COURSEBOOK for COMPSCI.220FT
Algorithms and Data Structures

A/Prof. Georgy Gimé’farb
Dr. Mark Wilson
Mr. Andrew MacGibbon

Department of Computer Science
Tamaki Campus
University of Auckland

2002






Contents

1 ALGORITHM ANALYSIS 15
1.1 Basicsof AlgorithmAnalysis. . . . . . . . . ... ... 15
1.1.1 Someinformal definitions . . . . ... ... ... ... . ... 15
1.1.2 Running time for simple loops and other operations . . . . . . . . 25

1.1.3 Toolsfor anaysingtimecomplexity . . . .. ... ... ... .. 28

114 Worst-case and average-case performance . . . . . ... ... .. 37

115 Algorithm analysis: possibilitiesand limitations. . . . . . .. .. 43

1.2 Efficiencyof Sorting . .. ... ... ... . ... ... ... 44
121 Orderandorderingrelations. . . . . ... ... ... ....... 45

122 Insertionsorting . . .. ... ... .. 47

123 AlgorithmShellsort. . . . . . ... ... .. ... ........ 51

124 AlgorithmMergesort . . . . . ... ... ... ... ....... 54

125 AlgorithmQuicksort . . . . .. ... ... ... .. ... .... 59

126 AlgorithmHeapsort . . .. ... .. ... ... ......... 66

127 Datasdection. . ... ... ... ... ... 75

1.2.8 Lower complexity boundforsorting . . . . . ... ... ... .. 77

1.3 Efficiencyof Searching . . . . . . ... ... ... .. ... . ..... 81
131 Sequentialsearch . ... ...... .. .. ... . ... ..... 82
132 Binarysearch . . . ... ... .. .. .. 83

133 Binarysearchtree .. ... ... ... ... .. ... .. .... 92

1.3.4 Performance analysis of binary search tree operations. . . . . . . 98

135 Baancedtrees . . .. . . ... 102

136 ListADTinJdava . .. ... ... ... ... .. ......... 107

14 Array-Based Symbol Tables . . . . . ... ... .. ... ... ... .. 124
141 TableADT implementations . . . .. ... ............ 125

142 Hashing . ......... .. ... ... 126

143 Choosingahashfunction. . .. ... ... ............ 135

144 Efficiency of searchinhashtables . . . .. ... ......... 138

15 EXECISES . . . . o o 143
151 Solutions . . . . . . . . 144



2

INTRODUCTION TO GRAPH ALGORITHMS
21 TheGraphAbstract DataType . . . . . . . . . . . . .. ... ...
211 Basicdefinitions . ... ... ... ... .o
2.1.2 Computer representationsof graphs . . . . . .. ... ... ...
2.1.3 Abstract datatypesandgraphs . . . . ... ... ... ... ...
22 GraphSearching . . ... ... ... . . . . . .. ..
221 Propertiesof BFSandDFS. . . . ... ... ... ... ... ..
2.2.2 Connectivity algorithms . . . . . . ... .. ... ... ..
23 CyclesinGraphs . . . . . .. . .. . ...
231 AcyclicgraphsandDAGs . . . . . . .. .. ...
2.3.2 Computingthegirthofagraph. . . . ... ... ... .. ....
24 Topological Sorting . . . . . . . ...
24.1 Zeroin-degreesortingagorithm . . . . ... .. ... ... ..
2.4.2 Depth-first search sorting algorithm . . . . . ... ... ... ..
25 Computing Distancesand Diameter . . . . . ... ... .........
251 Dijkstrasagorithm . . ... ... ... ... .. .. ...
252 Foydsadgorithm . . . . ... ... ...
26 FnaRemarks. . . . . . . . . . . ...

INTRODUCTION TO AUTOMATA THEORY
3.1 Deterministic Finite-State Machines . . . . . ... ... ... ......
3.11 Thecheapengineer'selevators . . . . ... ... .........
3.1.2 Finite-state machinesthat accept/reject strings. . . . . . . .. ..
3.1.3 Recognizing patternswithDFA . . . . . . . .. ... ... ...
3.2 Nondeterministic Finite-State Machines . . . . . .. ... ... ... ..
3.21 Using nondeterministicautomata . . . . . . ... ... .....
322 Thereverse R(L)of alanguage L . . .. .. .. ... ......
323 TheclosureC(L)of alanguage L . . . .. . ... ... ... ..
3.3 Recognition Capabilitiesof NFA'sandDFA's . . . ... ... ......
34 Regular EXpPressions . . . . . . ...
34.1 TheUNIX extensionsto regular expressions . . . ... .. ...
3.5 Regular Setsand Finite-State Automata. . . . . . . ... ... ......
3.6 Minimizing Deterministic Finite-State Machines . . . . . ... ... ..

CONTEXT-FREE GRAMMARSAND PARSING

4.1 A Grammar for Arithmetic Expressions . . . . . . . ... ... ... ..

4.2 A Grammar for JavaStatements . . . . . . ... .o
421 EXEICISES . . v v v o i e e e

43 ParseTrees . . . . . .

4.4 Ambiguity andthe Designof Grammars . . . . . . ... ... ......

4.5 AnUnambiguous Grammar for Expressions . . . . . .. ... ... ...

4



451 EXercises . . . . . . . . . 201

4.6 CongtructingParseTrees . . . . . . . . . . it i 201
4.6.1 Limitationsof recursivedescent . . . . ... ... ... ..... 203
4.6.2 EXEICISES . . . . v i e e e e e 203
4.7 TokenizingthelnputStream . . . .. ... ... .. ... ........ 204
JAVA COLLECTIONS FRAMEWORK 207
51 GenericProgramming. . . . . . . . . . ... 207
511 Interfacesand implementations . ... ... ........... 208
512 Polymorphicalgorithms . . . . ... ... ... ... ...... 208
513 Benefits. . . . . . ... 208
52 TheCollectionsFramework . . . . . .. .. ... ... ... ....... 208
521 Whatisacollection? . . . ... ... ... ... ... ...... 209
522 TheFrameworkinterfaces . . . .. ... ... ... ... .... 210
53 InterfaceContracts . . . . . . . . . . . . ... 210
54 ThelnterfacesinDetail . . . . ... ... ... ... .. ......... 211
541 Coallection. . . . . ... . e 211
542 lteralors . . . . . . . 212
54.3 ImplementingaCol |l ection .. ................ 213
544  Set ... 213
545 List .. ... . 213
54.6 Lidlterators. . . . . . . . .. . 214
547 Adapterclasses . . . . . .. ... .. 214
548 Map . . . . .. 215
55 Sorting. . . . ... e e 215
551 Naurdordering . ... ... ... ... ... ... 215
552 Unnaturdlordering . . . . . .. ... oo 216
55.3 SortedSetand SortedMap . . . . . ... ... 216
56 TheCollectionsClass .. ....................... 217
5.7 Genera Purpose Implementations . . . . ... ... ... ... ..... 218
5.8 Writing Your Own CollectionClasses . . . . .. .. ... ... ..... 218
581 Thedatastructure. . . . . . . ... ... ... . ... ... 218
582 get()andsize() . ... ... ... 219
5.8.3 Moaodifiable collectionsand efficiency . . . ... ... ...... 219
ABSTRACT DATA TYPESIN JAVA 221
Al AbstractDataTypes. . . . . . . o o i i 222
A2 ADTsandJavaclasses . . . . . . . . . i i 227



B JAVA GRAPH ADT 233

B.1
B.2
B.3
B.4

Javaadjacency matrix implementation . . . . .. ... ... ... ... 236
Javaadjacency listsimplementation . . . . ... ... ... ....... 241
Standardized Javagraphclass. . . . . . ... ... ... ... .. ... 245
Graphalgorithms . . . . . . . . ... . . 247



List of Figures

1.1 Time-space boundaries. . ... ... ... ... ... ... ...... 21
1.2 Telescoping asarecursivesubstitution. . . . . . . .. ... ... L. 40
1.3 Simpleinsertionsorting. . . . . . . ... 47
1.4 Simpleinsertion sorting giving a standard run-time exception. . . . . . . 49
1.5 Shellsort implementation with divide a gap by 2.2 which gives excellent
performanceinpractice. . . . . . . . . .. ... 52
1.6 Linear-timemergingof twosortedarrays. . . . ... ... ........ 55
1.7 BascMergesortroutines . . . . . . . . . ... .. 57
1.8 Mergingtwo sorted halvesof asubarray. . . . . . .. ... .. .. .... 58
1.9 Quicksort: median-of-three, partitioning, cutoff of small arrays . . . . . . 64
1.10 Methodsused in the basic Quicksort routinein Figure1.9. . . . ... .. 65
1.11 A complete binary tree and its array representation. . . . . . . . ... .. 67
1.12 A binary heap and itsarray representation. . . . . . . .. ... .. .... 68
1.13 BasicHeapsortroutines. . . . . .. .. ... ... ... ... 73
1.14 Quickselect: median-of-three, partitioning, cutoff of small arrays . . . . . 76
1.15 Decisiontreeforn =3 . . . . . . . . 78
116 Sequential search. . . . . . . .. ... 82
1.17 Binary search using three-way comparisons. . . . . . ... ... ... .. 84
1.18 Binary search for theintegerkey 42. . . . . . . ... ... ... . .... 85
1.19 Binary tree representation of the sorted array using the binary search. . . . 87
1.20 Faster binary search using two-way comparisons. . . . . . ... ... .. 90
1.21 Binary trees. only the leftmost treeisabinary searchtree.. . . . . . . .. 93
1.22 Examplesof fi nd andi nsert operationsinthebinary searchtree. .. 94
1.23 Binary search treewith depth about logn. . . . . .. ... ... ... .. 95
1.24 Binary search treeswithdepthaboutn. . . ... .. ... ... ..... 96
1.25 Removal of the node with key 10 from the given binary searchtree. . .. 97
1.26 Binary search treewith order statistics. . . . . . ... ... ... ... .. 99
1.27 Binary search trees obtained by inserting permutationsof 1,2,3,4 (a). . . 99

1.28 Binary search trees obtained by inserting permutationsof 1,2, 3,4 (b). . . 100
1.29 Binary search trees obtained by inserting permutationsof 1,2, 3,4 (c). . . 100
1.30 Multiway searchtreeof orderm =4. . ... .. ... ... ... .... 105

7



131

1.32
1.33
1.34
1.35
1.36

Al
A2
A.3

A4

B-tree of order m = 4 with storage size! = 7: 2..4 children per node and

4.7 dataitemsperleaf. . . . . ... ... 106
Simple singly linked (SL) and doubly linked (DL) lists. . . . . .. .. .. 109
Insertionof anewelement. . . . ... ... ... L. 113
Advancinganiterator. . . . . . .. ... 118
Open addressing with linear probing. . . . . . .. ... ... ... .... 128
Open addressing withdoublehashing. . . . . ... ... ... ...... 133
Graph G = [V, E] with the four verticesand threeedges. . . . . . . . . . 223
Levelsof dataabstraction. . . . .. ... ... ... ... ... ... .. 228
The Collections Framework hierarchy in Java 1.2. Solid lines show rela-

tionships between the interfaces and the concrete classes that implement
the interfaces and dot-dashed lines show relationships between the ab-
stract classes and the concrete classes extending the abstract ones. . . . . 229
Historical classesin the Collections Framework. . . . . . . ... ... .. 230



List of Tables

11

1.2

13

14

1.5

1.6

1.7

1.8
1.9
1.10
111
1.12

1.13
1.14

Typical algorithmic operations and operands (note that in Java the logical
operation AND, or A, isdenoted &&;, thelogical OR, or V, is ||, and the

logical NOT, or -, isdenoted ! ). . . . ... ... ... ......... 16
Input data size for different algorithms. . . . . . . . ... ... ... ... 29
Relative growth of time complexity asinput sizeincreasesfromn = 5 to

N =020, . . . e e e e 33

The largest sizes n of input data that can be processed by an algorithm
with runningtime O( f(n)) for various f(n), assuming that when n = 10,
thealgorithm takesone minutetorun. . . . . . ... ... ... ... .. 33
Example of the insertion sort (C' denotes a number of comparisons and
M isthe number of data movementsin the inner while-loop; previously
sorted elements are in italic, a box shows the position where the newly
sorted element is placed, and the element to be sorted next is boldfaced). . 48

Number of inversions for an array element with respect to al preceding
gements. . . . ... 50
Example of Shellsort (lines for ¢ = gap, ..., n show how the elements
are compared and sorted under a fixed gap; the swapped elements are
boldfaced). . .. ... .. ... . ... 53
Example of pivot positioning in Quicksort (low = 0, middle = 4, and
high = 9; thepivotp = 65isboldfaced.) . . .. .. ... ... ... .. 62
Successive steps of Heapsort (the keys moved are shown initalic and the
itemssortedareboldfaced. . . . . . .. ... . oL 74
Average running times of various operations using array and singly-linked
listrepresentations. . . . . . . . .. ... 122
Running times of priority queue operations for three representations. . . . 123
Airportcodesandnames. . . . . . . . ... 125
Valuesof Ps5(n) forvariousn. . . . ... . ... 131
Theoretical and measured experimental results for various load factors

A (in apair t/m below, the numbers ¢ and m give the theoretical and
measured value, respectively). The abbreviations used are: SC — separate
chaining, OA-LP — open addressing with linear probing, and OA-DH — open
addressing withdoublehashing. . . . . . . .. . .. ... ... ....... 140



1.15 Comparative performance of Table ADT representations. . . . . . . . .. 141

10



COMPSCI.220FT 11

I ntroduction

Chapter 1.1 prepared by Dr. Georgy Gimel’ farb covers basic practical and theoretical as-
pects of algorithm analysis, as applied to searching and sorting algorithms you started to
study in the COMPSCI.105 course. Also it overviews array-based symbol tables. Tech-
nigues are presented for measuring program performance, in particular, the Big-Oh nota-
tion for expressing efficiency of a program, basic recurrences to estimate running times,
and similar tools. Performance of basic sorting and searching algorithms is analysed in
detail with respect to most popular data types such as lists and tables. For example, sm-
ple but inefficient Insertion sort is compared to much more efficient Mergesort, Quicksort,
and Heapsort algorithms that implement powerful divide—and—conquer techniques. Note
that both Quicksort and Mergesort are implemented in the Java Collections framework.

Although these subjects had been aready discussed in brief in COMPSCI.105, the present
course studies efficiency of sorting and searching algorithms more thoroughly. You will
find more details in the recommended textbooks [6, 12] (see Bibliography on pp. 13-14),
as well as in numerous other books on algorithms and data structures you can find in li-
braries and bookshops, in particular, in[1, 2, 5, 8, 9, 13, 14, 16] and so forth. Although
the older books may use outdated or even antiquated programming languages (such as
Pascal, Modula, or Fortran), the algorithms and data structures are basically the same as
they reflect programming experience of many years...

Chapters 2 and 3 were written by Dr. Michael Dinneen, with modifications by Dr. Mark
Wilson.

Chapter 2 contains the reference material on graph algorithms. Topics include computer
representations (adjacency matrices and lists), graph searching (BFS and DFS), and basic
graph algorithms such as computing the shortest distances between vertices and finding
(strongly) connected components.

Chapter 3 contains the reference material on automata theory. Topics include determinis-
tic and nondeterministic finite-state machines (DFA/NFA), regular expressions, and algo-
rithms dealing with regular languages. More information can be foundin [7].

Chapters 4 and 5 are prepared by Andrew MacGibbon. Chapter 4 presents the reference
material on context-free grammars and parsing adapted from Chapter 11 of [2].

Chapter 5 isadapted from the Java“ Collections’ tutorial and the Java APl documentation.

Appendices A and B give additional information about the above topics.
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Appendix A compiled by Dr. Georgy Gimel’ farb presents Java abstract datatypes (ADT).

Appendix B written by Dr. Michael Dinneen describes agraph ADT.
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