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Shortest path

Paths and Distances Revisited

Cost of a walk / path vy, v1,...,v; in a digraph G = (V, E) with
edge weights {c(u,v) | (u,v) € E}:

cost(vg, V1, ..., V) = (v, Vit1)

Distance d(u,v) between two vertices u and v of V(G): the
minimum cost of a path between u and v.

Eccentricity of a node u € V: eclu] = max d(u,v).
ve

Radius of G: the minimum eccentricity of u € V: migec[u].
ue

Diameter of G: the maximum eccentricity of u € V: max ecu].
ue

Note: there are analogous definitions for graphs.
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Shortest path

Unweighted / Weighted Graphs: Shortest Paths

The shortest path from the vertex A to the vertex D:

min{2a4,c,p,34,¢,E,D,34,B,F,D } min{94,0,0,64,c,5,0,104,B,7,D}



Shortest path

Single-source Shortest Path (SSSP) in G = (V, E, ¢)

Given a source node v, find the shortest (minimum weight) path to
each other node.
e Weight of a path: the sum of weights (costs) on the arcs.
e BFS works only if all weights ¢(u,v); (u,v) € E, are equal.
e Dijkstra’s algorithm — one of the known solutions.
e A greedy algorithm: each locally best choice is globally
best.
e Works only if all weights are non-negative.
e Initial paths: one-arc paths from s to v of weight
cost (s, v).
e Each step compares the shortest paths with and without
each new node.
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Shortest path

Single-source Shortest Path (SSSP) in G = (V, E, ¢)

@ Build a list S of visited nodes (say, using a priority queue).
@® lterative propagation of the shortest paths:
@® Choose the closest unvisited node u being on a path with
internal nodes in S.
® If adding the node u has established shorter paths,
update distances of remaining unvisited nodes v from the
source S.

Complexity depends on data structures used.
e For a priority queue, such as a binary heap, running time
O((m + n)logn) is possible.
e If every node is reachable from the source: O(mlogn).
e More sophisticated Fibonacci heaps lead to the best
complexity of O(m + nlogn).
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Dijkstra

Dijkstra's Algorithm

algorithm Dijkstra( weighted digraph (G, ¢), node s € V(G) )
array colour[n] = {WHITE , WHITE}
array dist[n] = {cl[s,0],. [s n—1]}
colour[s] < BLACK
while there is a WHITE node do
pick a WHITE node u, such that dist[u] is minimum
colour[u] + BLACK
for each x adjacent to v do
if colour[z] = WHITE then
dist[z] < min {dist[z], dist[u] + clu,z]}
end if
end for
end while
return dist
end
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Dijkstra

Dijkstra’s Algorithm: Example 1

BLACK dist[z]
List .S
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Dijkstra

Dijkstra’s Algorithm: Example 1

BLACK dist|z]

List S abc de
a 03 8 cox
ab 038 5 o0
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Dijkstra

Dijkstra’s Algorithm: Example 1

BLACK dist|z]

List S abc de
a 03 8 cox
ab 038 5 o0
abd 037 510
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Dijkstra

Dijkstra’s Algorithm: Example 1

BLACK dist|z]

List S abc de
a 03 8 cox
ab 038 5 o0
abd 037 510
abcecd 037 59
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Dijkstra

Dijkstra’s Algorithm: Example 1

BLACK dist|z]

List S abc de
a 03 8 cox
ab 038 5 o0
abd 037 510
abcecd 037 59
abecde |0 37 5 9
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Dijkstra

Why Does Dijkstra’'s Algorithm Work?

® .
Let an S-path be a path starting \@‘

g -
at node s and ending at node x ’ *. .\@
with all the intermediate nodes P ./
coloured BLACK, i.e., from the LR e

list S, except possibly . o S

Theorem 6.8: Suppose that all arc weights are nonnegative.

Then these two properties hold at the top of while-loop:
P1: If x € V(G), then dist[x] is the minimum cost of an S-path
from s to x.

P2: If colour[w] = BLACK (i.e., w € ), then dist[w] is the
minimum cost of a path from s to w.

Once a node u is added to S and dist[u| is updated, dist[u] never changes in
subsequent steps. After S =V, dist holds the goal shortest distances.
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Dijkstra

Proving Why Dijkstra’s Algorithm Works

The update rule: dist[z] « min {dist[z], dist[u] + c[u,z]} |

dist|z] is the length of some path from

s to x at every step. @\0 ---- ..,

- - - __%
e If x € S, then it is an S-path. Sh ‘.‘_‘7@
K .
e Updated dist[v] never increases. i B '.‘
To prove P1 and P2: induction on the ., é— -7 g
number of times k of going through the ., S’.;'
while-loop (Si; So = {s}; dist[s] = 0). Tt

® k=0: P1 and P2 hold as dist[s] = 0.
® Inductive hypothesis: P1 and P2 hold for k > 0; Si+1 = Sk J{u}.
® [nductive steps for P2 and P1:
e Consider any s-to-w Sgi1-path v = (s,...,y,u) of the weight

Y-
o If w € Sk, consider the hypothesis.

o If w ¢ Sy, v extends some s-to-y Si-path v1 = (s,...,y).
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Dijkstra

Proving Why Dijkstra’s Algorithm Works

Inductive step for P2:
e For w € Sk41 and w # u, P2 holds by inductive hypothesis.

e For w = u, P2 holds, too, because any Siii-path v = (s,...,y, u)
of weight || extends some Si-path 71 = (s, ..., y) of weight |y1]:

e By the inductive hypothesis, dist[y] < |y1].
e By the update rule, dist[u] < distly] + c(y, u).
o Therefore, dist[u] < |y| = |y1| + ¢(y, ).
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Dijkstra

Proving Why Dijkstra’s Algorithm Works

Inductive step for P1: = € V(G); v — any s-to-z Sk+1-path;

Skt1 = Sk U{u}:
® u ¢~y «yis an Sk-path and |y| < dist[z] by the inductive hypothesis.

"
,u,x): by the update rule, |v| = |y1| + c(u, z) > dist[z].

® uey= (s7 -
7

e uecy=_(s...,u,....y, :r) returning to Sy after u: by the update rule,
] = I + ey, @) > |8] + ely, z) > distly] + c(y, ) > dista]

where || is the min weight of an s-to-y Si-path.

.
.
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Dijkstra

Dijksra's Algorithm: Example 2

Nodeu | A B C D E F
07 9

for u € V(Q) dist[u] < c[A,u]
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Dijkstra

Dijksra's Algorithm: Example 2

Node u

colour[A] + BLACK; dist[A] + 0
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Dijkstra

Dijksra's Algorithm: Example 2

Node u C DEVF
9 oo 14
9 oo o0 14

9 2200 14

o ool
S BENEEN{ vy

while-loop:
WHITE B, C, D, E, F: min dist[B]
colour[B] + BLACK
for z € V(G)
dist[z]
min {dist[z], dist[B] + ¢[B, z]}
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Dijkstra

Dijksra's Algorithm: Example 2

Node u D FEF
oo oo 14
oo 0o 14
22 oo 14

20 00 11

AB
ABC

b
co ool
EEENEES BES Tlwy]
© © o ©olQ

while-loop:
WHITE C, D, E, F: min dist[C]
colour[C] < BLACK;
for x € V(G)
dist[z]
min {dist[z], dist[C] + c[C, z]}
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Dijkstra

Dijksra's Algorithm: Example 2

Nodeuw |A B C D E F
07 9 ocooo 14
A 07 9 coool4
AB 07 9 220014
ABC 07 9 200011
ABCF 0 7 9 202011
while-loop:
WHITE D, E, F: min dist[F]
colour[F] <~ BLACK;
for z € V(G)
dist[z] +

min {dist[z], dist[F] + c[F,z]}
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Dijkstra

Dijksra's Algorithm: Example 2

Nodeuw |A B C D E F
07 9 ocooo 14
A 07 9 coool4
AB 07 9 220014
ABC 07 9 200011
ABCF 0 7 9 202011
ABCDF 0 7 9 202011
while-loop:
WHITE D, E: min dist[D]
colour[D] +- BLACK;
for z € V(G)
dist[z]

min {dist[z], dist[D] + c[D, z] }
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Dijkstra

Dijksra's Algorithm: Example 2

Nodeuw |A B C D E F
07 9 ocooo 14
A 07 9 cooold
AB 07 9 220014
ABC 07 9 2000 11
ABCF 0 7 9 202011
ABCDF 0 7 9 202011
ABCDEF |0 7 9 202011
while-loop:
WHITE E: min dist[E]
colour[E] <~ BLACK;
for z € V(G)
dist[z]

min {dist[z], dist[E] + c[E, z]}
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Dijkstra

Dijksta’s Algorithm: PFS Version

Input: weighted digraph (G, ¢); source node s € V(G);
priority queue Q; arrays dist[0..n — 1]; colour[0..n — 1]

for u € V(G) do:

colour|u] < WHITE 1

colour(s] + GREY
Q.insert(s, key, = 0)

Q.is_empty()? Y return dist
no

Q.deleteﬂ u <+ Q.peek()

T + Q.getKey(u)

!

| for each x adjacent to u do: |

A

-

colour|z] < GREY
Q.insert(x,t)

no

| Q.decreaseKey(z, t) |<yi( Q.getKey(z) > t7 )ﬁ( colour(z] = GREY?)

*no

|
|
|
1
|
<—|yes colour(z] = WHITE?) :
|
|
|
|
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,



Dijkstra

Dijkstra’'s Algorithm: PFS Version: Start at a

Initialisation:

Priority queue @ = {akey—=0}
vEV‘a b ¢ d e f g
key,, 0

distl] | — - - — — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version: Steps 1 — 2

u<+a; t <+ key, =0; z € {b,c,d}
x + bty =t; + cost(a,b) = 2; Q = {ag, b2}
vEV‘a b ¢ d e f g

key,, 0 2
distiv] | — - - — — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

u=a; t; =key, =0; z € {b,c,d}
x4+ ¢ tg =t + cost(a,c) = 3; Q = {ag, ba, c3}
vEV‘a b ¢ d e f g

key, |0 2 3
disth] | — — — — — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

u=a; t; =key, =0; z € {b,c,d}
x + d: ty =t1 + cost(a,d) = 3; Q = {ao, ba, c3,ds}
vEV‘a b ¢ d e f g

key, |0 2 3 3
dist[v] | —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

Completing the while-loop for u = a
dist[a] + t; = 0; Q = {ba, c3,d3}
veV ‘ a b ¢ d e f g

key, |0 2 3 3
distfo] |0 — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version: Steps 6 — 7

u < b; t1 < key, =2; x € {c,e}
x4—c ta =11 +cost(b,c) =24+4=06;key,=3<ta=6
vEV‘a b ¢ d e f g

key, |0 2 3 3
dist] [0 — — — — — —

20 /69



Dijkstra

Dijkstra’'s Algorithm: PFS Version:

u="b;t; =key, =2; x € {c,e}

x+ ety =t +cost(bye) =2+3=5; Q= {ba,c3,d3,e5}
veV ‘ a b ¢ d e f g

key, |0 2 3 3 5

distfv) |0 — — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

Completing the while-loop for u = b
dist[b] < t1 = 2; Q = {c3,d3,¢e5}
veV ‘ a b ¢ d e f g

key, |0 2 3 3 5
distfo) |0 2 — — — — —
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Dijkstra

Steps 10 — 11

Dijkstra’'s Algorithm: PFS Version:

u<+ ¢ty <+ key, =3; v € {d,e, f}
x4—d: tg =11 +cost(c,d) =3+5=8 key; =3 <t =38

veV ‘a b ¢ d e f g
key, 0 2 3 3 5
distfo) |0 2 — — — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

u=c t; =key, =3; x € {d,e, [}

x4 e tg =t; +cost(c,d) =3+1=4; key, =5 <ty =4; key, <4
vEV‘a b ¢ d e f g

key, |0 2 3 4
distlv] |0 2 -
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

u=c t; =key, =3; x € {d,e, [}
x4+ frtag=1t1+cost(c,f)=34+6=9; Q= {c3,ds3, €4, fo}
vEV‘a b ¢ d e f g

key, |0 2 3 3 4 9
distfo) |0 2 — — — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

Completing the while-loop for u = ¢
dist[c] + t; = 3; Q = {d3, €4, fo}
veV ‘ a b c d e f g

key, |0 2 3 3 4 9
distfv] [0 2 3 — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version: Steps 15 - 16

3
u<+d; t1 + key, =3; x € {f}
T frtyg =t +cost(d, f) =3+7=10; key; =9 <ty =10

veV ‘ a b c d e f g
key, 0 23 3 4 9
distfv] [0 2 3 — — — —
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

Completing the while-loop for u = d
dist[d] +t1 = 3; Q = {eq, fo}

veV ‘ a b c d e f g
key, 0 2 3 3 4 9
distfv] [0 2 3 3 — — -—
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Dijkstra

Dijkstra’'s Algorithm: PFS Version: Steps 18 — 19

u<+e; t; + key, =4, x € {f}
T frtyg =t +cost(e, f) =4+8=12 key; =9 < 1y =12
f g
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

Completing the while-loop for u = ¢
distle] + t1 = 4; Q = {fo}

veV ‘ a b c d e f g
key, 0 2 3 3 4 9
distfv] |0 2 3 3 4 — -—
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Dijkstra

Dijkstra’'s Algorithm: PFS Version: Steps 21 — 22

us fity < keyy =9, 2 € {9}
T4 gty =11 +cost(f,9) =9+9=18 Q= {fo, 918}

veV ‘ a b c d e f g
key, 0 2 3 3 4 9 18
distfv] |0 2 3 3 4 — -—
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Dijkstra

Dijkstra’'s Algorithm: PFS Version:

Completing the while-loop for u = f
dist[f] < t1 = 9; Q = {g18}

veV ‘ a b c d e f g
key, 0 2 3 3 4 9 18
distfv] [0 2 3 3 4 9 -—
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Dijkstra

Dijkstra’'s Algorithm: PFS Version: Steps 24 — 25

Completing the while-loop for u = ¢
dist[g] < t1 = 18; no adjacent verices for g; empty Q = {}

veV ‘ a b c d e f g
key, 0 2 3 3 4 9 18
distfv] [0 2 3 3 4 9 18
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Bellman-Ford

SSSP: Bellman-Ford Algorithm

algorithm Bellman-Ford( weighted digraph (G, c); node s )
array dist[n] = {o0,00,...}
dist[s] < 0
for i from 0 ton — 1 do
for z € V(G) do
for v € V(G) do
dist[v] « min(dist[v], dist[z] + c¢(x,v))
end for
end for
end for
return dist
end

Time complexity — ©(n?); unlike the Dijkstra’s algorithm, it handles negative
weight arcs (but no negative weight cycles making the SSSP senseless).
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Bellman-Ford

SSSP: Bellman-Ford Algorithm (Alternative Form)

algorithm Bellman-Ford( weighted digraph (G, c); node s )
array dist[n] = {00, 00,...}
dist[s] <+ 0
for i from 0 ton — 1 do
for (z,v) € E(G) do
dist[v] < min(dist[v],dist[z] + c¢(z,v))
end for
end for
return dist
end

Replacing the two nested for-loops by the nodes z,v € V(G) with a single
for-loop by the arcs (z,v) € E(G).

Time complexity: ©(mn) using adjacency lists vs. @(n?) using an adjacency
matrix.
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Bellman-Ford

Bellman-Ford Algorithm

Slower than Dijkstra’s algorithm when all arcs are nonnegative.

Basic idea as in Dijkstra's: to find the single-source shortest paths
(SSSP) under progressively relaxing restrictions.
e Dikstra's: one node a time based on their current distance
estimate.
e Bellman-Ford: all nodes at “level” 0, 1, ..., n — 1 in turn.

e Level of a node v — the minimum possible number of arcs in a
minimum weight path to that node from the source s.

Theorem 6.9

If a graph G contains no negative weight cycles, then after the 4"
iteration of the outer for-loop, the element dist[v] contains the
minimum weight of a path to v for all nodes v with level at most 4.
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Bellman-Ford

Proving Why Bellman-Ford Algorithm Works

Just as for Dijkstra’s, the update ensures dist[v] never increases. )

Induction by the level ¢ of the nodes:
e Base case: i = 0; the result is true due to initialisation:
dist[s] = 0; dist[v] = o0; v € V\s.
e Induction hypothesis: dist[v]; v € V, are true for i — 1.
¢ Induction step for a node v at level i:
e Due to no negative weight cycles, a min-weight s-to-v path, 7,
has i arcs.
o If y is the last node before v and 7; the subpath to y, then
dist[y] < |y1| by the induction hypothesis.
e Thus by the update rule:

dist[v] < dist[y] + c(y,v) < || + c(y,v) < |7

as required at level 7.
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Bellman-Ford

lllustrating Bellman-Ford Algorithm
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Bellman-Ford

lllustrating Bellman-Ford Algorithm

i dist|x]

a b c d e
0]0 o0 o0 oo o
110 3 —1 oo
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Bellman-Ford

lllustrating Bellman-Ford Algorithm

i dist|x]

a b c d e
0]0 o0 o0 oo o
110 3 —1 oo

0o o -1 3 5
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Bellman-Ford

lllustrating Bellman-Ford Algorithm

W= o
oo ool
oo w Q|
|
e
N R R
cwu g glo
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Bellman-Ford

lllustrating Bellman-Ford Algorithm

i dist|x]

a b c d e
0]0 o0 o0 oo o
110 3 —1 oo
2/0 0 -1 3 5
3]0 0 -1 2 0
410 0 -1 2 -1
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Bellman-Ford

lllustrating Bellman-Ford Algorithm (Alternative Form)

Arc (z,v): ab ac ba bd ¢b ¢d ce db dec de
czv): 3 -1 2 2 1 4 6 -2 2 -3
[teration i =0

z,v | Distance d[v] < min{d[v],d[z] + c(z,v)} |a b ¢ d e
0 oo 00 oo o
a,b | db] <+ min{oo, 0+3} = 310 3 oo oo o®©
a,c | dic] <+ min{oo, 0-1} = —-1|10 3 -1 oo ™
b,a | dla] + min{0, 342} = 0[{0 3 -1 oo o
b,d | d[d] <+ min{oo, 3+2} = 5/0 3 -1 5 o
¢,b | db] + min{3, -1+1} = 0|0 0 -1 5 o
¢,d | d[d] « min{5, —-1+4} = 3]0 0 -1 3 o
c,e | dle] <+ min{oco, —-1+4+6} = 5/0 0 -1 3 5
d,b|db] < minfo, 3-2} = 0|0 0 -1 3 5
d,c | dl¢] + min{-1, 342} = -1|0 0 -1 3 5
d,e | dle] « min{5, 3-3} = 0|0 0 -1 3 0
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Bellman-Ford

lllustrating Bellman-Ford Algorithm (Alternative Form)

Arc (z,v): ab ac ba bd ¢b ¢d ce db dec de

7

ez, 3 -1 2 2 1 4 6 -2 2 -3

Iteration i =1

x,v | Distance d[v] + min{d[v],d[z] + ¢(z,v)} [a D ¢ d e

00 -1 3 O
ab|db] « mn{0, 0+3] = 0]0 0 -1 3 0
a,c | dc] + min{-1, 0-1} = -1]0 0 -1 3 0
b,a | dla] < min{0, 0+2} = 0[0 0 -1 3 0
b,d | d[d] <+ min{3, 0+2} = 2/0 0 -1 2 0
e,b|db] « min{0, -1+1} = 0]0 0 -1 2 0
ed |dld « min{2, —1+4) 210 0 -1 2 0
c,e | de] + min{0, -1+6} = 0j0 0 -1 2 0
d,bldb] « minfo, 2-21 = 0]l0 0 -1 2 0
d,c | d[c] « min{-1, 242} = -1|0 0 -1 2 0
d,e | dle] <« min{0, 2-3 = -1|/0 0 -1 2 -1
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Bellman-Ford

lllustrating Bellman-Ford Algorithm (Alternative Form)

Arc (z,v): ab ac ba bd ¢b ¢d ce db dec de

7

ez, 3 -1 2 2 1 4 6 -2 2 -3

Iteration 1 = 2..4

x,v | Distance d[v] + min{d[v],d[z] + ¢(z,v)} [a D ¢ d e

00 -1 2 -1
ab | db] « min{0, 0+3} = 0[]0 0 -1 2 -1
a,c | dc] ¢+ min{-1, 0-1} = -1]0 0 -1 2 -1
b,a | dla] < min{0, 0+2} = 0[0 0 -1 2 -1
b,d|dd <« min{2, 0+2} = 20 0 -1 2 -1
¢,b | db] « min{0, -1+41} = 0j0 0 -1 2 -1
e,d | dd « min{2, —1+4} 210 0 -1 2 -1
c,e | de] <+ min{-1, -1+6} = —-1/0 0 -1 2 -1
d,bldb] « minfo, 3-20 = 0/0 0 -1 2 -1
dc|dl « min{-1, 3+2} = -1]/0 0 -1 2 -1
d,e | dle] « min{-1, 3-3} = -1|0 0 -1 2 -1
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Bellman-Ford

Comments on Bellman-Ford Algorithm

e This (non-greedy) algorithm handles negative weight arcs, but
not negative weight cycles.

e Running time with the two innermost nested for-loops:

O(n?).
e Runs slower than the Dijkstra’s algorithm since considers all
nodes at “level” : =0,1,...,n — 1, in turn.

e The alternative form where the two inner-most for-loops are
replaced with: for (u,v) € E(V) runs in time O(nm).
e The outer for-loop (by ) in this case can be terminated after
no distance changes during the iteration (e.g., after i = 2 in
the example on Slide 39).
e Bellman-Ford algorithm can be modified to detect negative
weight cycle (see Textbook, Exercise 6.3.4)
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All-pairs

All Pairs Shortest Path (APSP) Problem

Given a weighted digraph (G, ¢), determine for each pair of nodes
u,v € V(QG) (the length of) a minimum weight path from u to v. J

Convenient output: a distance matrix D = [D[u,v]]uyev(G)

e Time complexity ©(nA,, ,,) of computing the matrix D by
finding the single-source shortest paths (SSSP) from each
node as the source in turn.

o An:|V(G)\,m:|E(G)\ — the complexity of the SSSP algorithm.

e The APSP complexity ©(n?) for the adjacency matrix version
of the Dijkstra’s SSSP algorithm: A,, ., = n?.

e The APSP complexity ©(n?m) for the Bellman-Ford SSSP
algorithm: A,, ,, = mn.
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All-pairs

All Pairs Shortest Path (APSP) Problem

Floyd’s algorithm — one of the known simpler algorithms for computing
the distance matrix (three nested for-loops; ©(n?) time complexity):
@ Number all nodes (say, from 0 to n — 1).

@® At each step k£, maintain the matrix of shortest distances from node
i to node j, not passing through nodes higher than k.

© Update the matrix at each step to see whether the node k shortens
the current best distance.

An alternative to running the SSSP algorithm from each node.

e Better than the Dijkstra’s algorithm for dense graphs, probably not
for sparse ones.

e Unlike the Dijkstra’s algorithm, can handle negative costs.

e Based on Warshall's algorithm (just tells whether there is a path from
node ¢ to node j, not concerned with length).
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Floyd's Algorithm

algorithm Floyd( weighted digraph (G, c) )
Initialisation: for u,v € V(G) do D[u,v] < ¢(u,v) end for
for z € V(G) do
for u € V(G) do
for v € V(G) do
Dlu,v] < min{D[u,v], D[u, z] + D[z, v|}
end for
end for
end for

This algorithm is based on dynamic programming principles.

At the bottom of the outer for-z-loop, D[u,v] for each u,v € V(G) is
the length of the shortest path from u to v passing through intermediate
nodes x having been seen in that loop.
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lllustrating Floyd's Algorithm
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lllustrating Floyd's Algorithm: z = 0

0 1 2 3 4
0 0 3 -1 o 00
1 2 0 1 2 o
2 00 1 0 4 6
3 oo | —2 2 0 -3
4 o 00O 00 o0 0

Distance matrix Dg|u, v]
D0[172] = min{oo, 2(:[1,0] - 1(:[0,1]} =1
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lllustrating Floyd's Algorithm: =z =1

0 1 2 3 4
0 0 3| — 5 o0
1 2 0 2 00
2 3 1 3 6
3 o|-2|—-1 0 -3
4 00| 0| 0O 00 0

Distance matrix D [u, v]
D1 [0,3] = min{oo, 3p,(0,1] + 2py[1,3} =5
D1[2, 3] = min{4, IDU[QJ] + 2[)0[1,3]} =3
D1[3, 2] = min{?, 72D0[311] =+ 1Do[l,2]} = -1
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lllustrating Floyd's Algorithm: = = 2

0 1 2 3 4
0 0 0| -1| 2 5
1 2 0 1 2 7
2 3 1 0 3 6
3 0 -2|-1] 0 =3
4 00 00| oo | 00 0

Distance matrix Ds[u, v]
D5[0,1] = min{3, —1p, (0.2 + Lp, 21} =0
D5 [0, 3] = min{5, —1p,jo,2] + 3D,[2,3]} =2
D7[0,4] = min{oo, —1p,(0,2] + 6D, (2,41} =5
D3 [1,4] = min{oo, 1p,1,2) + 6p,; 24}— 7
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lllustrating Floyd's Algorithm: z = 3

0 1 2 3 4
0 0o 0 —1] 2| -1
1 2 0 1] 2] -1
2 3 1 0| 3 0
3 0 -2 -1 0| -3
4 00 0 00| 0

Distance matrix D3u, v]
D3[0,4] = min{5, 2D2[O 3] — 3D2[3,4]} = -1

D3[1,4] = min{7,2pl[] 3] — 3[)1[3',1]} =—1

D3[2,4] = min{6, 3D1[2 3] — 3D1[3,4]} =0
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lllustrating Floyd's Algorithm: x = 4

0 1 2 3 4
0 0 o -1 2 -1
1 2 0 1 2 -1
2 3 1 0 3 0
3 0o -2 -1 0 -3
4 00O 00 00 00 0
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Proving Why Floyd's Algorithm Works

Theorem 6.12: At the bottom of the outer for-loop, for all nodes u and v,

D[u, v] contains the minimum length of all paths from « to v that are
restricted to using only intermediate nodes that have been seen in the
outer for-loop.

When algorithm terminates, all nodes have been seen and D[u,v] is the length
of the shortest u-to-v path.

Notation: Sj — the set of nodes seen after k passes through this loop; Sk-path
— one with all intermediate nodes in Sk; Dy — the corresponding value of D.

Induction on the outer for-loop:
e Base case: k = 0; Sg = 0, and the result holds.
e Induction hypothesis: It holds after £ > 0 times through the loop.

e Inductive step: To show that Dy1[u,v] after k + 1 passes
through this loop is the minimum length of an u-to-v Si1-path.
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Proving Why Floyd's Algorithm Works

Inductive step:
Suppose that z is the last node seen in the loop, so Siy1 = Sk U{z}.

e Fix an arbitrary pair of nodes u,v € V(G) and let L be the
min-length of an u-to-v Si41-path, so that obviously
L < Diy1[u, v).

e To show that also Dy1[u,v] < L, choose an u-to-v Sy 1-path v of
length L. If ¢ ~, the result follows from the induction hypothesis.

o If x € v, let v; and 5 be, respectively, the u-to-x and z-to-v
subpaths. Then 1 and v, are Si-paths and by the inductive
hypothesis,

L > |71| + |72| > Dk[u,l‘] +Dk[{L‘7’U] > Dk+1[u7v]

Non-negativity of the weights is not used in the proof, and Floyd's algorithm
works for negative weights (but negative weight cycles should not be present).
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Floyd's Algorithm: Example 2

Computing all-pairs shortest paths
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Floyd's Algorithm: Example 2 Initialisation

Initialisation: c¢(u,v)]

al 0 2 3 3 o0 o0 o0
bl 2 0 4 oo 3 oo o©
cfl 3 4 0 5 1 6 oo
[D[u,v]]uwev(G) — d| 3 o; i) 0 ooo ; 00
el oo 00 00
fl oo 0o 6 7 &8 0 9
gl co oo 0 oo oo 9 0
- a b c d e f g -

for z € V ={a,b,c,d,e, f,g} do
for u e V=1{a,b,cde f g} do
forveV ={a,b,cde, f g} do
Dlu,v] <= min {D[u, v], D[u,z] + D[z, v]}
end for
end for
end for
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Computing Actual Shortest Paths

e In addition to knowing the shortest distances, the shortest
paths are often to be reconstructed.

e The Floyd's algorithm can be enhanced to compute also the
predecessor matrix II = [Tr”]?;nzl | Where vertex 7; ; precedes
vertex j on a shortest path from vertex i; 1 <14,j < n.
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Computing Actual Shortest Paths

e In addition to knowing the shortest distances, the shortest
paths are often to be reconstructed.

e The Floyd's algorithm can be enhanced to compute also the
predecessor matrix II = [Tr”]” 1,1 Where vertex m; ; precedes
vertex j on a shortest path from vertex ;1 <1, <n.

Compute a sequence H(O) o® . 1),

where vertex 7r( ) precedes the vertex j on a shortest path from
vertex ¢ with aII intermediate vertices in V(y) = {1,2,...,k}.

For case of no intermediate vertices:

© [ NIL ifi=jorclij]=00
Tig T\ i ifi#jand cfi,j] < 0o

60 /69



Floyd's Algorithm with Predecessors

algorithm FloydPred( weighted digraph (G, c) )

D<+c ‘ Create initial distance matrix from weights. ‘

I+ 11O ‘ Initialize predecessors from c as in Slide 60. ‘

for & from 1 to n do
for i from 1 to n do
for j from 1 to n do
if D[i, j| > D[i, k] + DIk, j] then
Dli, j] < Dl[i, k] + D[k, j]; s, j] < [k, j]
end if
end for
end for
end for

61 /69



NIL
3
NIL

lllustrating Floyd's Algorithm with Predecessors

1 N 1
NIL 2 2
NIL NIL NIL

4 NIL NIL

NIL NIL 5 NIL
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3 NIL NIL NIL

2 3

3 8

0 o0

4 0

5 =5
0o 00

2 3

1 1
NIL NIL

1 4
NIL NIL

4
NIL
2

NIL
)

lllustrating Floyd's Algorithm with Predecessors: k£ = 1

1
2

1

NIL
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lllustrating Floyd's Algorithm with Predecessors:

1
2
D@ =3
4
1
2
n® =3
4
5

2 3
3 8
0 oo
4 0
5 =5
SRS
2 3
1 1
NIL NIL
3 NIL
1 4
NIL NIL

S O U e
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lllustrating Floyd's Algorithm with Predecessors: k = 3

1 2 3 4 5

i 0 3 8 4 —4

2| 00 0 oo 1 7

DB =300 4 0 5 11
4 2 -1 =5 0 =2

5l co o0 o0 6 0

1
2|
o® =3 N 3 NIL
4
5
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lllustrating Floyd's Algorithm with Predecessors:

1 4
i 0 3 -1 4 —4
2| 3 0 -4 1 -1
DW =317 4 0 5 3
42 -1 -5 0 -2
5| 8 5 1 6 0
1 2 3 4 5
il NIL 1 4 2 1
2l 4 NIL 4 2 1
W =5 4 3 N 2 1
4 4 3 4 N 1
5| 4 3 4 5 NIL
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lllustrating Floyd's Algorithm with Predecessors:

1 2 3 4 5
i 0 1 -3 2 —4
2| 3 0 -4 1 -1
DO =317 4 0 5 3
42 -1 -5 0 -2
5| 8 5 1 6 0
1 2 3 4 5
il NIL 3 4 5 1
2l 4 NIL 4 2 1
o) =3 4 3 N 2 1
4 4 3 4 N 1
5| 4 3 4 5 NIL
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Getting Shortest Paths from II Matrix

The recursive algorithm using the predecessor matrix I = II(™ to
print the shortest path between vertices 7 and j:

algorithm PrintPath( II, 4, j )

if i = j then print ¢

else
if 7; ; = NIL then print “no path from i to j"
else
PrintPath( II, 4, m; ; )
print j
end if

end if
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lllustrating PrintPath Algorithm

PrintPath( 11, 5, 3)
— PrintPath(11®), 5, 753 = 4)
— PrintPath( H(5), 5, 5,4 = 5)
print 5
print 4
print 3

PrintPath( I, 1, 2)
— PrintPath( H(s), 1, 1,2 =3)
— PrintPath( ®, 1, m3=4
— PrintPath( a® 1, 1,4 = D)
— PrintPath(II®), 1, 75 =
print 1
print 5
print 4
print 3
print 2

1)
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