c a l l e d the i n - o u t es t ima to r . 

The T r a v e l i n g Salesman Tour is the minimum 
weigh t connected graph, whose nodes are a l l 
of degree 2. The assignment problem is the 
minimum weigh t graph whose nodes are a l l of 
degree 2. The minimum spanning t ree is the 
minimum weight connected graph. A 1- t ree is 
a minimum spanning t r e e over nodes [ 2 , . . . , n ] 
w i t h the a d d i t i o n of the two sho r tes t edges 
out of node 1, In the case of the assignment 
problem a s o l u t i o n graph may be a se t of 
c y c l e s . In the case of the 1 - t ree a s o l u t i o n 
may con ta in many nodes of degree no t equal to 
2. Each re laxes a c o n s t r a i n t of the T r a v e l 
i n g Salesman Problem, hence each conta ins 
many nodes of degree no t equal to 2. Each 
re laxes a c o n s t r a i n t o f the T r a v e l i n g Sales
man Problem, hence each con ta ins the s o l u t i o n 
of the T r a v e l i n g Salesman Problem as a feas
i b l e s o l u t i o n . (see F igu re 3) 

The i n - o u t e s t i m a t o r , due to the au tho r , 

i s p a r t i c u l a r l y simple t o c a l c u l a t e . I t i s a 
lower bound on the Assignment Problem, but 
where an assignment problem is c a l c u l a t e d in 

3 
0(n ) s teps , t h i s bound ia c a l c u l a b l e 
in 0 (n ) steps given t ha t the edges a re 

i n sor ted o rde r . The i n - o u t es t imato r i s c a l 
cu la ted by summing the 2 sho r tes t edges out of 
each node no t a l ready inc luded in the subtour 
and such t h a t these edges are not connected to 
i n t e r i o r nodes of the subtour . Th is sum is 
added to the sho r t es t edge out of each end 
node of the subtour , and the t o t a l d i v i ded by 
2. The i n - o u t es t imator is e a s i l y seen to be 
a lower bound on the remain ing l eng th of a 
tou r from the given subtour . 

the one- t ree e s t i m a t o r . The experiments on a 
20 node graph of known d i f f i c u l t y (Croes 1958) 
showed c l e a r l y t h a t dynamic we igh t i ng found 
near op t ima l s o l u t i o n s r e l a t i v e l y cheaply when 
compared to o rd ina ry branch-and-bound us ing 
the same h e u r i s t i c es t ima to r (see t a b l e 2 ) . 

A d d i t i o n a l Computat ional Techniques f o r I n 
c reas ing Search E f f i c i e n c y " 

The candidate se t is kept as a sor ted b i 
nary t r e e , where m e r i t ( l e f t son) < m e r i t 
(paren t ) < m e r i t ( r i g h t son) . The next node 
to be expanded is always the l e f t - m o s t node of 
t h i s so r ted candidate s e t . New nodes are en
te red i n t o the t r e e in approx imate ly l o g 2 (m) 
t i m e , where m is the s i ze of the candidate 
s e t . 

The bound on the tou r is i n i t i a l l y the 
best neares t -ne ighbor t o u r . Such a nea res t -
ne ighbor t ou r is generated us ing each node as 
a s t a r t i n g sub tour . Dur ing the execut ion o f 
HPA t h i s may be updated by a t ou r found in the 
course of expanding depth - n- 5 search nodes 
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The most impor tan t savings are obta ined 
from p r e c o n d i t i o n i n g the edge l e n g t h s . The 
edges are sor ted by l e n g t h which requ i res 
0 (n2 l o g 2 n) s teps . Fur thermore, the edges 
are s to red in comple te ly so r ted order and in 
sor ted order f o r each node. 
1 r s o r t j p o i n t s a t a t r i p l e ( j , k , m) and 

means the edge ( j , k) of l eng th m is the 
i t h sma l les t edge in the graph 

2 order ( j , i ) is an i n t e g e r k where edge 
( j , k ) i s the i t h sma l les t edge o r i g i n a t 
i n g a t node j . 

The one- t ree and i n - o u t computations on ly r e 
q u i r e l i n e a r t ime when the edges are a l ready 
so r ted by l e n g t h . Th is reduces these compu
t a t i o n s from quad ra t i c t ime ; a t the expense o f 
a s i n g l e (n l o g 2 n) computat ion and ex t ra 
s torage f o r the so r t ed l i s t s . I n a l l cases an 
o v e r a l l sav ing w i l l occur because a t l e a s t 

9 
0 (n ) h e u r i s t i c f u n c t i o n s need to be ca l cu 
l a t e d . 

Summary 

An impor tan t gu id i ng p r i n c i p l e i n h e u r i s 
t i c programming i s the avoidance o f ca tas 
t r ophe . Th is p r i n c i p l e overshadows i t s com-
p e t i t o r - - t h e p u r s u i t o f the op t ima l s o l u t i o n — 
as a pragmatic g u i d e l i n e in l a r g e search 
spaces. The whole n o t i o n of min-max r a t i o n 
a l i t y i n game theory i s an e x p l i c i t a x i o m a t i -
z a t i o n o f t h i s conse rva t i ve r u l e . 

A dynamic w e i g h t i n g approach is p rov ing 
compu ta t i ona l l y e f f i c i e n t i n o b t a i n i n g near 
op t ima l s o l u t i o n s to the T r a v e l i n g Salesman 
Problem. I t o f f e r s a h i g h l y depth f i r s t 
search a long w i t h guarantees of avo id i ng type 
2 ca tas t rophes . 
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Appendix 

The H e u r i s t i c Path A l g o r i t h m - HPA -
A problem space is a l o c a l l y f i n i t e d i r e c t 
ed graph G. 
G: X - ( x , , x2, x 3 , . . ) , X is the set of 
nodes and can be i n f i n i t e 
E: ^ ( x 1 , Xj) I xi ,Xj X, Xj T ( x i ) } , 
E is the set of edges and can be i n f i n i t e 
bu t l o c a l l y must be f i n i t e , i . e . | ( x . ) 
I N - the i n t e g e r s . 

is the successor mapping 
f : X 2 X , the mapping of X i n t o i t s 
power s e t . 
I n us ing d i r e c t e d graphs t o spec i f y p ro 

blem domains, the nodes are i n t e r p r e t e d as 
problem s ta tes and the edges are opera tors f o r 
t rans fo rm ing s t a t e s . I n the t r a v e l i n g sa les 
man problem, a node may spec i f y a sub- tour of 
k c i t i e s , w i t h the opera to rs be ing the a d d i 
t i o n o f a c i t y no t a l r eady conta ined in the 
sub - tou r . In game p l a y i n g the edges are l e g a l 
moves, and in theorem p r o v i n g a l l owab le i n f e r 
ences . 

A problem cons i s t s o f f i n d i n g a t e r m i n a l 
( s o l u t i o n ) node g iven some s t a r t i n g node. The 
s o l u t i o n would be the e x p l i c i t t e r m i n a l node 
toge ther w i t h the pa th f rom the s t a r t i n g node. 
In c e r t a i n cases the complete search t r e e gen
e ra ted in f i n d i n g the s o l u t i o n pa th i s a p roo f 
t h a t s o l u t i o n path i s o p t i m a l . An a l g o r i t h m 
conduct ing such a search succeeds, i f w i t h i n 
the l i m i t s o f i t s computa t iona l resources , I t 
reaches a t e r m i n a l node. 

H e u r i s t i c Path A l g o r i t h m - HPA 
s = s t a r t node, t = t e r m i n a l node, x = any 
node 
g: x (non-negat i ve r e a l s ) , the c o s t -
t o - d a t e of expanding a node x from s 
h: x -> R , an es t imate of the remain ing 
cos t to a t e r m i n a l node t - h e u r i s t i c term 
f ( x ) - ( l - w ) g ( x ) + w - h ( x ) , O w l 

- e v a l u a t i o n f u n c t i o n 
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TABLE I 

Various Algorithms C lass i f ied in HPA Terms 

Weight in HPA terms Algorithm 

Moore uni form edge lengths 
D i j k s t r a a r b i t r a r y edge lengths 

Doran-Michie Graph Traverser 

H. N. R. A 
Branch-and-Bound algor i thm 
- when h is a lower bound 

Poh1 HPA 

Poh1 Dynamic weight ing 

TABLE I I 

Results of HPA 

Croes graph (20 nodes) 

Best so lu t ion from 20 d i f f e r e n t 
nearest-neighbor solut ions 

HPA w i th dynamic weighting 
e = 0.6 

HPA w i th dynamic weighting 
e = 0.4 

HPA without dynamic weighting 
(same as A* or branch-and-bound) 

knowi opt imal length 246 

length 308 

length 260 
nodes expanded 53 
nodes expanded 474 
length 253 

nodes expanded 500 
- gives up 

Randomly generated complete 
graph (32 nodes) 

Best so lu t ion from 32 d i f f e ren t 
nearest-neighbor solut ions 

HPA w i th dynamic weighting 
e - 0.6 

length 270.09 

length 217.34 
nodes expanded 71 
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