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Fuzzy Sets

o A fuzzy subset A of a domain D is a set of ordered pairs, (d, pz(d)),
where d € D and p; : D — |0, 1] is the membership function of A.

e The membership function replaces the characteristic function of a
classical subset A C D.

e If the range of 1z is {0,1}, A is nonfuzzy and p ;(d) is identical with
the characteristic function of a nonfuzzy set.
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Examples of Fuzzy Sets

e Real numbers considerably larger than 10:

- _ 0 for d < 10
A={{d,uz(d)) | de R} with p;(d) = L for d > 10

1+(d—10)2

e Real numbers close to 10:

1

A= {{d, :ufl(d» | d € R} with Mﬁ(d) — 1+ (d — 10)2
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(Strong) a-Level Sets

~

e Let A be a fuzzy subset in D, then the (crisp) set of elements that
belong to the fuzzy set A at least to the degree « is called the a-level

set of A:
Ag={d €D | uzd) > a}

o If the degree of the glements Is greater than «, the set is called the
strong a-level set of A:

Az ={d € D | pz(d) > o}

Hans W. Guesgen 3



COMPSCI 366 S1 C 2006 Foundations of Artificial Intelligence

Basic Operations on Fuzzy Sets

~

e The membership function ps(d) of the intersection C = AN B is
pointwise defined by ps(d) = min{p ;(d), nz(d)}.

e The membership function 1 (d) of the union C = AU B is pointwise
defined by ps(d) = max{p ;(d), nz(d)}.

e The membership function p ;.(d) of the complement Ac of a fuzzy set
A is pointwise defined by p ;.(d) =1 — p ;(d).
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Generalization of Intersection: t-Norms

t-norms are two-valued functions from [0, 1] x [0, 1] into [0, 1] that satisfy
the following conditions:

1%
< i (d) (monotonicity)

o i(pi(d), np(d) =t(ng(d), pi(d)) (commutativity)

(associativity)
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Generalization of Union: s-Norms

s-norms (or t-conorms) are two-valued functions from [0, 1] x [0,1] into
0, 1] that satisfy the following conditions:

e 5(1,1) =1

s(nz(d),0) = s(0,p4(d)) = pi(d), deD
o s(uz(d), pp(d) < s(ug(d), py(d))

if 1i(d) <pg(d) and pg(d) < pe(d) (monotonicity)
o s(pi(d), np(d) =s(pg(d), pi(d)) (commutativity)
o s(pi(d),s(ppd), pa(d))) =

s(s(puz(d), pp(d)), pe(d)) (associativity)
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Examples of -Norms and s-Norms

o min{yu ;(d), pi(d)} (minimum)
masc{yiz(d), p(d)} (mazimum)
o 1;i(d)-pp(d) (algebraic product)
pald) + pp(d) —pi(d) - pp(d) (algebraic sum)
o max{0, p;(d)+ pz(d) —1} (bounded difference)
min{1, p;(d) + pz(d)} (bounded sum)
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