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Supervisor: M. R. Fellows
Abstract

A substantial part of the history of graph theory deals with the study and classifi-
cation of sets of graphs that share common properties. One predominant trend is to
characterize graph families by sets of minimal forbidden graphs (within some partial
ordering on the graphs). For example, the famous Kuratowski Theorem classifies
the planar graph family by two forbidden graphs (in the topological partial order).
Most, if not all, of the current approaches for finding these forbidden substructure
characterizations use extensive and specialized case analysis. Thus, until now, for a
fixed graph family, this type of mathematical theorem proving often required months
or even years of human effort. The main focus of this dissertation is to develop a
practical theory for automating (with distributed computer programming) this clas-
sic part of graph theory. We extend and (more importantly) implement a variation
of the seminal work done by Fellows and Langston regarding computing finite-basis

characterizations.

The recently celebrated Robertson—-Seymour Graph Minor Theorem establishes that
many natural graph families are characterizable by a finite set of graphs. In particular,
if a graph family is closed under the three basic minor operations (i.e., isolated vertex
deletions, edge deletions, and edge contractions) then there exists (by a nonconstruc-
tive argument) a finite set of forbidden graphs. Two examples are the well-known
k-VERTEX COVER and k-FEEDBACK VERTEX SET graph families. In this disserta-
tion, we characterize, for the first time, these parameterized families, among others,

for small k.

Our forbidden graph computations use a restricted search space consisting of graphs
of bounded combinatorial width (where pathwidth and treewidth are two important
metrics). Using an algebraic enumeration scheme for graphs, we have implemented a
terminating algorithm that will find all minor-order forbidden graphs for each fixed
pathwidth. For a targeted graph family, this algorithm requires a mathematical
description given in one of many acceptable forms (or combinations thereof), such as a
finite-index congruence or a set of automaton-generating tests. Our main assumption
is that an upper bound on the pathwidth (or treewidth) of the largest forbidden graph

of a particular graph family is more readily available than its order (or size).



il

A byproduct of our bounded width approach is that we give practical linear time
membership algorithms in the form of dynamic programs (over parsed graph struc-
tures of bounded width) for several graph families (e.g., k-MAXIMUM PATH LENGTH
and OUTER PLANAR).
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Chapter 1
Introduction

One of the most famous results in graph theory is Kuratowski’s characterization of
planar graphs: a graph is planar if and only if it “contains” neither the complete
bipartite graph K33 nor the complete graph K5. The obstruction set for planarity
thus consists of these two graphs, which are displayed below in Figure 1.1. These

graphs are “almost” planar (or the “smallest” non-planar).

I
I

[(3 3 [(5

)

Figure 1.1: Kuratowski’s planar obstructions.

This example indicates the form of all obstruction set characterizations of graph
families; for some fixed graph family, denoted by F, a graph G is a member of F if
and only if ¢ does not contain (as a substructure) any member of some set of graphs
O(F) = {01,03,...}. The precise meaning of “substructure” may vary. For these
types of characterizations, graphs are related by some partial order as illustrated
in Figure 1.2 by a Hasse diagram where each node (representing some graph) is

structurally contained in the ones connected above it. Here, any non-family graph
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O ¢r

@77

(obstructions) -

-
-
-

Oer
(graph family) ’

. (smallest graph, or K1)

Figure 1.2: Illustrating a partial order of graphs and a family’s obstructions O(F).

above the lower dashed line (i.e., any graph represented by a black or gray node)
contains at least one obstruction (black node). Notice that, by definition, these
types of orderings of graphs are transitive in the upward direction even though all
relationships are not shown in the figure. Each edge in Figure 1.2 can be viewed as
one primitive graph reduction between a bigger graph and a smaller graph. Different
combinations of these reductions on a given graph may yield the same graph (e.g.,

note that edges can cross over the obstruction set boundary).

Classifying graphs by forbidden substructures has been an important part of
research in graph theory ever since its inception, and there are many characterization
theorems of this kind. Perhaps a familiar example is the set of acyclic graphs (i.e.,
those graphs without a self-connecting path of edges). Here, the forbidden subgraphs
are the individual cycles of various lengths {C; | i > 3}. If we add more structure

to this subgraph partial order then there is just one forbidden substructure, namely
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the smallest cycle C'5. This is accomplished by adding subdivided edge relationships
on graphs (i.e., a graph with a vertex inserted on some edge is structurally above the
original graph). We now present two famous examples based on two different partial

orders. (These orders are formally defined later in Chapter 3.)

The first graph embedding analog to Kuratowski’s characterization of planar
graphs was presented in [GHW79b] for the real projective plane (Mo6bius band +
lid). This simplest surface after the plane (sphere) can be viewed as a plane with
a circular boundary where diagonally opposite boundary points are identified (e.g.,
see [FG93, Sti93]). Below in Figure 1.3 we easily show graph embeddings (without
edge crossings) of both the planar obstructions K33 and Kj; this indicates that the
family of projective-planar graphs is larger than the family of planar graphs. For this
non-orientable surface, an obstruction set of 103 irreducible graphs of [GHW79a] in
the topological (homeomorphic) partial order was proven complete in [Arc80]. (From

these 103 obstructions there are 35 minor-order forbidden graphs [Arc95, Mah80].)

K K
Figure 1.3: Projective plane embeddings of Kuratowski’s planar obstructions.

Our next example is drawn from computational biology. We consider a graph
to be chordal if all induced cycles of length four or greater contain an internal cross
edge (chord). An independent triple of vertices is called an asteroidal triple if between
every pair in the triple there exists a path that avoids the neighborhood of the third.
The four forbidden asteroidal triples (see Figure 1.4) and the simple cycle Cy prevent
a graph from being represented as an intersection of interval line segments [Weg67,

Fel89]. This finite classifying set of minimal graphs is obtained from the general
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Figure 1.4: Induced forbidden chordal graphs (asteroidal triples).

infinite family of asteroidal triples; this earlier result (based on the vertex-induced
subgraph partial order) showed that interval graphs are characterized as graphs that
are chordal and free of asteroidal triples [LB62, Mir94].

Several other examples of classifying graphs by forbidden substructures can be
found in [APC87, CKKT72, Fis85, LPS95, MS83, Pro93, RS90c]. Most of the known
obstruction set characterizations were difficult to prove, and proven solely by classical
paper-and-pencil methods (e.g., see [K1.94, GH79]). This situation is now changing as
computers are being incorporated into the research process. For example, the elusive
target of finding the obstruction set for the family of torus embeddable (doughnut’s
surface embeddable) graphs now appears to be closer by the new theories of automated

mathematical theorem-proving.

This dissertation is motivated by the recent results of Robertson and Seymour
[RS84a] on the well-partial-ordering of graphs under the minor (and other) orders.
They have non-constructively established that many natural graph properties have
“Kuratowski-type” characterizations. That is, these graph families can be character-
ized by finite obstruction sets in an appropriate partial order. (The first few papers of
their comprehensive graph minors series may be found in [RS83]-[RSf].) Our work has

focused on finding obstruction sets for these types of characterizable graph families.

The following sections survey our computational approach for finding obstruction
sets. We begin with a review of the minor partial order for graphs. Then in Section 1.2
we introduce two kinds of k-parameterized graph families that form the basis of many
of our graph family characterizations. Next in Sections 1.3 and 1.4 we explain how to
efficiently search for obstruction sets within a bounded combinatorial width domain.

At the end of this introduction we outline the remaining chapters of this dissertation.
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1.1 The Graph Theory Setting

The reader is assumed to have a familiarity with graph theory, as may be obtained
from any one of these introductory graph theory texts [BM76, CL86, HR90, Tru93,

Wil79]. We now introduce a few of our basic graph-theoretical conventions.

We are primarily interested in finite simple undirected graphs (i.e., those finite
graphs without loops and multi-edges). A graph G' = (V, E), in our context, consists
of a finite set of vertices V' and a set of edges E, where each edge is an unordered
pair of vertices. We use the variables n (sometimes |G|) and m to denote the order
(number of vertices) and size (number of edges) of a graph. A graph is connected
if there exists a path between every two vertices. A tree is a connected graph with
m = n — 1, that is, it contains no cycles but has a unique path between every two

vertices. Other formal graph-theoretic definitions are presented later as needed.

This dissertation focuses on a partial order based on graph minors. Specifically,
a graph H is a minor of a graph G, denoted H <,, G, if H can be obtained by
contracting some (possibly zero) edges in a subgraph of G. Figure 1.5 illustrates the
edge contraction operation. Recall that any partial order < of graphs, including the
minor order <,,, satisfies three key properties. It is reflexive (G < G), transitive (if
(1 < Gy and G < (G5 then (G < (), and anti-symmetric (if Gy < Gy and Gy < Gy
then Gy = ().

The most important application of the celebrated Graph Minor Theorem (GMT)
by Robertson and Seymour, formerly known as Wagner’s Conjecture, is that many
graph families are easily shown to have polynomial time membership algorithms.
Here, the GMT guarantees that many graph families have only a finite number of
obstructions. These membership algorithms are based on an O(r?) algorithm that
can check if a fixed graph is a minor of another graph [RS85b]. Hence, in theory, to
check for membership in an applicable graph family F, one just runs this polynomial
time minor checking algorithm once for each obstruction in O(F). An input graph ¢
is a member of F if and only if G has none of these obstructions as a minor. Thus,
once the “promised” finite set of obstructions O(F) is found for F, a constructive
membership algorithm exists. However, it is still open whether these new algorithms

can be made practical. This is because there are astronomically large hidden constants



CHAPTER 1. INTRODUCTION 6

—_
—_
~—
—_
[\]
~—

(1) First collapse edge while preserving adjacencies.
(2) Then remove any incident multi-edges that occur.

o % ) K ) Z z h

Figure 1.5: Demonstrating the ‘edge contraction’ operation for the minor order.

in this cubic time minor-containment complexity result [FRS87]. Also the number of

obstructions may be prohibitively large.

To indicate what types of graphs interest us, we investigate a contrived (but non-
trivial) graph family. Recall that the independence of a graph is the maximum number
of mutually non-adjacent vertices (i.e., the cardinality of the largest independent
set). It is easy to show that any minor of a graph with independence + size < k
also satisfies this inequality. For example, after deleting an edge from a graph the
independence can increase by at most one, implying that the sum will not increase.
For any fixed k, let us call this graph family ~~EDGE BOUNDED INDSET. If one does
not observe that this family has a finite number of members, recognizing graphs in
k—~EDGE BOUNDED INDSET may seem to require a running time of O(n*~™). That
is, where the size m has been previously computed, an algorithm could check to see if

any of the vertex subsets of cardinality & — m is an independent set. An application



CHAPTER 1. INTRODUCTION 7

: AL

k=0 k=3 k=5 k=6

XA X@ﬁ@

Figure 1.6: All connected minor-order obstructions for ~~EDGE BOUNDED INDSET,
for k=0,1,...,8.

of the GMT improves this brute force algorithm to O(n?) time, based on checking a

finite set of forbidden minors.

For each small fixed k, an obstruction set for 5~EDGE BOUNDED INDSET is easily
found by the following logic: We know that & + 1 isolated vertices is an obstruction,
so k+1 also bounds the order of the largest obstruction. We display all the connected
obstructions for 0—EDGE BOUNDED INDSET through 8—EDGE BOUNDED INDSET in
Figure 1.6. One of our general results of Chapter 4 shows how disconnected obstruc-
tions are obtained. For example, the union P, U K; of a path of length 2 and an

isolated vertex is an obstruction for 4-EDGE BOUNDED INDSET.

We can sometimes exploit other properties of graph families to reduce the above
mentioned polynomial time complexity. We use the popular notions of treewidth and
pathwidth, also introduced by Robertson and Seymour [RS83, RS84c¢]|, to combinato-
rially bound certain subsets of a graph family. Informally, graphs of width at most &
are subgraphs of tree-like or path-like graphs where the vertices form cliques of size
at most k + 1. (These combinatorial widths are discussed in detail in Chapter 2.)
When restricted to graphs of treewidth (or pathwidth) at most k, there exists a linear
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Figure 1.7: Some non-trivial knots.

time algorithm to check if a fixed graph is a minor of the input [ALS91]. That is,
these algorithms run in time O(f(k) - n) where f is some computable function. A
well-noted example, recently improved by Bodlaender, is that all finitely characteri-
zable (minor order) graph families that exclude at least one planar graph have linear
time membership algorithms [Bod93a]. That is, for a fixed planar graph P, either a

graph has P as a minor or has treewidth at most some function of |P| [RS90a].

For a concrete example of a guaranteed linear time membership algorithm, con-
sider our k—EDGE BOUNDED INDSET families. We see that all of these families have
a planar obstruction (e.g., the planar graph consisting of k + 1 isolated vertices).
Thus, by Bodlaender’s result there exist linear time recognition algorithms for these
graph families. Also known is a linear time independent set algorithm for graphs of

bounded treewidth (e.g., see [Bod93c]).

As mentioned earlier, a constant time membership algorithm is known for each
k—EDGE BOUNDED INDSET graph family since each has a finite (function of k) num-
ber of graph members. In particular, if more than k edges are read for an input
graph G then we know that G is not a member of k—EDGE BOUNDED INDSET. So

the yes-instance input must be of constant size.

A remarkable consequence of the GMT is that for some graph families that were
not even known to be decidable, the GMT can be applied to prove the existence of
a polynomial time recognition algorithm (see [Fel89] for a nice survey). For example,
consider the set of graphs that can be embedded in 3-dimensional space such that ev-
ery cycle is not knotted (in the everyday sense as depicted by the knots in Figure 1.7).
It is not hard to see that this family of knotless graphs, which contains the planar

graph family, is closed under minors (i.e., taking a subgraph or contracting an edge
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Figure 1.8: The minor-order obstructions for the linkless graph family.

can not create a knot with respect to a knotless embedding). The complete graph
K7 is an example of a graph that contains a least one nontrivial knot no matter how
it is embedded in 3-space [CG83]. However, it is not known if the 4-partite graph
Ks3311 has a knotless embedding [Tho95]. The promised finite obstruction set for
this family is still unknown. However, a related “knot theory” family of graphs, those

graphs with a linkless 3-space embedding, has recently been characterized by the seven

forbidden minors shown in Figure 1.8 [MRS88, RST95a, RST95b, RST95¢].

1.2 Some Finitely Characterizable Graph Families

As a consequence of the Graph Minor Theorem, any family of graphs F that is closed
under minors (i.e., if H <,, G and G € F then H € F) has an obstruction set O(F)
of finite cardinality. More generally, a family of graphs F that is closed relative to a

partial order is called a lower ideal.

Like the 5~EDGE BOUNDED INDSET families, many minor-order lower ideals are
parameterized by an integer k. The previously mentioned planar and toroidal graph
families are surface-embeddable families for fixed genus (i.e., the number of sphere
handles) k = 0 and k = 1, respectively [CL86, Tru93]. In fact, our principle graph
families (e.g., k~VERTEX COVER and k—FEEDBACK VERTEX SET), for which our

computational technique is illustrated, fall into this framework. A k-parameterized
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VC = {2,3,4} VC = {1,4,5} or {2,3,6}
FVS = {2,3},{2.4} or {3,4} FVS = {1,4},{1,5},{2,3},

{2,6},{3,6}or {4,5}

Figure 1.9: Two graphs that are members of both the 3—VERTEX COVER and
2-FEEDBACK VERTEX SET graph families.

lower ideal F is defined by some type of graph invariant function A that maps graphs
to integers such that whenever H <,, GG we also have A(H) < A(G). In this general
framework, a graph family F equals {G' | A(G) < k} for some integer constant k.

Figure 1.9 illustrates two members of both the graph families 3-VERTEX COVER
and 2-FEEDBACK VERTEX SET by displaying each minimum vertex cover (VC) and
feedback vertex set (FVS). The family 3-VERTEX COVER is the set of graphs that
have a VC of cardinality at most 3 (i.e., every edge is incident to at least one of the
three “cover” vertices VC). Likewise, a graph G is in 2-FEEDBACK VERTEX SET if
there exists an FVS with two vertices u and v such that G'\ {u,v} is acyclic (i.e., this

subgraph contains no cycles).

Given a minor-order lower ideal F, often (but not always) another class {k-
F | & > 0} of parameterized and finitely-characterizable graph families is obtained
by defining lower ideals that are within & vertices (or edges) of F. That is, for a fixed
family F, the following parameterized families are lower ideals (e.g., see [FL88b] for

proof):
k-F,={G=(V,E) | G\V' € F where V' CV and |V'| < k}
And the following families may also be lower ideals:

k~-F.={G=(V,E) | G\ E' € F where E' C E and |E'| < k}
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Table 1.1: Number of connected and disconnected minor-order obstructions for

k—EDGE BOUNDED INDSET, for £ =0,1,...,12.
k=10 1 2 3 4 5 6 7 8 9 10 11 12
connected |1 0 0 1 0 2 2 3 5 12 21 42 86
disconnected |0 1 1 1 2 2 4 7 10 17 31 58 105
total obstructions |1 1 1 2 2 4 6 10 15 29 52 100 191

For example, in Chapter 9 we study the lower ideal 1-OUTER PLANAR that is based
on those graphs that are “within one vertex” of the family of outer-planar graphs.
(Unfortunately, the corresponding family of graphs that are at most one edge away
from being outer-planar is not a minor-order lower ideal.) In Chapter 7, we look at
the lower ideals ~~FEEDBACK EDGE SET that are those graphs that are “within k
edges” of acyclic (i.e., each graph in this family has a set of at most k edges when

removed produces a forest).

There is a tendency for the number of obstructions for natural parameterized
families to grow explosively as a function of the parameter k. For example, the num-
ber of minor-order obstructions for k~PATHWIDTH (i.e., graphs with pathwidth at
most k) is 2 for K = 1, 110 for k = 2, and provably more than 60 million for k£ = 3
[KL94]. Even looking at our small k~EDGE BOUNDED INDSET graph families, the
counts given in Table 1.1 indicate exponential growth in the number of obstructions.

One goal of our research goal is to explore the following working hypothesis:

Natural forbidden substructure theorems of feasible size are feasibly computable.

We suspect that the toroidal obstruction set, which has a projected size of about 3000
graphs, is feasibly computable by the methods of this dissertation.

Of course, if a lower ideal is not parameterized, the feasibility of computing
its obstruction set will have to be based on other criteria. The family of knotless
graphs is one such interesting example where we need an alternate method to predict
the size of the obstruction set. Again, in any of these non-parameterized cases,

if the obstruction set is small (and in conjunction with a few other family-specific
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ingredients), we conjecture that it should be feasibly computable.

1.3 A Historical Perspective on Computing

Obstructions

Most of the previous techniques for computing obstructions have been specific to a
particular lower ideal. In particular, several Ph.D. dissertations focus on characteriz-
ing just one graph family and use strictly mathematical case analysis (see for example
[Arc80, Kin89, Sar89]). For some of these characterizations computers are used, for
the most part, to mainly aid in the verification process, usually by weeding through

a manageable known set of potentially minimal forbidden graphs.

The basic results for our general-purpose computational approach originated from
the foundational paper by Fellows and Langston [FL89a], which used the Graph
Minor Theorem to prove termination of a finite-state search procedure. This approach
for computing obstruction sets requires additional problem-specific results. These
results are nontrivial, but seem to be generally available (in one form or another) for
virtually every natural lower ideal F. The Fellows—Langston approach for computing
obstructions requires the following three ingredients:

(i) a decision algorithm for F,

(ii) a finite-index congruence that refines the canonical congruence for F, and

(iii) a bound on the maximum treewidth of the obstructions for F.

The above mentioned “regular language” canonical congruence is introduced in the

next section.

In general, we know that having only the first ingredient is not sufficient to
compute the obstruction set for an arbitrary lower ideal F (e.g., see [vL.90, FL89b]).
That is, from only a decision algorithm for F, there is no algorithm to compute O(F).
We conjecture that having the first two ingredients may be sufficient [CDDF95]. This
dissertation uses these three basic ingredients but in a more feasible way than the

“can be computed” results of [FL89a].

We now mention two other successful efforts concerning the theory of computing

obstructions. Lagergren and Arnborg in [LA91] constructively show (i.e., without
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the GMT) that every bounded-treewidth minor-order lower ideal with a finite-index
family congruence has a finite number of obstructions. Also for bounded treewidth,
Courcelle has indirectly proved that the obstructions for any lower ideal defined by a
second-order monadic logic formula can be computed; he showed a method of produc-
ing the above mentioned finite-index congruence from this formula [Cou90a]-[Cou92b].
We do not believe that either of these theoretical methods has been explored in the

implementation sense.

One of the goals for this dissertation is to bridge the gap between the theory of

obstruction set computations and their practical implementations.

1.4 An Overview of Our Computational Technique

This dissertation describes a basic theory for computing obstruction sets, which is
partially automatable for any minor-order lower ideal. We have successfully used our
technique to find obstruction sets for several types of graph families and these are

presented in Part II of this dissertation.

We now sketch our method for computing obstruction sets. To find minor-order
obstructions it is sufficient to find the obstructions for a slightly relaxed partial order
called the boundary minor order (for graphs with a constant number of labeled ver-
tices denoting the “boundary”). It is easy to extract ordinary obstructions from the

boundaried obstructions.

We have an enumeration scheme that generates all of the boundaried graphs for
a specified maximum pathwidth (or treewidth). Our tree-like enumeration scheme
has an important property that allows us to prune at dead-ends during the search
process. We have a “prefix property” on boundaried graphs with respect to our
enumeration order that ensures that it is safe to prune the search space this way.
Thus only fruitful branches to boundaried obstructions are taken, thereby reducing
the overall computation time. Our enumeration tree is obtained from a partial order
of boundaried graphs. This order is different than the “substructure” partial order

(in this case, the boundary minor order) that was illustrated earlier in Figure 1.2.

Figure 1.10 shows the beginning of an enumeration tree (and partial order) for
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Figure 1.10: Example of our enumeration order for graphs of pathwidth 1.

graphs of pathwidth 1. Within this order we grow the search tree by following the
“canonic” paths upward. Also, a graph may be assigned a “redundant” label if every
obstruction above that graph is obtainable by expanding out from another graph.
This initial (underlying) search tree is independent of any specific lower ideal that we

are trying to characterize.

For our main prefix pruning process, we require one or more family-specific algo-
rithms. These easily obtainable requirements are used to determine “graph minimal-
ity.” Here, with respect to a finite-index congruence for a lower ideal F, a boundaried
graph G is minimal if no boundaried minor H of (G is in the same equivalence class
as (. Our enumeration tree of boundaried graphs has the prefiz property that every

parent of a minimal graph is also minimal.

In order to define graph minimality, we use an equivalence class on boundaried
graphs (of the same boundary size) with respect to a lower ideal F as follows. First
we “glue together” two boundaried graphs with the binary operator &, by coalescing
boundary vertices with the same label. Then two graphs G and H are in the same

equivalence class of this canonical congruence if and only if for every boundaried
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graph 7 (called an extension),
GoZcF <= HpZcF

For the set of graphs of bounded treewidth (or pathwidth), this canonical congruence

is finite-index for any minor-order lower ideal (e.g., see [AF93]).

During our search, any graph above a nonminimal graph in the enumeration
order (recall Figure 1.10) is not generated. Thus, many graphs both in and out of
the targeted lower ideal are avoided altogether. Because of our prefix property and
the GMT, we know that only a finite number of graphs will be enumerated for each
bounded-width search. Thus, if the largest width of any obstruction is known (for a
targeted lower ideal) then we can find the complete obstruction set. For example, we
know that the obstructions for the &~VERTEX COVER graph family have pathwidth
at most k + 1.

For a flavor of what our search trees looks like, we now give a concrete example.
The exact details of what follows may not be totally clear at this juncture. Our
enumeration tree for the 5-EDGE BOUNDED INDSET family is shown in Figure 1.11.
The “#node” labels are indices into a search database and are sequenced in enu-
meration order. The white nodes, both the circles (in family) and squares (out of
family), represent minimal graphs (as defined above). That is, the five white squares
denote the boundaried minor-order obstructions to 5~EDGE BOUNDED INDSET. The
two minor-order obstructions that where shown earlier in Figure 1.6 are #36 = K3
and #65 = C4. These can be extracted by following the “(#node, operator)” labels
up the tree. The other three boundaried obstructions represent the same discon-
nected obstruction P, U2 - K but with different boundaries. The root #0 represents
the smallest boundaried graph consisting of three isolated boundary vertices. The
missing “#node” numbers in this tree are either irrelevant (e.g., disconnected) or
non-canonic/redundant graphs. The only nonminimal family graph, #35 = Ps, is
congruent to one of its edge deleted minors (K7 U P,). Lastly, we point out that
graph #24, the cycle (3, is an example of a minimal graph that does not lead to

some boundaried obstruction in the search tree.

Next we survey our four methods for determining graph minimality with respect

to the canonical congruence for a lower ideal F. A main contribution of this dis-
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Figure 1.11: Actual search tree for the 5-EDGE BOUNDED INDSET graph family’s
obstructions, pathwidth < 2.

sertation is to combine these methods to make obstruction set computations more

feasible.

Direct nonminimality checking: After testing for some structural or graph invari-
ant property, we sometimes know when a graph has a congruent minor with respect
to the canonical congruence. Often these properties are quickly computed. For ex-
ample in the family &~EDGE BOUNDED INDSET, we can show that a graph G with
an isolated K5 is nonminimal since the minor obtained by deleting one of its edges is

congruent to (.

A finite-state dynamic program: Given an algebraic representation for a bound-
aried graph (of bounded width), we use a finite-state dynamic program to determine
whether a graph GG and a minor G/ are congruent. These algorithms are designed

so that whenever two input graphs fall in the same computation state, they are con-
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gruent. By the nature of the dynamic program, both G & Z and G' ¢ Z will fall
in the same state for any boundaried graph Z. Unfortunately, in most cases, if two
graphs fall into different states, we can not infer that they are not congruent. For
our k—EDGE BOUNDED INDSET example, a congruence that can be implemented as
a dynamic program is now presented. For a boundaried graph ' and each vertex

subset S of the boundary 0 define the following partial function:
IndSetg[S] =max([I| <k+1 : INd =5 and [ is an independent set)

Two boundaried graphs GG and H are in the same equivalence class (in this refinement

of the canonical congruence for k~EDGE BOUNDED INDSET) if
min(|F(G)],k+ 1) =min(|E(H)|,k+ 1) and

IndSetg[S] = IndSety[S] forall S C 0

We later present (and prove correct) a linear time dynamic program for the indepen-

dent set component of this congruence (see Chapter 4).

A random extension search: A random boundaried graph Z may be a witness to
(i not being congruent to a minor '. That is, we search for an extension Z such
that G @ Z is not in F while G' & Z is in F. Very little computer resources are
needed for these types of checks. We repeat these random extension searches several
times until each minor G of G is shown to be in a different equivalence class than
(’s equivalence class (or until a “give-up” threshold is reached). Since F is a lower
ideal, it is beneficial to find a random boundaried graph Z such that G & Z is not
in F but for any minor Z’ of Z, G & 7" is in F. (This is done before checking if an
extended minor G' & 7 is in F.)

Boundaried graph tests: We use a finite subset of boundaried graphs, called
a testset, that is sufficient to determine if two graphs are in the same canonical
equivalence class. That is, if two graphs G and H pass the same set of tests via &
then they are congruent (for all extensions), otherwise they are not. A graph G passes
a test Z whenever G @ 7 is in F. (The reader may recall the Myhill-Nerode Theorem
regarding regular languages.) Usually a testset for a lower ideal F is quite large.
Thus, determining minimality or nonminimality for a particular graph may require

many family membership checks. We can often reduce the cardinality of a testset
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by observing a few properties of F. For the family k~—~EDGE BOUNDED INDSET, we
know that any “useful” test requires at most k edges. Furthermore, for this lower
ideal, any component C' of a test Z without any boundary vertices can be replaced
with Independence(C)+ |E(C)| isolated vertices. (This means that all edges of each

test for this family should belong on some path to a boundary vertex.)

We use various selections of the above mentioned minimality /nonminimality
methods (in Part Il of this dissertation) to characterize several interesting graph
families. As alluded to earlier, finding obstruction set characterizations is (in princi-
ple) one route for establishing constructive versions of many of the known applications

of the Robertson—Seymour results.

1.5 A Survey of The Dissertation

The primary and secondary research contributions in this dissertation are:

1. Finding obstruction set characterizations for various families of graphs using
newly developed computational techniques.
e Prove usable combinatorial width bounds for lower ideals.

o Introduce practical graph enumeration schemes

(using algebraic representations of graphs).
e Use compact finite-index family congruences.
e Provide canonical congruences in the form of testsets.

o Utilize a randomized obstruction-set search strategy.
2. Developing efficient algorithms for graphs of bounded combinatorial width.

e Give dynamic programs for several graph families.

e Prove a simple linear time algorithm for finding path decompositions of

small width.

e Show how family-membership automata for graphs can be constructed

from bounded-width finite-index congruences.
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For the first research area (i.e., our more glamorous and developed area), we
implemented an automated technique for finding obstruction sets. In the next four
chapters we describe some of our practical experience in realizing this goal (e.g.,
what new theory was needed). In the four chapters that follow this general theory,
we illustrate our approach by characterizing several graph families. We also present
several required family-specific results that were needed for the completion of these

obstruction set computations,

The second research area is more applied in nature. It has been known in several
research circles that efficient graph algorithms often exist when the input is restricted
to graphs of bounded combinatorial width. This is contrasted with the general case
where the same computational problems appear to be intractable. Many automated
techniques based on formal problem descriptions exist, in theoretical form only, for
producing these types of bounded-width algorithms (e.g., see [Bor88, Cou87]). Un-
til these approaches are developed, we rely on the successful dynamic-programming
methods (e.g., see [ALS91, Bod88a, CSTV92]). This dissertation contributes new
practical algorithms to this list. That is, for each of our obstruction set compu-
tations, we also give a corresponding linear time membership algorithm for parsed

graphs of bounded pathwidth.

A survey of the remaining chapters of this three part dissertation is given below.
At this time, we point out that some of the material of this dissertation has ap-
peared elsewhere, notably Chapters 6, 7 and 12 in the papers [CD94], [CDF95a] and
[CDF95b], respectively. After a concluding Chapter 13, an annotated bibliography is

given for the sake of completeness. An index is also included at the end.

The first part of this dissertation contains our basic theory for computing obstruc-
tion sets based on a bounded combinatorial width search space. Chapter 2 shows how
graphs can be algebraically represented in this bounded width domain. Chapter 3
provides the set-theoretic background needed for finding minor-order obstructions.
Chapter 4 contains our main theory for finding obstructions, with implementation
aspects in mind. Chapter 5 concludes Part I with a brief description of our software

and a selection of future research topics.
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The second part of this dissertation illustrates our computational technique for
finding obstruction sets. This coverage spans several graph families. We begin in
Chapter 6 by characterizing the well-known families k—~VERTEX COVER, for k£ =
1,2,...,5. Next in Chapter 7, we illustrate the use of Myhill-Nerode testsets (con-
sisting of boundaried graph tests) to compute obstruction sets for two types of “almost
tree” families of graphs (i.e., k~FEEDBACK VERTEX SET and k—FEEDBACK EDGE SET).
In the third chapter in this series, namely Chapter 8, we generalize the lower ideals of
the previous two chapters by studying those graphs with small path covers and cycle
covers. To round out our presentation we give in Chapter 9 some initial results on
computing obstructions for surface embedable graph families, with the main focus on

the family 1-OUTER PLANAR.

The third part of this dissertation presents several applications-oriented topics
concerning finite state automata and bounded combinatorial width. Each of these
chapters is independent from the remaining parts of this dissertation and can be di-
gested without a full understanding of our obstruction set computation theory. Chap-
ter 10 contains a link between computational biology and VLSI layout problems in
terms of bounded pathwidth. Chapter 11 develops some complexity results regarding
minimizing testsets for automata and shows how automata can be used to compute
obstruction sets. Lastly, Chapter 12 presents a very simple linear time algorithm for
finding small path decompositions of a graph (or determines that a graph has large
pathwidth).
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Chapter 2

Bounded Combinatorial Width

We are interested in certain subsets of the set of all finite graphs. In particular, two
popular graph families that we utilize have “bounded combinatorial width.” Here
the width of a graph is defined in many possible ways, often influenced by the graph
problems that are being investigated. For example, for VLSI layout problems we may
define the width of a planar graph (which represents a circuit) as the least surface
area needed over all layouts, where vertices and edge connections are laid out on a
grid. Two sets of graphs that we utilize in this dissertation are graphs of bounded
pathwidth and treewidth. These width metrics and the corresponding graph families

that are bounded by some fixed width are important for a variety of reasons:

1. These families are minor-order lower ideals.

[N]

. They play a fundamental role in the proof of the Graph Minor Theorem.

o

. Many popular classes of graphs are subsets of these families.
4. These widths are used to cope with intractability.

5. There are many natural applications.

The first statement is particularly important for our obstruction set computations.
Here if H is a minor of a graph G then the pathwidth (treewidth) of H is at most
the pathwidth (treewidth) of G.
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Regarding the development of graph algorithms, we want to emphasize that there
is a common trend in that practical algorithms often exist for restricted families of
graphs (such as trees or planar graphs), while the general problems remain hard to
solve for arbitrary input. This tendency for efficient algorithms includes instances
where the problem’s input is restricted to graphs of bounded pathwidth or bounded
treewidth.

2.1 Introduction

The use of bounded combinatorial width is important in such diverse areas as com-
putational biology, linguistics, and VLSI layout design [KS93, KT92, M6h90]. For
problems in these areas, the graph input often has a special tree-like (or path-like)
structure. A measure of width of these structures is formalized as the treewidth (or
pathwidth). It is easy to find examples of families of graphs with bounded treewidth
such as the sets of series-parallel graphs, Halin graphs, outer-planar graphs, and
graphs with bandwidth at most k (see Section 2.1.3 and [Bod86a]). One also finds
other natural classes of graphs with bounded treewidth in the study of the reliability
of communication networks and in the evaluation of queries on relational databases
[MMO1, Bie9l, Arn85]. The treewidth parameter also arises in places such as the ef-
ficiency of doing Choleski factorization and Gaussian elimination [BGHK91, DR83].

The pathwidth and treewidth of graphs have proven to be of fundamental impor-
tance for at least two distinct reasons: (1) their role in the deep results of Robertson
and Seymour [RS83, RS86a, RS91a, RSc], and (2) they are “common denominators”
leading to efficient algorithms for bounded parameter values for many natural input
restrictions of N'P-complete problems. To further explain this second phenomenon,
consider the classic N'P-complete problem of determining if a graph (G has a vertex
cover of size k, where both (G and k are part of the input. It is known that if £ is
fixed (i.e., not part of the input) then all yes instances to the problem have path-
width at most k. This restricted problem can be solved in linear time for any fixed
k (see Chapter 6). For more examples, besides the bounded-width families studied
in this dissertation, see [Bod86a, FL92, Moh90]. In general, many problems, such
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as determining the independence of a graph, can be solved in linear time when the
input also includes a bounded-width path decomposition (or tree decomposition) of
the graph (see [Arn85, AP89, Bod88a, CM93, WHLS85] and [Bod86a] for many further
references). Examples of this latter type are different from the vertex cover example
because a width bound for the yes instances is not required (e.g., for every fixed k

there exists a graph of independence k with arbitrarily large treewidth).

Another well-known fact about the set of graphs of pathwidth or treewidth at
most k is that each set is characterizable by a set of forbidden minors. We denote
these parameterized lower ideals by k~PATHWIDTH and k—~TREEWIDTH. For ex-
ample some recently discovered obstruction sets for 1-PATHWIDTH, 2- TREEWIDTH,
3—TREEWIDTH are shown in Figures 2.3 and 2.4 (on page 55) at the end of this
chapter [APC87]. Besides the single obstruction K3 for I-TREEWIDTH, a set of 110
obstructions for 2-PATHWIDTH (see [Kin89]) is the only other known characterization
for bounded pathwidth or treewidth.

2.1.1 Treewidth and k-trees

Informally, a graph G has treewidth at most k if its vertices can be placed (with
repetitions allowed) into sets of order at most k4 1 and these sets arranged in a tree
structure, where (1) for each edge (u,v) of GG both vertices u and v are members of
some common set and (2) the sets containing any specific vertex induces a subtree
structure. Figure 2.1 illustrates several graphs with bounded treewidth (pathwidth).

Below is a formal definition of treewidth.

Definition 1: A tree decomposition of a graph G = (V, E) is a tree T together
with a collection of subsets T, of V' indexed by the vertices x of T" that satisfies:

LU=V,

zeT

2. For every edge (u,v) of G there is some x such that u € T,, and v € T,.

3. If y is a vertex on the unique path in 7" from « to z then T, N T, C T,.
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Figure 2.1: Demonstrating graphs with bounded treewidth (and pathwidth).
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The width of a tree decomposition is the maximum value of |T.| — 1 over all vertices
x of the tree T'. A graph (G has treewidth at most k if there is a tree decomposition of
G of width at most k. Path decompositions and pathwidth are defined by restricting
the tree T' to be simply a path (see Section 2.1.2 below).

Definition 2: A graph G is a k-tree if GG is a k-clique (complete graph) K or GG
is obtained recursively from a k-tree G’ by attaching a new vertex w to an induced
k-clique C' of ', such that the open neighborhood N(w) = V(C). A partial k-tree is
any subgraph of a k-tree.

Alternatively, a graph G is a k-tree if

1. ' is connected,
2. ( has a k-clique but no (k 4 2)-clique, and

3. every minimal separating set is a k-clique.

The above result was taken from one of the many characterizations given in [Ros73].

The next useful result appears in many places [ACP87, RS86a, Nar89].

Theorem 3: The set of partial k-trees is equivalent to the set of graphs with
treewidth at most k

2.1.2 Pathwidth and k-paths

For our representations of graphs of bounded width we use graphs that have a dis-

tinguished set of labeled vertices. These are formally defined next.

Definition 4: For a positive integer k, a k-simplex S of a graph G = (V| F) is an
injective map ds : {1,2,...,k} = V. A k-boundaried graph B = (G, 5) is a graph ¢
together with a k-simplex S for (. Vertices in the image of ds are called boundary
vertices (often denoted by d). The graph G is called the underlying graph of B.
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We now define a family of graphs where each member has a linear structure. As
in Theorem 3, a graph has pathwidth at most £ — 1 if and only if it is a subgraph
of an underlying graph in the following set of k-boundaried graphs. Our definition
of a k-path is consistent (except for the base clique) with other definitions that use
a set of boundary vertices with one fewer vertex (see for example [BP71]). Later in

Lemmas 9 and 11 we justify these two statements.

Definition 5: A graph G is a (k — 1)-path if there exists a k-boundaried graph
B = (G, S) in the following family F of recursively generated k-boundaried graphs.

1. (K, S) € F where S is any k-simplex of the complete graph K.

2. 1f B=((V,E),S) € F then B = (V',E'),5") € F
where V! =V U {v} for v € V, and for some j € {1,2,...k}:

(a) B"=FU{(0s(i),v) |1 <i<kandi#j}, and

v ifi=7
b) S’ is defined by dg/(7) =
(b) y 9s:(0) { 0s(1)  otherwise

A partial k-path is subgraph of a k-path.

Item 2 in the above definition states that a new boundary vertex v can be added
as long as it is attached to any current (k — 1)-simplex within the active k-simplex S.
The set of boundary vertices of B’ is the closed neighborhood N[v] of the new vertex

v.

The definition of a tree decomposition is easily specialized for this path-structured

case.

Definition 6: A path decompositionof a graph G = (V, F) is a sequence X1, X»,..., X,
of subsets of V' that satisfy the following conditions:
L. | xi=V.
1<e<r
2. For every edge (u,v) € E, there exists an X;, 1 < ¢ < r, such that v € X; and
RS XZ
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3. F0r1§i<j<k§T,Xikang.

The pathwidth of a path decomposition X1, X5, ..., X, is maxi<i<, | X;| — 1. The path-
width of a graph G, denoted pw((G), is the minimum pathwidth over all path decom-
positions of (.

The next definition makes the development of bounded pathwidth algorithms

easier to understand and prove correct.

Definition 7: A path decomposition X, X,,..., X, of pathwidth & is smooth, if
forall 1 <i<r |X;|=k+4+1,and forall 1 <i<r, |X;NXi] =k

It is evident that any path decomposition of minimum width can be transformed
into a smooth path decomposition of the same pathwidth. There is a corresponding
notion of a smooth tree decomposition. See [Bod93a] for a simple procedure that
converts any tree decomposition into a smooth tree decomposition. From a smooth
decomposition of width k we can easily embed a graph in a k-path or k-tree (e.g., see

proof of Lemma 11).

To initiate the reader (and for completeness), we now give two basic results
regarding the notion of pathwidth [RS91a]. We use part of the second result when

we prove that our algebraic graph representation (given in Section 2.2) is correct.

Lemma 8: If a graph G has components Cy,C5, ..., C, then

pw(G) = max {pw(Cy)}

1<e<r

Proof. For 1 <i <7, let Xi, Xi,... ,X;, be a path decomposition for component C;

with minimum width w; = pw(C;). The sequence of sets

XLXN XL XE XX XXX

517 527 Sr

is a path decomposition of G since (1) U_, V(C;) = V(G), (2) U, E(C;) = E(G),
and (3) Xfﬂsz@forl§i§5a,1§j§36,and1§a<b§r. The width of
this decomposition is max/_;{w;}, so pw(G) < maxi_;{pw(C;)}.
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Let X1, X5,..., X be a path decomposition of G of minimum width. For any
component C; of G, let D; = X;NV(C;) for j = 1,2,...s. Weclaim that Dy, Dy, ..., D
is a path decomposition of C;. Since for all v € V(') there is an X}, such that v € Xy,
Uicj<s Dj = V(C;). Likewise, since for every edge (u,v) € FE(G) there is an X}, such
that v € Xy and v € Xj. So if (u,v) € FE(C;), then both v € Dy and v € Dy.
Finally, for 1 <1< j <k <s, X;N Xy, C X; implies D; N Dy, C D;. Therefore, since
|Di| < | Xi| for 1 <k <s, pw(C;) < pw(G) for any component C; of G. a

The following well-known lemma shows that the pathwidth of a partial k-path is
at most k. Thus we can justifiably think of partial k-paths as either subgraphs or as

minors of k-paths.

Lemma 9: [If G isa k-path then pw(G) = k. Further, if H isa minorof G, H <,,, G,
then pw(H) < k.

Proof. We first prove that any k-path G obtained from a defining (k4 1)-boundaried

graph (G, S) has a path decomposition Xy, Xs, ..., X, of width k where X, = image(S)
(i.e., X, is the set of boundary vertices). For the base case of GG a (k + 1)-clique, the

hypothesis holds since X; = {1,2,...,k+1} = V() is a path decomposition of width

k. For the inductive step, assume Xy, X5, ..., X, is a path decomposition for . Let

(' be the k-path built from some (G, S) by applying case 2 of Definition 5. If we set

X,41 = tmage(S’) then X, Xo,..., X,, X, 11 is the required path decomposition of

G’. [ (1) The new vertex v is in X, 11, (2) all new edges (u,v) in F(G")\ E(G) have

u € Xoppand v € X,qq,and (3) X; N X, € X, N X, implies X; N X, C X for

1<i<g<r.]

To see that any k-path GG has a lower bound of & for its pathwidth, first notice that
(G contains a clique C' of size k+ 1. For any path decomposition X = Xy, Xs,..., X,
of Gilet Y, = X;nV(C) for 1 <i <r. If any |Yi| > k then the width of X is at least
k. Suppose |Yi| < k for all Y;. There must then be a ¥; and a ¥;, 1 <7 < j <r, such
that u € YV; \ Y; and v € Y; \ Y, for different vertices u and v. Since (u,v) € E(C),
there must be some Yy, 1 < k < r, such that u € Y}, and v € Y. Now {u,v} € ¥;NY;
so either k <ior k> j. But v € Yy for k <1, and u € Yy, for k > j. This contradicts
X being a path decomposition (i.e., it fails the edge covering requirement). Therefore,

the pathwidth of any k-path is k.
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For the second part of the theorem, we start with a path decomposition X =
X1, Xy, ..., X, of width k for a k-path . It is sufficient to show that any one-step
minor H of GG has a path decomposition of width at most k. For edge deletions,
H = G\ {(u,v)}, the original path decomposition X is a path decomposition of
the minor H. For isolated vertex deletions, H = G\ {v}, the path decomposition
Xi \{v}, Xo \ {v},..., X, \ {v} is a path decomposition of the minor H. For edge
contractions, H = G / (u,v), let

Vo — XZ ifXﬂW{u,v}z@
Rpar {w} \ {u,v} otherwise

for 1 <1 < r, where w is the new vertex created by the contraction. The sequence
Y =V, Y, ..., Y, is a path decomposition of the edge contracted minor H. The

widths of these path decompositions for the three types of one-step minors is at most

k.

We justify the edge contraction case and leave the other two simpler cases to the
reader. By definition, U, <;<, Yi = V(H). Let (a,b) € E(H). If {a,b}N{u,v} = () then
some Y; = X, contains both a and b. Otherwise, consider any edge (a,b) = (x,w). An
edge incident to vertex w implies that either (z,u) € E(G) or (x,v) € E(G). Thus
some X; contains  and either one or both of v and v. And so, Y; = X, U{w} \ {u,v}
contains both x and w. Finally, let 2 be the minimum index such that w € Y; and &
be the maximum index such that w € Y. Without loss of generality, assume v € X;.
If w € Xy then Y ~ X\ {v} and YV is a path decomposition of H. Otherwise,
v € Xjg. Since (u,v) € E(G), there exists a j, 1 < j < k, such that both u € X; and
v € X;. Since X is a path decomposition, v € X, for s <m < 7, and v € X, for
J<m<k SoweY,fori <m<k,and w €Y, for m <ior m > k. Therefore,
for1 <i<jy<k<s,wehave Y;NY, CY,. O

Corollary 10: Any graph of order n and pathwidth k has at most (k";) +(n—k—
1) - k edges.

Proof. We easily prove that equality holds for k-paths by induction on the number
of vertices. Since the smallest k-path is the complete graph G = K41, our base case

holds since |E(Kyt1)| = (k";) If a k-path GG has n > k + 1 vertices, then there
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exists a vertex v that was added to a smaller k-path G' = G\ {v} (using the recursive
definition of k-paths). When vertex v was added to G/, there were exactly k new edges
added too. So G must have (k";) +((n—1)—k—=1)-k+k= (k";) +(n—k—-1)-k
edges. O

From the above corollary we see that graphs of bounded pathwidth have at most
a linear number of edges (with respect to n). It is not difficult to show that graphs
of treewidth k also have this same bound. So, since the input size is linear in the
number of vertices (for our bounded width algorithms), there is no confusion when

we talk about having a linear time algorithm.

We now complete this subsection by proving the converse of Lemma 9.

Lemma 11: Any graph G of pathwidth at most & is a subgraph of a k-path.

Proof. If G has at most k 4+ 1 vertices we can embed (' in the base clique Kj,q,
the smallest k-path. Otherwise, let X1, X5,..., X, be a smooth path decomposition
of G of width k. We can map the vertices of X; into the base clique K;1;. By
induction, assume that we have embedded the vertices of U§:1Xj in a k-path where
X, is the set of boundary vertices of the (k + 1)-boundaried graphs B; = (G, S5;),
generated by the rules of Definition 5. We can construct the next (k+ 1)-boundaried
graph Bit1 = (Giy1, Si41) by adding the unique vertex v € X;41 \ X, in step 2 of
Definition 5 and dropping the unique vertex v' € X;\ X, 41 from the simplex S; of the
previous k-path G;. Since each X;, 1 < < r is mapped to a k + 1-clique, every edge
of GG is mapped to an edge of the k-path G, O G. O

2.1.3 Other graph-theoretical widths

There are actually many types of combinatorial width metrics for graphs. Often
a set of graphs bounded by one type of combinatorial width is a subset of a class
of graphs with another bounded parameter. A relationship between treewidth and
several graph widths is given by Bodlaender in [Bod88b]. In addition, Wimer’s disser-
tation [Wim8T7h] explores the relationships between 2-terminal recursive families (e.g.,
series-parallel graphs, outer-planar graphs, and cacti). This work is now highlighted
in Figure 2.2.
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‘treew1dth < k

"

k- outerplanar series—parallel ‘ cutw1dth < k‘ chordal graph, max clique < k‘

/ \ /\

Halin graphs | |outerplanar ‘band\mdth <k ‘ cyclic bandwidth < k ‘ pathwidth <k

/almost I trees ‘interval graph, max clique < k
Y

cactl ‘ proper interval graph, max clique < k

—— 9 | caterpillars

Note that each constants k& denotes a different constant. For example,

the set of all graphs of bandwidth £ is contained in the set of graphs of
cutwidth &' = (k* + k) /2.

Figure 2.2: A partial order of several bounded-width families of graphs.
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We briefly describe two of the bounded width families, given in Figure 2.2, that
originated from VLSI linear layout problems. A linear layout of a graph G' = (V, E)
is a bijection f : V — {1,2,...,|V|}, that is, an assignment of integers 1 to |V/|
to the vertices. The bandwidth of a layout is the maximum value of |f(i) — f(7)]
over all edges (i¢,7) € F, that is, the maximum distance any edge has to span in
the layout. The cutwidth of a layout is the maximum number of edges (i,7) such
that f(i) < k < f(j) over all 1 < k < |V|, that is, the maximum number of lines
that can be cut between any layout position k and k + 1. The bandwidth (cutwidth)
of the graph is the minimum bandwidth (cutwidth) over all linear layouts. Both of
these “min of max” definitions are similar to the pathwidth and treewidth definitions
that we saw earlier. In fact, the pathwidth of a graph is equivalent to the vertex

separation of a graph which is also defined as a linear layout problem (see Chapter 10).

The definition of interval graphs may be found in most introductory graph theory
books; they are also mentioned in Chapter 10. We conclude this section with a
description for two of the other less known bounded-width families. A Halin graph
is a planar graph G = T'U C, where T is a tree of order at least 4 with no degree
two vertices and (' is a simple cycle connecting all and only the leaves of T'. A cactus
(member of the cacti family) is a connected outer-planar graph that has single edges

and simple cycles as its blocks.

2.2 Algebraic Graph Representations

Recall that we are mainly interested in finite simple graphs. However, some of our
graphs have a vertex boundary of size k, meaning that they have a distinguished set
of vertices labeled 1,2,... k. We sometimes use 0 (instead of k) as a boundary label.

One important operation on k-boundaried graphs is given next.

Definition 12: Two k-boundaried graphs (each with a boundary of size k) can be
“olued together” with the & operator, called circle plus, that simply identifies vertices
with the same boundary label.
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Example 13: The binary operator & on two 3-boundaried graphs A and B is il-
lustrated below. Note that common boundary edges (in this case, the edges between

boundary vertices 1 and 2) are replaced with a single edge in G = A& B.

11
2 2
33

A B G=ADB

2.2.1 Operator sets and t-parses

In this section we show that (¢ + 1)-boundaried graphs of pathwidth at most ¢ are
generated exactly by strings of unary operators from the following operator set ¥, =

‘/tUEt:

Vi = {@,,@} and
E = {ij]l0o<i<j<t}

To generate the graphs of treewidth at most ¢, the additional binary operator & is
added to ¥;. The semantics of these operators on (¢ + 1)-boundaried graphs GG and

H are as follows:

G @ Add an isolated vertex to the graph G, and label it as
the new boundary vertex 1.

G Add an edge between boundary vertices ¢ and j of G (and
ignore if the edge already exists).

G & H Take the disjoint union of G and H except that bound-
ary vertices of G and H that are labeled the same are

identified (i.e., the circle plus operator).

Definition 14: A parseis a sequence (or tree, if @ is used) of operators [g1, g2, - - -, gn]

in X7 that has vertex operators @ and @ occurring in [g1, g2, - - -, gn| before the
first edge operator , 0<i<y <t
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Definition 15: A t-parse is a parse [g1, g2, - - -, g,] in X7 where all the vertex oper-

ators @, @, cee @ appear at least once in [¢1, g2, ..., ¢g,]. That is, a t-parse is a

parse with ¢t + 1 boundary vertices.

For clarity, we say that a treewidth t-parse is any t-parse containing at least one

4 operator and a pathwidth t-parse is any t-parse without @ operators.

Intuitively, t-parses represent (¢ + 1)-boundaried graphs that have pathwidth (or
treewidth) at most . We justify this statement later in this section. These graphs are
constructed by using the rules defined for the unary vertex and edge operators and
the binary circle plus operator. The simplex S of a t-parse (i.e., the corresponding
boundaried graph) is informally defined to be ds(i) = @, 0 < < t, where each
@ is the last occurrence in the parse. The symbol 0 is used to denote the set of

boundary vertices of a boundaried graph.

As we proceed with our obstruction set computation theory, we use the phrase

“a t-parse 7 in one of three ways:

e as a (t + 1)-boundaried graph (also called (),
e as an implied path (or tree) decomposition of a graph, or

e as a data structure (e.g., for dynamic programs).

Thus, a t-parse G is used with standard object-oriented terminology (i.e., a t-parse
(' “is a” boundaried graph and (G “has a” decomposition), where any operations on

graphs may also be applied to a t-parse (.

Definition 16: Let G = [¢1,92,...,9,] be a t-parse and Z = [z1, 22, ..., 2,] be any

sequence of operators over ¥,. The concatenation (-) of G and 7 is defined as

G Z =[g1,02, s Gns 215225« - s Zm]-

The t-parse G- 7 is called an extended t-parse, and Z € X7 is called an extension. For
the treewidth case, GG and Z are viewed as two connected subtree factors of a parse

tree (G - Z instead of two parts of a sequence of operators.
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A vertex operator ¢g; = @, for any 0 < ¢ <, in a t-parse G, = [g1,G2, - -, Gn] 18
called a boundary vertex if g # @ for y <k <n.

Definition 17: A graph (' is generated by X, if there is a (¢ 4+ 1)-boundaried graph
(B,S) = Gy =[g1,92,---,9n]) such that B ~ G for some t-parse (,,. That is, G is

isomorphic to an underlying graph of a t-parse.

For ease of discussion throughout the remaining part of this chapter, we limit
ourselves to graphs of bounded pathwidth while leading up to our obstruction set
search theory. In certain situations, where required, we provide additional information

pertaining to graphs of bounded treewidth.

Definition 18: Let G, = [¢1, 92, ., ¢s] be a boundaried graph represented as some
parse over %, A prefix graph (of length m) of Gy, is Gy = [g1,92, -+ - s Gm])s 1 < m < n.

Lemma 19: Every t-parse G, = [g1,92, - - -, gn] represents a graph with a path de-

composition of width .

Proof. Without loss of generality, let G\, = [g1,92,-..,9,] be a (¢ + 1)-boundaried
graph. Let v; denote the index of the i-th vertex operator in the t-parse G,,. Let [
be the set of these v; and for ¢ € I,

Xi ={J | 9, is a boundary vertex of (7, }

We claim that X = Xy, Xy,..., X is a path decomposition of width ¢ for G,.

For any vertex operator g, define label(gy) to be ¢ if gi is the i-th vertex operator
in G,. By definition of the X,’s, UX; = {1,2,...,|/|} = V(G,). For any edge
operator g = of Gy, let bi(gx) and by(gr) denote the indices of the preceding
vertex operators @ and @, respectively. For each edge operator g = of G,
let uw = label(bi(gr)) and v = label(by(gr)). Since edge operators add edges to the
current boundary of a prefix graph, either X, or X, must contain both u and wv.
Assuming 7 < j, X; N X; represents the boundary vertices of &, that did not change
from Gy,. So for any k, ¢« < k < 7, we have X; N X; C X; N Xj. This implies that
XiNnX; CXy.
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Finally, since only (and exactly) the vertex operators @, @, ey @ appear
in G, we have max; ;<7 {|Xi|} =+ 1. So X is a path decomposition of width ¢ for
G O

And next we prove the result in the other direction.
Lemma 20: Every partial t-path of order at least ¢ + 1 is represented by some
t-parse.

Proof. We first show that every t-path can be represented by some ¢-parse. We prove
inductively from the recursive definition of t-paths. The initial (¢ + 1)-clique can be

represented by the following sequence of operators over ;.
[(©., .01 @.[o2l[12] @).[03][13][23]....@.0 ¢ [1e]....[c1]]

For the inductive step, assume that any ¢-path ¢ with an active ¢t + 1 simplex

S is represented by an operator string G, = [g1, 92, -, gm] such that Jds is defined
properly. The recursive operation of “replacing a simplicial vertex with a new vertex
v (forming a new clique)” can be modeled by appending the operator sequence of the

form

[G,[0] [ [a vt i e])

to (i, depending on which simplicial vertex (boundary vertex i) should be replaced.

Thus, any t-path can be represented by a t-parse over ;.

To represent partial ¢-paths, note that each edge is represented by one or more
edge operators. By simply deleting all of these edge operators, any edge in the ¢-parse
is removed. Thus, by repeatedly deleting edges, we get a t-parse for any partial ¢-path.

a

Note that many t-parse representations may exist for a partial t-path since many
path decompositions are generally possible. Finally, combining the previous two

lemmas we have the following theorem.

Theorem 21: The family of graphs (¢-parses) generated by ¥; equals the family of
partial t-paths of order at least ¢ + 1.
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Corollary 22: A graph G has pathwidth ¢ if and only if it is generated by ¥; but

not ;1.

Proof. If a graph G is generated by ¥, then it has pathwidth ¢t — 1. If G has
pathwidth ¢ then it is a partial ¢-path and by the above theorem it has a ¢-parse

representation over ;. a
For a treewidth analog to Theorem 21, we have the following result.

Theorem 23: The set of treewidth ¢-parses represents the set of graphs of order at
least ¢+ + 1 and treewidth at most ¢.

Proof. We first show that any ¢-parse ¢ has a tree decomposition (7,{7,}) of width
t where the current boundary of G is in some T,., x € T'. We prove this by induction
on the number of operators in G and whether or not G has any & operators. For
the base cases of no & operators, we have by Lemma 19, a path decomposition
X = Xi,..., X, of width ¢. Thus G has a tree decomposition (P.,{X; |+ € V(P,)}),
where P, denotes a path of length r. Note that by our constructive proof the set X,

contains the current boundary of G.

Now assume (& contains at least one & operator. We have three cases. If G =
G4 & Gy then let (T7,{T’}) and (T",{T”}) be tree decompositions for G; and Gs,
respectively. Since both (; and (5 have fewer operators than (7, there exists sets 7.
and T that contain the boundary of G; and G5 (or of (7 itself). A tree decomposition
of GG of the desired form is constructed by identifying 7. and 7" in the two subtree
decompositions. If G = G - [ | then let (T",{T!}) be a tree decomposition of
the desired form for GG;. Since both boundary vertices ¢ and j are in some vertex set
T! for some x € T, (T",{T.}) is the required tree decomposition for . Similarly, if
G=0G- [@], let (T7,{T’}) be a tree decomposition of the desired form for (. Let
T be the tree constructed by attaching a vertex ¢ to 1" at vertex x, where T contains
all the boundary vertices of Gy. Set T; = T, \ {i'} U {i} where ¢’ represents the old

boundary vertex. This proves that every t-parse has treewidth at most .

Now we show that any t-tree ¢ with at least ¢ + 1 vertices contains a t-parse

representation. As in the proof of Lemma 20, any partial ¢-tree is representable
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by removing the appropriate edge operators. Our proof is based on a smooth tree
decomposition (T, {T,}) of G. In particular, |T,| = t+1forall z € T and |T,NT,| =t
whenever u and v are adjacent in T'. We recursively build a t-parse for G by arbitrarily

picking a root vertex r of T" and having T, as the final ¢-parse boundary.

We first require a function ¢;; that takes a {-parse H and returns a {-parse
H' where the boundary labels 7 and j have been interchanged. (The reader should
observe that the function ¢, ; is easy to construct.) For the proof below we assume
that the underlying graph G is labeled 1,2,... |G|, and that any partial ¢-parse will
have boundary vertex ¢ less than boundary j, whenever the underlying label for ¢ is
less than the underlying label for j. This boundary order is needed to keep things

aligned when we use the & operator.

If G has t+1 vertices (i.e., a clique Ki41) then the construction given in Lemma 20
for the ¢-path case is sufficient. We now recursively build a ¢-parse for G based on
the degree d > 1 of a root vertex r. Let vy,...,v; be the neighbors of vertex r in
T. For each 1 <37 < d consider the subtree decomposition (T, {T"}) induced by the
subtree of T' rooted at v;. By induction we have t-parses G/, ..., Gy for these pieces

of G with boundary sets T,,,...,T,,, respectively.

Y Vd»r

If d = 1, we have the following t-parse, where ¢ denotes the boundary vertex
representing the single vertex in T, \ 7}, for the original ¢-parse (¢ (using the proof
method of Lemma 20).

Gy-[G, [0l i [e ] [ ]

If the new boundary vertex 7 is out of boundary order with respect to 7}, then we can

apply the ¢, ; function (possibly several times with different vertices ¢ and j).

If d > 1 then we apply one vertex operator for each subtree parse and a total of
d — 1 circle plus operators to combine the pieces. The vertex operator is chosen the
same way as in the d = 1 case and we may have to permute with the ¢;; function.
Let () denote a particular ¢-parse, for 1 < ¢ < d. The t-parse for (& is then created
by the following parse.
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Note that multi-edges created by the repeated & operators are ignored. a

2.2.2 Some t-parse examples

The next three examples illustrate our algebraic representation of ¢-boundaried graphs
of bounded width. The first two ¢t-parse examples are graphs of pathwidth 2 which

are then combined with the circle plus operator to form a graph of treewidth 2.

Example 24: A t-parse with ¢ = 2, and the graph it represents. (The shaded

vertices denote the final boundary.)

(©, O, @, [0 1][12] @, [01}[12] ©@.[0o1]}[02] @).[o2]}[12]]

Example 25: Another 2-parse and the graph it represents.
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(@. . @ [o1] 12} W.[o1] 2] W.[or}[12] @.[o1][02] ). [02][12]]

Example 26: We demonstrate the circle plus operator & with the 2-boundaried
graphs (2-parses) given in the previous two examples. The second graph is reflected
and glued onto the first graph’s boundary. In general, the pathwidth of a ¢-parse

usually increases when the binary operator & is used (although not in this example).

2.2.3 Other operator sets

Our t-parse representation for graphs of pathwidth (or treewidth) at most ¢ is not
unique. We now present two different operator sets for representing graphs of bounded
combinatorial width. Many other algebraic representations are available, sometimes
in disguised form, by other sources (e.g., see [Bor88, BC87, CM93, Wim87b]). The
following two examples illustrate two extremes regarding the number of operators
required to represent graphs of pathwidth (or treewidth) of at most k. The first set
shows that only a constant number (4) of operators is needed, independent of the

width & [Fel]. The second set uses a polynomial number of operators per boundary
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size, but generates k-boundaried graphs for pathwidth k& (instead of graphs with
boundary size k+ 1). We point out that another “middle ground” operator set based

on a combination of these two sets is given in [Lu93].

A constant sized operator set Wy, for graphs with pathwidth at most k, consists
of two boundary permutation operators p; and p; and the two ¢-parse graph building
operators @ and . The domain for these operators is again (k + 1)-boundaried
graphs. The permutation operators are used to relabel the boundary. These per-
mutations, given in the standard cyclic form, are p; = (0,1) and py, = (0,1,...,k).
These two permutations generate the symmetric permutation group Sii1 and hence,
by applying in succession, arbitrary relabelings of the boundary are possible. It is
easy to see that Wy, with its 4 operators, generates exactly the same set of boundaried

graphs as our pathwidth ¢-parse operator set ;. We also observe the following:

Observation 27: A graph G has treewidth at most % if and only if it is obtainable
by using the 5 operators ¥, U{&}.

A big pathwidth operator set, called )y, for k-boundaried graphs of pathwidth at
most k, contains the t-parse operator set ¥;_; and has the following two additional

operator types. In the definitions below & denotes any k-boundaried graph.

G Add a pendent vertex to the current boundary vertex
of GG, and label it as the new boundary vertex .

G {b1,bay...,b,}| Add a new interior vertex and attach it to all of the
boundary vertices by,bq,...,b, of G, 1 < p < k.

Example 28: Below we illustrate the operator set {23 in generating a 3-boundaried

graph of pathwidth 3.

[(©, ©, @.[o1l[12][o][o1}[02] @, {0, 1,23 | [0 1][2][1 2]} {0, 1} ]]
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We now prove that this operator set that uses a smaller boundary size can be

used to represent graphs of bounded pathwidth.

Theorem 29: The operator set (), generates precisely the set of graphs of path-
width at most k.

Proof. Clearly if a graph has n < k vertices (which means it has pathwidth at
most k — 1) then it is representable by a sequence that starts with n distinct vertex

operators and an edge operator for each edge.

We next show, without loss of generality, that every (well-defined) sequence

S = [@,@,..., @,31,32,...,5,,]

of ;. operators represents a graph of pathwidth at most k. We do this by showing
how to build a t-parse GG, t = k, for representing the underlying graph. For each prefix
Si = [...,81,52,...,5;], we have a corresponding prefix {-parse Gy(;y of G, where ¢
is some increasing integer function. The construction uses a “spare” (but variably
labeled) boundary vertex of ¥ for simulating the | {b1,b,...,b,}|and |7 | operators.

For the following discussion we use 7(7) to denote a injective map from the boundary

of S; to the boundary of G/4(;) and the integer v to denote the unique boundary label
not in the image of m. We start by setting Gy = [@, @, cee @], 7 to be the

identity map, and v = k. Now we have four cases for the inductive steps:

1. If 5, = @ then for i' = 7(7), Gy = G-y - [@]
2. If s, =i j|then Gyoy = Gypon) - [|7(0) 7(4) |]-
3. If s, = |i| then Gy = Gyroy) - [@, 7(i) v|]. Swap the values of ¢(i) and v.

4. If s, =|{b1,bq,...,b,} | then

Gty = Goprory - [ m(b1) v || 7(b2) v, | 7(By) v]].

Thus, since any pathwidth ¢t-parse, ¢ = k, has pathwidth at most £ so does any
k-boundaried graph generated by (2.
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We now show that any k-path (' is representable by a string of ; opera-
tors. Again this is sufficient since we can remove edge operators or replace
{b1,bs,...,b,} | operators to obtain any partial k-path. Let X = X1, X5,... X, be a
smooth path decomposition of (G. We constructively build a partial parse P; using €y

operators for each vertex induced k-path defined by U, <;<; X;. The current boundary
of P; will be 9(P;) = X; N X;41, for 1 < ¢ < r. For each vertex u € (G that is on
the current boundary of P;, define 0;(u) to be the corresponding boundary label in
0,1,...,k—1. The initial Ky clique is parsed by

P =10),W),01] 2),l02][12] G),[03][13][23]...,

G-0,00 k1| [1 k1] .. k=2 k1] [{0,1,. .. k-1}]]

where 0y (u) is assigned arbitrarily for the vertices X5\ X;. Let old; denote the unique
vertex in X; \ X;41 and new; denote the unique vertex in X;4q \ X;, for 1 < i < r.
We have two cases to consider when constructing P;y; from P;, for 1 <¢ <r — 2.

If new; = old;y; then

P =P [[10,1,. .k 1}]]

else (i.e., new; # old;11) for 7 = 0;(old;)

Py =P [,

then 0;11(new;) = j. The final parse for G is simply P, = P._y - [|{0,1,...,k—1}|]

to end with a Kyyq clique (assuming r > 1). O

0.]77.]71.]7.].]—%177

j k1]

One of the reasons why we picked our ¢-parse operator set X; over other possible
sets is that we want each unary operator to add something significant (but not too
complex) to its (f + 1)-boundaried graph argument. That is, we want a smooth and
rapid path, via these graph building operators, to the obstructions (but do not want
to overshoot the graph family too far by adding complex graph pieces). That is, we
believe that the search tree is smaller using our choice of operators. An analogy from
the computer architecture world is that we would prefer a RISC chip over one with a
full and powerful instruction set (or, in the other extreme, one with only tedious nano-
code primitives). Another reason for our choice is that we want a prefix property of the

parse strings. This property, for obstruction set searching, is elaborated in Chapter 4.
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2.3 Simple Enumeration Schemes

To help tackle the apparently intractable task of finding obstruction sets, we need
to limit the domain of the search. If we know that a particular obstruction set O is
finite, any graph invariant over members of O will have an upper bound. To take
advantage of a particular bounded invariant, a method is needed to generate all these
restricted graphs. This set of graphs must be substantially smaller than the set of
graphs of order at most max{|0;| : O; € O}. As indicated by the topic of this
chapter, the two main invariants that we exploit are the pathwidth and the treewidth

metrics.

As seen by the examples in Section 2.2, it is easy to represent (with a computer)
graphs of pathwidth or treewidth of at most ¢ by strings of unary operators or by trees
with the additional binary & operator. This suggests a natural way of enumerating
all these bounded width graphs: Just enumerate all possible valid combinations of
t-parse strings (or t-parse trees). Unfortunately, many different t-parses correspond
to the same underlying graph. To reduce our search process we need to know when

two t-parses represent the same graph. We formalize this concept next.

Definition 30: Two k-boundaried graphs By = (G4,51) and By = (G, Sy) are
Jree-boundary isomorphic, denoted By ~5, By, if there exists a graph isomorphism ¢

between (¢; and (5 such that
{0(95,(1)) | 1 <i <k} ={0s,(2) | 1 <4 <k}

That is, boundary vertices of (; are mapped under ¢ to boundary vertices of (5.
And B; and B, are fized-boundary isomorphic if there exists an isomorphism ¢ such
that

d(0s, (1)) = 0s, (1) for 1 <i < k

That is, each boundary vertex ¢ of (G; is mapped under ¢ to boundary vertex ¢ of GG5.

Our goal is to find an enumeration scheme that generates each free-boundary

isomorphic t-parse at most once.
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2.3.1 Canonic pathwidth ¢-parses

One simple way of generating each free-boundary isomorphic t-parse is to define
equivalence classes of ¢-parses and generate one representative for each class of free-
boundary isomorphic graphs. A t-parse is said to be canonic, with respect to some
linear ordering of ¢-parses, if it is a minimum ¢-parse within its equivalence class. For
an enumeration scheme, these minimum representatives should be defined so that
extending the set of canonic representatives of order n generates a set (or superset) of
the canonic representatives of order n 4 1. Here, if we generate a non-canonic t-parse
of order n + 1 we discard it before generating the canonic representatives of order

n + 2. We call an enumeration order (scheme) simple if this property holds.

The simplest linear ordering of ¢-parses is a lexicographical order of the parse
strings. We define the lex-canonic order between two t-parses by comparing operators
at equal indices (from the beginning of each string) until a difference is found. The

individual operators in ¥; are related as follows:

1. Vertex operator @ is less than any edge operator .

2. Vertex operator @ is less than any vertex operator @ whenever 1 < j.

3. Edge operator , where ¢ < j, is less than edge operator , where k& < [,
whenever 1 < k, or 1 = k and 7 < [.

A canonic t-parse in the lex-canonic order <; (called a lexz-canonic t-parse) is
any {-parse (¢ such that ¢ <; H for any free-boundary isomorphic ¢-parse H ~5 G
where H # (7. Since any prefix of a lex-canonic t-parse is also lex-canonic, a simple
enumeration scheme is possible using this form of canonicity. (This prefix property is
easily seen by assuming that a prefix P of a lex-canonic ¢t-parse G = P - S is not lex-
canonic then a contradiction arises regarding G being lex-canonic. That is, consider
a lexicographically less t-parse P’ - S’ <; G that is free-boundary isomorphic to G,
where P' <; P and P' ~; P.)

Example 31: Several ¢t-parses are listed below in increasing lex-canonic order. The

fourth t-parse is not lex-canonic since it is free-boundary isomorphic to the second
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t-parse. Likewise, the fifth ¢-parse is free-boundary isomorphic to the first (which is

also lex-canonic).

(@, . @.[01] @,[01]]

(@, . @).[01][02] ©@,.[01][02]]
[(©. . @:.[01][o2] @:.[01][02] @.[01]]
[(©

[

O, @.[01][12] @, [01]}[12])
. . @, [01}[12] @)

We now present an alternate canonic representation for pathwidth ¢-parses. The

main benefit of this scheme, based on a non-lexicographical order, is that most non-
canonic {-parses are easily determined (by checking for required canonicity properties
of the parse string). For any t-parse P, let vseq(P) be the vertex subsequence of
the parse, that is, just the vertex operators @ for some ¢, and let vpos(P) be the

positions of the vertex operators in the original ¢-parse.

Example 32: For the t-parse

G- (.0, ®0002©.0102 001 @)
vseq(6) = (@. D, @. @, ©. @)

vpos(G) = (1,2,3,6,9,11)

we have

and

Definition 33: For two t-parses Py and P, of the same free-boundary graph, we de-
fine a linear order <. as follows where the symbol < denotes the lexicographical order

on integer sequences and <; denotes the lex-canonic order on ¥; operator sequences.

L. If vpos(P1) < vpos(Py) then Py <. Ps.

2. Else if vseq(Py) <; vseq( Ps) then Py <. Ps.
[Here vpos(Py) = vpos(Ps).]

3. Else if P, <; P, then P, <. Ps.
[Here vpos(Py) = vpos(Pz) and vseq(Py) = vseq(Ps).]



CHAPTER 2. BOUNDED COMBINATORIAL WIDTH 48

The order <. is a linear order because <; is a linear order (i.e., if case 3 is ever

reached then either P, <. P, or Py <. P, holds).

For the remainder of this section, a t-parse P of a free-boundary graph G is
termed canonic if there is no other parse P’ such that P’ ~y, P and P’ <. P. The
idea behind this ¢-parse order is that we want vertex operators to come earlier in the

parse. For the linear order <. we note that any vertex operator @ and any edge

operator do not need to be compared lexicographically.

We now state some useful facts about canonic t-parses (using the <. order).

Lemma 34: Let G, = [g1,92,--.,9s] be a canonic t-parse. If gy, = @ and gg, =
@ are consecutive vertex operators, then for any edge operator g = , ky <k <
ko, either a = 7 or b = j.

Proof. Assume that, for some k; < k < ky, gx = where a # jand b # j. Clearly

the following parse, i/, represents the same free-boundary graph.

G; = [917927"'7gk1 :@7"'7gk—179k+17"'7gk2 = @7gk :7gk2+17---7gn]

But vpos(G)) is lexicographically less than vpos((,,). This can not happen since G,
is canonic. So, we must have either @ = j or b = j in order to prevent the possible

edge shift. O

The previous lemma states that any edge operators that immediately precedes a
vertex operator @ must be adjacent to the previous @ The next result regarding

the position of the boundary edges follows easily from the previous lemma.

Lemma 35: Let GG, be a canonic t-parse. If g,, = is a boundary edge of G,,,

1 < m < n, then there are no vertex operators in positions m + 1,m + 2,....n.

Proof. If not, the next vertex operator would have to be @ or @ a

The following lemma states that any prefix of a canonic ¢-parse is also canonic.
This means that using <. to define ¢-parse canonicity is suitable for a simple ¢-parse

enumeration scheme.
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Lemma 36: If (G, is a canonic ¢-parse then the prefix (G,,_; is a canonic ¢t-parse.

Proof. If this is not true, then there exists H,_; ~, Gy, with H, 1 <. G,_1. Let
o: V(G,o1) = V(H,-1) be a free-boundary isomorphism mapping between G,_;

and H,_;. Define
o o=@
” . -
Now consider H, = H,_; - h,,. The parse H, is isomorphic to G, with H, <. G,. So
we must have H,_1 <. G, _1. a

We now turn to the problem of determining when an extension of a canonic

t-parse is also canonic.

Lemma 37: Let (G, be a canonic {-parse. If Z = [] is a single edge operator
extension, then G,y = G, - Z can be tested for canonicity with a constant number

of isomorphism calls.

Proof. Suppose GG, 41 is not canonic. Then there exists a free-boundary isomorphic
t-parse H,y1 ~a, Gy with H,11 <. Gh11. Since both G,41 and H,;; contain
boundary edges we know from Lemma 35 that the last vertex operator has index
kE <n (that is, k = n+1— “number of boundary edges”). An isomorphism mapping
o : V(Guy1) = V(Hu41) shows that the t-parses Hy and G} are free-boundary
isomorphic. This is seen by noting that for any edge (a,b) of G, 41, Gpy1 \{(a,b)} ~5,
Hp1\ {(04,04)}. Since G, is canonic the prefix G is also canonic (likewise Hy), so
Hy, ~p, G implies Hy, = Gy.

Thus, if G511 1s not canonic then its canonic ¢-parse representation is identical to
(41 except for the boundary edges at the end of the parse. If there are ¢ boundary

+1
edges then we have at most ((tj )) possible t-parses to consider. a

Example 38: Below is an instance of where a constant number of isomorphism calls
would tell us that the extended t-parse H is not canonic. This example is created

by adding an edge between a pendent vertex and an isolated boundary vertex of the
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canonic t-parse (. The t-parse K is free-boundary isomorphic to H and canonic.

G = [@7 @7 @7 @77 @7]
H=10.O.@.®.[01] ©@.[02][13]]
K= [@7 @7 @7 @77 @77]

We can easily eliminate an isomorphism check for several of the possible ¢-parses
mentioned in the previous lemma. For a prospective ¢-parse H, 11 to be free-boundary
isomorphic to G, 41, the degree sequences of the boundaries must be identical. These
degree sequences can be refined to include both the number of boundary and non-
boundary incident edges. That is, these two “ordered pair” degree sequences (one for

G'ny1 and one for H,11) must coincide.

Observation 39: Let GG, be a canonic t-parse. If 7 = [@], a single vertex operator
extension, then (5, - Z is non-canonic if Lemma 34 is violated, which is likely and easy

to check.

The next lemma helps us detect other non-canonic situations for any t-parse of

length n that ends with a vertex operator.

Lemma 40: With m < n being the smallest index of any edge operator of a canonic

t-parse (4,,, there are no consecutive vertex operators ¢g; and ¢,y in G, for m <1 < n.

Proof. First consider two identical vertex operators @ consecutive in ,. One of
these can be replaced by a @ and moved to the first of the string since the semantics
of [... ,@,@] causes an internal isolated vertex. Now a suffix of (¢, with two different

consecutive vertex operators can be rewritten as (assuming (,,_; is canonic)

G-t [@] = ["'777@7 @] >e [---77@77@]

that is less in the <. order. If there are more than two consecutive vertex operators,

[... ,, @, @, @, ...] then we can also shift one of these earlier. Here, the vertex
that can be shifted before the edge operator is determined by {1, 7,5} \ {a,b}. O
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One thing that is not quite resolved is how to efficiently handle the not so easy
vertex operator cases. If both Lemmas 34 and 40 are not violated we still do not
know if a t-parse G, - [@] is canonic. We believe that a non-canonic ¢-parse can pass
both these lemmas for only a very few special cases (maybe not even enough times
to worry about). Even without a fast canonic algorithm for this case, we still have a
fast method for generating all bounded pathwidth graphs. Since the set of graphs of
pathwidth at most ¢ is obtained from the set of canonic t-parses (and we generate a
superset ), the above statements provide us with an efficient means of generating each
such partial f-path with a constant sized boundary exactly once. If one wishes, a

free-boundary isomorphism algorithm can be used to check for redundancies [SD76].

2.3.2 Canonic treewidth ¢-parses

It is known that both free and rooted tree generation can be done efficiently (in
constant amortized time) with one of the algorithms given in [Wil89, WROMS6,
BHS80]. To algebraically represent a graph of bounded treewidth (i.e., a generalized
“bounded-width” tree) we model its underlying tree decomposition structure as an
equivalent tree (of maximum degree three) using our treewidth operator set ¥; (see
Theorem 23). Again, since many tree decompositions of minimum width exist for a
given graph we strive for a canonic representation. In the discussion given below, we
incorporate the additional binary operator ¢ within the pathwidth lexicographical

canonic scheme (i.e., we expand the domain for the <; order).

We view a treewidth t-parse T' as a rooted parse tree where the current set of

active boundary vertices are inferred from the operator semantics.

The first simplification for our enumeration scheme is to restrict the t-parse ar-
guments for the & operator. We simply require that no boundary edges occur in
both t-parses GGy and Gy before (i & (5 is enumerated. Any edge that needs to be
adjacent to two boundary vertices is added with edge operators after (or above) the

circle plus.

To compare two t-parses that have different underlying tree decomposition trees,
we use a ranking method similar to the one commonly used for ranking rooted trees

[BH80]. The idea for our new linear order (details to come shortly) is to define another
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set of t-parse equivalence classes (with respect to each tree decomposition structure)

and then linearly order these classes.

Definition 41: Let v(() denote the number of vertex operators in a t-parse G. A
signature s(() for a t-parse (¢ is an integer sequence defined recursively with respect

to the root’s operator type:

1L If G =G,y - [[i j]] then s(G) = s(Gh).
2. If G = Gy - [(0)] then s(G) = [o(G), s(Gh)].

3. If G = G4 & Gy, where without loss of generality s(G1) < s(Gy), then s(G) =
[s(Gh), s(G)).

A signature s; is less than a signature sy if |s1| < s3], or |s1] = |s2| and s1 < s3 in

lexicographic order.

For any two t-parses (¢4 and (G5 that have the same signature, let (Bj, B, ...) and
(B, B3,...) be the pathwidth ¢-parse branches of ; and G, respectively, obtained
from a post-order traversal of the structural tree. These vertex and edge operators
are sequenced from leaves to root. Two t-parses GG; and Gy (not necessarily free-
boundary isomorphic) can be compared lexicographically by comparing B} with BZ,

starting at « = 1, and increasing ¢ until a difference is found.

Example 42: A treewidth 1-parse is shown below for S(Kl 3) a subdivided K 3.
(This pathwidth one obstruction is also shown in Figure 2.3 (

A s ‘?8>V

A=, O] @01 O] Aas4 (Ae A)-[[01] ©,[01]]

With the far right edge operator being the root, the signature of this 2-boundaried
graph is [9,4,3,2,1,4,3,2,1].
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Definition 43: A treewidth t-parse G is structurally canonic if it has the smallest
signature over all ¢-parse representations of graphs free-boundary (fixed-boundary)
isomorphic to GG. In addition, the t-parse G is treewidth canonic if it is the lexi-
cographic minimum ¢-parse over all structurally canonic representations within the
free-boundary (fixed-boundary) isomorphic equivalence class. We call these orderings

of treewidth ¢-parses the free-boundary (or fixed-boundary) lez-rank order.

It is understood from the context whether we are talking about the free or fixed

boundary cases, with the latter case being more common.

Lemma 44: If a graph G of treewidth ¢ also has pathwidth ¢ then the structurally

canonic (and treewidth canonic) t-parse for G has no & operators.

Proof. This follows from the fact that a t-parse with more & operators also has more
vertex operators (the circle plus operator absorbs ¢+ 1 vertices). Since the length of a
signature for a t-parse equals the number of vertex operators, any signature without
& operators (i.e., a pathwidth ¢-parse) is less in the treewidth ¢-parse comparison

order than any non-trivial treewidth ¢-parse. a

The above lemma allows us to do computations (enumerations) for pathwidth
t-parses and then reuse (if using the lex-canonic pathwidth scheme) any partial results
for these t-parses when computing within the treewidth ¢-parse domain. For example,
for our obstruction set searches we would keep any proofs of graph minimality or

nonminimality from a search that was restricted to pathwidth ¢-parses.

Our treewidth analog to Lemma 36’s “prefix of canonic is canonic” is given below.

Lemma 45: For the fixed-boundary case, any rooted induced subtree S of a treewidth

canonic t-parse 1" is also treewidth canonic.

Proof. By induction on the number of operators, it suffices to look at prefixes with
one less operator. Let g, denote the last operator of T'. The validity of this statement
for the pathwidth operators (g, = @ or ¢, = ) follows from the left associative
semantic interpretation of these unary operators. That is, if there exists a prefix 5

with a more canonic parse, then applying the unary operator g, to S contradicts
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T being treewidth canonic. For the treewidth operator case, g, = &, assume T =
G165 Gy 1s a treewidth canonic t-parse. By definition of treewidth canonic, we can also
assume (7 < (3 (in lex-rank order). If there exists a t-parse H; that is fixed-boundary
isomorphic to Gy that has a smaller rank, then the fixed-boundary isomorphic ¢-parse
T" = H, @ (G; contradicts the fact that 7' is treewidth canonic. This contradiction
can take place either in or outside T"”s structurally canonic equivalence class. That
is, if s(Hy) < s(G1) then we can find a better structural equivalence class for T'. The
same argument holds for the child parse Gy replaced with Gj. O

As a consequence of the above lemma there is a simple enumeration scheme
(as was given in Section 2.3.1 for the pathwidth ¢-parses) for generating all fixed-
boundaried t-parses of treewidth at most ¢. Note that like our free-boundary path-
width case, extending a canonic fixed-boundaried ¢-parse (G may yield a non-canonic
t-parse (7 - 7, but any prefix (subtree) of a fixed-boundary canonic H is canonic. An

example of the former problem is given below.

Q0 @0
G-7Z = ‘t\) o ~ x o1 -1
2 2
(). . @.[01][02] @] (D]~ [©), D), @).[0 1] ©),[1 2] D)

The subtree property of Lemma 45 does not hold for the free-boundary treewidth
case since the semantics of the binary operator & require fixed-boundary vertices. For
example, consider the free-boundary canonic 1-parse A @& B, where A is taken from

Example 42 and B = [@, @,, @,, @] Here both subtrees A and B are

free-boundary isomorphic but B is not treewidth canonic for the free-boundary case.

We end this section with an interesting open computational problem regarding
how “linear” a tree decomposition can be for a given graph. The structurally canonic
t-parses, in some sense, have the simplest underlying treewidth structure for (¢ + 1)-

boundaried graphs (see proof of Lemma 44).
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Problem 46: Closeness to Pathwidth ¢
Input: A graph G of treewidth t.

Question: How close is (G to pathwidth ¢ based on how many & operators are needed

for a t-parse representation? (That is, how many degree three vertices of T" are needed

over all smooth tree decompositions (T,{X; | ¢« € T'}) of width ¢ for G7)

VAN

(a) (b)

Figure 2.3: The obstructions to (a) pathwidth 1 and (b) treewidth 2.

Figure 2.4: The minor-order obstructions to treewidth 3.
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Chapter 3

Graph Minors and
Well-Quasi-Orders

In this chapter, we formally introduce the notion of minor-order forbidden graphs,
which we have been calling obstructions. We also explain why for many classes
of graphs (i.e., the minor-order lower ideals) there exists a finite number of these
family-characterizing graphs. Lastly, we define a closely related partial order for k-
boundaried graphs. This order is the mathematical foundation for our obstruction

set search theory that is presented in Chapter 4.

3.1 Preliminaries

We begin with a review of a few definitions from set theory that are significant for

characterizations of graph families by obstruction sets.

Definition 47: A quasi-order (preorder)is a reflexive and transitive binary relation.
A partial order is an anti-symmetric quasi-order. A partially ordered set is called a

posel.

A simple example of a quasi order <, of graphs that is not a partial order is the
order defined by comparing the number of vertices of the graphs (i.e., G <, H if and
only if |G| < |H|).
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Definition 48: A set S with a quasi-order < is a well-quasi-order if for any count-
able sequence (s1, $2,...) of members of S, there are indices 1 < ¢ < j such that

S; SS]‘.

Recall that a subgraph H of a graph G is a subset of the vertices and edges of
(i such that whenever a vertex v € V(G) \ V(H) then any edge of £(() incident to
v is not in E(H). We (combinatorially) contract an edge e = (u,v) in GG to form a
edge contracted graph H = G/e by first deleting e and then replacing vertices u and
v with a new vertex w such that any edge incident to u or v is now incident to w.

Also recall the following graph order that is of special interest to this dissertation.

Definition 49: For two graphs G and H, the graph H is a minor of the graph G,
written H <,, GG, if a graph isomorphic to H can be obtained from G by taking a
subgraph and then contracting (possibly zero) edges. A minor operation is any edge

deletion, edge contraction, or isolated vertex deletion.

Observation 50: The minor-order relation <,, defines a partial order on the family

of finite simple graphs.

Figure 3.1 shows a Hasse diagram (part of a minor-order poset) for all edge

contractions of a graph with 5 vertices.

Definition 51: A lower ideal (I, <) of a quasi-order (5, <) is a subset I C S such
that for any z € I, if y < x then y € I.

For a special case, we also say that a family F of graphs (within the set of all
simple graphs) is closed under the minor order if whenever (G is in F and H is a
minor of G H <,,, GG, together imply that H is also in F. This equivalent to saying
that (F, <,,) is a lower ideal. For minor-order lower ideals, the forbidden graphs are

defined as follows.

Definition 52: The obstruction set O(F) for a minor-closed family F of graphs is
the set of minimal graphs (in the minor order) in the complement F. Specifically, &
is an obstruction for F (i.e., G € O(F)) if and only if G is in F (i.e., G ¢ F) and for
any proper minor [ of G, H is in F (i.e., H € F).
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Figure 3.1: Illustrating an edge contraction poset.
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For example, the obstructions for the family of planar graphs are K5 and Kjs3
since any graph that is not planar must contain one of these two as a minor (i.e., these
two obstructions are the minimal non-planar graphs within the minor-order poset of
all graphs). In general, any graph in the complement of a lower ideal F must contain

at least one obstruction as a minor.

3.2 The Graph Minor Theorem

How are obstruction sets used to characterize families of graphs that are closed under
the minor order? It is not obvious that the set of obstructions for a minor-order lower
ideal must be finite. The recently celebrated Graph Minor Theorem (stated below)
by Robertson and Seymour guarantees a finite characterization for all minor-order

lower ideals [RS85b]. This statement was known as Wagner’s Conjecture for a long

time [Wag37, RSc].

Theorem 53: (Robertson—Seymour) The minor order is a well-partial-order.

Corollary 54: There are only a finite number of minor-order minimal graphs in
any set of graphs. In particular, any minor-order lower ideal of graphs has a finite

number of obstructions.

Proof. Let S = (Gy,Gy, .. .) be any countable sequence of distinct minor-order min-
imal graphs. Since the minor-order is a well-partial-order, there must be an index

1 < j such that G; <, G;. However, this contradicts the fact that G; is minimal. So

there must be a finite number of minor-order minimal graphs. O

The bad news regarding this graph theoretical breakthrough is that Robertson
and Seymour’s proof is nonconstructive. (For more information see [FRS87].) This
means that for any set of graphs we only know that the set of minor-order minimal
graphs is finite but currently have no general method for obtaining it. To tackle this
predicament, for our obstruction set computations, we use the following variation of

the minor order. The elements of this partial order are k-boundaried graphs.
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Definition 55: Let G be a k-boundaried graph. A k-boundaried graph H is a 0-
minor (boundaried minor) of GG, denoted H <j,, G, if H is a minor of (G such that
no boundary vertices of (G are deleted by the minor operations, and the boundary

vertices of H are the same as the boundary vertices of (.

Definition 56: Let (G be a k-boundaried graph. A k-boundaried graph H is a one-
step d-minor of G if H is obtained from G by a single minor operation: one isolated

vertex deletion, one edge deletion, or one edge contraction (and H <, ().

Lemma 57: The d-minor order <s,, on k-boundaried graphs is a partial order.

Proof. Assume K <j,, H and H <, GG for the k-boundaried graphs K, H and G.
If we do the one-step d-minor operations used to show K <j,, H after the one-step
d-minor operations used to show that H <z, G, we see that transitivity holds (i.e.,
K <3, G). Also, since each one-step d-minor of a graph reduces either the number

of edges or the number of vertices, the d-minor order is anti-symmetric. O

Lemma 58: [If a family F of graphs is a lower ideal under the minor order <,,, then
the family ' = {(G,S) | G € F and S is a k-simplex of G} of k-boundaried graphs

is a lower ideal in the d-minor order <j,,.

Proof. This follows from the fact that the number of graph-reducing minor opera-

tions for the d-minor order is a subset of the minor-order operations. a

For our obstruction set searches concerning this d-minor order, the width of each
k-boundaried graph is bounded by a fixed pathwidth or treewidth. Specifically, we
restrict the search to the set of t-parses (t = k —1).

Lemma 59: [If a family F of graphs is a lower ideal under the minor order then the
family F’', consisting of F restricted to ¢-parses, is a lower ideal under the d-minor

order <g,,.

Proof. Follows from Lemma 58 and the next result (Lemma 60), which shows that

the set of t-parses is closed under the d-minor order. O
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The next two results show that every d-minor of a t-parse has a representation as
a t-parse. We know that the family of bounded pathwidth graphs is closed under the
minor order. However, this fact does not guarantee that the boundary vertices are
preserved by the minor operations. We actually implemented a different but similar

J-minor algorithm from the one used in the proof below.

Lemma 60: Let GG be a pathwidth ¢-parse, and suppose H is a d-minor of G. Then

H has a representation as a pathwidth t-parse.

Proof. Assume G = [¢1,¢2,--.,¢,] is the pathwidth ¢t-parse. We show how to con-
struct a t-parse for any one-step d-minor of G. The pathwidth ¢-parse for any minor

H of GG can then be constructed by repeating these one-step d-minor procedures.

1. Delete an isolated non-boundary vertex:
If operator ¢; = @ 1 < < nis both a non-boundary vertex (i.e., g; = @ for
some 1 < 7 <n)and an isolated vertex (i.e., gr # [u v]for u # vand i < k < j),
then [g1,92, -, Gi—1,Git1,---,gs] represents a “deleted isolated vertex” minor

G\ {u}. (Note that we could have just as easily deleted g;.)

2. Delete an edge:

If 9 = 7 1 S i S n is any edge operator, then [917927 ce 9 9i-1, Git1, - - - 7gn]
represents a “deleted edge” minor G'\ {(u,v)}.

3. Contract a non-boundary edge:
If g6 =[uv], 1 <1 < nis any edge operator such that, for : < ¢ < n,
= @ or g. = @ then do the following steps to create a “contracted edge”
minor Gi/(u,v). First, without loss of generality, (¢ is represented in one of the

following two forms

[glv"'vga: @7---7962 @7"'7gi:7"'7gcz @77971] (*)

or

[glv"'vga: @7---7962 @7"'7gi:7"'7gcz @7"'7gn]7

where g; # @ fora < j < candg; # @ for b < j < ¢. Note that the vertex

operator @ may occur between ¢, and gj.
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For the first form, use the t-parse

! ! ! !
[glv"'7ga7"'7gb—lvgb—|—17"'7gi—17.gi-|—17'"7gc—17907"'7gn]7

where for b < k < ¢,

9 =

Y

, { if gp =[] and @ # v

I otherwise

to represent the minor G/g;.

For the second form, first create from G a t-parse [g], G5y« 13 Ges s Gnls

where for 1 <k < e,

if gr =[v z]and = & {u,v}
if gy =[ua]and = &€ {u,v}

OO

if g = @
I otherwise

to guarantee that the boundary will be preserved. The new t-parse satisfies (*)
so we can now use the previous construction. The preprocessing step is justified
since the operator g. = @ in the prefix graph G.=[¢1,92,...,9.] tells us
which boundary vertex to preserve; that is, the contracted edge between vertices

represented by ¢, and g, becomes the active boundary vertex v in G./(u,v).

(Recall that the semantics of the edge operator prevent multi-edges from
appearing.)

One can check that all three of these one-step d-minor procedures will preserve G’s

boundary. a

Observation 61: Any d-minor of a treewidth ¢-parse is a treewidth ¢-parse.

Proof. Deletion of an isolated non-boundary vertex and deletion of an edge is similar
to that in the proof of Lemma 60. An isolated vertex may originate from an @
appearing above or below a circle plus & in the ¢-parse tree. In this case we remove the

vertex operator closest to the root of the parse tree just above the isolated vertex; there
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must be one since we are trying to remove a non-boundary vertex. This operation
is correct because the & operator merges together two previous isolated boundary
vertices (with the same label) from different subtree parses. For the edge deletion
case with respect to ¢, we also have to be careful about two operators being

used to represent the same edge. However, removing all instances is easy.

Contracting a non-boundary edge is also possible by using a modified version
of the pathwidth t-parse contraction algorithm. Let e = (w,v) be an edge that we
want to contract. For these two vertices u and v, we remove the corresponding vertex
operator closer to the root instead of the lower indexed one. Again, we may have to
permute the boundary to get the t-parse branches to satisfy (*); this happens when

two vertex operators nearest the edge operator are both @ (see proof of Lemma 60).

a

Definition 62: A {-parse (boundaried graph) G is a d-obstruction (boundaried ob-
struction) of a lower ideal F if every proper d-minor of i is in F while G is not in

F.

For any minor-order lower ideal F and an obstruction O € O(F), there exists a 0-
obstruction G in ¥} such that O <,, G trivially whenever ¢ > pw(O). In this case, the
boundary of GG (with ¢ 4 1 vertices) can be any set of vertices X; from a smooth path
decomposition Xy, Xz, ..., X, of width ¢ for O. Let B' = {(G},5!) | i =1,2,...,r4}
denote the set of d-obstructions of width ¢ for F. If ¢ is the pathwidth of the largest
obstruction for a lower ideal F then

oF < U ( U a )
0<j<t \1<i<r,
The previous discussion also holds for obstructions of bounded treewidth. That is,
for any smooth tree decomposition (T,{7,}) of a graph G of width ¢, there exists a
treewidth ¢-parse with the boundary of i’s representation being the vertices of any set
T, of T. So, the set of underlying boundaried obstructions (for bounded treewidth)

is a superset of the non-boundary obstructions.

Lemma 63: If F is a lower ideal in the minor order then there are a finite number

of d-obstructions (in the d-minor order) for F.
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Proof. It suffices to show that any minor-order obstruction O € O(F) is below at
most a finite number of J-obstructions in the minor order. Let O <,, B for some
d-obstruction B. There is a sequence of length at most ¢ of edge contractions between
two boundary vertices and/or isolated boundary vertex deletions to produce O from
B. If any other one-step minor operations were possible then B would not be a
d-obstruction. For example, deleting any edge can be done first, which is a valid 0-
minor operation showing that B has a d-minor not in F. Therefore, any d-obstruction

above O can have at most |O| 4 t vertices. O

Even though Lemma 63 guarantees that there are only a finite number of bound-
aried obstructions for any minor-order lower ideal, we have the following analog to
the Graph Minor Theorem for t-boundaried graphs, which was first cited (without
proof) and used in [FL89a]. The following simple proof uses Robertson and Seymour’s
more recent but less-known result that the set of finitely edge-colored graphs is also

well-quasi-ordered under the minor order, denoted by <.,,. (The proof should appear
in [RSH].)

Theorem 64: (Fellows—Langston) The d-minor order is a well-partial-order (on #-

boundaried graphs and ¢-parses).

Proof. Given any countable sequence Gy, (53, ... of t-boundaried graphs we need to
show that there exist indices 1 <1 < j such that G; <5, G;. To do this we first define
a bijection ¢, as illustrated in Figure 3.2, from ¢-boundaried graphs to edge-colored
graphs using (¢ + 1) colors. For each boundary vertex labeled k, the function ¢ adds
a single ‘k’-colored pendent edge while removing the boundary label. The original
noncolored edges in the domain graph of ¢ retain the ‘blank’ color in the image graph.

Thus, this map produces a total ¢ + 1 colors in the image.

Since the range of ¢ is a well-partial-order, we consider the following sequence of
t+1 edge-colored graphs: ¢(G1), #(G2),. ... Here, there must exist a ¢(G;) <. &(G;)

for 1 < < j. To prove our theorem, we show that

H = ¢(H) <ep ¢(K) =K' = H <y, K

Let M = my,ma,...,m, be the sequence of one-step minor operations that shows

H' <., K'. Since both H" and K’ have exactly one edge of color 1 through ¢, none
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of these colored edges were contracted or deleted within M. Also since none of the
colored edges 1,2,...,t in H' are adjacent, there are no edge contractions between
any edge (u,v) € E(K') where u and v are both incident to colored edges of K.
Thus, M constitutes a valid sequence of boundary minor operations on the underlying

boundaried graph ¢~'(K’) = K, showing that H <5, K. O

& —

Figure 3.2: A map ¢ from boundaried graphs to edge-colored graphs.

3.3 Other Graph Partial Orders

This chapter’s final section summerizes some other partial orders for graphs that
appear in the field of graph theory. We remind the reader that the obstruction set
characterizations presented in later chapters of this dissertation are all based on the

minor order.

Perhaps the most natural partial order for graphs is the subgraph partial order.
Here a graph H is below another graph (i, often denoted H C G, if it is a subgraph.
A slight variation of this order is call the (vertex) induced subgraph partial order. Here
a graph H is an induced subgraph of a graph G, often denoted H < (5, if there exists
a subset V' of V((7) such that H = G\ V'. We presented in Chapter 1 the induced
subgraph obstructions (known as asteroidal triples) that prevent chordal graphs from

being interval graphs.

It is easy to see that the subgraph and induced subgraph partial orders are not
well-partial-orders since, for example, the set of cycles {C; | ¢ > 3} is an infinite

anti-chain (i.e., a countable set of incomparable graphs).

There are two well-known intermediate partial orders of graphs that fall between

the structured minor order and the simple subgraph order. The first order is the
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topological order. We define the topological (partial) order as a restricted minor order
where only subgraphs and edges incident to a degree two vertex may be contracted.
Other papers alternately define the topological order on graphs based on the fol-
lowing relation (e.g., see [Wil87]). Here a graph i topologically contains H, often
denoted H <; 4, if some subgraph of ¢ is isomorphic to a subdivision of H, where to
‘subdivide’ a graph is to replace its edges by paths that are vertex disjoint except at
endpoints. The second intermediate order is the induced minor order. Here a graph
H is an induced minor of a graph G, often denoted H <;,, G, if H can be obtained
by contracting edges from a induced subgraph of G.

For the topological order, Kruskal proved the following well-known result [Kru60].

Theorem 65: (Kruskal’s Tree Theorem) The topological order is a well-quasi-order

for the set of finite trees.

A stronger result stating that all finite rooted trees are well-quasi-ordered for the
topological order (with a simple proof) is due to Nash-Williams [NW63]. Since the
minor order is a stronger relation, Kruskal’s Tree Theorem immediately implies that

the minor order is a well-partial-order for trees.

The immersion order <; on graphs is defined by three types of graph reductions:
deleting vertices, deleting edges, or lifting edges. Two adjacent edges (a,b) and (b, ¢)
are lifted from a graph if they are replaced with a single edge (a, ¢). See Figure 3.3 (a).
In addition to the Graph Minor Theorem, Robertson and Seymour have recently
proven that the immersion order on graphs is a well—partial—order (The proof of this

fact will appear in [RSf] of the graph minor series.)

o) R4

Figure 3.3: Illustrating the (a) lift and (b) fracture graph operations.

\
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A related partial order termed the weak immersion order <,,; is defined by allow-
ing graphs to be related by repeated uses of these four graph operations: delete an
isolated vertex, delete an edge, remove a subdivision, or fracture a vertex. A vertex
v 1s fractured by replacing it with two new vertices vy and vy and partitioning the

edges incident on v into two classes, making these incident, respectively, on vy and v

[Fel89]. See Figure 3.3 (b).

Makedon and Sudborough showed that the family of graphs with cutwidth at
most 2 is characterized by a set of five forbidden weak immersion order (multi-) graphs
[MS83]; these graphs are displayed in Figure 3.4 below. The family k~CUTWIDTH,
graphs with cutwidth at most k, is also a lower ideal for the immersion order (e.g.,

see [Ram94]).

A0 gt A

Figure 3.4: The weak immersion order obstruction set for 2-CUTWIDTH.
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Chapter 4

Finding Forbidden Minors

We search for obstructions within the set of graphs of bounded pathwidth (or bounded
treewidth). We now describe how to do this efficiently with our algebraic t-parse
representation. For ease of exposition throughout this chapter, we limit ourselves to
bounded pathwidth graphs in the obstruction set search theory, and only point out

further information regarding a bounded treewidth search, as needed.

4.1 Key t-parse Properties

Recall that our concatenation partial order over t-parses is based on strings (or trees)
of t-parse operators. This ordering of graphs is used during our enumeration of
the graphs of bounded combinatorial width. As explained below, this enumeration
process can be restricted to a finite search space consisting of the minimal graphs
in the boundary minor order intersected with any finite-index family (lower ideal)

congruence.

As we saw in Chapter 2, both the &~PATHWIDTH and A—TREEWIDTH families
of graphs are lower ideals in the minor order, so a d-minor H of a t-parse G is
representable as a t-parse. One should keep in mind that these minor-order algorithms
can actually operate on t-parses directly, bypassing any unnecessary conversion to and

from the standard graph representations.



CHAPTER 4. FINDING FORBIDDEN MINORS 69

The following sequence of definitions and results form our theoretical basis for
computing minor-order obstruction sets. We first recall a definition for the more

familiar and general setting of k-boundaried graphs (e.g., see [FL89a]).

Definition 66: Let F be a fixed graph family and let G and H be k-boundaried
graphs. We say that (¢ and H are congruent with respect to the canonical congruence

~r if for each k-boundaried graph 7,
GoZcF <= HpZcF

A Ek-boundaried graph 7 is a distinguisher for G £xr Hif G Z e Fand HG& Z ¢ F

(or vice versa).

For our setting of graphs of bounded combinatorial width (t-parses) we have the

following analogous definition.

Definition 67: Let F be a fixed graph family and let G and H be t-parses. We say
that GG and H are F-congruent (also written GG ~x H) if for each extension 7 € X7,

G-ZeF «<— H-ZcF

If GG is not congruent to H, then we say G is distinguished from H (by Z), and 7 is
a distinguisher for G and H. Otherwise, G and H agree on Z.

We call the above family congruence the bounded-width canonical congruence
since it resembles the general canonical congruence for F on (¢t+1)-boundaried graphs.
However, we also use the phrase “canonical congruence” loosely to mean either case
depending on the context. The only difference here is that we restrict each 7, in the
latter case, to be a parse string representing a graph of bounded combinatorial width.

Recall that the operator (-) is called the ¢-parse concatenation operator.

The next definition provides a means for distinguishing graphs in different equiv-

alence classes of the canonical congruence ~r.

Definition 68: A set 7" C X} (or a set T' of boundaried graphs) is a testset if
G oAr H implies there exists a Z € T that distinguishes G and H with respect to F.
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As shown later, a testset is only useful for finding obstruction sets if it has fi-
nite cardinality. We are interested in canonical congruences for our obstruction set
computations because of the following consequence of the GMT (see [AF93] and
[Cou90a]-[Cou92b]).

Observation 69: The canonical congruence for any minor-order lower ideal F is

of finite index for the set of t-parses.

Proof. This result follows by using the following two facts: (1) the GMT implies that
the family F has a finite number of obstructions, and (2) there exists a finite state
algorithm for each minor-containment problem for input graphs of bounded treewidth
(by Courcelle and others). The second fact means that, for the family of graphs that
excludes a single obstruction, there is a finite state automaton that accepts ¢-parses
in that family. Since regular languages are closed under intersections, the bounded-
width canonical congruence ~x is of finite index. (See Section 5.3.2 and Chapter 11

for further information.) O

The above observation can be improved to show that the canonical congruence ~ £
is of finite index for the set of k-boundaried graphs. This is because all obstructions
of the lower ideal F have bounded treewidth. A finite testset for F is constructed by
taking a finite union of finite testsets of boundary size k, for each width ¢ up to the

treewidth bound.

Definition 70: A {-parse GG is nonminimal if G has a proper d-minor H such that
G ~x H. Otherwise, we say G is minimal. A t-parse G is a d-obstruction if G is

minimal and is not a member of F.

In general, if a graph family F is a minor-order lower ideal and a t-parse G is

minimal, then for each d-minor H of G, there exists an extension Z such that

1. G-Z¢&F and
2. H-ZcF

That is, there exists a distinguisher (in this direction) for each possible d-minor H of

the t-parse G.
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The obstruction set O for a family F is obtainable from the boundaried obstruc-
tion set OF (set of J-obstructions) by contracting boundary edges or deleting isolated
boundary vertices, whenever the search space of width d— 1 is large enough. We will
use the symbol O, or O(F), to also denote OF since the type of the obstructions

will be clear from the context.

In our search for 0%, we must prove that each t-parse generated is minimal
or nonminimal. The following two results drastically reduce the computation time

required to determine these proofs.

Lemma 71: A t-parse G is minimal if and only if G is distinguished from

each one-step d-minor of G. Or equivalently, G is nonminimal if and only if

(i is F-congruent to a one-step J-minor.

Proof. We prove the second statement. Let G be nonminimal and suppose there
exists two minors K and H of (G such that K <s,, H and K ~r (. It is sufficient to
show H ~r (.

For any extension 7 € X5, if G-Z € F then H-Z € F since H - 7 <3, G- 7 and
F is a O-minor lower ideal. Now let Z be any extension such that G - Z ¢ F. Since
K ~z G, we have K - 7 ¢ F. And since K - Z <3, H - Z, we also have H - 7 ¢ F.
Therefore, GG is F-congruent to H. O

Lemma 72 (Prefix Lemma) If G,, = [g1,92,--.,¢,] is a minimal ¢-parse

then any prefix t-parse GG,,,, m < n, is also minimal.

Proof. Assume G, is nonminimal. It suffices to show that any extension of (7, is
nonminimal. Without loss of generality, let H be a one-step d-minor of G, such that
for any 7 € X7,

G- ZeF < H-ZcF

Let g,41 € ¥y and G411 = Gy, - [gnt1]. Because of the semantics of the operator set

Yy, H = H - [g,11] is a one-step d-minor of G, 41 such that for any 7 € X7,

Thus, any extension of (&, is nonminimal. O
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The above two lemmas also hold when the circle plus operator @ is included in
Y4 (i.e., treewidth t-parses). For illustration consider the Prefix Lemma: If GG is a
nonminimal {-parse with an F-congruent minor ¢/, and 7 is any t-parse, then (G&Z)
is an F-congruent minor of a nonminimal G' § Z, where we use the prime symbol to
denote the corresponding minor operation done to the G part of G& Z. The awkward
notation is needed since G' ® Z may equal G @ Z when common boundary edges exist

in both GG and Z.

4.2 A Simple Procedure for Finding Obstructions

The Prefix Lemma implies that every minimal ¢-parse is obtainable by extending
some minimal {-parse; this provides a finite tree structure for the search space. (This
guarantee of termination is proven at the end of this section.) Also since a (¢ + 1)-
boundaried graph may have many ¢-parse representations, we can further reduce the
size of the search tree by enforcing a canonical structure on the ¢-parses enumerated.
To do this we ensure that every prefix of every canonic ¢-parse is also canonic (recall
Chapter 2). Combining these two ideas, we can search for minor-order obstructions

by using the following simple procedure:

1. Start with the empty ¢-parse () = [@, @,,@] as the initial minimal
t-parse. Since there are no one-step boundary minors this ¢-parse is vacuously

minimal. Add the ¢-parse () to a grow set Grow.

2. If there exists a t-parse (¢ in the grow set G'row then enumerate all one-operator
extended t-parses Iy, Fs, ..., F.«x, of G that are canonic (and relevant).

Otherwise, stop.
3. For each t-parse F;, 1 <1 <r, either prove it minimal or nonminimal.

4. Remove G from Grow and add each minimal t-parse F;, 1 <1 < r, to Grow.

Return to step 2.

See the sample search tree given in Figure 4.1. We used the term relevant above

to mean that we might only be interested in obstructions for a restricted subset
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of t-parses. For example, three popular classes of relevant ¢-parses (in addition to
just the free-boundary isomorphic graphs) are: connected graphs, bounded-degree
graphs, and planar graphs. (Each class is intersected with the graphs of bounded

combinatorial width ¢.)

This search procedure bypasses many graphs in a lower ideal F (usually of infinite
cardinality) when branching out towards the finite number of obstructions (minimal
leaves of the search tree). Recall that the set of minimal ¢-parses contains the set of
boundaried obstructions of width ¢ (i.e., the non-family minimal ¢-parses are precisely

the boundaried obstructions).

Step 3 in the above procedure is the hardest to compute and we will dedicate
most of the remainder part of this chapter to the issue of proving ¢-parses minimal or
nonminimal. Also notice what happens when r = 0 at step 2. For this situation, we
do not expand the search tree at a minimal t-parse; this is why there is a white circle
leaf in our sample search tree of Figure 4.1. For example, for our canonic t-parse
enumeration scheme, it is easy to see that the clique K14 is a canonic dead-end, for

t>1.

Now that we have presented our basic method for finding obstruction sets, we use

the Prefix Lemma (as promised above) to prove that the procedure will terminate.

Theorem 73: For a lower ideal F with an available decision algorithm for com-
puting ~z (i.e., for proving ¢t-parse minimality), there exists a terminating algorithm

(e.g., the one given above) to compute O(F) for each pathwidth ¢.

Proof. It suffices to prove that we will generate only a finite number m of minimal
t-parses. The Prefix Lemma allows us to prune at each of at most O(m) nonmin-
imal ¢t-parses. Our search tree has bounded out-degree consisting of the number of
operators in ¥, (i.e., a function of the width ¢). Recall that ~# has finite index. If
there is not a finite number m of minimal ¢-parses, then there must be an infinite set
S of distinct ¢-parses in some ~r equivalence class. But since the boundary minor
order is a well-partial-order, there must exist two ¢-parses Gy and G5 in S such that
G1 <gm Go. This implies that the ¢-parse GGy has G as a congruent minor. This
contradicts the fact that (G5 was minimal. Therefore, our search will stop shortly after

all of the finite number of minimal (and canonic) ¢-parses have been enumerated. O
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O Minimal ¢-parse, in F' O Nonminimal, in F' (leaf)

|:| Minimal ¢-parse, not in ' . Nonminimal, not in F' (leaf)
(0-obstruction, leaf)

O
0 H N [
) Q @ U ] .
C o Q@ O
Q@ O O
@ Q 06 9 Q 0 o
O O O

Figure 4.1: A typical t-parse search tree (each edge denotes one operator).
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We point out that for treewidth ¢-parse searches we also have a easy proof of
termination. However, in this case, the out-degree of the search tree changes for each
minimal t-parse (G. This is because concatenation (-) also includes the use of the &
operator. Here G @ GG’ is enumerated for every other treewidth canonic operand G/,

such that G’ is less than (7 in the lex-rank order (see Definition 43 and Section 2.3.2).

4.3 Proving t-parses Minimal or Nonminimal

We currently use the following four techniques to prove that a t-parse in the search

tree is minimal or nonminimal.

1. Direct nonminimality checks.
2. Dynamic programming congruences.
3. Random extension searches.

4. Canonical congruence testsets.

These steps are listed in the order that they are attempted (if available); if one
succeeds, the remainder do not need to be performed. The first three of these may

not succeed, though the fourth method always will.

Note that a boundaried obstruction G is the only type of minimal ¢-parse that
has an empty extension Z = [ ] that distinguishes each minor G' <;,, G from G. In

these trivial cases we do not need to use any of the above four proof methods.

By default, the third method of doing random extension searches is always avail-
able whenever we have a decision algorithm for a lower ideal F. All of the above
techniques are optional in the sense that we may only need (or want) to use just one
method. We now list three common situations as examples. If we have the canonical
congruence ~x for F, implemented as a dynamic program, then the second method
is sufficient (e.g., see our k—=VERTEX COVER characterizations). If we have an algo-

rithm that detects @/l nonminimal graphs then the first method is sufficient (e.g., see
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our k—FEEDBACK EDGE SET characterizations). Lastly, if we are only interested in
computing a partial set of obstructions (with a good chance of finding the complete

set), we can use only the third method.

A typical obstruction set search will use all four proof techniques, which are

explained in more detail in the following subsections.

4.3.1 Direct proofs of nonminimality

There exist easily observable properties of t-parses, called pretests, that imply non-
minimality. For any (¢ + 1)-boundaried graph ({-parse) we have to assume that the
boundary 9 is completely connected (or has the potential to be). This is because we

do not want to eliminate out any prefix that may be extended to an obstruction.

For an example of a pretest consider the ~~FEEDBACK VERTEX SET family of
Chapter 7. The existence of a degree one vertex (in the interior) is a trivial example
of such a nonminimal property. In fact many pretests that we use are easy to prove.

To illustrate this point further we have the following pretest.

Lemma 74: Any graph with respect to the 5~FEEDBACK VERTEX SET family that

contains a 4-cycle with two degree two vertices is nonminimal.

Proof. We know that if a graph GG has adjacent degree two vertices then it is nonmin-
imal except for the C3 cases (in fact, this is another simple pretest). This is because
the minor (G/e), created by contracting the edge e between these degree two vertices,

still requires a minimum feedback vertex set of the same size. Alternatively stated,

FVS(G) = FVS(G/e). So we just need to consider a graph G with a 4-cycle that

looks like:
or m"e

For either case we claim that the edge contracted minor G' = GG/(a,u) is congruent

to GG (i.e., a witness to nonminimality). This is easily seen since any feedback vertex
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set V' of G (or any extension of () that contains vertex u or v can be replaced with
V"= (V' \ {u})u{b} or V" = (V'\ {v})U{b}. This set V" is also a feedback vertex
set for G'. Likewise, if W' is a feedback vertex set for G' then W' is also a feedback

vertex set for (. O

If there exists an efficient algorithm for a pretest then we may opt to test it on
each enumerated t-parse before invoking our canonicity algorithm. The reason is that
if we get an easy nonminimal proof for a ¢-parse then we do not care whether it is
canonic or not (i.e., it does not matter whether we have found a nonminimal dead-

end in our search tree or a redundant representation). Our current system does the

canonicity testing in two parts:

1. Check for the easy non-canonic properties, using the results of Chapter 2 (i.e,

one can think of this step as a “non-canonic pretest”).

2. Use a slower algorithm (e.g., a brute force back-tracking method) that tests for

t-parse canonicity.

For each newly enumerated t-parse, we then try all the “fast” nonminimality pretests

between these two canonic stages.

For our ¢-parse enumeration scheme, a related “pretest” type pruning is presented
below in Section 4.4.1. Here, for certain lower ideals, it is possible to prune the search

tree at the disconnected t-parses, regardless of their minimal/nonminimal status.

4.3.2 Proofs based on a dynamic programming algorithm

We can sometimes use a dynamic programming algorithm A as a finite refinement
~ of the canonical congruence ~x (for a fixed width). We can view each of these
algorithms as a finite state (linear/tree) automaton for F, by simulation. This means
that there is a mapping from the dynamic programming states of A (equivalence
classes of ~) onto the equivalence classes of ~z. The input to a bounded width ¢
finite-state algorithm A" is any t-parse over the alphabet ¥;. These algorithms always

run in linear time, where the size of the input is the number of ¢-parse operators, but
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may contain large hidden constants that are a function of both ¢ (width) and k,

where k is a possible parameterized integer (i.e., k is some index in a series of families

{Fo, Fiyoo oy Fryoo}).

For such a finite-state algorithm A* for F, if both a ¢-parse (¢ and a one-step 0-
minor G of (¢ end up in the same computation state, then G ~z G’. (This is because
G~ G'"= G ~z (') Then by definition, the t-parse (G is nonminimal. However, if
G and G’ have distinct final states, no conclusion can be reached. If every one-step
J-minor GG is not in the same final state as G then we usually proceed with the next
step (given in Section 4.3.3), the exception being when the states of A" correspond
in a one-to-one fashion with the equivalence classes of the canonical congruence ~r.

In this latter case, we call A" a minimal finite-state algorithm for F (for width ¢).

If we are fortunate to have a minimal finite-state algorithm then we can also prove
minimality. That is, we can use the finite-state algorithm to provide both minimal
and nonminimal proofs. This is because distinct final states imply the existence of an
extension that distinguishes the two states (and their ¢-parse representatives). More
formally, a finite-state algorithm A’ is minimal (with respect to a lower ideal F) if

for any two t-parses (G and H we have ~ = ~z, or specifically
(forall Ze ¥y, G- Ze€eF < H-Ze€¢F) = G~H

where (¢ ~ H means that G and H end up in the same state of A*. An example of such
a minimal finite-state algorithm is presented in Chapter 6 for the k—VERTEX COVER

graph families.

Now consider the rare case that a finite-index congruence (implemented as some
type of dynamic program) requires substantial computational effort to update a
t-parse’s state. (Here we are considering the time to append a single operator to
the t-parse.) We have some possible remedies when using this type of dynamic pro-

gram as a congruence for our obstruction set computations:

1. We can keep a state lookup table for each canonic ¢-parse. Thus during the
enumeration of t-parses, we do one dynamic programming step with a single
operator applied to a previous state (of a prefix ¢-parse). This previous state

is obtained from the lookup table, instead of recomputing several states for the
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length of a t-parse. One unfortunate consequence of this is that we may have
to determine states for some nonminimal ¢-parses. These graphs occur from the
set of one-step d-minors of a given t-parse. For these cases we update the states

(for several operators) starting from a minimal ¢-parse that is a prefix.

2. From the dynamic-programming congruence A’ for a lower ideal F, we can
initially build a deterministic finite state automaton M that accepts t-parses in
F. This automaton provides fast (single-step) state transitions. Alternatively,
we can use a canonical congruence ~r implemented as a testset to automatically
create M. (See below for more information and Sections 11.3-11.4 for how to
build these automata.) The only flaw with either of these constructions is that
the generated automaton may be too large to store in memory (even after being

minimized).

We end this subsection with a short case study. We show how to construct
dynamic-programming congruences for the k~EDGE BOUNDED INDSET lower ideals.
Recall that members of these families have independence + size < k. The reader
is invited to skip to the next t-parse minimality /nonminimality proof method (Sec-

tion 4.3.3) if these details are not of interest.

We first consider a dynamic program that determines the independence of a path-
width t-parse. This algorithm Z-d.p. is presented in Figure 4.2 and proven correct
below in Lemma 75. For the related k——EDGE BOUNDED INDSET family, a boundaried
graph congruence can be specified as follows. For a t-parse ¢ and each subset S of

the boundary o define the following substates (whenever possible):
IndSetg[S] = max(|I| < k+1 : INd =5 and I is an independent set)
Two t-parses G and H are in the same equivalence class if
min(|E(G)|, k + 1) = min(|E(H)|,k+ 1) and
IndSetglS] = IndSety[S] for all S C 0

For our dynamic-programming implementation, we use a special symbol void to

denote that there is no independent set containing some S C d. That is, the following
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Initial Conditions:

For the prefix Gy11 = [@, e ,@] of a t-parse G,, = [g1, G2, - - -, gn] set
IndSet[S] =S|, foreach S Ca

Loop:
For each operator gx, k =t +2,...,n, do the following (over all S € 27):

Case 1: For new (replacement) boundary vertex g, = @ and 7 € 5,
IndSet]S]) = max(IndSet[S], IndSet[S\ {i}]) + 1
Case 2: For new boundary vertex g, = (1) and i ¢ S,
IndSet]S]) = max(IndSet[S], IndSet[S U {i}])
Case 3: For new boundary edge g; = with7 € S and j € 9,
IndSet[S] = void
Case 4: For new boundary edge ¢, = with i & Sor j &S,
IndSet[S] = IndSet[S]

On Exit:

Return maximum value of any IndSet[S] over all S C 0.

Figure 4.2: A general independence algorithm Z-d.p. for pathwidth ¢-parses.
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simple alteration to the above substates is used:

void if S is not an independent set of (7, else

IndSetg[S] =
max(|/| <k+1 : INJd =S and [ is an independent set)

Next we present a proof that the (infinite-state) dynamic program Z-d.p. correctly
updates these IndSet][S] substates in the ¢-parse setting.

Lemma 75: Consider the independence algorithm Z-d.p. given in Figure 4.2. For
any pathwidth ¢-parse G and extension operator ¢ € ¥;, the IndSet[S] substates of
Z-d.p. are correctly updated for G - [g].

Proof. By definition of IndSet[S] for S C 0, the state IndSet[S] = |S| for the
empty t-parse G = [@, @, cees @] The four dynamic-programming cases handle:
(1) whether g is a vertex or edge operator, and (2) the specific index S C d. In the
case analysis below recall that a witness [ for IndSet[S] is an independent set of the
t-parse such that /N9 = S. The notation IndSet[S] denotes the substate of G- [g],
while IndSet[S] denotes the previous state of G.

Case 1: g:@whereie S

Let I and [; be maximum independent sets for IndSet[S] and IndSet[S\{i}]such
that INd = S and I;Nd = 5\ {¢}. For a new isolated boundary vertex i, we see that
IndSet[S] > max(IndSet[S], IndSet[S\ {i}]) + 1, because either one of the sets [ or
I;, plus one additional vertex, is a witness. To show that equality holds we consider
the following two cases when IndSet[S] is at least two greater than both IndSet[S]
and IndSet[S\{i}]. If I" is a witness for IndSet[S] then consider I" = I'\{i'}, where
" denotes the new boundary vertex of G - [@] First, if I” contains the boundary
vertex ¢ of G then [” is a witness for IndSet][S] of larger cardinality. Second, if ["
does not contain the boundary vertex ¢ of G then [” is a witness for IndSet[S\ {¢}] of

larger cardinality. Both these contradictions show that this dynamic step is correct.

Case 2: g:@ where 1 ¢ S

Now let [ and [; be independent set witnesses for both IndSet[S] and IndSet[SU
{1}], respectively. Since ¢ € S, both [ and [’ are also maximal independent sets with

respect to IndSet[S]. Thus IndSet]S]" > max(IndSet][S], IndSet]S U {i}]). Again
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(as in case 1), equality must hold otherwise we can contradict one of the previous

maximum values IndSet[S] or IndSet[S U {i}].

Case 3: g:withiESandjES
There is no possible independent set when both vertices ¢ and j are adjacent, so

the assignment IndSet[S] = voidis correct. In future steps, we define max(n, void) =

n for any integer n, that is, void is less than any integer n in this linear order.
Case 4: g:withiQSoerS
Since a witness independent set [ for IndSet[S] is also a witness for IndSet[S]

and the independence of a graph does not increase when edges are added, no change

is needed for this situation.

From the above lemma, it follows that we can determine in linear time the max-
imum independent set of a t-parse G by running the Z-d.p. algorithm. The in-
dependence of the graph is then the largest IndSet[S] value. To actually find an
independent set of maximum cardinality, a history of witness vertex sets (i.e., one

independent set [ for each IndSet[S]) is kept and updated during the dynamic steps.

For each fixed parameter k, it is easy to convert Z-d.p. into a finite-state al-
gorithm A! that can determine if a ¢-parse has an independent set of size greater
than k. This is done by simply assigning k + 1 to any IndSet[S] that ever exceeds
k+ 1. We do not know whether this finite-state algorithm ./4}’; is the smallest in
terms of the number of computation states required. This implied graph family “in-
dependence greater than k” is not a lower ideal in the minor order. However, we
can adapt each finite-state algorithm A% into a dynamic-programming congruence

for each k—~EDGE BOUNDED INDSET lower ideal.

Lemma 76: Let F = k—EDGE BOUNDED INDSET. For each boundary size ¢, an

upper bound on the number of equivalence classes for ~z is (k + 2)2t+1.

Proof. Consider the k~—~EDGE BOUNDED INDSET congruence given earlier. For each
subset of the boundary S, IndSet[S]is assigned either one of the integers {0, ..., k+1}

or the special symbol void. Since there are 2' possible choices for S and each graph
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in the lower ideal can have at most k edges (again an integer {0,...,k + 1}), the
bound follows. O

We close this section by mentioning that the above bound is probably not very
strong for k~EDGE BOUNDED INDSET. If we know that a boundaried graph has &’
edges then we should be able to restrict to the substates of the finite-state indepen-

dence algorithm for A!_,,.

4.3.3 Proofs obtained by a randomized search

We can prove that a t-parse G is minimal by finding, for each one-step d-minor G’
of GG, a distinguisher 7, that is, a parse extension Z such that G'- 7 is a graph in F
while G - 7 is not a graph in F. (Recall Lemma 71.)

In the experimental results described in Part IT of this dissertation, a large fraction
of the minimality proofs in the search trees were obtained by a randomized algorithm.

This randomized algorithm consists of the following high-level steps for a t-parse G-

1 Initialize L = {G" | G’ is a one-step d-minor of G'}.
2 Until L =0 or until a time limit is exceeded do:
2.1 Choose G' € L.
2.2 Randomly generate a distinguisher Z for G and G’.
2.3 Pick a minor 7’ <j,, Z such that Z’ is a distinguisher for G and G’,

but for every proper minor 2" <;,, Z', Z" does not distinguish G and G'.
2.4 Remove G’ and then any other G” € L such that G" - 7' € F.

The goal of this algorithm is to find a distinguisher for each one-step d-minor. In
particular, we can use a different distinguisher for each one-step d-minor in a proof of
minimality. Step 2.1 chooses a one-step d-minor as a target. Step 2.2., which is the
most computationally intensive step, may not succeed in the given time limit. If it is
successful then steps 2.3 and 2.4 extract as much useful information as possible from
this distinguisher. In practice we found that many one-step d-minors of GG could be

distinguished from G by the same extension Z. The minimization of Z in creating
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7" in step 2.3 increases the chances that the extension distinguishes GG from other

one-step J-minors.

Example 77: Consider the family ' = 2—VERTEX COVER. The figure below de-
picts a t-parse (¢, (for t = 3) along with two randomly generated extended graphs
G - 7y and G - Z, that provides a proof of minimality for G.

The t-parse G = [@, @, @, @,‘O 1],[0 2] .0 3], @] ~ K3 U Kj.
The two proof extensions are Z; = [[1 2],[0 3]] and Z, = [[0 2],[1 2],[0 1]).

OF QF

G‘Zl 3

The compact visual representation of the one-step minors consist of: a bold edge is
an edge contracted minor, a dashed edge is an edge deleted minor, and a bold-dashed
edge indicates two different minors, each one obtained by an edge deletion or an edge
contraction. The extension figure in the middle shows five one-step minors of ¢, and
an extension Z; that gives the desired minimality proof for all those five minors. The
extension figure on the right finishes the t-parse minimality proof (using Z3) for the

remaining single edge deleted minor.

We end this subsection with two remarks concerning possible uses of random

distinguishers.

1. In our experimental work, we found that a careful examination of those cases
where a randomized search for a proof of minimality failed (and hence, for which
this failure provides circumstantial evidence of nonminimality), often provided

structural insights that could be translated into new nonminimality pretests.
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2. Often good candidates for distinguishers can be obtained from partial sets of
computed obstructions. Here a “piece” (boundaried subgraph) of an obstruction
has minimality properties for the current lower ideal. Trivially the single edges
(via a single edge operator extension) are pieces of obstructions. Thus, for any
interesting lower ideal, we could start with these edge pieces even before we find

our first obstruction.

4.3.4 Proofs based on a testset congruence

We can use a complete testset (see Definition 68) to determine if a t-parse G is
distinguished from each of its one-step d-minors (recall Lemma 71). If so, the ¢t-parse
(G is minimal by a testset proof. Alternatively, a t-parse G is nonminimal if and only
if it has a one-step d-minor GG’ such that G and G’ agree on every test. Thus after a

testset run we have a proof that a graph is either minimal or nonminimal.

It helps to have a testset of minimum size and a fast membership algorithm for
F. Unfortunately, it is NP-hard to find the minimum sized testset for the minimal
automaton or canonical congruence for F. (See Chapter 11 for a proof.) However,
there exist heuristics that to help find redundant tests in a testset. For example,
we can remove one test and see if the remaining tests define the same congruence.
That is, we can compare the minimal automata generated by these two testsets. (See

Section 11.3 for instructions.)

All of our testsets, that are presented in Part II, were proven complete for the set
of all boundaried graphs. It is easy to see that if two graphs are congruent for the set

of all (¢ + 1)-boundaried graphs then they are also congruent for the set of ¢t-parses.

We point out that testsets exist for other “regular language” graph families be-
sides the bounded-width minor-order lower ideals. The set Fpyc of t-boundaried
graphs with a Hamiltonian cycle is a classic example. In Figure 4.3 we illustrate a
testset for Fpc for graphs of boundary size 3. Recall that a graph G is Hamiltonian
if there exist a cycle of length |G].

The proof that these tests are sufficient is done by a case analysis regarding how

a Hamiltonian cycle may pass across the boundary. We provide a simple proof below
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Figure 4.3: The set T} of 3-boundaried graph tests for Hamiltonicity.

in order to illustrate how one generally constructs testsets for an arbitrary family F.

In establishing most of our testsets for lower ideals we use this basic proof technique.

Lemma 78: The set T} is a Hamiltonian cycle testset for the set of 3-boundaried

graphs.

Proof. Let ~p¢ denote the canonical Hamiltonian-cycle family congruence on graphs
of boundary size 3. Recall that G ~p¢ H if and only if for every 3-boundaried graph
extension 7,

GPZEFyge <— HDZ c Fyc

If G Ape H then, without loss of generality, we have some Z such that G& Z € Fpe
and H & Z & Frc. We just need to show that this distinguishing Z can be replaced
with one of the 27 tests in Tj (defined in Figure 4.3). Let C' be any Hamiltonian
cycle of G @ Z. Clearly the 3-boundaried graph 7' = Z N C also distinguishes GG
and H. This is because non-Hamiltonicity is closed under edge deletions; note that
V(Z")y = V(Z). Now Z' must consist of a set of connecting paths (or unique cycle)

between the boundary vertices. Again, since non-Hamiltonicity is closed under edge
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contractions between adjacent degree two vertices, Z’ can be replaced with one of the

reduced tests in T . O

4.4 Making the Theory Practical

This section contains a selection of results that help speed up the process of computing

obstruction sets.

One computational improvement deals with determining whether a ¢-parse G
is minimal or nonminimal when ' is not in a lower ideal F. By definition of the
canonical congruence ~x for F, we see that (¢ is minimal if and only if for every
J-minor H of GG, the minor H is in F. Otherwise, if H is not in F then H ~z G.
Thus, minimality is easily determined by checking that each one-step d-minor of an

out-of-family ¢-parse is in the lower ideal F.

4.4.1 Pruning at disconnected t-parses

Often for a lower ideal F we are only interested in computing the connected obstruc-
tions since (as explained in this section) the disconnected ones are easy to derive.
Below we indicate a general setting where we can prune the search tree whenever a
disconnected boundaried graph is enumerated. Here “disconnected” means that there

is a connected component containing only non-boundary (interior) vertices.

Let A be a function that maps graphs to non-negative integers such that:

1. For graphs Gy and Gy, A(G7 U Gy) = A(Gh) + A(Ga),
2. For any minor H of G, A(H) < A(G), and

3. For any graph (i there exists a minor H such that A(H) > A(G) — 1.

The family of graphs F[k] = {G | M(G) < k},k > 0 has an obstruction set
since it is a lower ideal (from property 2 above) in the minor order. Also O(F[k])
has finite cardinality because of the Graph Minor Theorem. A concrete example

is A() = genus(G), where genus((i) denotes the smallest genus of all orientable
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surfaces on which G can be embedded (property 1 follows from [BHKY62]). In fact,
there are many examples of lower ideals that satisfy all three properties such as all

of the “within k vertices” families characterized in this dissertation.

Observation 79: If F is a lower ideal such that
Gy € Fand Gy € F <= (G1UG,) € F
then the function
MG) =min(|V'] + G\ V' € F where V' C V)
can be used to define the above parameterized lower ideals F[k], & > 0.

Proof. Clearly, \(Gh U G2) < MG1) 4+ MGs) since if G\ V; € Fand Gy \ Vo € F
then (G U Gy) \ (V1 U Vy) € F. Likewise, A(G1) + A(G2) < A(G1 U Gs) since if
(G1UGy)\ Vig € Fthen Gy \ (V(Gh) N Vig) € Fand Gy \ (V(Gy)NVig) € F. So
property 1 holds for A\. Property 2 follows from the fact that F[k] is defined as “a
within k vertices” family of a lower ideal (see [FL88b]). Property 3 follows from the
fact that if H is any minor obtained from G by deleting a single vertex then A(H)
can be at most one less than A(G). O

For example, our k—VERTEX COVER and k—FEEDBACK VERTEX SET parameter-
ized lower ideals are defined from the base lower ideals Fy o = {graphs with no edges}
and Fpys = {graphs with no cycles}, respectively. Here the families Fy¢ and Frys

are closed under graph unions, so Observation 79 is valid.

Theorem 80: If G = Cy U (] is an obstruction for F[k|, & > 0, then each C; is an
obstruction for F[A(C;) — 1],i =0, 1.

Proof. First note that A(C;) # 0 for otherwise removing that component from G is
a contradiction to the fact that G is an obstruction. Thus, we claim that each C; is

an obstruction to a smaller family (i.e., some F[k'] where k' < k).
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Assume that C; is not an obstruction for F[A(C;) — 1], the smallest family not
containing C;. Not being an obstruction implies that there is a minor C’ of C; such

that A(C”) = A(C;). But this implies that for the minor ¢/ = C" U Cy_; of G,

MG = MC'UCI_) = MC")+ MCi_y)
= MO+ MCy) = MCLU )
= MG) = k+1

The existence of this minor contradicts the assumption that G is an obstruction for

Fk]. So the connected graph C; must also be an obstruction. O

Corollary 81: If G =J_,C; is an obstruction for F[k], k > 0, then each C; is an
obstruction for FA(C;) — 1], =0,1,...,r.

Proof. This follows by recursively applying the above theorem. a

Many obstruction set characterizations are based on k-parameterized lower ideals.
It would be surprising if the growth rate in the number of obstructions per each k
is slow. To conclude this subsection we present two observations to substantiate this

claim.

Observation 82: If the number of connected obstructions ff of F[k] is at least
one, for all k& > 0, then the total number of obstructions f; of F[k] is greater than or

equal to the number of integer partitions of k + 1.

Proof. Because of property (3) of F[k], we know that any obstruction O € O(Fl[k])
has A(O) = k + 1. By Corollary 81 there exist disconnected obstructions Oy U Oy U
-+ - U Oy, where each O; is connected and 372, A(O;) = k + 1. There is a one-to-one
correspondence with these (non-isomorphic) obstructions and the number of integer

partitions of k + 1. O

Example 83: We can easily generate the number of integer partitions for various

n. Hence, the following table gives lower bounds on the total number of obstructions

for Flk|.
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n= 12 3 4 5 6 7 8 9 10 11 12 13 20 30
counts= 1 2 3 5 7 11 15 22 30 42 56 77 101 627 5604

n= 40 50 60 70 80 90 100
counts = 37338 204226 966467 4087968 15796476 56634173 190569292

To lead up to our next observation, let Fp = {G | v(G) < k} be any k-
parameterized lower ideal that is defined by some integer function v(G) < p(|G]),
that is bounded by some polynomial function p. Also let p, (G, k) denote the corre-
sponding graph problem that determines if v(G) < k where both GG and k are part of
the input.

Observation 84: If p, (G, k) is N'P-complete then f;, = |O(F})| must be super-
polynomial else the polynomial time hierarchy (PH) collapses to X

Proof. Yap (see [Yap83]) has shown that the following are equivalent for « > 0:
(a) I € XF /poly or X" C 11 /poly
(b) I /poly = 1If'/poly
(c) PH/poly = XF /poly or PH/poly = IIF' /poly

Now if f; is bounded by a polynomial then co-p,(G,k) € NP/poly by having
polynomial advice consisting of the obstruction sets for all 1 < k < p(|G]). That is,
we can nondeterministically verify in polynomial time (for input ' and k) that some

obstruction O € O(F}) is a minor of G. Since p,(G, k) is N'P-complete, we get
co-NP =1 CNP/poly = £ /poly
An application of Yap’s result, given above, shows that
S1 /poly = II{ /poly = PH/poly
And this implies £ = IIY’ by another theorem of Yap that states that for ¢ > 0,
2F [poly = TIY [poly = i, = 1T,

So using the well-known fact that if ¥F = I for any ¢ > 0 then the polynomial
time hierarchy collapses to level 7, we get PH = XL = IIL unless there are a super-

polynomial number of obstructions for Fy. a
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This observation can be applied to most k-parameterized lower ideals. For ex-
ample, our k—VERTEX COVER and k—FEEDBACK VERTEX SET graph families satisfy
the preconditions of the above result. Also since determining the genus of a graph is

N'P-complete, the lower ideal k-GENUS = {G | genus(G) < k} also belongs in the

above class.

4.4.2 Searching via universal distinguishers

One approach for speeding up an obstruction set search is to try find a smaller search
tree. In fact, we can do this by defining a variation of our previously discussed

“minimal t-parse” search tree.

Definition 85: An extension 7 is a universal distinguisher for a t-parse (boundaried

graph) G if for every one-step d-minor G of (7, we have
G-Z¢gF and G -ZeF

A t-parse GG is universal minimal if there exists a universal distinguisher for it.

We have found several initial lists of obstructions using this universal distinguisher
approach (e.g., see Chapter 9). The search tree restricted to universal minimal graphs

is smaller because of the following observation.

Observation 86: With respect to a canonical congruence ~z, the set of universal

minimal ¢-parses is a subset of the set of minimal ¢-parses.
The next lemma guarantees that this search approach is a viable one.

Lemma 87: The Prefix Lemma (Lemma 72) holds for universal distinguisher search-

ing. That is, any prefix of a universal minimal ¢-parse is universal minimal.

Proof. First observe that every boundaried obstruction has a canonic ¢t-parse rep-
resentation. If G- Z is a boundaried obstruction then G is universal distinguisher

minimal via Z. O
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The above prefix property means that our underlying obstruction set search soft-

ware can be used here with only a few alterations.

It seems to be harder (in the computational sense) to determine when a t-parse
(¢ is universal minimal (or universal nonminimal). The good news is that we can use
a slightly altered version of our random distinguisher search to show that a ¢-parse is
universal minimal. Here for a ¢t-parse (G, we simply try to find one extension Z such
that G- Z is not in F while for each minor ' <;,, GG, G' & Z is in F. As done for
the randomized algorithm given in Section 4.3.3, we should minimize Z with respect

to G and F before checking if it is an universal distinguisher.

The proof of Lemma 87 tells us that if we run enough random distinguisher
searches (see Section 4.3.3) then we will eventually find all the boundaried obstruc-
tions for F. By using only this type of proof technique, there is a simple approxima-

tion search scheme that has the potential of finding all the obstructions.

Next we give a concrete example of a universal minimal ¢-parse.

Example 88: Let us reconsider the 2-VERTEX COVER family of graphs that is

restricted to t-parses, for t = 3. The short ¢-parse

:[@7@7@7‘01‘7‘12‘7@7‘12“

is universal minimal by the distinguisher Z = [@,, |. If H is any one of

(’s four non-isomorphic one-step d-minors, we can find a vertex cover of size two for

H - 7 (see the squared vertices below). As can be seen, the 3-boundaried graph ' is
a prefix of the obstruction Cs.

A N DG

extended J-minors

We further explore the idea of universal distinguisher searching in the next chap-

ter under the more general framework of using second-order congruences.
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4.4.3 Using other finite-index congruences

One may wonder if we really need to use the canonical (family) congruence ~x or can
we use another “easy to program” congruence for a lower ideal F. The main result
of this section answers this question in the affirmative. First let us formally define

what is meant by a finite-state algorithm for any lower ideal F.

Definition 89: A finite-state algorithm Ar (congruence ~) for any lower ideal of
graphs F C X7 (i.e., a subset of the ¢-parses) satisfies these four properties:

1. The algorithm Az is a mapping of t-parses to a finite set of states, which

correspond to the integers {0,1,2,...,r}, for some r > 0.

2. If G and H are two t-parses that are not F-congruent, GG 4x H, then Azx(G) #
Ar(H).

3. If G and H are two t-parses that are not members of F then Ax(G) = Az(H),

that is, there exists an unique out-of-family state.

4. If G and H are two t-parses such that Ar(G) = Ax(H) then for any z € ¥,
Ar(G - [2]) = Ax(H - [2]).

The states of any finite-state algorithm Az represent a refinement of the canonical
(family) congruence ~z. Often these algorithms are written as dynamic programs
(recall Section 4.3.2). Also in the above definition, the symbol ~ denotes the implicit

congruence (refinement of ~x) obtained from the states of Az.

We can define t-parse minimality in terms of ~. For instance, a t-parse G is
minimal if for every proper minor H <s,, G, H + G (or Ax(G) and Az(H) are
different states).

Lemma 90: If a t-parse obstruction set search with ~ (substituted for ~z) termi-

nates then the obstruction set for F (of width ¢) has been found.

Proof. Because of property 2 above, any obstruction O of O(F) is minimal. Also

since ~ has only one out-of-family state (property 3), all minimal out-of-family
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t-parses are boundaried obstructions. The Prefix Lemma also holds for this defi-
nition of ¢-parse minimality since (a) extensions are supergraphs and (b) the family
F is assumed to be a lower ideal. Therefore, every prefix of O is minimal and will

not be pruned. a

Notice that for the above lemma, termination of the search process does not rely
on the fact that the algorithm Az has a finite number of states. That is, it does not
use property 1. So it turns out that an infinite state algorithm (or at least one not

proven to be finite state) satisfies the premise (and result) of the lemma.

For these non-canonical congruences, one handy result is missing. This is the
ability to prove minimality via one-step minors (see Lemma 71). It is possible, in
fact, to do a tree-like search for any generic congruence and redefine minimality.
That is, in this context, a t-parse (G is said to be minimal if and only if each one-
step d-minor is distinguished from G. However, doing so may make it easier for the
algorithm not to terminate, or at the very least, generate a larger than needed search
tree. An experimental compromise is to try alternative minimality definitions for

various minor steps, up to some k > 1.

4.4.4 Finding uses of randomization

The methods of the previous two sections have something in common in that we may
want to end a search before everything is proven. Let us call an approzimation run
for a lower ideal F any computation that yields a search tree for O(F) that still
has t-parses that are not proven minimal or nonminimal. That is, we may terminate
the program early where “unknown” ¢-parses remain. We reuse proofs obtained on a
previous approximation run when we restart an obstruction set search for the same
lower ideal and width. The topic of this section concerns how randomization can
be used to improve the chances that repeated runs progress towards finishing (i.e.,
we want to reach a point where all ¢t-parses have been proven either minimal or
nonminimal). Here we want subsequent approximation runs to do different work (via

nondeterminism). Doing this provides a better chance of finding new proofs.

Depending on how hard it is to for the computer to obtain a proof, we store
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the status of a t-parse (e.g., minimal, nonminimal, noncanonic, or irrelevant) in a
centralized database to be accessed in future searches. For any ¢-parse that has an
“unknown” status (e.g., after a time-out canonic attempt), the search must assume
that the t-parse is on a path to an obstruction (e.g., in this case, the t-parse is assumed

to be canonic).

We have already seen randomization used in the random extension searches of
Section 4.3.3. There are other subtle places that randomness may help. One example
is for the algorithm that determines whether a ¢-parse is canonic or not. It is evident
that we do not want to do duplicate work during repeated searches. For example,
repeated CPU time should be avoided if a t-parse canonic run is inconclusive during
the first time. There are many open problems regarding how we can use randomization

to help make our obstruction search theory more practical.
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Chapter 5

The Implementation and

The Future

In this chapter we describe our software for computing obstruction sets and discuss
some research that is currently being explored. Our automated approach is continu-

ally improving by this new theory.

5.1 Using Distributed Programming

We believe that, in some sense, the most practical aspect of our obstruction set search
theory is that it permits a distributive programming approach. In the following
paragraphs we explain our efforts in exploiting this theme. Figure 5.1 at the end of
this section gives a visual perspective of the many types of processes that are involved.

These key processes are discussed below.

Manager: This process is the main search-tree engine of the system. The manager
controls the database of status and proof information regarding t{-parses. We
run the manager on a computer that contains a dedicated local disk for the
database (e.g., we have access to a Sparc-2 research machine at the University
of Victoria for this purpose). It is also preferable to have a large swap space

because a skeleton of the search tree is kept in memory for the duration of
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the search. This tree includes record pointers to the database for all ¢-parses
enumerated. The manager tells another process, called the dispatcher, what
work needs to be done and waits for results. The manager grows the search
tree in a greedy fashion as work becomes available. This strategy is dependent
on the sequence order of proofs returned by the dispatcher. These are proofs
of t-parse minimality or nonminimality. Also, the manager is the only process
that writes to the database. Another process called the locker issues read /write

access tokens to processes wanting access to the database.

Dispatcher: The dispatcher is the process that distributes ¢-parse work to the
worker clients. It maintains a queue of work to be done along with a queue of
idle worker processes. The work (consisting of enumerated t-parses with each
t-parse initially having unknown status) is sent to a worker using the standard
TCP/IP socket communication protocols. The worker processes can be any-
where on the internet, and not necessarily of the same computer architecture
(e.g., we currently support Sparcs, Cray Y-MPs, and IBM-6000s). For commu-
nicating processes running on a machine with the same operating system as the

dispatcher (usually SunOS), asynchronous /O is used, otherwise synchronous

[/O is used.

Workers: The workers consume most of the CPU resources during an obstruction
set search. The main task for these processes is to determine whether a ¢-parse
is minimal or not using the methods of Section 4.3. Some workers may also
check whether a t-parse is canonic or not. Since we have workers compiled and
installed on multiple hardware platforms, we use a special binary 1/O stream
object (a C++ class) to facilitate communication between the dispatcher and
a worker. The number of workers possible for an obstruction set search is
practically unlimited; however, our largest searches use only about 40 machines

(mostly Sparcs).

Extractors: These processes are the user’s interface to the distributive system.
The extractors (and browsers for interactive viewing) are tools that retrieve

information such as:
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e The status of an individual ¢-parse (e.g., a partial set of one-step minors

that have been distinguished).
o A view of the current search tree.

e A dump of the boundaried (or ordinary) minor-order obstructions found.

The output is produced in either text, PostScript, or binary form.

e The current statistics about how many minimal and nonminimal nodes per
depth of the search tree. This is used quite frequently in order to predict

how close a current obstruction set search is to completing.

e An archive or backup of the current search, which is later used in a restart.

For example, this is used before a scheduled power outage.

We have another type of extractor (or more accurately called a controller) that
allows us to peek at the status of all system worker processes. This “backdoor”
into the dispatcher allows us to monitor the search at the internet level. We

can manually kill off frozen connections through this backdoor.

5.2 Software Summary

During our quest for a general-purpose system for computing obstruction sets, we
have redeveloped several key software components. In fact, the current system was
restarted from scratch four years ago. The first version was dropped after one year
of effort when we discovered that the automaton constructed by the methods given

in Section 11.3 were too big to be practical.

Some of our initial goals for a software project is reflected in our system’s acronym:
VLSI Automated Compilation System (VACS). The VACS research group at the Uni-
versity of Victoria (with Kevin Cattell and Mike Fellows as the other two members)
envisioned a system that could generate approximating automaton for real-world en-
gineering problems. A method of using obstructions for doing this task is mentioned

later in Section 5.3.2.
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Figure 5.1: Schematic view of our distributed obstruction set software.
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We now illustrate the user’s steps required to find minor-order obstructions using
our software. We assume that the user is interested in a particular lower ideal F.
Refer back to Section 5.1 for more information on the various processes mentioned

below.

1. Create a problem file directory for the lower ideal F and the desired t-parse
search width.

2. Add source code for the lower ideal F that consists of a family membership
algorithm and optionally any (or all) of the following: nonminimal pretests, a
finite-index congruence, or a testset. There are general C++ mechanisms in
place for adding each of these components. If none of these proof techniques
is provided, the system will only use random distinguisher searches to prove

t-parses minimal (and may only compute a partial set of obstructions).

3. Make a control file that contains key-word descriptions of the problem. This
should consists of at least the required run-time parameters that are listed in

Figure 5.2.

4. Start a database locker daemon on the machine containing the problem direc-

tory. This needs to be started only once and resides for repeated runs.

5. Invoke the “search” script. This csh script first starts the manager process
which in turn spawns a dispatcher process. The dispatcher will create an inter-
net socket and store the current port number (chosen by the operating system)

in an external file.

6. Start as many worker processes as needed. If the machine does not have access
to the problem directory then the internet port number has to be manually

copied to a “clone” directory (without the database) on the remote machine.
7. Monitor the progress of the search with various extractors and browsers.

8. When the search completes, run extractors to retrieve the obstructions (for the
given search width) and statistics of the current search. The search is gracefully
terminated by the manager telling the dispatcher, which in turn notifies all of

the workers to abort.
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const ProbInfo::ParseTableEntry ProbInfo::parseTable[ ] =
{
{ "problem name", Required, String, 0 },
{ "problem number", Required, Integer, 0 1},
{ "directory", Required, Subpath, 0 1,
{ "keyword", Required, String, 0 },
{ "pathwidth", Required, Integer, 0 1},
{ "membership flag", Optional, Integer, "O" 1},
{ "use congruence", Optional, Boolean, "true" 1},
{ "congruence flag", Optional, Integer, "O" 1},
{ "connected", Optional, Boolean, "true" 1},
{ "tree search", Optional, Boolean, "false" },
{ "conservative grow", Optional, Boolean, "true" 1},
{ "extn edge weight", Optional, Integer, "80" },
{ "extn runs", Optional, Integer, "1" 1},
{ "extn tries", Optional, Integer, "10" },
{ "extn max length", Optional, Integer, "50" },
{ "extn skip", Optional, Integer, "O" 1},
{ "save nonmin proofs", Optional, Boolean, "true" 1},
{ "congruence is tight", Optional, Boolean, "false" I,
{ "use testset", Optional, Boolean, "true" 1},
{ "tilde minor search", Optional, Boolean, "false" },
{ "max equal iso level", Optional, Integer, "-1" },
{ "workers run canonic", Optional, Boolean, "false" 1},
{ "load all nonminimal", Optional, Boolean, "false" 1},
{ "limit to prefix", Optional, String, " " 1},
{ "send PMP", Optional, Boolean, "true" 1},
{ "univ dist search", Optional, Boolean, "false" },
{ "pretest extensions", Optional, Boolean, "false" },
{ "canonic timeout", Optional, Integer, "O" }
¥

Figure 5.2: Some available run-time options for obstruction set computations.
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We now briefly explain the optional run-time parameters, given in Figure 5.2, for
our obstruction set searches. The "membership flag" option is used to specify a run-
time option to the membership algorithm, mainly used for testing purposes (or to pro-
vide additional information about the current lower ideal). The "use congruence"
option tells the workers that we have implemented a refinement of the canonical
congruence and to use it. The "congruence flag" option is available for different
workers to run the dynamic-programming congruence in different modes. Using this
option and the membership flag, the user can quickly change aspects of the search
without having to recompile the program. The "connected" option notifies the man-
ager to prune the search tree at the disconnected t-parses (see Section 4.4.1). The
"tree search" option allows one to restrict the domain of the search to trees (i.e.,
treewidth one graphs of bounded pathwidth). Using "conservative grow' as an op-
tion tells the manager to finish the search tree at level h (all t-parse strings of length
h 4+t + 1) before enumerating t-parses at level h + 1. The five options "extn edge
weight", "extn runs", "extn tries", "extn max length" and "extn skip" allow
the user to control the random distinguisher searches. Here one specifies the edge
density (as a percentage), limits the attempts for proving that a t-parse G is mini-
mal, bounds how many times the search tries to distinguish a specific minor G from
(G, specifies the maximum length (number of operators) for each extension, and states
how many operators are appended to Z before G - Z is tested for membership in F.
The "save nonmin proofs'" option allows the user to save in the family database all
nonminimal ¢-parse proofs. These proofs are not needed when the search uses only a
random distinguisher searches as the only ¢-parse proof technique (see Section 4.3.3).
The "congruence is tight" option notifies the workers that the implemented con-
gruence is in fact the canonical congruence for F. The "use testset" option tells
the workers that a testset for ~z is available (and can be either loaded from disk or
enumerated at run time). The "tilde minor search" option turns off the one-step
minor mode for proving t-parses minimal. The "max equal iso level" option is
used only during a restart of the search. Here the proofs from a backup database
are loaded unconditionally for all t-parses shorter in length than this “iso level” (any
t-parse not in the database, up to this level, is assumed to be non-canonic). The

"workers run canonic'" option allows the manager to request (to the dispatcher)
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that the workers should help prove whether a t-parse is canonic or not (recall the
two canonic stages mentioned in Section 4.3.1). The "load all nonminimal" op-
tion is used to cancel the default mode of retrying random distinguisher searches
for “assumed nonminimal” t-parses (this is used in a restart of an approximation
run). The "limit to prefix" option allows the search to start at any subtree of
the search tree (we used this for our 2-FEEDBACK VERTEX SET computations). The
"send PMP'" option tells the workers to send back all “Partial Minor Proofs” for each
t-parse (¢ that they handle (e.g., a proof is partial if all of the one-step minors of
(¢ have not been distinguished from (/). The "univ dist search" option turns on
the universal distinguisher search method that was presented in Section 4.4.2. The
"pretest extensions" option is for the random distinguisher searches. Here each
extension Z must fail every direct nonminimal pretest that is installed for the current
lower ideal F. Finally, the "canonic timeout" option allows the impatient user to
specify the maximum amount of CPU time that can be spent on trying to prove that
a t-parse is non-canonic. If the timeout is reached then the system assumes that the

t-parse is canonic for the integrity of the search.

For our obstruction set searches, we ran our manager and dispatcher processes
on a Sparc-2 workstation. This machine has a relatively small amount (230M) of
dedicated local disk space. This drive was mainly used to store the search database.
However, this machine has 64M RAM of internal memory which allows for less disk
swapping during our larger obstruction set searches. We concurrently ran workers at
both the University of Victoria (only Sparcs) and Los Alamos National Laboratory
(Sparcs, Cray Y-MPs, and IBM-6000s).

The following Table 5.1 lists our main software directories with the line counts
for the source code. Not included is a few thousand lines of miscellaneous code (e.g.,
special source files to interface the LEDA graph library). The size of the executable
program is 1344K after being stripped of debugger code; this executable was produced
by a Sparc AT&T CC-3.02 compiler. We also have over one thousand lines of shell
script code, where the average length of each script is about thirty lines. These
scripts were written in Perl, csh, or ksh. In fact, an ASCII version of Table 5.1 was

generated by a simple csh script that calls the UNIX sed and awk utilities.
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Table 5.1: Source code breakdown by area for our VACS software (subdirectories).

Header Files Source Files
.c lines® .h lines Directory .c lines Directory
287 inc 75 src/automata
1392 1559 inc/array 2057  src/browser
170 inc/automata 3435 src/tparse
1433 inc/tparse 3594  sre/tparse/algorithm
21 inc/tparse/i-o 425 src/tparse/i-o
847 inc/tparse/algorithm 2204 src/family
455 inc/browser 983  src/family/testset
891 inc/family 1044 src/filesystem
123 inc/family /testset 2999 src/general
577 2661 inc/general 4452 src/graph
2529 inc/graph 4637  src/graph/algorithm
699 inc/graph/algorithm 717 src/graph/generate
330 inc/graph/i-o 1503  src/graph/i-o
181 inc/isomorphism 2444 src/graphplay
2015 inc/search 909  src/isomorphism
1469 1227 inc/set 1185 src/i-o
1141  inc/vacs 154 src/locker
765 src/process
* C++ template code is included here. 2378  src/search
5184  src/searchmain
1560 src/searchnode
212 src/special

.c lines = 46354, .h lines = 16569, and (.c + .h) lines = 62923.
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The main engine for the VACS project is built and in operation. The computa-
tional results of this dissertation are our initial achievements regarding our systematic
method for characterizing lower ideals. However, like in any major software project,
there are several rough spots that need to be smoothed out. The next section men-

tions a few areas of research that we are currently pursuing.

5.3 Future Research Goals

We now begin with some obvious research topics that we want to explore first. These
areas of research all deal with making obstruction set computations more practical

(i.e., continuing the theme of Section 4.4).

e Implement the bounded treewidth search. One of our first tasks is to com-
plete the proof for our 2-FEEDBACK VERTEX SET obstruction set. The easiest
mechanical way of doing this is to patch the current system with a treewidth
t-parse search, although Chapter 7 gives strong arguments that there may be an
alternate proof. We note that searching through graphs of bounded treewidth is
not straightforward. For example, our enumeration scheme presented in Chap-
ter 2 is not as efficient for the treewidth case as it was for the pathwidth case.
Thus, we may need results from the following research area to quickly purge

t-parse redundancies.

o Develop better canonic algorithms for graphs of bounded combinatorial width.
Currently, we have a practical canonicity algorithm for small ¢-parses. For
some of our larger lower ideals we noticed that some t¢-parses, with as few
as 13 vertices, caused the algorithm to stall. This is why a canonic time-out
mechanism was installed. Since graph isomorphism is polynomial time when
restricted to graphs of bounded treewidth (pathwidth), we also suspect there
is a guaranteed polynomial time algorithm to test if a ¢-parse is canonic. We
can not rule out the possibility that another operator set is more suitable for

uniquely representing the set of partial ¢-trees (¢-paths).
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o Use a “virtual” boundary size with respect to the boundary minor order. We
have noticed that our current search trees have several long branches that are
the result of the boundary minor order being weaker than the minor order.
For example, we find boundary minor obstructions with isolated boundary ver-
tices even though we are pruning the search at disconnected t-parses. (See
Section 4.4.1.) To reduce the size of such a search tree, one obvious idea is to
redefine the boundary minor order. Suppose we consider graphs with a variable-
sized boundary (up to some maximum size). Here the deletion of an isolated
boundary vertex could be taken as a minor. Also, edge contractions between
boundary vertices would be legal minors. Since there are more minors for a
given graph & in this new framework, the chances of finding a minor congruent
to GG (with respect to ~£) improves. Thus, there will be fewer minimal ¢-parses
in the search tree. Using virtual boundaries is promising except for the fact

that our prefix property (see Lemma 72) may no longer be valid.

e Reuse minimal ¢-parses for higher search widths. If one has an appropriate
canonic scheme, one can reuse minimal boundaried graphs at width ¢ for a
width ¢ 4+ 1 search (perhaps by simply inserting a new vertex operator at the
beginning of each minimal ¢-parse). This idea follows from the observations:
(1) minimality is satisfied if and only if all minors are distinguished by some ex-
tension, and (2) the set of graphs with a larger width is a bigger pool (superset)
of potential distinguishers. It should be easy to implemented this computation

saving feature.

e Do recursive minor checks. For any finite-index congruence ~ it is possible
to show that a t-parse G is nonminimal by finding a congruent boundaried
minor that is more than a one-step minor of G. Here we construct a poset of
boundaried minors (similar to Figure 3.1) with GG at the top and the smallest
l-parse [@, @, cees @] at the bottom. We check the equivalence classes of all
proper minors against (G’s equivalence class, beginning at the top and proceeding
down in a breadth-first fashion. (Using recursive minor checks for ~ = ~r is

superfluous by Lemma 71.)
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o Adapt our search technique to handle other well-partial-orders. So far we have
concentrated on the minor order. There are other interesting graph orders,
such as the immersion order (see Section 3.3), that our search process may
be adaptable. However, there are some details that need to be resolved. For
example, we have to handle edge lifts across the boundary in the “boundary

immersion” order with respect to a lower ideal’s canonical congruence.

Two more proposed and on-going research areas, which are based on additional

theoretical ideas, are presented in the following subsections.

5.3.1 Second-order congruence research

Another technique to reduce the search space for obstruction set computations is to
use a second-order congruence (in replace of the canonical family congruence ~r).

Recall that the quantifiers 3 and V are read “there exists” and “for all”, respectively.

Definition 91: The canonical second-order congruence for a lower ideal F, de-
noted by ~z, is defined on finite sets of ¢-boundaried graphs by: if S; and S, are
t-boundaried graphs then S; & 5, if and only if for every ¢-boundaried graph Z:

(X1 €85, XiB0Z¢F) < (IX,€ 5, Xbo & Z¢F)

A (non-canonical) second-order congruence for F is an equivalence relation ~ defined

on finite subsets of {-boundaried graphs for which 57 ~ S7 implies 57 ~z 5,.

We now point out that second-order congruences are related to our universal
distinguisher search method that was presented in Section 4.4.2. Let G' <3, G denote
a proper J-minor of a t-boundaried graph G (i.e., ' <g,, G and G’ # ). For any
t-boundaried graph G consider these two sets S; = {G'} and Sy = {G' | ' <5, G}.
We claim that G is nonminimal, with respect to a universal distinguisher search, if

and only if 57 &z S5. That is, for every t-boundaried graph Z:

GaZéF = (3G <om G, G 7 & F)
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Or, in a more familiar form, there does not exist a t-boundaried graph Z such that:
GaZdgF and (VG <o, G, G B Z € F)

And because F is a lower ideal, we easily note, in the other direction, for any t¢-

boundaried graph 7,

3G <on G, B Z¢F) = GaZ¢F
The above logic leads us to the next observation.

Observation 92: If we have a second-order congruence for a minor-order lower

ideal F then we can easily run a universal distinguisher search.

One of our motivations for using second-order congruences is the possibility of
detecting when to stop the search without a prior knowledge of the largest combina-
torial width of an obstruction. In fact, the following main result of [CDDF95] uses
stopping conditions along with a factoring result for bounded pathwidth similar to

the one given in Theorem 181 of Chapter 12.

Theorem 93: Suppose the following are known for a minor-order lower ideal F:
(1) A decision algorithm for F.

(2) A decision algorithm for a “terminating” second-order congruence for F.

Then the obstruction set O(F) can be computed by an algorithm that uses the above

two algorithms as subroutines.

We point out that if a second-order congruence is not known to satisfy our “ter-
minating” definition, we still may be able to detect when to stop the search. Further-
more, we would like to answer this question: How can we guarantee that a signal to
stop will be detected soon after the last obstruction has been computed? We would
like to stop the search after the minimal graphs of width ¢ 4+ 1 have been searched

whenever the largest obstruction has width t.
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5.3.2 Approximation algorithms based on partial obstruction

sets

This dissertation has primarily been interested in computing complete characteriza-
tions of lower ideals (by forbidden minors). We realize, however, that there are some
potential uses for partial lists of obstructions. We think that there is a future in
building graph-theoretic approximation algorithms from a selected subset of the ob-
structions. We have already built a good software foundation for such an automated

algorithm compiler.

It is suspected that for any minor-order lower ideal F, most of the non-family
graphs are above a small number of the obstructions O(F). It is well-known that the
family of planar graphs is almost the same as the set of graphs that excludes just the
one Kuratowski obstruction K33. For example, we can prove the following known

result:

Observation 94: Any three-connected non-planar graph with at least six vertices

contains K33 as a minor.

Another promising example was recently exhibited in the VLSI design area by
the work of Langston and Ramachandramurthi [LR92, Ram94]. Their simple method
of using just one (or a few) of the 3-track gate matrix layout obstructions (or equiv-
alently, the 2-PATHWIDTH obstructions) for a membership algorithm has out per-
formed the other best-known heuristics for the problem. Note that this research is
based on a small percentage of the complete set of the 110 obstructions, recently

proven complete by Kinnersley [KL94].

These two observations suggest that good approximating automata may be con-

structed by using partial obstruction sets.

One may wonder what obstructions are good candidates for approximating any
specific lower ideal. (Actually, this technique may work for “almost” lower ideals

too.) We know of three classes of obstructions that may be useful:

1. The obstructions with the smallest number of vertices (or edges).
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2. All of the obstructions that are bounded by a small combinatorial width.

3. The obstructions that occur frequently via our random distinguisher searches.

It would be interesting to do some experimental computing to see how close, in prac-
tice, a family of graphs defined by excluding one of these classes is to a targeted lower
ideal. The benefit of using the second class of obstructions (i.e., those of bounded
combinatorial width) is that we do not have to compute the complete set of obstruc-
tions. Also, related to the third class, it is natural to assume that if a distinguisher Z
for a t-parse (i is easily found then the obstructions below GG - Z are good candidates.

It is expected that the above three classes of obstructions overlap.

The easiest way to use a partial obstruction set for some family F is to write quick
minor-order tests {M;} for each obstruction O;, ¢ = 1,2....,r. The approximating
algorithm for an input graph GG would return ‘no’ if any obstruction O; is found as a
minor (using M;). Otherwise, it would return ‘yes’ that ¢ is a member of F. Note
that this algorithm has only one-sided errors. This happens whenever it returns ‘yes’

when the real answer is ‘no’.

Unfortunately the above approach is not very automated. This is because there
is no general efficient algorithm that tests if any fixed graph O; is a minor of another.
(Recall that the Robertson-Seymour O(n?*) algorithm has large hidden constants.)
However when the input is restricted to graphs of bounded combinatorial width there
is hope. In this case, we can build a minor testing automaton for a fixed graph O;
using the methods of Section 11.3. A testset T; for O; consists of boundaried graphs
obtained from “pieces” of subdivided O;. Here the constructed automaton M; accepts

t-parses that contain O; as a minor.

Another method for generating approximating automata is to use pieces of all the
obstructions as testsets. Using this approach we build one automaton for all of U’_; O;
for a lower ideal F, instead of one automaton for each obstruction. Since obstructions
usually share the same substructures, this testset 7' = U/_, T} should be of manageable
size. However, it may be easier to build a nondeterministic automaton M that accepts
graphs in the union of the minor-containment families T (Ui_, O;) [ or the intersection
of the single obstruction lower ideals | (N/_;0;) ] from the deterministic automata

M;, 1 = 1,2,....r. See Figure 5.3. One may even convert M to a deterministic
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automaton, and then minimize.

For the bounded width domain we may elect to use the set of easily proven
minimal {-parses as an approximating testset since these, in most cases, are already

“pieces” of obstructions.

start state accept state

DFA M, for O,

Figure 5.3: Building an NFA that accepts the union of minor-containment families.
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Part 11

Obstruction Set Characterizations
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Chapter 6
Vertex Cover

We make two contributions in this chapter. First, we present a linear time algorithm
that determines the size of the minimum vertex cover for graphs of bounded path-
width (partial t-paths). This algorithm has the important property of being minimal
(defined in Chapter 4 and reviewed later in Section 6.2). It is this property which
allows us to compute the second contribution of this chapter: the obstruction sets for

the first five parameterized family instances of the vertex cover problem.

6.1 Introduction

The general problem of determining if a graph has a vertex cover of size k, with k
part of the input, is well known to be N'P-complete [GJ79]. However, several N'P-
complete problems have polynomial time parameterized versions. In any of these
instances a problem-specific integer k is held constant. The vertex cover problem is
one such example where we are interested in determining if an input graph has a ver-
tex cover of size at least k, where k is not part of the input. The brute force approach
of checking all k subsets of the vertices gives a crude O(n**?) algorithm. Alterna-
tively, if a tree or path decomposition of bounded width is available, determining the
minimum vertex cover of a graph can be done linear time [ALS91]. In addition to our
obstruction set characterizations, we present a practical, finite-state algorithm for the

set of graphs with available path decompositions of bounded width. Furthermore, by
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the observations (1) path decompositions for fixed k can be found in linear time (see
[Bod93c, Klo93a]) and (2) a pathwidth bound exists for the family (see Theorem 103),
we have a linear time algorithm. Interestingly, a direct parameterized algorithm is

presented in [DF95] with the same complexity.

The rest of this chapter is organized as follows. The remaining part of this section
formally defines the vertex cover problem, and introduces results and notation used in
this chapter. Section 6.2 presents our general vertex cover algorithm and its minimal,
finite-state variation for bounded pathwidth graphs. Section 6.3 contains results that
reduce the amount of work needed to compute the obstructions sets. Section 6.4
presents the obtained obstructions sets and we conclude in Section 6.5 with some

comments regarding the related k-INDEPENDENTSET and k-CLIQUE families.

The general vertex-cover decision problem is defined as follows (see [GJ79]):

Problem 95: Vertex Cover (VC)
Input: A graph GG = (V, E) and a positive integer k < |V].
Question: Is there a subset V' C V with |V'| < k such that V' contains at least one

vertex from every edge in K7

A set V' in the above problem is called a vertex cover for the graph G. The
family of graphs that have a vertex cover of size at most k& will be denoted by
E—VERTEX COVER. For a given graph G, let V(') denote the least k such that

has a vertex cover of cardinality k.

Example 96: A graph in the 3—VERTEX COVER family is displayed below. Notice
that no edges remain when the set of black vertices of the example (or indeed, any

vertex cover) is removed from the graph.
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Finding the smallest vertex cover of a graph is important for many applications.
For a simple example, consider a communications system that is modeled as a graph
where vertices are computers and edges are the transmission lines. A minimum vertex
cover of the graph indicates the smallest number of computers that need special

monitoring software for all of the connections of the system.

The next result, stating that these parameterized vertex cover families can be

characterized by forbidden minors, is well-known.

Lemma 97: The graph family ~~VERTEX COVER is a lower ideal in the minor

order.

Proof. Assume a graph G(V, F) € k—~VERTEX COVER has a minimal vertex cover
VI CV. If H=G\{(u,v)} for some (u,v) € E (edge deletion), then V" is also a vertex
cover for H. Likewise, if u € V' is an isolated vertex of ¢, V' also covers H = G'\ {u}
(vertex deletion). For any edge (u,v) € E, observe that [{u,v} N V’| > 1. Let w be
the new vertex created from v and v in H = G/(u,v) (edge contraction). Clearly,
V"= (V'U{w})\ {u,v} is a vertex cover of H with cardinality at most k. Since any
minor of (¢ can be created by repeating the above operations, k—VERTEX COVER is

a lower ideal. O

6.2 A Finite State Algorithm

In this section we give a practical, finite-state algorithm for the vertex cover prob-
lem on graphs of bounded pathwidth in ¢-parse form. This linear time algorithm
is a dynamic program that makes a single left to right scan of the input ¢-parse
G. =101,92,---,9:). The computational process resembles a finite state automaton
in that it accepts words over the operator alphabet ;. Let m be the current scan
position of the algorithm on input ,,. The state table at operator g,, is indexed by
each subset S of the boundary 0. These 2! different entries are defined as follows:

Vo (S) = min{ |V’| . V'is a vertex cover of (G,, and V' D St
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Two important observations about the state table are:

1. For each boundary subset S C 9, V,,(.5) is a non-decreasing sequence of non-

negative integers as m increases.

2. For any boundary subset S C 0 and any boundary vertex i ¢ S, either V,,,(5) =
Vi (SUA{i}) or Vi, (S) = Vi, (SU{i}) — 1.

The algorithm, given in Figure 6.1, starts by setting the sizes for the minimal
vertex covers on the edgeless graph Gy = [@, @, cees @], for all subsets S of the
initial boundary d.

The type of the operator ¢,,+1 (a vertex operator or an edge operator) determines
how the state table is updated during the scan. The update of an entry for a specific
subset of the boundary 5 is further broken up according to the relationship between

S and the operator. These transitions are described in cases 1-4 of Figure 6.1.

When the algorithm reaches the end of the ¢-parse, it has computed the mini-
mum number of vertices needed for a vertex cover of (&,,. This is because the entry
V,.(0) contains the size of the smallest vertex cover that contains the subset () of the

boundary. As this is an empty condition, V,,() is the size of the smallest vertex cover

in G,,.

Theorem 98: For any t-parse G,, = [¢1, G2, - - - , Gn], the algorithm in Figure 6.1 cor-
rectly computes VC(G,).

Proof. If (¢ is the empty graph then only steps [ and III are executed and the correct
result of VC'((G) = 0 is returned. Assume that the algorithm is correct for all (prefix-)
graphs of length m and less. We show that cases 1-4 of step II correctly update the
state table, V,,41(5) for S C 0.

Case 1: ¢,41 = @ and 1 ¢ S

Let V' be a witness vertex cover for V,,(.5). Since the new vertex created by ¢y,41

does not add any edges, V' is a vertex cover for GG,,11. Since V' O S for G, and
i ¢ S, V' DS for Gy1. Therefore, V,,411(5) < Vi (9).
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I Form=t+1, set for every S C 0
Vit (S) = 15|

II Fort4+1 < m < n, do the following cases:
Case 1: vertex operator @ and 1 ¢ S

Vi1 (5) = Vin(5)
Case 2: vertex operator @ and: € S
Vi1 (5) = V(S A\ {i}) +1
Case 3: edge operator , wherei € Sorje S
Vi1 (5) = Vin(5)
Case 4: edge operator , where i & Sand 5 ¢ S
Vi1 (5) = min{ Vo, (S U {a}), Vi (S U {7})}
IIT The size of the minimum vertex cover of G is

Vi (0)

Figure 6.1: A general vertex cover algorithm for ¢-parses.

117
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Let V' be a witness vertex cover for V,,41(5). Since V' is minimal, the isolated
vertex created by ¢,,41 is not in V'. Thus V' is a vertex cover for G,,. Since the

property V' 2 S is preserved, V,(5) < V,41(9).
Case 2: ¢,,41 = @ and 1€ S

Let "= S\ {¢} and V' be a witness vertex cover for V,,(57). Now W = VU {i}
is a vertex cover for (41 such that W 2 5. So, V,,11(5) < V,.(5") + 1.

For the other direction, let V' be a witness vertex cover for V,,11(5). Since the

new boundary vertex i does not help in any vertex cover of G,,,, V"' = V' \ {i} is a

vertex cover for (7., such that V" 2 S. Hence V,,41(5) > V,,(5") + 1.
Case 3: ¢,41 = Where 1€Sorjyjes

Let V' be a witness vertex cover for V,,(5). Since the boundary is not changed
by the edge operator g,11 and i € S or j € S, V' also covers the edges of G,,11.
Thus, Vg1 (S) < Vi (S). If V7 is a vertex cover of G,1 with ¢ € S or j € 5, then
V" also covers the edges of Gy,. So Vg1 (S) > Vi (9).

Case 4: ¢,,41 = where 1 ¢ Sand 7 ¢ S
Let 8" = S U {i} and V' be a witness vertex cover for V,,(5’). Since V' O §
is a vertex cover for G411, as vertex 7 is in V', V,41(9) < V,(5'). Likewise, if

S" = SU{j}, then Vi, 11(S) < Vi (S”). So Viuy1 (S) < min{V,, (SU{e}), Vi (SU{ )}

Let V' be a witness vertex cover for V,,11(5). Since (¢, 7) is an edge, either ¢ € V’
or j € V. Thus V' O SU{i} or V! D SU{j}. If V' DO SU{i}, then V' is a
vertex cover for Gi,,, and so V;,(S U {i}) < V,,41(5). Otherwise, V' O SU{j}, and
Vi (SU{7}) < Vg1 (S). Therefore, min{V,,(S U {¢}), V.(SU{j})} < Vo (S). O

The following lemma shows that we can limit the vertex-cover membership algo-
rithm to a finite number of possible configurations when testing for membership in

E—VERTEX COVER.

Lemma 99: For any fixed integer k as an upper bound, the algorithm given in

Figure 6.1 can be converted to a finite state algorithm Aj.

Proof. We show that for fixed k, there are only a finite number of possible states.
Consider the state table entry for a boundary subset S. If V;(S) becomes k + 1 for
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some i, then the monotonicity of V,,,(5) guarantees that V;(S) > k + 1 for all j > 1.
As we are only interested in knowing whether or not there exists a vertex cover of
size k containing S, we can restrict V,,,(5) to be in {0,1,2,... k, k+1}. As there are
2!*1 entries in the state table, the number of states is bounded by (k + 2)2t+1.

To make the parameterized algorithm A, for k&~ VERTEX COVER, change any
update function V,,41(5) = f(Vi,) in the four cases with V,,11(5) = min(f(V,,), k+1).
It is straightforward to verify that this modified algorithm correctly computes the
same state table except that any entry greater than k + 1 is replaced by k+1. O

We define the final state of a t-parse GG, denoted by Vi, to be the state table
(state vector) [V, (0),...,V,,(S)] when the finite-state algorithm A4 terminates. For
each boundary subset 9, let Viz(.S) denote the S entry of V. If G and H are t-parses

*

and Vi = Vg, it follows immediately that for any operator string Z € X7, we have
Vi.z = Vy.z. This in turn implies that G- Z € F < H - Z € F for all Z. That
is, G and H agree on all extensions. When the converse of this property holds, the

finite-state algorithm is minimal. Formally, minimality is satisfied if

(forall Z e ¥y, G- ZeFeH-ZeF) = Va=Vy

To show that our finite-state algorithm is minimal, we need to show that if G
and H are t-parses, and G and H agree on all extensions, then Vg = V. We will
show the contrapositive; that is, if Vi # Vi, then there exists an extension Z such
that G and H do not agree on Z (that is, there exists Z such that either G -7 € F
and H-Z g F,orG-Z ¢ Fand H-Z € F).

Before proving that this k~—~VERTEX COVER algorithm is minimal, we need the
following lemma that provides us with a boundary vertex for building such a ¢-parse

extension Z.

Lemma 100: If G and H are t-parses such that V5 (9) # Vi(9), then there exists
an S C J (i.e., a proper subset of the boundary) such that Vi (S) # Vi (.9).

Proof. Assume that Vi;(9) # Vg(0) is the only difference in the state table. The

following three facts
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L Va(9\ {i}) = V(9 \ {i}) for all i € 9,
2. Va(0\ {i}) < V() < Ve(d\ {i}) + 1 for all i € 9 and
3. Vir(9\ {i}) < Vir(9) < Vg (d\ {i}) + 1 for all i €
imply that
Ve(0) < Va(O\ {i}) + 1= Vi (d\ {i}) + 1 < Vi (9) + 1 for all i € 0,
and

Va(0) > Ve (0\{i}) = Ve(o\ {i}) > Vu(9) — 1 for all i € 0.

After combining the above, Vg (9) — 1 < Vg(9) < Vi(9) + 1. So, without loss of
generality, assume V5(0) = Vg(9d) — 1 = d. From this identity and facts 1 and 3
above (also see the partial state tables below), we must have V;(9) = Vg (0\ {i}) = d
for all 7 € 0.

graph ¢ graph H
Ve (0) d < Vi (0) d+1

d—1 d
Va(@\{i})| or } = { Vu(0\{i})| or
d d+1

This can happen if and only if each of the boundary vertices of G are attached to
some non-boundary vertex. If not, then a vertex cover V' 2 9 of G would have a
redundant vertex ¢ € d. The vertex cover created by eliminating vertex ¢ from V'
contradicts the value of Vi (9\ {i}). However, such a graph i does not exist since the
last vertex operator can only have boundary vertex neighbors. Thus, we can conclude

that Vi (9) = Vi (0) or there exists a S C 0 such that Vi (S) # Vi (9). a

Theorem 101: For the £~ VERTEX COVER family, the finite-state algorithm Ay is

minimal.

Proof. Let G and H be t-parses. As discussed above, we show that if Vo # Vg,
then there exists an extension Z such that G and H do not agree on Z. Note that
the theorem holds trivially if either one of G or H is not in F = k—VERTEX COVER
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by the empty extension Z = []. If both G € F and H € F then Vo = Vi =
[k+1,k+1,...,k+1] since V5(0) = k+ 1 implies V5(S) =k + 1 for all S C 0.

So suppose that Viz # V. Then without loss of generality, there is a boundary
subset S with minimum cardinality such that Vi (S) < Vg(S) < k4 1. Lemma 100
guarantees that S # 0.

Let {v1,v2,...,v|5} be the boundary vertices in S. Pick a boundary vertex: & S

and any other boundary vertex j # ¢. Construct an extension Z as follows.

k—Vg(S)+1 times

2= [ @[ o) @[ o[ O, D[} O, @[]

The extension Z essentially forces the boundary vertices S to be covered while
adding k — Vg(S9) + 1 isolated edges. Now, VC(H - Z) is given by Vg (S) + (k —
Vi (S) + 1), which equals k 4+ 1, and so H - Z ¢ F. However, VC(G - Z) is V(95) +
(k=Vu(S)+1) < Vg(S)+ (k=Vu(S)+1)=k+1, and so G- Z € F. Therefore,

the t-parses GG and H do not agree on all extensions. O

Example 102: Table 6.1 shows the application of the algorithm A to the ¢-parse
given earlier in Example 24 on page 40. As can been seen by examining the graph in

FExample 24, a minimum vertex cover has cardinality 3, which equals V4(0).

6.3 The VC Obstruction Set Computation

For k—VERTEX COVER two ingredients suffice to compute their obstruction sets.
First, we need to know a bound on the pathwidth (or treewidth) of the obstruc-
tion set. In general such a bound always exists since the obstruction set is finite.
Given such a bound, we can compute all of the obstructions by restricting our search
to a fixed pathwidth. Second, we want a minimal finite-state algorithm that operates

on t-parses. An overview of how the algorithm A; is used is given in Section 6.4.

For vertex cover, we have both of these ingredients. A minimal finite-state algo-
rithm was described in the previous section, and a pathwidth bound is shown later

in this section. (The finite-state algorithm is also used as a membership algorithm.)
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Table 6.1: Vertex cover state tables computed (columns) for Example 102.
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In short, the input/output combination used to compute the obstruction set for

a particular k—~VERTEX COVER lower ideal is as follows:

input: e pathwidth ¢
e minimal finite-state algorithm for A~VERTEX COVER

output: e obstructions of pathwidth ¢

The following sequence of results show the value of ¢ that is needed to get the
complete set of obstructions O(k—VERTEX COVER) for k—VERTEX COVER and why

we can restrict our search to connected graphs.

We first need an upper bound on the pathwidth of the obstruction set. That is,
we need a result of the form: if G € O(k—VERTEX COVER), then (G has pathwidth at
most k. For vertex cover, such a bound is easily obtained. We first show that the
family k—~VERTEX COVER is contained in the family &~PATHWIDTH. This result is
well-known [vL90]. It follows from this that O(k—VERTEX COVER) is contained in
(k 4+ 1)-PATHWIDTH.

Theorem 103: The pathwidth of any member of k~VERTEX COVER is at most k.
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Proof. For agiven graph GG of k—=VERTEX COVER, let V' be a subset of of the vertices
of size k that covers all edges. Denote the order of G by n. Let the vertices V' of
G be indexed by 1,2,...,n with the vertices V \ V' coming first. We claim that
{X; |1 <i<n—k} where X; = V' U{i} is a path decomposition of G.

Since every vertex is either in V' or is in V' \ V' we have Uj<;<,— Xi = V. Let
(u,v) be an edge of GG. Since V' is a vertex cover, without loss of generality assume
ue V' If also v € V' then any subset X; contains both uw and v. Otherwise, v must
be indexed between 1 and n — k& and the subset X, contains both v and v. Finally,
note that for any 1 <7 < j < n —k we have X; N X; = V' (i.e., the interpolation
property is satisfied). Thus, we have a path decomposition of pathwidth k. a

The above theorem cannot be improved, as the complete graph Ky, with path-

width £ is a member of &~ VERTEX COVER.

Corollary 104: If ¢ € O(k—VERTEX COVER), then the pathwidth of G is at most
kE+1.

Proof. For any edge e = (u,v) € E(G), let G' = G\ e. Since (G is an obstruction
for k~VERTEX COVER, (" € k—VERTEX COVER and hence VC(G’) < k by Theorem
103. Let V' be a witness vertex cover for G'. Now V = V' U {u} is a vertex cover for
G of order at most k+ 1. Therefore, by Theorem 103 again, the pathwidth of G is at
most k + 1. O

The number of obstructions we need to find can be reduced by some straightfor-
ward observations. The following observations are special cases of the more general

results found in Section 4.4.1 regarding disconnected pruning.

Observation 105: If C; and (5 are any two graphs then VC(C; U C3) = VC(Cy) +
VC(Csy).

Observation 106: If O = C,UC} is an obstruction for k~—VERTEX COVER, then
and C are obstructions for £’~VERTEX COVER and k"~ VERTEX COVER, respectively,
for some 0 < k' k" < k, with ¥ + k" = k — 1.
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Hence we can restrict our attention to connected obstructions; any disconnected
obstruction O of k—=VERTEX COVER has VC(O) = k + 1 and is an union of graphs
from U=y O(i~ VERTEX COVER).

Example 107: Since K3 is an obstruction for 1-VERTEX COVER, and K is an
obstruction for 2-VERTEX COVER, the disconnected graph K3U K} is an obstruction
for 4-VERTEX COVER.

6.4 The VC Obstructions

In essence, our theory allows us to compute for any ¢ all of the obstructions that
have pathwidth at most t. However, tractability problems arise as t increases. As
shown in the preceding section, we need to use t-parses, t = k£ + 1, to obtain all of

the obstructions for k&~ VERTEX COVER.

A brief description of the k—~VERTEX COVER obstruction set computation is now
stated. The set of all t-parses can be viewed as a tree (recall Section 4.2), in which
the parent of a t-parse G of length n is the length prefix of GG of length n — 1. The
root of the tree is the empty graph [@,@,. .. ,@] The minimality of the finite-
state algorithm allows us to directly compute a ‘pruning rule’ for the tree. That is, a
t-parse (¢ is minimal if and only if it is not congruent to any of its one-step minors.
Any J-obstruction (minimal leaf of this search tree) that has all of its minors (<,
order) in k—VERTEX COVER is a member of the obstruction set. (That is, we just

check that boundary edge contracted minors fall into the family.)

A summary of our obstruction set computations for various k~VERTEX COVER
families is shown in Table 6.2. The total graphs column shows the size of the pruned
tree described above. In the minimal graphs column, the number of internal graphs
plus obstructions is shown; that is, the leaves that are not obstructions have not been
counted. The growth rate of the tree can be seen to be extremely high as k (and
hence the pathwidth ¢) increases. The revalent search tree for the 2-VERTEX COVER

run is shown in Figure 6.2 for pathwidth 3.

Besides the single obstruction K; for the trivial family 0—VERTEX COVER, the
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Table 6.2: Summary of obstruction set computation for vertex cover.

Elapsed Minimal Total Connected Total
k time graphs graphs obstructions obstructions
1 || 5 seconds 8 31 1
2 || 25 seconds 42 301 2 4
3 || 3 minutes 320 3,871 3 8
4 4 hours 4,460 82,804 8 18
5 6 days 121,228 | 3,195,445 31 56

connected obstructions for k~VERTEX COVER, 1 < k& < 5, are shown in Figures 6.3—
6.6. Some patterns become apparent in these sets of obstructions. One such easily

proven observation is as follows.

Observation 108: For the family A&~ VERTEX COVER, both the complete graph

Kjy9 and the cycle Cspyq are obstructions.

6.5 Independent Set and Clique Families

Now consider the following related families of graphs where n denotes the order of a

graph and k is any non-negative integer:

E—CLIQUE = { graphs with maximum clique < k} .

E—=INDSET = { graphs with maximum independent set < k} .
-(k—CLIQUE) = { graphs with n — maximum clique < k} .
-(k=INDSET) = { graphs with n — maximum independent set < k} .

In fact one of these families (i.e., =(k—CLIQUE)) is the same as our studied

parameterized vertex-cover families [GJ79].

Lemma 109: The two graph families ~(k—INDSET) and k—VERTEX COVER are

identical.
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Proof. It is easy to see that if [ is a maximal independent set of a graph G = (V, E)
then V' \ [ is a vertex cover. Also, if V' is a minimal vertex cover then V' \ V' is an

independent set. a

Part of the next result has been proven earlier in Lemma 97. This one illustrates

another method for proving graph families are lower ideals.

Lemma 110: The family A~ VERTEX COVER==(k—INDSET) is a lower ideal in the
minor order for any & > 0 while the families k—CLIQUE, k—INDSET, and —(k—CLIQUE)
are not lower ideals for all £ > 2, k£ > 1 and k& > 0, respectively.

Proof. Let G = (V,E) be a graph in =(k—INDSET) with maximum independent
set [. If v is an isolated vertex of G then it is also in the set I. Thus, deleting v
from (' preserves the invariant n — maximum independent set. Deleting any edge e
can only increase the maximum independent set while n stays fixed, so (G'\ {e}) €
—(k—INDSET). Let GG’ be the result of contracting an edge e = (u,v) of G and let I’
be a maximum independent set of G'. Also let w denote the new vertex of G’ created
by the edge contraction. If |I’| > |I| then we get a contradiction to the fact that [
was maximum. To see this, consider these two cases. If w € I’ then (I'\ {w})U{u} is
a larger maximum independent set for GG. If w & I’ then I’ itself is a larger maximum
independent set for (. Since [ is an independent set, at most one vertex u or v can
be in I. So going from G to G', I' = I\ {u,v} is an independent set for G'. Thus,
|1 — 1 < |I']| < |I|. Finally since the value of n decreases by exactly one during an
edge contraction, G’ € =(k—INDSET). We have shown that all minor operations are
closed with respect to =(k—INDSET).

Now consider the family 2—CLIQUE and a member Cy, the cycle of length four.
Contracting any edge of Cy produces C5 ~ K3 which is not a member of 2—CLIQUE.
Similar examples, such as K1 with a subdivided edge, show that £&—~CLIQUE is not
a lower ideal for all £ > 2. The only graphs in the family 1-CLIQUE are the isolated
graphs (unions of K7’s) and the only minors (by isolated vertex deletions) have a

maximum clique bounded above by 1. So 1-CLIQUE is a lower ideal.

As pointed out in the first paragraph, the maximum independent set can increase
with edge deletions. It follows that &~INDSET is not a lower ideal for all but the trivial
family 0—INDSET (i.e., the empty graph has no deletable edges).
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For the family =(k—CLIQUE), k& > 2, consider a graph member GG = (k- K1) U K.
Note that G has n = 2k vertices and a maximum independent set size of k. Deleting
an edge from (& causes an increase in the invariant n — maximum clique. For & =1
consider the graph G = K, U K;. The graph created by deleting the edge from G has
n = 3 and maximum clique of 1, so =(1-CLIQUE) is not a lower ideal in the minor
order. Likewise, since K3 is a member of =(0—CLIQUE) but any minor created by a

single edge deletion is not, the family —(0—CLIQUE) is not a lower ideal. O

In view of the previous results, we can characterize the ~(k—INDSET) families
in terms of the finite A~VERTEX COVER obstruction sets. The other remaining few

minor-order lower ideals are trivial to characterize. The reader should be able to verify

that O(0—CLIQUE) = { K, }, O(1-CLIQUE) = {K,}, and O(0-INDSET) = { K }.
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Figure 6.3: Connected obstructions for 1- and 2— VERTEXCOVER.

W W

Figure 6.4: Connected obstructions for 3—VERTEX COVER.

Co

Figure 6.5: Connected obstructions for 4—VERTEX COVER.
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Chapter 7

Feedback Vertex/Edge Sets

In this chapter we characterize two types of simple graph families. The first family
consists of those graphs for which all cycles can be covered with a small set of vertices.
The second family consists of those graphs for which all cycles can be covered with
a small set of edges. In some limited sense, these families are like the vertex cover
families studied in the previous chapter (where a vertex cover can be thought of as a
set of vertices that cover all edges). This chapter also illustrates the use of testsets

to prove (or disprove) minimality of ¢-boundaried graphs.

7.1 Introduction

The characterization of graph families based on the following two well-known prob-

lems is the focus of this chapter (see [GJ79]).

Problem 111: Feedback Vertex Set (FVS)
Input: A graph GG = (V, E) and a positive integer k < |V].
Question: Is there a subset V' C V with |V'| < k such that V' contains at least one

vertex from every cycle in G7

A set V' in the above problem is called a feedback vertex set for the graph G. The
family of graphs that have a feedback vertex set of size at most k is be denoted by
k—FEEDBACK VERTEX SET. It is easy to verify that for each fixed k the set of graphs
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in k~FEEDBACK VERTEX SET is a lower ideal in the minor order. For a given graph
G, let FVS(G) denote the least k such that (G has a feedback vertex set of cardinality

k. Our second problem of interest is now stated.

Problem 112: Feedback Edge Set (FES)
Input: A graph GG = (V, E) and a positive integer k < |E].
Question: Is there a subset £’ C F with |E'| < k such that G'\ £’ is acyclic?

The edge set E’' is a feedback edge set. Also for a given graph G, let FES(G)
denote the least k such that G has a feedback edge set of cardinality k, and the family
k—FEEDBACK EDGE SET = {G | FES(G) < k}.

Example 113: Displayed below is a graph in the 2-FEEDBACK VERTEX SET fam-
ily. Notice that when the black vertices are removed from the example, the graph

becomes acyclic (a forest).

N\

The reader should note that the graph in the previous example requires 6 edges

in any feedback edge set and thus it is a member of 6-FEEDBACK EDGE SET.

One classic application for minimum feedback sets in (directed) graphs has to do
with operating systems. Consider a graph that models processes and system resources
as vertices and processor requests or needs as edges. When deadlocks occur in the
system a feedback edge set can be picked to refuse selected processor requests or a

feedback vertex set can be picked to shut down processors or resources.

For both types of these parameterized families, a standard “slow” polynomial time
algorithm exists for membership testing, based on the brute force technique of check-

ing all (Z) covering possibilities (where n equals the number of vertices for FVS and
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number of edges for FES). We used a somewhat practical O((2k)*n?) algorithm for
k—FEEDBACK VERTEX SET while debugging our linear time dynamic program (i.e.,
our finite-index congruence for ¢-parses). This algorithm by Fellows and Downey (see
[DF95]) is based on (1) a quick algorithm by Itai and Rodeh in [IR77] for finding short
cycles and (2) the fact that a graph i of minimum degree three with girth at least 2k
is not in k~FEEDBACK VERTEX SET. For the feedback edge set problem, we show in
Section 7.4.1 how to easily check if a graph is a member of k—FEEDBACK EDGE SET.

7.2 The FVS Obstruction Set Computation

We now focus on two problem-specific details for finding the k~~FEEDBACK VERTEX SET
obstruction sets: a finite-index congruence and a complete testset (i.e., steps 2 and
4 of Section 4.3). We first present a practical, linear time algorithm for the feedback
vertex set problem on graphs of bounded pathwidth /treewidth in ¢-parse form. This
general-purpose algorithm is altered to act as a finite-index congruence, that is a
refinement of the canonical congruence. We then show how to produce testsets for
the graph families k~FEEDBACK VERTEX SET, k > 0, with respect to any boundary

size t.

7.2.1 A finite state algorithm

Throughout the following discussion the boundary size (and width) of a t-parse is
fixed. Recall that the current set of boundary vertices of a t-parse (G, is denoted by
the 0 symbol. For any subset S of the boundary @, we define the following for all
prefixes G, of GG,,, m < n.

least & such that there is an FVS V of G, with VN9 =S5 and |V| =k

otherwise co whenever (G N d)\ S contains a cycle

Fn(S5) :{

For any witness set V' of (7, consisting of F,,,(5) vertices, there is an associated
witness forest consisting of the trees that contain at least one boundary vertex in G, \

V. A witness forest tells us how tight the boundary vertices are held together. Some
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of these forests are more concise than others for representing how vertex deletions

can break up the boundary.

For two witness forests A and B, with respect to F,,(5), we say A <,, B if the

following two conditions hold:

1. For any two boundary vertices 7 and 7, ¢ and j are connected in A if and only

if 7 and j are connected in B.

2. If for any t-parse extension 7 where there exists some non-boundary vertex b
of B such that (B \ {b})- Z is acyclic then there exists a non-boundary vertex
a of A such that (A\{a})- 7 is acyclic.

Also two witness forests A and B are equivalent (A =, B) if A <,, B and B <, A.
A witness forest in reduced form (minimal number of vertices) is called a park. The

next lemma provides a way of cleaning up a forest to yield a park.

Lemma 114: A witness forest W of (G, may be reduced to a park as follows:
(a) all leafs (end-vertices) not on the boundary may be pruned, and

(b) any non-boundary vertex v of degree two may have an incident edge contracted

if the neighborhood N(v) Z 0.

Proof. We first show that any “separable” information is not lost after doing either

of the above operations.

Let v be a non-boundary end-vertex of W. Since v is not on the boundary of W,
there does not exist an extension Z such that W - Z has a cycle containing v. (Vertex
v always has degree one.) Thus, all end-vertices of W not on the boundary can not
be included with the other witness vertices associated with the witness forest W in

any minimal feedback vertex set of any extended G, .

Now assume v is a non-boundary vertex of degree two of W and N(v) = {a,b}
where a € 0. Let Z be an extension of W such that the removal of vertex v kills
some cycles of W - Z. Since the degree of v is two, all cycles through v must also
pass through a. Thus, vertex a is also a kill vertex for the cycles killed by v in W - Z.
This shows that we may replace vertex v with vertex a in any feedback vertex set

containing v. (Vertex v always has degree two.)
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Let W. be the forest W with edge (a,v) contracted. The vertices v and a of
W are replaced with the vertex labeled a in W.. We now show W. =,, W. For all
extensions 7, there is a bijection between cycles in W, - Z and cycles in W - Z. (All
cycles that pass through v of W - Z now pass through a cycle with one less edge in
W. - Z; all other cycles are identical.) For any cycle killed by vertex v in W - 7, the

corresponding cycle in W. - Z is still killed by vertex a. The other vertices of W, or
W still kill the same cycle extensions. Thus W, <, W and W <, W..

We now show that the reduced park P derived from W using steps (a) and (b)

is minimal.

Let vertex v be a non-boundary vertex of P. Since P is acyclic and contains no
end-vertices adjacent to the boundary, vertex v is on some unique path between two

boundary vertices ¢ and j. Deleting v disconnects ¢ and j. So (P \ {v}) €. P.

Now let P’ be the forest P where edge (a,b) is contracted for two non-boundary
vertices @ and b of degree three or more. Let a; and ay be two (distinct) boundary
vertices connected to vertex a such that vertex b is not on the connecting paths.
Likewise, Let by and by be two boundary vertices connected to vertex b such that
vertex a is not on the connecting paths. The vertices a; and ay are distinct from the
vertices by and by, for otherwise a cycle would contain edge (a,b) in P. Pick a graph
extension Z to be the set of boundary vertices S with the edges (a1, az) and (by, by).
The graph (P’ \ {a})- Z is acyclic while the graph P - Z contains two disjoint cycles.
This tells us that (P \ {z})- 7 is cyclic for all « in P\ d. Thus, P £, P’

Finally assume P’ is the forest P where edge (a,b) is contracted, a € 9, b ¢ 0,
and degree(b) > 3. Let by and by be two boundary vertices connected to vertex b
such that the path between by and by passes through vertex b and a ¢ {b;,b;}. Pick
an extension Z to be the set of boundary vertices S with the edges (a,b;) and (a, b).
The graph (P\{b})-Z is acyclic. The graph P’-Z contains two cycles which intersects
at a. Since the boundary vertex a is not allowed to be deleted, the graph (P'\{z})-Z
is cyclic for all  in P"\ 0. Thus, P' £, P. O

There may exist alternative witness forests that preserve minimum-sized feedback
vertex sets for all extensions of G,,,. A witness forest W is considered to be a park if

the above lemma can not be applied to W.
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Lemma 115: There are at most 3t — 3 vertices in any park for boundary size t.

Proof. First we consider the degree two non-boundary vertices. For such a vertex v,
each of its neighbors must be a boundary vertex. After viewing v and its two incident
edges as a single edge between two boundary vertices, we see that at most t — 1 such

vertices can occur. Otherwise, a cycle would exist on the boundary.

Now we consider the remaining non-boundary vertices. Let p be the number of
such vertices and e be the edge size of the subpark. Using the fact that the size of
a forest must be strictly less than the order, we have ¢ < t + p. Since the sum of
the vertex degrees is twice the size, we also have t +3 - p < 2-e. Combining these
inequalities while solving for p we get

t+3-p

5 <e<t+p—1, or p<t—2.

Summing up the boundary (t), the degree two vertices (¢ — 1), and the degree

three or more vertices (¢ — 2), shows that the order of any park can be at most 3¢t — 3.

a

Corollary 116: There is a finite number of parks with boundary size t.

Proof. Since we have a bound on the number of vertices for a park, we can apply
Cayley’s Tree Formula (i.e., by counting the number of labeled trees/forests) to get
a bound on the total number of distinct parks. There are n"~? labeled trees of order

n. O

The result of the previous lemma may be strengthened to arrive at a tighter bound
on the number of possible parks. See, for example, the closely related Lemma 120
on page 143. However, this bound is sufficient for our purposes, that is, to see that
there is a manageable (constant) number of parks. This means that the following

algorithm can be used as an usable finite-index congruence.

For each subset S (with complement S = 9\ S) of the set of boundary vertices
our algorithm keeps track of the related parks in the following sets.

P,.(S)={P | P is a park of G,, with leaves and branches over S}



CHAPTER 7. FEEDBACK VERTEX/EDGE SETS (FVS AND FES) 137

Now we finally present a linear time dynamic-programming algorithm for the FVS
problem which is used as our finite F-congruence for ¢-parses. This general-purpose
algorithm has the same structure as the vertex cover algorithm used in Chapter 6,
indicating a standard approach for developing them. The one-pass algorithm simply
makes a transition from one state to another for each operator of a t-parse G, =
[@, . ,@,gl, «voygn). Thus, after all the parks {F,,(5) | S C J} are determined
(for G,), all the parks {P;(S) | S C 9} for i < m < n are never referenced and may
be discarded.

Our algorithm, given in Figure 7.1, starts by setting the sizes for the minimal
feedback vertex sets on G, = Gy, the edgeless graph with ¢ + 1 boundary vertices.
This is done for all S C 9. There is only one park associated with Fj(S) at this
stage, namely the isolated forest with ¢t + 1 — | S| vertices. We break up the dynamic
step into cases depending on what type of operator is at position m + 1 and the
condition (selected in S or not) of any affected boundary vertices of G, or G41.
These transitions are described in cases 1-4 of Figure 7.1. When the algorithm reaches
the end of the t-parse, it computes the minimum number of vertices needed in any

feedback vertex set for (&, by taking the least F,(.5).

For space reasons we leave out the self-evident rules required to update the sets of
parks P;(.5) throughout each iteration of step Il of the FVS algorithm. This procedure
essentially entails extending the parks with the current operator and reducing them
by the rules given in Lemma 114 and combining park sets if the two F,()’s are equal

in cases 1-2.

Example 117: The following Table 7.1 of values for F,,,(5) shows the application
of the FVS algorithm with the 2-parse given in Example 25 on page 40. As can been
seen by examining the graph in Example 25, a minimum feedback vertex set has

cardinality 2 which corresponds to the minimum value in the last column.

Theorem 118: For any t-parse GG, = [@, . .,@,gl, <+ s Gn], the algorithm in
Figure 7.1 correctly computes F'VS(G,).

Proof. For part I of the algorithm, we note that |S| vertices are selected from the
boundary of (G; for each S C . Thus the minimum feedback vertex set for such a

requirement is initially set, that is, F1(5) = |5].
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I Form =1 and every S C 0 set
Fi(5) =19

IT For 1 < m < n do the following cases:
Case 1: vertex operator @ and 1 ¢ S

Fnpa(5) = min{ £,(5), £, (S U {i})}
Case 2: vertex operator @ and: € S
P (8) = minf F(8), F(S\ {i})} + 1
Case 3: edge operator wherei1 € Sorje S
Fnga(5) = Fin(5)

Case 4: edge operator where 1 ¢ Sand 7 & 5
a) If the edge operator creates a cycle on S in Gy, 41 or F,(S) = oo then

Fm+1(S) = 0
b) If there exists a park in P,,(.5) such that ¢ and j are in different trees then
Fra(S) = Fn(S)

else

Frer(S) = F(S) +1

III The minimum feedback vertex set order of (i is

min{ F,,(5) | S C 9}

Figure 7.1: A general feedback vertex set algorithm for ¢-parses.
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For a vertex operator @ appended to (G,,, we relabel vertex ¢ of (&, as ¢’ and label
the new vertex in (., 41 as i. The correctness for the dynamic step of the algorithm

(part 1I) is now be proved.
Case 1: F,,41(5) = min{F,(9), F,.(SU{i})}

First, for the (m +1)-th operator being @ where ¢ € S, we show that F,,41(5) <
min{ F,,(5), F,(S U {i})}. Let K be a witness feedback vertex set of (i, where
S=Knodor SU{i} = KNJ. The graph G,,41 resulting from adding an isolated

vertex to (G, with new boundary vertex i also has K as a feedback vertex set but

with 0N K = 5.
Now we show that min{ F},(.5), F,(SU{i})} < Fy1(S5). Assume K is a minimal

feedback vertex set of GG, 41. Vertex 1 is not in K since removing ¢ from K would leave
a smaller feedback vertex set for GG, 41, contradicting K being minimal. If ¢/ € K
then K is a witness for (G, where 9N K = SU {i}. Likewise, if i ¢ K then K is a
witness for G, where d N K = 5. This then shows that either F,,(5) < Fi,,41(5) or
Fro(SU{i}) < Fapa(9).
Case 2: F,,,11(5) = min{ F,,,(9), F,(S\ {:})} + 1

This case assumes that the next operator is a vertex operator @ and 1 € 5. We
first show Fi,11(5) < min{F,,.(9), Fin(S — {t})} + 1. Let K be a witness feedback
vertex set of G, where S = KNdor SU{i} = K Nd. Adding an isolated vertex to

(i, with new boundary vertex ¢ has K’ = K U {i} as a feedback vertex set for G, 11
with d N K’ = 5. Thus, the inequality holds this way.

Now assume that K is a witness feedback vertex set for the graph G441 and
|K|—1 < min{F,(5), Fr(S\ {i})}

If i/ € K then K" = K\ {¢} is a witness for (;,, where 9N K’ = S. Likewise, if i/ ¢ K
then K’ = K\ {i} is a witness for G, where 9N K’ = 5\ {¢}. Thus, we either have
Fir(S) < Frup1(S) —Lor Firo(S\ {i}) < Fupa(5) — L.

Case 3: F,,41(5) = F.(9)

The net result of adding an edge with operator to (G,,, where either vertex ¢
or vertex j is marked for deletion is the same as if this operator was not present. The

edge gets deleted from the graph when the designated selected boundary S is a subset
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of the minimal feedback vertex set, with respect to F,,,(\S), of G If Fiyi1(S) < Firn(5)
then the witness feedback vertex set for (¢,,11 would also be a witness feedback vertex

set for GG, (i.e., a contradiction of F},(.S) being minimal).
Case 4: F,,41(5) = F,(5) or F,(S)+ 1 or oo

If the edge operator creates a cycle on the non-selected boundary vertices
S =ad\ S or F,,(5) = oo then there is no feedback vertex set for G,,41. Thus,

Frt1(5) is correctly set to oo.

We now consider the cases where F,,11(5) is finite. Clearly, £,,(5) < F41(5)
since G, \ S is a proper subgraph of G,,41 \ S.

Assume there is a park for F},(.S) such that boundary vertices ¢ and j are in
different trees. This means that there exists a feedback vertex set K of cardinality
Fi(S) of Gy, with 9N K = S that disconnects the vertices ¢ and j. Adding an edge
(1,7) with operator to G,, \ K does not create any cycles. Thus, G,,.1 \ K =
(G U, 1))\ K = (G \ K)UA{(1,7)} is acyclic. In this case F,,41(5) = F,.(5).

If the above case is not true, then all parks have the boundary vertices ¢ and
J connected. Since F,,(S) # oo, there must be at least one park (witness forest)
associated with a minimal feedback vertex set K of G,,. Since operator does
not create a cycle on the non-selected boundary, the unique cycle created in G, \ K
by adding the edge (7,7) has at least one non-boundary kill vertex v. Hence, the set
K U{v} is a feedback vertex set of Gip,11. We have shown F,1(5) < F,.(5) + 1.

We now consider the possibility that F,11(5) = F,,(5) in this latter case. Let K
be a witness for G, 41 of cardinality F,,(5). The set K is also a feedback vertex set
for G,,. Since K is a minimal feedback vertex set for G,,, the witness forest G, \ K
must have vertices ¢ and j connected (by assumption that no park disconnects 7 and
J). However, adding the edge (i, 7) to G, \ K causes a cycle. This is a contradiction
since Gpp1 \ K = (G, U{(1, )} \ K = (G \ K)U{(7,j)}. (Recall that ¢ and j are
not in S.) So F41(S5) = F.(5) + 1. a

The dynamic program, given in Figure 7.1, for determining the feedback vertex
set of a pathwidth t-parse is easily modified to handle treewidth ¢-parses. All that is
needed is to add a case 5 in part II which takes care of the circle plus operator G; D G;.
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This new case is a little messy since the states for the two subtree parses GG; and G
need to be interweaved. Briefly stated, this is done by checking all combinations
(unions) of boundary subsets S; and S; of Gi; and G (resulting in a subset S of
G & () along with checking which best parks from G; can be glued together with
the compatible parks from G to form a set of parks for G; @ G;. If the glued parks
create any cycles then the value of Fui an index” (S) needs to be increased to account

for additional kill vertices.

Using the same technique that we did for building our finite-state algorithm
for k~VERTEX COVER, we can convert the above feedback vertex set algorithm to
a finite-index congruence for ~~FEEDBACK VERTEX SET. This is accomplished by
restricting the values of F,,(5) to be in {0,1,...,k, k + 1}; we are only interested in
knowing whether or not there exists a feedback vertex set of size at most k containing

S. (The value of k + 1 acts as the value 0o in the congruence.)

In our application for finding the kF—FEEDBACK VERTEX SET obstruction sets, we
actually used a congruence with slightly fewer states then the one just described. The
key idea to this improvement was noticing that if a park P is a minor of a park P’ then
only the representative P is needed as a witness. We estimate that this allowed us
to prove approximately 5% more ¢-parses nonminimal via the dynamic-programming

congruence check. That is, for certain instances we avoided our testset proof method.

7.2.2 A complete FVS testset

A finite testset for the feedback vertex set canonical congruence ~ r is easy to produce.
The individual tests closely resemble the parks described above. The testset that
we use consists of forests augmented with isolated triangles (and/or triangles solely
attached to a single boundary vertex). Our k~FEEDBACK VERTEX SET testset T}

consists of all t-boundaried graphs that have the following properties:

1. Each graph is a member of kA—FEEDBACK VERTEX SET.
2. Each graph is a forest with zero or more isolated triangles, K3’s.

3. Every tree component has at least two boundary vertices.
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4. Every isolated triangle has at most one boundary vertex.
5. Every degree one vertex is a boundary vertex.

6. Every non-boundary degree two vertex is adjacent to two boundary vertices.

Example 119: Some 3-boundaried tests (of T}'Z!) for 1-FEEDBACK VERTEX SET

are shown below.

B I S

SERTUE

The above restrictions on members of T} gives an upper bound on the number

of vertices, as stated in the following lemma. Hence T is a finite testset.

Lemma 120: The number of vertices for any test T' € Ttk is at most 3k 4+ 2¢ — 1.

Proof. Since T' € k—FEEDBACK VERTEX SET there can be at most k isolated tri-
angles, consisting of at most 3k non-boundary vertices. We now show by induction
that there can be at most ¢ — 1 interior forest vertices for boundary size t. With-
out loss of generality, we may assume the acyclic part of T" is a tree (i.e., we can
add edges to make another test with the same order.) For a tree with 2 boundary
vertices the largest test consists of one interior vertex of degree two. Thus the base
case holds. Now assume T' is a valid test with ¢ boundary vertices. We consider
three cases. If T has a degree one boundary vertex v that is adjacent to another
boundary vertex, then T\ {v} is a valid test for boundary size ¢ — 1 containing, by
induction, at most ¢ — 2 interior vertices. Hence T' also has at most t —2 < t — 1
interior vertices. Otherwise, if T" has a degree two interior vertex v then T\ {v}

partitions the boundary into two valid tests T} and T3 each with positive boundary
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sizes by + by = t. By induction, |V(T1)] — by < by — 1 and |V(T2)| — by < by — 1, so
(V(T)—t<(by—1)4 (ba—1)+1 =1t —1. Lastly, if all of T’s interior vertices have
degree at least 3 then there must be at least twice the number of leaves (boundary

vertices). Thus, any acyclic test T' can have at most ¢ — 1 interior vertices. a

The above bound is tight since the test T consisting of k isolated triangles and
t — 1 interior degree two vertices, each adjacent to boundary vertex ¢ and ¢ 4 1, has

3k + 2t — 1 vertices (see, for example, the last test given in Example 119).

Since these k—~FEEDBACK VERTEX SET testsets are based solely on ¢-boundaried
graphs, they are useful for both pathwidth and treewidth t-parse obstruction set

computations.

Theorem 121: The set of ¢-boundaried graphs T} is a complete testset for the
graph family ~~FEEDBACK VERTEX SET.

Proof. Assume G and H are two {-boundaried graphs that are not F-congruent
for F = k—FEEDBACK VERTEX SET. Without loss of generality, let Z be any ¢-
boundaried graph that distinguishes GG and H with G & Z € F and H & Z ¢ F. We
show how to build a t-boundaried graph T' € T} from Z that also distinguishes G
and H. Let W be a set of k witness vertices such that (G'& Z)\ W is acyclic. From
Wiolet We =WnNG, Wy =Wnaoand Wy =WnNZ. Take T" to be Z\ W plus |Wy]|
isolated triangles, plus |Wj| triangles with each containing a single boundary vertex
from Wpy. If T" contains any component C' % K3 without boundary vertices, replace
it with FV.S(C) isolated triangles. Clearly, G & T" € F since W plus one vertex
from each of the non-boundary isolated triangles of 7" is a witness set of k& vertices. If
H&®T" € F then this contradicts the fact that H &7 ¢ F by using a cover containing
Wz, Wy and the interior witness vertices of H (with respect to H & T"). Finally, we
construct a distinguisher 7' € T by minimizing T” to satisfy the 6 properties listed
above. (Note that the extension T' is created by not eliminating any cycles in the

extension 7".) O

For the graph family 1-FEEDBACK VERTEX SET on boundary size 4, the above
testset consists of only 546 tests. However, for 2-FEEDBACK VERTEX SET on bound-

ary size 5, the above testset contains a whopping set of 14686 tests. As can be seen by
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the increase in the number of tests, a more compact feedback vertex set testset would
be needed (if possible) before we attempt to work with boundary sizes larger than 5.
The large number of tests (especially TZ) for the FVS families indicates why using
the testset step to prove t-parses minimal or nonminimal is the most CPU-intensive

part of our obstruction set search (and is why it is attempted last).

7.3 The FVS Obstructions

Our search for the 1-FEEDBACK VERTEX SET and 2-FEEDBACK VERTEX SET ob-
structions is now presented. As mentioned in Chapter 4, we need some type of
lemma that bounds the search space. The following well-known treewidth bound can
be found in [vL90] along with other introductory information concerning the minor
order and obstruction sets. We provide a proof in order to suggest how generous the
bound probably is for the kA~FEEDBACK VERTEX SET obstructions, which is a very
small subset of the (k4 1)-FEEDBACK VERTEX SET family.

Lemma 122: A graph in ~~FEEDBACK VERTEX SET has treewidth at most k& + 1.

Proof. Let ¢ = (V. E) be a member of k~—~FEEDBACK VERTEX SET and V' C V be a
set of k witness vertices such that G = G'\ V' is acyclic. The remaining forest GG’ has
a tree decomposition T of width 1. Notice that a tree decomposition 7" consisting of

the vertex sets of T augmented as T/ = T; U V' is a tree decomposition for GG of width

k4 1. O

Corollary 123: An obstruction for ~A~FEEDBACK VERTEX SET has treewidth at
most k + 2.

Proof. Let (¢ be an obstruction and v any vertex of (. By definition, ' = G\ {v} €
k—~FEEDBACK VERTEX SET. Since GG’ has a tree decomposition 7" of width at most
k+1, adding the vertex v to each vertex set of T' yields a tree decomposition of width

at most k + 2 for G. O

We now consider when the pathwidth of a &~FEEDBACK VERTEX SET obstruc-
tion G can be larger than the treewidth bound of k+2. If we attempt to build a path



CHAPTER 7. FEEDBACK VERTEX/EDGE SETS (FVS AND FES) 146

decomposition like the tree decompositions in the proof of Lemma 7.3, we see that
the forest i (obtained by deleting an arbitrary vertex v and k witness vertices from
() has to have pathwidth at least 2. From [EST94] we know that the forest contains
a subdivided K7 3. So, such an obstruction must have at least 1 + k + 7 vertices. For
pathwidth 3 (see Chapter 12 or [EST94]), the forest has to contain one of the tree
obstructions of order 22, and hence GG has to have at least 1 + k + 22 vertices for
pathwidth to be more than the treewidth plus one.

Lemma 124: [If O is an obstruction to 2-FEEDBACK VERTEX SET and has path-
width greater than 4, then O either has at least 24 vertices or is also an obstruction

to k~PATHWIDTH, for some k > 4.

Proof. Assume that the pathwidth of O is 5 and is not a pathwidth obstruction.
(If the pathwidth is larger than 5 then we can get a larger vertex bound.) There
must then exist a minor ' of O with the same pathwidth as O. Since O is a
2-FEEDBACK VERTEX SET obstruction, the minor G must have a feedback vertex
set V of cardinality 2. If the forest G = GG\ V has pathwidth 2 or less, we can build
a path decomposition of &G of width 4 by adding the two vertices of V' to the sets of
a path decomposition of G’ of width 2. So that leaves us with the case that G' must
contain a tree of pathwidth at least 3. Such a tree must have at least 22 vertices so ¢
must have at least 24 vertices. Since O has the same pathwidth as ¢, the obstruction

O of 2-FEEDBACK VERTEX SET must also have 24 vertices. O

Any connected obstruction to 2-FEEDBACK VERTEX SET does not contain 3 dis-
joint cycles, or any degree one vertices, or any consecutive degree two vertices, so
having 24 or more vertices seems unreasonable. Observe that the graph K5 is an ob-
struction to both 2-FEEDBACK VERTEX SET and 3-PATHWIDTH (not pathwidth 4!),
and that most of the k-PATHWIDTH obstructions have pendent vertices (and other
nonminimal properties), so it is unlikely that the second case of the lemma is possible.
Unfortunately at this time, we have not proven the impossibility of either of these
two cases. We hope, with regards to 2-FEEDBACK VERTEX SET, that we can find a

definitive proof, and avoid a treewidth 4 search.
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Besides the single obstruction K for the trivial family 0-FEEDBACK VERTEX SET,
the connected obstructions for I-FEEDBACK VERTEX SET and the connected obstruc-
tions for 2-FEEDBACK VERTEX SET (pathwidth < 4) are shown in Figures 7.3-7.5.
The two connected obstructions for I-FEEDBACK VERTEX SET were found in about
3 hours of accumulated CPU time when combining 4 worker processes, a database
manager process, and a dispatcher process running concurrently. Our pathwidth 4
search for 2-FEEDBACK VERTEX SET consumed over 40 thousand hours of CPU time
running for about three months in duration while averaging 20 workers (from initially
a collection of 15-30 SUN Sparcs, and more recently including a few IBM 6000s and
two Cray Y-MPs).

Table 7.2 contains a brief summary of how many proofs our system had to find for
2-FEEDBACK VERTEX SET (pathwidth 4). The first column states various starting
(or restarting) points in the search. Lack of memory and disk space is the main
reason for the separate runs. The second column gives the number of canonic non-
boundaried obstructions that have the given prefix. The ‘minimal nodes’ column gives
the number of minimal ¢-parses that we encountered; these are the internal nodes of
our search tree plus any boundaried obstructions. The last column gives the total
number of graphs the system had to check. This total includes those t-parses that
were proved minimal or nonminimal (or irrelevant). The missing entries in the table
represent places that were fast dead-end runs (i.e., small subtrees of the search tree

leading only to nonminimal ¢-parses) and we did not bother keeping the proofs.

We believe that 2-FEEDBACK VERTEX SET may be the only feasible family to
characterize since there are at least 744 obstructions to 3—FEEDBACK VERTEX SET.
In fact this count is a very small percentage since we know of an obstruction with

order 15 and we have only searched through a subset of the graphs with maximum

order 10.

In our display of the two obstruction sets for the “within one/two vertices of
acyclic” families, we present only the connected obstructions since any disconnected
obstruction O of the lower ideal k~~FEEDBACK VERTEX SET is a union of graphs from
UEs O(i-FEEDBACK VERTEX SET) such that FVS(O) = k + 1. (See Section 4.4.1.)
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Table 7.2: Summary of our 2-FEEDBACK VERTEX SET obstruction set computation,
pathwidth 4.
Pathwidth Four Prefixes Obsts Extract Minimal Total

for Feedback Vertex Set 2 File t-parses  proofs

(0,1,2,3,4,01,02,0,03,12] X

(0,1,2,3,4,01,02,0,01,13] X

(0,1,2,3,4,01,02,03,0,12] 0

[0,1,2,3,4,01,02,03,12,14] X

[0,1,2,3,4,01,02,03,14,24] X

[0,1,2,3,4,01,02,03,12,13] x

[0,1,2,3,4,01,02,03,04,12] 1 (K5) none 15 211
[0,1,2,3,4,01,02,03,0,04] 0 none
[0,1,2,3,4,01,02,0,01,12] 0 A 150 2251
[0,1,2,3,4,01,02,0,03,04] 0 B 233 3271
[0,1,2,3,4,01,02,03,04,0] 10 4 (deg) 5177 74611
[0,1,2,3,4,01,02,03,0,01] 16 C 68634 1013641
[0,1,2,3,4,01,02,0,01,03] 13 D 153772 2286001
[0,1,2,3,4,01,02,0,01,02] 13 E (prefixed below)
Prefix(E) + [03,04,0] 9 E13a 105482 1565416
Prefix(E) + [03,04,12] 10 E13b 91976 1359376
Prefix(E) + [03,04,13] 0 E13c 5241 78436
Prefix(E) + [03,04,34] 0 E13d 509 7636
Prefix(E) + [03,12] 10 E12a 35976 532651
Prefix(E) + [03,13] 0 E12b 260 3886
Prefix(E) + [03,14] 0 E12c 45 676
Prefix(E) + [03,34] 0 E12d 41 616
Prefix(E) + [12] Ella 2 E11 10517 157231
Prefix(E) + [13] E11b 0 none 13 151
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Example 125: Since K3 is an obstruction for 0-FEEDBACK VERTEX SET, and Ky
is an obstruction for I-FEEDBACK VERTEX SET, the graph K35U K is an obstruction
for 2-FEEDBACK VERTEX SET.

Some patterns become apparent in these two sets of obstructions such as the

following easily-proven observation.

Observation 126: For the family k&~ FEEDBACK VERTEX SET, the complete graph
K3, the augmented complete graph A(K42) which has vertices {1,2,...,k+ 2} U
{vi; |1 <1<y <k+2} and edges

{i)ll<si<j<k+2} U

{(Z',UZ'J) and (U@j,j) | 1< ) <j < k+ 2} ,

and the augmented cycle A(Csp41) are obstructions.

7.4 The FES Obstruction Set Computation

We now focus on two problem-specific areas for computing the kA—FEEDBACK EDGE SET
obstruction sets: a direct minimality test and a complete testset (i.e., steps 1 and 4

of Section 4.3).

7.4.1 A direct nonminimal FES test

We first describe a simple graph-theoretical characterization for the graphs that are
within a few edges of acyclic. This trivial result also shows that Problem 112 (i.e.,
determining the minimum feedback edge set of a graph) has a linear time decision

algorithm.

Theorem 127: A graph (¢ = (V, E) with ¢ components has F'ES(G) = k if and
only if |[E] =|V|—c+ k.
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Proof. For k = 0 the result follows from the standard result for characterizing forests.
If FES(G) = k then deleting the k& witness edges produces an acyclic graph and thus
|E| = |V] — ¢+ k. Now consider a graph G with |V| — ¢ + k edges for some k > 0.
Since (G has more edges than a forest can have, there exists an edge e on a cycle. Let
G' = (V,E\ {e}). By induction FES(G') = k — 1. Adding the edge e to a witness
edge set F’ for G shows that FES(G) = k. O

Unlike the k—~FEEDBACK VERTEX SET lower ideals, it is not obvious that the
family k—FEEDBACK EDGE SET is a lower ideal in the minor order. However, with

the above theorem one can easily prove this.

Corollary 128: For each £ > 0, the family of graphs &~FEEDBACK EDGE SET is a
lower ideal in the minor order.

Proof. We show that the three basic minor operations do not increase the number
of edges required to remove all cycles of a graph. An isolated vertex deletion removes
both a vertex and a component at the same time, so k is preserved in the formula
|E| = |V| — ¢+ k. For an edge deletion the number of components can increase by
at most one, so with |F/| decreasing by one, the value of k does not increase. For
an edge contraction, the number of vertices decreases by one, the number of edges
decrease by at least one, and the number of components stays the same, so k does

not increase. O

The above corollary allows us to characterize each ~~FEEDBACK EDGE SET lower

ideal in terms of obstruction sets. We abstractly characterize these below.

Theorem 129: A connected graph G'is an obstruction for kA~FEEDBACK EDGE SET
if and only if FES(G) =k + 1 and every edge contraction of (G removes at least two
edges (i.e., the open neighborhoods of adjacent vertices overlap).

Proof. This follows from the fact that an edge contraction that does not remove at
least two edges is the only basic minor operation that does not decrease the number
of edges required to kill all cycles for a connected graph with every edge on some

cycle. a

The above theorem gives us a precise means of testing for nonminimal ¢-parses

(see step 1 of Section 4.3).
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7.4.2 A complete FES testset

Somewhat surprisingly, a usable testset for each feedback edge set family has already
been presented in Section 7.2.2. We now prove that those earlier feedback vertex set

tests can also be used here.

Lemma 130: The testset T} for the family &~ FEEDBACK VERTEX SET is also a
testset for ~~FEEDBACK EDGE SET.

Proof. First observe that
F = k—FEEDBACK EDGE SET C £~ FEEDBACK VERTEX SET

so that the &~ FEEDBACK VERTEX SET membership restriction for 7 graphs does not
preclude any important tests (just includes some obsolete tests not in F). Consider
a fixed family F and boundary size t. It suffices to show that if G 4z H then there
exists a test T € TF that distinguishes G and H. Since G and H are not congruent
there exists a t-boundaried graph Z such that, without loss of generality, G'- Z € F
and H - Z ¢ F. We now show how to minimize Z into a T € TF. Let E be a witness
edge set for G- 7 € F and let Ez = E(Z)\ E. The first transformation on 7 is to set
Z'=(Z\ Ez)U(|Ez| - K3). Clearly 7’ is also a distinguisher for (¢ and H since (1)
G- Z' € F by using the edges £\ F; and one edge from each of the new K3’s as a
witness set, and (2) H -7’ ¢ F, for otherwise, H - Z would be in F. Notice that 7’ is
a set of trees and isolated triangles. The final transformation on 7 is to let Z” be 7’
with all non-boundary leaves deleted and non-boundary subdivided edges contracted

to satisfy the conditions of a member of T}, O

It is interesting to notice from the above proof that, in addition to the out-
of-family tests, the isolated triangles in the tests for &~FEEDBACK EDGE SET do
not contain any boundary vertices. Thus, the number of graphs in a testset for
k—FEEDBACK EDGE SET is substantially smaller than the order of the testset for
k-~FEEDBACK VERTEX SET.
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7.5 The FES Obstructions

Since the family k~FEEDBACK EDGE SET is contained in s~FEEDBACK VERTEX SET,
the maximum treewidth of any obstruction for kF~FEEDBACK EDGE SET is at most
k + 2. Thus, the same arguments given in Section 7.3 regarding pathwidth apply to
k-FEEDBACK EDGE SET as well.

For the family 0-FEEDBACK EDGE SET, it is trivial to show that K3 is the only
obstruction. The connected obstructions for the graph families I -FEEDBACK EDGE SET
through 3—FEEDBACK EDGE SET are shown in Figures 7.2, 7.4 and 7.6. There are
well over 100 connected obstructions for the 4—FEEDBACK EDGE SET family. Any
disconnected obstruction for k~FEEDBACK EDGE SET 1is easily determined by com-
bining connected obstructions for j~FEEDBACK EDGE SET, j < k, since FES(Gy) +
FES(Gy) = FES(Gy U Gy).

An open problem is to determine a constructive method for finding all of the
obstructions for k—~FEEDBACK EDGE SET directly from O(j—FEEDBACK EDGE SET),

J < k. Some easily observed partial results are given next.

Observation 131: If G is a connected obstruction for k-~ FEEDBACK EDGE SET
then the following are all connected obstructions for (k 4+ 1)-FEEDBACK EDGE SET.

1. G with an added subdivided edge attached to an edge of G.
2. (G with an attached K5 on one of the vertices of G.

3. (¢ with an added edge (u, v) when there exists a path of length at least two between
uw and v in G\ F for each feedback edge set F of k + 1 vertices.

It is easy to see that if an obstruction has a vertex of degree two then it is pre-
dictable by observations 1-2. The first 2-FEEDBACK EDGE SET obstruction in Fig-
ure 7.4 (wheel Ws5) and the second 3-FEEDBACK EDGE SET obstruction in Figure 7.6
(Wy) are two examples of graphs where observation 3 predicts the graph. Those
4-FEEDBACK EDGE SET and 5—~FEEDBACK EDGE SET obstructions (pathwidth bound
of 4) without degree two vertices and cut-vertices are shown in Figures 7.7 and 7.8.

The third 4-FEEDBACK EDGE SET obstruction in Figure 7.7 is not predicatable from
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the 3-FEEDBACK EDGE SET obstructions by using any of the above observations.
Here deleting any edge from this obstruction leaves a contractable edge that does
not remove any cycles, that is, all single edge deleted minors are “nonminimal” (see

Theorem 129).
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Figure 7.2: Connected obstructions for 1-FEEDBACK EDGE SET.
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A(I(g) ~ A(Cg)

Figure 7.3: Connected obstructions for 1-FEEDBACK VERTEX SET.
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Figure 7.4: Connected obstructions for 2-FEEDBACK EDGE SET.
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Figure 7.5: Connected obstructions for 2-FEEDBACK VERTEX SET, pathwidth < 4.
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Figure 7.7: Biconnected 4-FEEDBACK EDGE SET obstructions without degree 2 ver-
tices, pathwidth < 4.

Figure 7.8: Biconnected 5—FEEDBACK EDGE SET obstructions without degree 2 ver-
tices, pathwidth < 4.
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Chapter 8

Some Generalized VC and FVS
Graph Families

This chapter develops problem-specific results leading to the characterization (in
terms of obstruction sets) for several parameterized graph families. The previous
two k—VERTEX COVER and A—FEEDBACK VERTEX SET graph families are general-
ized into other graph-covering families that are lower ideals in the minor order. We
also include efficient dynamic programs and computer-generated automata examples
for various a path and cycle cover problems where the input has bounded combina-

torial width.

8.1 Path Covers

We now generalize the k~VERTEX COVER graph families (see Chapter 6). These
path-cover families have applications in the design of minimal broadcast graphs via

graph compounding (see [BFP95]).

Definition 132: For a graph G, let Max Path(G) be the length (number of edges)
of the longest path. The base-level graph family is

0—PATH COVER(p) = {G | MaxzPath(G) < p}.
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The graph family ~—PATH COVER(p) consists of the graphs that are within &k vertices
of 0—-PATH COVER(p), that is, a graph G = (V| F) is in k—PATH COVER(p) if there
exists a V' C V |V'| <k, such that MaxPath(G'\ V') < p.

Note that the parameterized family of graphs k~—PATH COVER(0) is identical to
the set of graphs in the &~VERTEX COVER family.

Lemma 133: The graph family k—PATH COVER(p) is a lower ideal in the minor

order.

Proof. Let G = (V, E) be a graph in k—=PATH COVER(p) with V' C V a covering.
For any edge ¢ = (u,v) € F, let ' = G\ {e}. If either v or v is in V' then
G'\V' = G\ V has a maximum path of length at most p. If not, G'\ V' C G\ V and
its maximum path length is less than or equal to p. Now consider an edge-contracted
minor G' = G'/e. If either w or v is in V’ then G'\ V' C G\ V has a maximum path
of length at most p. If not, G’ \ V' is an edge-contracted minor of G\ V and edge
contractions do not increase the lengths of any paths. So MaxPath(G'\ V') < p. O

The following result follows from the treewidth result given in [FL89b] but is

included and specialized here for completeness.

Theorem 134: The pathwidth of any graph is at most the height of its smallest
depth-first-search (DFS) spanning tree.

Proof. Consider a DFS spanning tree T" with root r of a graph G. Let vy, v9,...,0,,
be the leaves of the tree 1" in visit order. Let V; be the set of vertices from & on the
path from r to v; in T'. We claim that V;,V5,...,V,, is a path decomposition of G.
The width of this decomposition is the height of the tree T'. Since a DFS spanning
tree does not have any cross-edges, any edge (u,v) € G has both vertices in some
Vi. Now consider 1 <1 < k < 7 < m. Suppose there is a vertex v € (G such that
v € (V;NV;). Vertex v is not a leaf of T since each leaf is in exactly one V;. Also,
for any non-leaf vertex v, v € V; implies that v was visited before v; in the DFS tree.
Let v; ; be the nearest vertex to v; in V; NV, of T'. Vertex v must be on the path from
the root r to v;; to be in both V; and V,. Note that v;; comes after v; ; in the DF'S
visit order. This implies that the path (r,...,v;,...,v;;) is a subpath of the path
(ry...,vik). Sov € Vyand V; NV, C V. O
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Corollary 135: The maximum pathwidth of any graph GG in k—PATH COVER(p) is
k + p.

Proof. Let W be a set of witness vertices such that MaxPath(G\ W) < p. Every
component C; of G\ W has a DFS spanning tree of height at most p. Thus, combining
the vertex set W with the path decompositions of width at most p for each component

C;, shows that GG has pathwidth at most k + p. a

Notice that the complete graph K4 ,4; has pathwidth £+ p and is a member of
k—PATH COVER(p). However, we do not believe the next result is tight.

Corollary 136: If (¢ is an obstruction for &~PATH COVER(p), then the pathwidth
of Gis at most k+p+1

Proof. The minor ' = G\{v} for any vertex v € (G is a member of k—PATH COVER(p).
Thus G’ has pathwidth at most £ 4+ p and G has pathwidth at most k + p + 1. a

8.1.1 A path-cover congruence

We now consider the family 0-PATH COVER(p). A dynamic-programming congruence

for t-parses is given below. Later we indicate how to handle the within k vertices cases.

Our finite-index congruence for 0-PATH COVER(p) is based on a general purpose
MazPath() algorithm. The states of this dynamic program consists of “lengths”
indexed by path sequences of the form:

(U] by (P|G) by (P|G) bs -+ byy (PIG) by [1])

where by,bq, ..., b, are distinct boundary vertices, 0 < s < ¢+ 1.

We use square brackets to denote optional beginning and trailing I’s. The nota-
tion (P|G) means that either P or (¢ is that letter of the sequence. The semantics of
the variables I, P, and ' are:

1. The variable I denotes a path to/from an interior vertex and the boundary.
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2. The variable P denotes a path between two boundary vertices (this can be a

boundary edge).

3. The variable G denotes a gap in the path (contributes 0 to the length).

Each length is set to -1 if no such path is possible, otherwise it is the maximum
sum over all disjoint partial paths between an interior vertex and by, all b; and b;14, and
bs and another interior vertex, where applicable. Note that the degenerate sequence

(I 1) denotes, if positive, the length of a maximum path in the interior.

We also ignore path sequences that have the substring (G' b; () since replacing
that substring with () represents the same type of “future” path (i.e., two gaps of
length 0 add up to 0).

Lemma 137: For boundary size ¢ + 1 there are a finite number of path sequences.

Proof. A simple upper bound is obtained by counting the legal combinations of the
variables. There are 4 ways that the variable [ can appear (e.g., one or zero times at
the front or end of the sequence). If there are 57 > 0 distinct boundary vertices, then
there are 27! possible ways the variables P and ( are inserted between consecutive
b; and b;41 (overcounting for consecutive (i’s). The remaining one boundary vertex
case has t + 1 possibilities. After combining these choices we have at most

i=1

t41 4
4 - (t—|—1—|—2(t—|—1)t(t—1)---(t—|—2—j)-2]_1) <4-(t4+2)-2
possible path sequences. a
We note that approximately one half of the path sequences counted in the
previous lemma need to be kept since a sequence (s; sg -+ $5,) and its reverse

(Sm Sm—1 -+ $1) represent the same type of path.

Example 138: The path sequence indices of interest (i.e., those path sequences
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that determine a t-parse’s state) for boundary size 2 are listed below:

(10)=(10G 1) (101
(I1)=(I1G0) (I11)
(I1) (I0P1)
0P1) (I'1P0)
(0G1)= (I10G11)
(I0P11)

The above example illustrates that our bound given in Lemma 137 is not very

tight (i.e., we need only 10 path sequences verses the 48 predicted by the lemma).

Theorem 139: There exists a linear time dynamic program that determines the

maximum path length of a t-parse G.,,.

Proof. It suffices to show how to correctly update the above path sequence state
table (in constant time) for both vertex and edge operators. The maximum length
over all non-‘G’” path sequence indices is the maximum path of the ¢t-parse. Initially,
for the empty prefix t-parse Gy = [@, @, cees @] all sequence lengths are set to
-1 except that the following lengths have value 0:

(by G by) and (by) where by, by € 0 and by # by

Case 1: edge operator

For this simple case, we just need to update only those indices for which adding
an edge between boundary vertex ¢ and j can create a longer path. That is, if the
length m of a path sequence (--- ¢ GG j ---) is not -1 then the length of (--- ¢ P 5 --+)
is at least m 4+ 1. Here, we set the length for this sequence to the maximum of its
previous value and m+1. By definition, no other path sequence needs to be increased.
For example, the length for the trivial case (i P j), where ¢ and j are disconnected

boundary vertices, would be set to 1 because (¢ ¢ j) always has length 0.
Case 2: vertex operator @

For this case, we need to incorporate maximum-length paths that go through

the boundary at vertex i into paths that go through the interior. We say that a
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Snag case: Middle of path case: One end case:
(] 1) (- kPiPj ) (apPyj )

U U U
(I1) (- kPj ) (Ij--)

Rare middle case:

(- kGiPj)=> (kG
Figure 8.1: The vertex operator subcases for the proof of Theorem 139.

new boundary vertex ¢ replaces the old boundary vertex i. The possible cases to
consider (the symmetric representative cases) are displayed in Figure 8.1. A “picture
aid” of what path sequences to possibly alter is also given in the figure. Since none
of the physical paths of the prefix ¢t-parse (&, are increased in G, 1, our dynamic
program simply recategorizes some of the path sequence lengths. Again, like the
edge operator case, the maximum of the previous sequence length and the length
of the new candidate path is used to determine a path sequence’s new length. The
old path sequence containing boundary vertex i (on the path) may be assigned the
value -1 since vertex ¢ is now isolated. The path sequences with a gap G between :
and another boundary vertex j need not be considered in this update process. For
example during the move of boundary vertex i to the interior, the path sequence
(I Gy ---) represent a path for (j ---), but (5 ---) already represents another of
path with greater or equal length.

For both the above two operator cases the update process from G, to G, 41 1s
done in time bounded by the constant number of path sequences. Since this happens

only n times for the ¢t-parse (&,,, the overall running time is linear. O

Corollary 140: For a maximum path length p (i.e., for the family 0-PaTH COVER(p)),
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our MaxPath() algorithm can be used as a finite-index congruence.

Proof. This is accomplished by bounding the lengths of each path sequence to p +
1. Since the maximum length over all of the path sequences never decreases, any
extended t-parse stays out of the 0-PATH COVER(p) family. If « is the total number
of path sequences, the number of equivalence classes of this congruence is bounded

by (p+3)°. 0

We can convert the finite-state algorithm given in the proof of Corollary 140 to
recognize graphs that are within & vertices of having p as the maximum path length
(i.e., a k=PATH COVER(p) dynamic-programming congruence). This is accomplished
by using the same technique that we used for our finite-state &~VERTEX COVER and
k—FEEDBACK VERTEX SET algorithms. That is, we break the two operator cases @
and down into subcases that depend on conditions for each possible kill set S C 0

(and keep witnesses for each of the possible killed vertices in the interior).

From the previous dynamic program, we also get the following simple corollary.
Corollary 141: For graphs of bounded pathwidth, (i.e., t-parses), the Hamiltonian
path problem can be solved in linear time.

Proof. We just run the linear time Max Path() algorithm on a t-parse GG and check
if the answer equals |G]. O

8.2 Cycle Covers

We now generalize the k~FEEDBACK VERTEX SET graph families (see Chapter 7.)

Definition 142: For a graph G, let MaxCycle(GG) be the length of the longest
cycle. The base-level graph family is

0—CYCLE COVER({) = {G' | MaxCycle(G) < [}.

The graph family k—CyYCLE COVER(!) consists of the graphs that are within k vertices
of 0-CYCLE COVER(!), that is, a graph G = (V, F) is in k—~CYCLE COVER(p) if there
exists a V! C V, |V'| <k, such that MaxCycle(G\ V') < L.
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The cycle cover family k—CYCLE COVER(2) is identical to the set of graphs in
k—FEEDBACK VERTEX SET. The two degenerate families k~CYCLE COVER(0) and
k—CYCLE COVER(1) are classified as follows: the first family

k—CYCLE COVER(0) = {G | G has at most k vertices}

has the single obstruction (k + 1) - K7 consisting of isolated vertices, and the second

family
k—CycLE COVER(1) = k—VERTEX COVER = k—PATH COVER(0)

has already been seen.

Lemma 143: The graph family k~CYCLE COVER(/) is a lower ideal in the minor

order.

Proof. This proof is similar to the proof given for Lemma 133 except that we observe
that taking either subgraphs or edge contractions of a graph do not increase the length
of any cycle. a

The next result relating treewidth and the maximum cycle length was first proved
by Fellows and Langston [FL89b]. They show that if a graph has maximum cycle of
length £, no back edge in any DFS tree can go back more than & — 1 levels. One
then reads off a tree decomposition of width £ — 1 from such a DFS tree. Our proof
below is recursive and is based on separator sets and illustrates the fact that each
biconnected component of a graph with a maximum cycle of length k& can only have

another disjoint cycle of length at most k& — 4.

Theorem 144: For any graph G, treewidth(G) < MaxCycle(G). The degener-
ate cases are MaxCycle(K;) = 1, and for any forest F' with at least one edge,
MaxCycle(F) = 2.

Proof. We first note that the theorem holds for the degenerate cases since clearly
K has treewidth 0 and any forest has treewidth at most 1. We prove the other cases

by induction on the maximum cycle length. For a base case, consider a graph G
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with MaxCycle(G) = 3. Since G does not contain any cycles of length 4, G does
not contain either Ky or K33 as a minor. Thus, G must be outer-planar. From

Lemma 156, we know that (G has treewidth at most 2 and so the base case holds.

Now consider a graph G with MaxCycle(G) = k, k > 3. Without loss of gen-
erality, we can assume (i is biconnected. (If G is not biconnected then a set of
minimum tree decompositions Ty, 75, ..., T, of the maximal biconnected subgraphs
S1,52, ..., 5, of G can be pasted together to form a tree decomposition 7' of width
equal to the maximum width of any 7;.) Let C' be a maximum cycle in G and
C1,Cy ..., Cpy m > 1 be the connected components of G\ C. If m = 0 then the
treewidth/pathwidth of i is at most |C'| — 1. Let C! be the vertex induced subgraph
of G with vertices in the closed neighborhood of C;, N[V(C;)]. Also let p; > 1 be the
number of vertices in €' adjacent to C;, that is, p; = |V(C)NV(C})|. We build a tree
decomposition of G with root vertex T, = €' combined with child tree decompositions
from the components C! and show that the resulting tree decomposition has width

at most k — 1.

We first take care of any component C; with just one vertex v. The graph C7,
which consists of vertex v and its neighbors on €, can have at most |k/2| +1 vertices
or otherwise C' would not be a maximum cycle in . Thus, for any such component

C; we can attach a vertex set consisting of V(C?) to T,.

To make the rest of the proof more understandable, we first investigate the case
where p; = 2 and then later generalize for each p; > 2. Let v; and vy denote the
two vertices in €' N C]. Consider a maximum cycle D, |D| > 2, in C;. Since G is
biconnected, there are two vertex disjoint paths P, = vy,...,d; and Py = dy, ..., v,
between C' and D, d; # dy on D as shown in Figure 8.2. We claim that |D| = k' <
kE —4. Let C, be the longest path between vy and vy in C, D, be the longest path
between dy and dy in D, and F be the cycle (P, D,, Py, C,). We have the following

inequality

k k' k+FK kE+ K +4
ez il = 1nd+ e+ 5]+ 5] 220 [S5E] <| }

2 2 2 2

So the length £’ of the maximum cycle D in C; is at most k—4. By applying induction,
we have a tree decomposition 7T; of width at most & — 5 for ;. If we add the p; = 2

vertices v1 and vy to each vertex set in T;, we get a tree decomposition T} of width at
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Figure 8.2: Hlustrating the p; = 2 case for the proof of Theorem 144.

most k — 3 for C!. This subtree decomposition T/ can be attached by any connecting

edge to the separating vertex set T,.

Finally we consider the generalized case, 2 < p; < |k/2|, with |C;| > 1. Let
U1, U2, ..., Up, be the vertices in W = C'N C!. Consider a maximum cycle D, |D| > 2,
in ;. We partition the vertices in W into equivalence classes defined by v; = v; if
and only if there does not exists disjoint paths P, = v;,...,d; and P; = v;,...,d;
between C' and D, d; # dy on D. Since (G is biconnected, there are at least two
equivalence classes. We use the same construction as in the p; = 2 case given above
and show that |D| = k' < k — p;. Assume v; is a member of an equivalence class
with m < p; members. Since any two vertices v; and v; in W can not be adjacent
on C, the m vertices in v;’s equivalence class must preclude at least 2m + 1 positions
on (' for the locations of the remaining p; — m vertices in W. Likewise, the other
equivalence classes collectively prevent at least 2p; — 2m + 1 positions on . This
means that there exists two non-equivalent vertices v; and v; that have distance at
most [(k—2(pi—m—1)—2(m—1))/2] on C. In other words, v; and v; are connected
by a path of length at least k — (k — 2p; +4)/2 = (k + 2p; —4)/2 on C. Let C, be
this longest path between v; and v; in €', D, be the longest path between d; and d;
in D, and E be the cycle (P;, D,, P;,C,). We now have the following inequality

E2E] 2 P+ [Pl + (k+2p = 4)/2 4 )2
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> 24 (k+2p, —4+K)/2
= (k4+ Kk +2p;)/2

So, as desired, the length k&’ of the maximum cycle D in C; is at most k — 2p; (which
is less than or equal to k& — p;). By applying induction, we have a tree decomposition
T; of width at most & — 2p; — 1 for ;. If we add the p; vertices W to each vertex
set in T;, we get a tree decomposition 7] of width at most k — p; — 1 for €. This

sub-tree-decomposition 77 can be attached, as we did for the p; = 2 case, to the

separating vertex set 7. O

Corollary 145: The maximum treewidth of any graph G in k—CyYCLE COVER(!)
isk+1—1.

Proof. Let W be a set of witness vertices such that MaxCycle(G\ W) < [. From
the above theorem, every component C; of G\ W has treewidth at most [ — 1. Thus
combining the vertex set W with the tree decompositions of each C; and adding
arbitrary edges in a tree-like fashion between the sub-decompositions shows that

has treewidth at most &+ 1 — 1. O

Again, as we saw for the k—PATH COVER(p) families, the complete graph Ky
in k—~CYCLE COVER(/) has treewidth k + [ — 1. We suspect that the next result can

be improved.

Corollary 146: If (¢ is an obstruction for k&~CYCLE COVER(/), then the treewidth
of G is at most k£ +

Proof. The minor G/ = G\ {v} for any vertex v € (G is a member of the lower ideal
k—CYCLE COVER(/). Thus G’ has treewidth at most k + [ — 1 and G has treewidth
at most k + [. O

Regarding membership algorithms, there is an efficient linear time algorithm for
checking if a graph has a cycle of length at least 4 and for checking k—~CYCLE COVER(3)

membership in time O(n**+!). These algorithms are based on the following fact.
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Lemma 147: A graph has a cycle of length at least 4 if and only if it has a bicon-
nected component of at least 4 vertices.

Proof. If a graph has a 4-cycle then clearly an induced biconnected component con-
taining the 4-cycle has at least 4 vertices. Let B be a biconnected component with at
least 4 vertices. Since B is not a tree, let vertices a, b, and ¢ be a triangle. Without
loss of generality, let vertex d € {a,b,c} be adjacent to a. Now, since a is not a
cut-vertex, there exists a path from vertex d to either b or ¢ avoiding vertex a. But
this means, that the four vertices {a,b, ¢, d} are in some common cycle of length at

least 4. O

The above fact does not generalized for any cycle lengths greater than 4 (e.g.,
k—CYCLE COVER(4)) since the graph with 5 vertices in Figure 8.3 is not Hamiltonian.

Figure 8.3: The smallest biconnected non-Hamiltonian graph.

With the recent powerful result of Courcelle (see [CM93, Cou93, Cou92b]) con-
cerning 2nd-order monadic logic of graphs, we know for any fixed k there exists a lin-
ear time algorithm for 0—-CYCLE COVER(k), that is, this problem is fixed-parameter
tractable (see [DF95]). Our application of this powerful result is sketch next. First,
in the process of finding a depth-first spanning tree T' of a graph G if a back-edge
(which is adjacent to a parent node) creates a cycle of length greater than k then we
know the answer is ‘no’ and can stop. Otherwise, with this DFS tree T', we read off
a tree decomposition of width at most & — 1 for G [FL89b]. The 2nd-order monadic
logic representation of this problem tells us that there is a linear time algorithm for

graphs of bounded treewidth. For example, consider this simple logic for £ = 3 on a
graph G = (V, E):
(Jui e V)A(Fvy € V) A (Jus € V) A (v1 # va) A (2 # v3)
A((v1,v9) € E) A ((v2,03) € E) A ((vs,01) € F)
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8.3 Path/Cycle Cover Testsets

Recall that a testset for a canonical (family) congruence is a set T' of boundaried
graphs such that there exists a distinguisher Z in T for every two non-congruent
graphs X and Y. That is, if X o4z Y then either X & 7 € F while Y & Z ¢ F or vice
versa. In this section we present testsets for various path and cycle cover families.

With these testsets one can build practical membership automata for ¢-parses.

8.3.1 Some maximum path/cycle testsets

We first present testsets for the
MAXCYCLE(]) = 0-CycLE COVER(/) and

MAXPATH(p) = 0-PATH COVER(p)

graph families for -boundaried graphs. The MAXCYCLE(!) tests resemble the Hamil-
tonian cycle tests presented in Section 4.3.4 (also see [Lu93]). Let F denote either
MAXCYCLE(l) or MAXPATH(p) where [ = p. Assume X and Y are boundaried
graphs that are not congruent. Without loss of generality, let Z be a test such that
X@ZeFandY @ Z & F. Consider an out-of-family path/cycle P in Y & Z and
let Z'=0U(PNZ). Since 2/ C 7, wehave X & 7' € Fand Y & Z' ¢ F. The test
7' has components consisting of paths Py, P, ..., P, where the boundary of 7’ lies
on the end-points of certain P;. In the case of MAXPATH(p), at most two end-points
of 7' are not boundary vertices. In the case of MAXCYCLE(]), every end-point of 7’
is a boundary vertex. The above discussion leads to the following result for any fixed

boundary size.

Lemma 148: A finite testset for MAXCYCLE(!) consists of tests of classes Ty and
T, and a testset for MAXPATH(p) consists of additional tests of classes T, and T,
(see Figure 8.4).

For illustration, this testset (modulo boundary permutations) for MAXPATH(p)
is shown in Figure 8.4 for boundary size 4. The testset for the MAXCYCLE(!) family
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Figure 8.4: Four types of 4-boundaried tests for the MAXPATH(p) and MAXCYCLE(!)
graph families, [ = p.

consists of only tests of type Ty and T,. The variables 7, 7 and k& denote lengths of
the paths and cycles of the tests. The summations (and inequalities) indicate how

many tests in each class.

8.3.2 A maximum path automaton example

Using the MAXPATH(p) or MAXCYCLE(]) testsets given above, we can build fast
membership automata that recognize ¢-parses in those graph families. A straightfor-
ward way of building automata from testsets is discussed in Section 11.3. Further
information regarding building automata for bounded pathwidth and treewidth prob-
lems occur in the literature (e.g., see [AF93, APS91, KK94b]).

For a simple example, consider the family MAXPATH(4) over 1-parses. In Ta-
ble 8.1 we give a transition diagram for the minimal finite state automaton that

recognizes those graphs of pathwidth 1 (caterpillars) that have no paths of length 5
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Table 8.1: The transition diagram for the MAXPATH(4) automaton.

1-parse operators | reference counts
State @ @ during O-set search

0 0 0 1 16 5 167
1 2 3 1 103 55 1
2 2 0 4 2 13 83
3 0 3 5 2 0 48
4 2 6 4 1 77 1
5 7 3 5 42 2 0
6 0 6 8 11 2 61
7 7 0 9 0 1 36
8 106 8 53 3 1
9 711 9 0 32 0
10 10 0 12 2 9 38
11 0 11 13 5 0 27
12 10 14 12 1 33 1
13 5 11 13 12 10 0
14 0 14 16 5 3 22
15 5 0 16 0 6
16 16 16 16 15 15 4

or greater. State 16 of this automaton is the out-of-family state. A pictorial view of

this automaton is given in Figure 8.5.

Also, given in the right three columns of Table 8.1, for the MAXPATH(4) au-
tomaton, is a reference count for each combination of state and alphabet symbol
(transition) during the search for the single obstruction Ps (path of length 5). See
Section 11.3 for more details. The zero entries show that many branches where not
taken during this type of obstruction set search. This indicates that computing ob-
struction sets via automata is not very efficient overall. In practice, we found that

building an automaton takes over 95% of the computation time while searching for
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Figure 8.5: The automaton for MAXPATH(4) corresponding to Table 8.1.

obstructions using a minimum automaton is very fast (by the search technique of
Chapter 4). Our empirical results suggest that for obstruction set computations: if
one has an automaton (or minimal congruence) available use it, otherwise consider

another method.

8.3.3 Some generic cycle-cover testsets

We now describe how to create a testset for the graph family k~—~CycLE COVER(]),
using boundary size t. The tests are a combination of the kA—~FEEDBACK VERTEX SET
tests (see Section 7.2.2) and the maximum cycle tests given above. We illustrate the

testset construction with the k—CycLE COVER(3) family.

Our k~CYCLE COVER(3) testset T¥ consists of all t-boundaried graphs that have

the following properties:

1. Each graph is a member of k~CYCLE COVER(3).
2. All degree zero and one vertices are boundary vertices.

3. There are no cycles of length greater than 4.
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4. All 4 cycles, 'y, are isolated or attached to at most 1 boundary vertex.

5. Any degree two vertex is on a path of length at most 3 between some two

boundary vertices.

6. Any edge e on an interior cycle (5 is allowed if there exists a path between
two boundary vertices a and b containing e that is larger than any other path

between a and b.

Lemma 149: The set of t-boundaried graphs T¥ is a testset for k~CYCLE COVER(3).

Proof. Let F = k—CYCLE COVER(3) for some fixed constant k. The proof that
T* is a testset follows the same line of reasoning as our proof of correctness for the
E—FEEDBACK VERTEX SET testset. For two graphs G and H such that G «4r H
we need to show that YT¥ contains a distinguishing test. First, we can assume both
(G and H are members of F since the empty ¢-boundaried graph is a distinguisher.
Without loss of generality, let T" be any ¢-boundaried graph such that G & T € F
and H@ T ¢ F. It is safe to assume that the graph T does not have any degree zero
or one internal vertices because any such vertex does not contributed to any cycle

created by the @ operator.

If T' contains any internal cycles of length four or greater then any kill witness set
W (in either case) must contain one vertex on these cycles. So, another distinguishing
test 7" created by adding [(TNW)\ | isolated Cy’s to a “pruned” (T'NW)\ 0, where W
is a witness for GG T € F. (A graph is considered to be pruned if it satisfies property
2 of T¥.) Now consider any remaining cycle C' of length at least 4 in 7”. This cycle
must be covered by a boundary vertex of W. This “testing” boundary /internal cycle
can be replaced with a test that satisfies property 4 of T%. For the subset S = 9N W
we construct a test T that is a “pruned” 77\ S with |S]| four cycles added, each
containing one of the removed boundary vertices in S. Thus, G @ T" € F while still
HaeT"¢ F. It H®T" € F then we can find a kill set W’ containing T'N W, where
|W'| < E, that contradicts H & T ¢ F.

Property 5 is trivially seen since contracting out any such degree two vertex (that
does not satisfies this property) produces a smaller distinguisher. For the validity of

the property 6 restriction, we first note that in order for an edge e = (u,v) to occur
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in a T"-type test (i.e., a test without cycles of length 4 or greater) the “longer paths”
must all detour around a neighbor vertex z on a cycle Cs = {x,y, z}. See test (a) in
Figure 8.6. In this case, removing the edge does not allow for any smaller kill set for
the out-of-family H @ T”. This is because a kill vertex z could have been replaced

with © or y in a witness set. a

Note that there may be other test reductions besides the ones listed above for T¥,
such as contracting edge ¢’ of Figure 8.6. However, we have stated enough restrictions

to guarantee a finite testset.

Lemma 150: The cycle-cover testset Y¥ has finite cardinality.

Proof. To show finiteness, it suffices to prove a bound f(¢) on the number of internal
vertices excluding C4’s that a connected test can have for boundary size t. Since a
test is a member of k—CYCLE COVER(3), at most k — 1 isolated four cycles can be
added for a general test. For our base cases, f(1) = 0 for the empty test and f(2) = 2
via a path of length 3.

We now consider some structural possibilities for a test. Notice that all vertices
of any internal C5 have degree greater than two such as the triangle {z’,¢', 2’} in
Figure 8.6 because of property 6. If the test has a C3 = {2/,y, 2’} then removing
the internal incident edges {(a',y'), (¢/,2), (v, 2')} creates a 3 component test, not
necessarily in Y¥. If there were fewer than 3 components then we would contradict
the assumption that there exists no cycles of length greater than 3. To satisfy the
properties of T¥ we can contract at most one edge incident to each of {2’,y', 2’} as
shown in Figure 8.6. Note that a contraction is not needed for a boundary vertex
within the original (5. Since each of these smaller components have at most ¢t — 2

boundary vertices, we get the following recurrence
J<3-f(t—=2)+3<3

Now consider the case that a test has no C3’s (in fact, no cycles). Following the
argument of Lemma 120 modified for these tests, we see that if there is a degree two
internal vertex then f(t) < f(t — 1) 4+ 2. Otherwise, we must have a tree of bounded
height with all internal vertices of degree at least three. Again, the previous bound

f(t) < 3" holds. O
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y x .
x' piece
6/
y' piece
Z/
:> 2’ piece
(a) Edge e is not needed. (b) Recursive pieces of previous test.

Figure 8.6: A t-boundaried test example (in YF§) for &~CyCLE COVER(3).

8.4 Other VC/FVS Generalizations

The minimum c-clique/hyperedge cover (e.g., vertex covers correspond to K3 /binary-
edge covers) is defined to be the minimum number of vertices needed to cover all

cliques of size ¢ of a graph. A parameterized graph family based on this invariant is

k—CLIQUE COVER(c) = {G | there exists a V' C V() with |[V'| < k
such that G'\ V' has no cliques of order ¢}

Unfortunately, the graph family k—CLIQUE COVER(¢) is not a lower order in the
minor order since graphs with a bounded mazimum clique size is not a lower ideal;

and hence, no obstruction set characterizations are possible (see Lemma 110).

The minimum c-fized cycle cover (feedback vertex sets correspond to covering all
cycles) is defined to be the minimum number of vertices needed to cover all cycles
of length exactly ¢. The graph family with covers of size at most k£ is denoted by
k—FIXED CYCLE COVER(c). Like above, the graph family k~~FIXED CYCLE COVER(c)
is not a lower ideal in the minor order for ¢ > 3 since the graph consisting of k + 1
disjoint C.yq cycles is in k=FIXED CYCLE COVER(¢) but the minor consisting of one

edge contracted from each .4 is not.

Note that the families k~—CLIQUE COVER(3) and A—FIXED CYCLE COVER(3) are

identical for any k since both require coverings of all A5 subgraphs. For illustration
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purposes, we now present a finite-state dynamic program for k&~CLIQUE COVER(3) =
k—F1XED CYCLE COVER(3) over t-parses. This algorithm, designed in the same spirit
as our k—VERTEX COVER and k—FEEDBACK VERTEX SET algorithms, is based on a
general-purpose linear time algorithm that computes the size of any minimum-sized

K5 cover.

For this K3-cover dynamic program, the state of a t-parse G, = [g1, 2, - . ., gn] at

prefix position m < n consists of these three components:

1. Induced boundary @ subgraph of G,,.

2. For each S C 0,

M, [S] = {C | C is the minimum K3 cover containing S C 0}

3. For each S C 0 and for each witness cover C' O S of GG, with M,,[S] vertices,

Pm[C]:{(u,v) ‘ u € 0 and v € 0 and there exists a w € G, \ (U C) }

such that (u,w) and (v,w) are edges in G, \ C

(each P,,[C] has 0\ C as an available boundary attribute) and

W [S] = {P.[C] | C 2 5 is a K3 cover for G, of size M,,[S]}

Note that it is not necessary to keep P, [C] in W,,[S] if there exists another
witness cover C’ for S such that CNad C C"'NJ and P,[C'] C P,[C]. This is because

the following implication holds for any t-parse extension Z:

(G- Z)\ C € k—CLIQUE COVER(3) = (G, - Z) \ C" € k—CLIQUE COVER(3)

The following algorithm updates these state components as m increases up to
n. At the end of the algorithm, the minimum-sized K3 cover of G, is the value of
M, [0]. To convert this algorithm to a fixed-k version for k~CLIQUE COVER(3) we
simply place an upper bound of k + 1 on the values of the M,,[S]; this technique
of “trimming” also yields a finite-state k—~CLIQUE COVER(3) algorithm since, in this
trimmed version, there are at most k+ 2 values of M,,[S] and Zﬁ'o (l?l) -2(3) different
P,[C].
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Algorithm 151: Finds minimum K73 cover of a t-parse G, = [g1, 62, - - -, Gn)

Initial state for prefix Gy = [@, cee @]

Forall § C o

My [ST = 15];

Wi [S] = {FPa[S] =0 };
end

Form=t+1,...,n do for all S € 27:
Case 1: ¢, :@ and: € S

Moy r [ST= M [S\ A} + 15
W1 [STe=pulloff (W [S\ {}], 4);

end case

Case 2: g4 = @ and i1 ¢ S

M, 1 [S]<M,,[S];
W1 [S]—pulloff(W,,,[S], 0);

end case

Case 3: ¢,,11 :and (1€ Sorjes)

M1 [S]4= My, [ST;
Wt [ST= W [ST;

n

end case

Case 4: gm_H:andiQSandeS

# Comment: d(1, j) denotes the distance between vertex ¢ and j
if 3 P,[C] € W,,[C] such that (i,7) € P,[C] and d(¢,7) # 2 for 9(G., \ C)
My g1 [S]= M, [ST;
W1 S]<—addEdgeOk(W,,[S], 4, 7);
else
M1 [S]M,,[S] + 1,
Wg1[S]¢—dropBoundary (W,,[S], 7, 7) U otherPlusL(W,,,[S], ¢, 7);

end
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end case

Function pulloff(W,,[5], ¢)

newW «(;
for each P, [C] € W,,[9]
for every pair of boundary edges (i,7) and (¢,k) of 9\ C
P [Cle=Po[CTUA{(, k)5
end
newW newl U (PalCI\ {(25) | # 1)
end

return newW;

end function

Function addEdgeOk(W,,[S], 7, j)

newW «(;
for each P, [C] € W,,[9]
if (1,7) € P[C] and d(7,j) # 2 for (G, \ O)
newW +newW U P, [C];
end
end

return newW;

end function

Function dropBoundary(W,,[S], i, j)

newW «(;
for each P, [C] € W,,[9]

newWnewW U P,[C\ {¢}]U PL[C\ {7}];
end

return newW;

179
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end function

Function otherPlus1(W,,[S], ¢, j)

newW «(;
for each k € 9\ §
if M,[SU{k}] = M,[S]+1
for each P,[C] € S,,[S U {k}] with (¢,7) &€ P, [C]
newW «newW U P, [C];
end
end
end

return newW;

end function

return M, [0];

end algorithm

Theorem 152: Algorithm 151 correctly computes the size of the minimum-sized

K3 cover of a t-parse (&, in linear time.

Proof. The initial state of (G441 is correct by definition. We now show that the state
of the prefix (G,,11 1s correctly computed from the current operator ¢,,11 and the

state of G,,.

Case 1: vertex operator @, €S

By definition of the M,,[S]’s, My,,[S\ {¢}] < M,,[S]. Let ¢’ denote the new vertex in
V(Goi1) \ V(Gr). We first show M, 41[S] < M, [S\ {¢}]+ 1. Let C O S\ {i} be a
minimum witness cover for (,,,. We immediately see that C' = C' U {i’} is a witness
cover for G, 11 with M, [S\{i}]+1 vertices. Now suppose M, 11[S] < M, [S\{:}]+1
and let C’ be a witness cover for M,,;1[S]. Since C’' must contain ¢/, we see that
C = C"\ {1} is a witness cover for M,,[S\ {¢}] with fewer than M,,[S\ {i}] vertices.
This contradiction shows that M,,11[S] = min(M,,[S], M,,[S\ {i}]) + 1.
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The pulloff function simply transforms a previous witness cover ' represen-
tation for G, to one for (G,,41 by moving the old vertex i into the interior. Two
things are done during this transformation: (1) any paths of length two between
three boundary vertices with vertex ¢ as the mid-point is now added to P,,[C] and

(2) any ordered pair with vertex i in P, [C] is removed.

Case 2: vertex operator @, 1 €S

Since M,,,[S] < M, [SU{i}] and W, [SU{i}] C W, [S] if the M,,[] equality holds, we
just need to consider the previous state restricted to S. Clearly M,,41[S] = M,,[S5]
since the operator @ does not add any edges and the new boundary vertex does not

have to be part of a witness cover C.

Case 3: edge operator , 1€Sorjes

Since the new edge created by is covered by any witness cover C' 2 S for M,,[5],
we see that M,,1[S] < M,,[S]. Also, since G,, is a subgraph of GG, 41 we also have
My [T < My [S].

Case 4: edge operator , 1¢Sand j¢5
Clearly M,,+1[S] > M,,[S] and M, 11[S] < M,,,[S] + 1 since (1) any witness cover
for (/41 containing S is a witness cover for ¢, and (2) at most one more vertex is

needed to remove any new A73’s that the edge operator creates.

If M,,41[S] = M,,,[S] then there is a witness cover C' O S of G, such that G, \ C
does not have a path of length two between boundary vertices ¢ and j. This can
be detected by looking for a P,,[C] such that (i,j) € P,,[C] and that the remaining
boundary 9\ C does not have a path of length two between ¢ and j. (Note that if

either 7 or j is in C then such a P,,[C] satisfies these conditions.)

If no such witness cover C exists for G, that can be used for G,,11, then all
“significant” witness covers with one more vertex can be found by two ways: (1)
including either vertex ¢ or vertex j in the various C covers for M,,[S] (see the
dropBoundary function), or (2) looking for another boundary vertex besides ¢ and
J that can be safely deleted (see the otherPlusi function). Note that we are not
concerned with deleting a single internal vertex since they do not help in covering
future K3's created by the suffix (¢mn42,...,9,) that is not provided by one of the

above constructed covers. O
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8.5 The Path and Cycle Cover Obstructions

Figures 8.7-8.10 present the known connected obstructions for the four graph families
1-Patn COVER(1), 1-PATH COVER(2), 1-PATH COVER(3) and 2-PATH COVER(1).
We know of at least 43 connected obstructions for the 1-PATH COVER(4) family and
at least 64 connected obstructions for the 2-PATH COVER(2) family. The observant
reader may notice that 1-PATH COVER(3) and 2—PATH COVER(1) share a common

obstruction.

Figure 8.11 presents the seven connected obstructions for the I-CYCLE COVER(3)
graph family. There are at least 99 connected obstructions for the 2-CyYCLE COVER(3)
graph family. Oddly enough, the 1-CycLE COVER(3) and 2-PATH COVER(1) fami-

lies have two identical obstructions.
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Figure 8.7: Connected obstructions for 1-PATH COVER(1).

Figure 8.8: Connected obstructions for 1-PATH COVER(2).
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Figure 8.9: Known connected obstructions for 1-PATH COVER(3).
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Figure 8.10: Known connected obstructions for 2—=PATH COVER(1).



Figure 8.11: Connected obstructions for 1-CYCLE COVER(3), pathwidth < 4.
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Chapter 9
Outer-Planar Graphs

Since several surface embedding families of graphs are closed under the minor or-
der, the main purpose of this chapter is to develop our bounded combinatorial width
technique for characterizing these types of lower ideals. This chapter uses an approx-
imation search (via universal distinguishers) to find a set of forbidden minors for a

simple generalization of the outer-planar graph family.

9.1 Introduction

Definition 153: A graph G is outer-planar if there exists a planar drawing of G
with one face (region) containing all the vertices of (. The family of graphs that are

within k& vertices of outer-planar is defined as follows:

E—~OUTER PLANAR =
{G | there exists a V' C V() such that G'\ V' is outer-planar and |V'| < k}

One reason that the class of outer-planar graphs is popular is that the art of
drawing them is influenced by many computable criteria, most of which are based on
geometric symmetries [Man90]. (It would be interesting to know whether the same

methods apply to the k—OUTER PLANAR families.)

It is known that there are two obstructions to the family of outer-planar graphs,

namely K4 and K,3 (see for example [Tru93]). The computational complexity for
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outer-planar membership problem is easily seen to be linear time by using one of the
known linear time planarity algorithms along with the next result. Other linear time

outer-planar algorithms are presented in [Mit79] and [SI79].

Observation 154: A graph G is outer-planar if and only if G + K; is planar.

Proof. Recall that G + K denotes the graph created by adding a new vertex to ¢
of degree |G]. If G is outer-planar then there exists a planar embedding of G + K
by placing K; in the outer face of an outer-planar embedding of G. If G + Kj is
planar then let S = (vy,vs,...,vg) be neighbors of K in clockwise order in a planar
embedding £ of G + K;. The face F', where S is a subsequence, that contains K in

E '\ K is an outer face of an outer-planar embedding of G. O

Another useful result states that every biconnected outer-planar graph with at

least 3 vertices has a unique Hamiltonian cycle [CB81].

9.2 The 1-OUTER PLANAR Computation

We now turn our attention to the family of graphs 1-OUTER PLANAR (i.e., those
graphs that are within one vertex of outer-planar). Using the above lemma we have
a practical O(n?) membership algorithm. We now state some direct nonminimal (in

the minor order) pretests.

Lemma 155: If a connected graph satisfies any of the following properties then it

is not an obstruction to 1-OUTER PLANAR:

1. Contains adjacent degree two vertices.
2. Contains a cut-edge (e.g., contains a degree one vertex).

3. Contains a cut-vertex (i.e., not biconnected).

Proof. Assume u and v are adjacent degree two vertices of an obstructions G. Let

(" be the (u,v) edge contracted minor of G with the new vertex labeled w. Since
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(' € 1-OUTER PLANAR there exists a vertex « of GG such that G = G\ {z} is
outer-planar. If @ = w then G'\{u} (or G'\{v}) would be outer-planar. Also x is not
adjacent to w since removing x from GG would also show that G € 1-OUTER PLANAR
(the pendent edge incident to vertex w can be subdivided). Likewise, if = is not
adjacent to w (which means x is not adjacent to either v and v), then the graph
G"\ {z} can be embedded in the plane such that the degree two vertex w is on the
outer face. Expanding w to its original (u,v) edge gives a contradiction to the fact

that G ¢ 1-OUTER PLANAR.

Now consider (u,v) to be a cut-edge of an obstruction . Let C, and C, be
the two components of G'\ {(u,v)}. Since (G is an obstruction, exactly one of these
components must be in I-OUTER PLANAR (and not outer-planar) while the other is
outer-planar. Without loss of generality, assume C, is outer-planar. If C, \ {v} is
outer-planar so would GG \ {v}. Thus an interior vertex w (w # v) of C, must be
C,’s witness for being in 1-OUTER PLANAR. However, the graph C, \ {w} has an
embedding with v on the outer face and an edge added between (u,v) shows that
G\ {w} is outer-planar. Therefore, any obstruction to I-OUTER PLANAR can not

have cut-edges.

At last consider a vertex v to be at least a three-way cut-vertex of an obstruction
G. Let C1,C4,...,Cyp, m > 3, be the components of G\ {v}, and C],C}, ..., C/.
be the vertex induced components of G with vertices {v} U V(C;), 1 <7 < m. (We
assume that every component C; has at least one edge for otherwise we would have
a cut-edge.) Since (G is not within one vertex of outer-planar, at least one of the
C;, and hence one of the C/ is not outer-planar. If any graph C! is outer-planar,
let G’ be the 1-OUTER PLANAR graph created by deleting an edge e of C; from G.
Notice that if G'\ {v} is outer-planar then so is G'\ {v}. Let w (w # v) be a vertex
of G such that G \ {w} is outer-planar. Since the induced subgraph C! is already
outer-planar, w must be in one of the €, 7 # i. Since we can put back the edge
e in (', and have an outer-planar embedding of G\ {w}, this implies that each of
the C! is not outer-planar. Let G"” € 1-OUTER PLANAR be the graph G with an
edge €’ of (] deleted. Since v is the only shared vertex between the C/, v is the only
possible witness to GG being in 1-OUTER PLANAR. Thus, €}, CL ... C! must all be

in 1-OUTER PLANAR. If we repeat the above argument for ¢’ € €5, then (7 is also
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shown to be in 1-OUTER PLANAR. In these subcases vertex v is the witness, and
thus v would be a witness for G € 1-OUTER PLANAR. However, since (5 is assumed
to be an obstruction, we have a contradiction to the fact that C'5 exists. Therefore,

(G can not have three-way cut-vertices.

We now assume an obstruction G has a two-way cut-vertex v. Again consider ('}
and Cy, the components of G\ {v}, and C] and C) as described above. Let (u,v) be
an edge in C]. The graph G' = G'\ {(u,v)} is in I-OUTER PLANAR. There exists a
witness vertex w of G, such that G\ {w} is outer-planar. Vertex w must be in C}, for
otherwise C) would be outer-planar. And w # v, for otherwise G would be a member
of 1-OUTER PLANAR. So w € (. If we repeat this process with an edge (v/,v) in
(7, we get another witness vertex w' in Cy for G\ {(v',v)}. Since C; C C] \ {(u,v)}
and Cy C CH\ {(u/,v)}, we see that G\ {v} must be outer-planar. This contradicts

the fact that G is an obstruction. So (G can not have any cut-vertices. O

The following result (given with an alternate proof) is well-known, for example

it is stated in Van Leeuwin’s handbook without a proof [vL.90].

Lemma 156: Any outer-planar graph has treewidth at most 2.

Proof. Clearly the complete graphs K; and K3 have treewidth at most 2. Without
loss of generality, assume that we have an outer-planar graph G that is triangulated
(since removing edges from a graph only decreases its treewidth). The graph G has
a degree two vertex v since it would otherwise contain the complete graph K, as a
minor (see [Ram94]); we know that Ky is an obstruction to outer-planar. Consider
the outer-planar subgraph G' = G'\ {v}. By induction, G’ has a tree decomposition
of vertex sets {V;}, i € I, of width 2. Let e = (,y) be the internal (non-boundary)
edge of vertex v’s triangle in G. Some V; in the tree decomposition for G’ contains
both vertices  and y. We can create a tree decomposition of G of width 2 by adding
a leaf vertex set V, = {x,y,v} and attaching it to V;. O

Corollary 157: Any obstruction of I-OUTER PLANAR has treewidth at most 4.

Proof. Here any outer-planar graph has treewidth at most 2. For such a tree decom-

position, we can include two additional vertices in each set to account for any fixed
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vertex in a deleted-vertex minor and one vertex for the witness “within one vertex.”

a

With the use of the above two results we can give a weak pathwidth bound for

1-OUTER PLANAR’s obstruction set.

Lemma 158: If Gis an obstruction to 1-OUTER PLANAR and has pathwidth greater
than 5, then & has at least 14 vertices.

Proof. Let ' = G\ {v} be a minor of GG for any vertex v € G. Observe G
is connected by Lemma 155. Since G € 1-OUTER PLANAR there exists a vertex
w € G’ such that the graph G" = G\ {w} is outer-planar. If G" has pathwidth 3,
then we can combine vertices v and w with all the vertex sets in a path decomposition

of width 3 for G” to get a path decomposition of width 5 for G.
Now consider the following two possibilities for G” to have pathwidth at least 4.

If G" contains a biconnected subgraph S of pathwidth 4, then consider the dual
graph D of S without the outer face vertex (using any induced outer-planar embedding
of ). Without loss of generality, we can assume that S is triangulated. It is easy
to see that the graph D must be a tree and have maximum degree three. The
corresponding pathwidths of the S’s for the 18 possible trees D (see Figure 9.1) of
order 9 are all less than 4. Thus, since |D| = |S| — 2, we know that the smallest
with pathwidth 4 has 12 vertices (see Figure 9.2). So the obstruction ¢ then has to

have at least 14 vertices.

The other possibility is that G” must have a cut-vertex v and that at least three
of the outer-planar components Cy,Cs,...,C,, of G"\ {u}, must have pathwidth
3 or greater. (We have taken care of the case that one of the C; has pathwidth 4
by the argument above.) The smallest outer-planar graph of pathwidth 3 is the 6
vertex augmented graph A(K3); this is the second smallest pathwidth 2 obstruction
(the smallest, K4, is not outer-planar). Thus, in this case, (¢ must have at least

3 -6 + 3 = 18 vertices to have pathwidth greater than 5. O
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Figure 9.1: All 9 vertex outer-planar dual trees (duals minus outer face vertex).

Figure 9.2: The smallest outer-planar graph with pathwidth 4.
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9.2.1 An outer-planar congruence

Observe that a disconnected graph is outer-planar if and only if each component is
independently outer-planar. Thus, without loss of generality, assume for each prefix

G, of a t-parse (G, at most one component has order greater than one.

We now define an outer-planarity state function f from ¢-parses to states. Our

outer-planarity congruence on t-parses, G ~, H, is based on equality of states, f(G) =
f(H).
An outer-planarity state consists of a set of outer-planar embeddings and each

outer-planarity embedding consists of these ingredients:

1. Clockwise circular sequence Seq of boundary vertices of the outer face with

duplicates allowed but minimize in length (as indicated below).

2. A boundary indicator vector Gap. (Are there hidden interior vertices located
between the gaps of the boundary sequence Seq?) Here |Gap| = |Seq|. The

elements of a gap vector contain any of the following symbols.

(a) ‘E’ = just an edge
(b) ‘P’ — path of non-boundary vertices

(¢) ‘C’ = cycle/face between vertices

3. An optional add-edge list Add. (Which boundary edges can be added and still
preserve the outer-planarity embedding?) Note |Add| < (t‘;l).

To save on storage, one may want to keep only “canonical” Seq’s and do pancake
flips of the circular sequence (1/2 of the embeddings kept). This makes the congruence
a bit more complicated and so we do not discuss this optimization further. Let [;(G)
be the maximum length of Seq over all outer-planarity embeddings of a t-parse G.

The following lemma shows that the range of this function is finite.

t+1 if0<t<1
2 ift>2 '

Lemma 159: For any t-parse GG, [;(G) < {



CHAPTER 9. OUTER-PLANAR GRAPHS 194

v E
v
_— fr— P U
Si—1
5
@ boundary vertex i
(O internal vertex U

v

Sj41 Si-1

Figure 9.3: Illustrating the proof of Lemma 159.

Proof. Let b = t 4+ 1 denote the number of boundary vertices. For b = 1 the
component must be K7, so it trivially follows that lo(G) = 1. Likewise, for b = 2 the
t-parse is acyclic so [1(G) = 2.

For a fixed outer-planarity embedding, suppose that the same boundary vertex v
appears on the outer face twice without another boundary vertex between them. The
internal vertices between these consecutive locations in Seq form a loop with possible
cords (see upper part of Figure 9.3). This means that these internal vertices can be
embedded (merged) into any extended outer-planar embedding of the graph minus

7 Thus, consecutive identical boundary vertices in Seq are not needed. If

the “loop.
b > 2 then accounting for boundary repetitions (e.g., vertex u in the lower part of
Figure 9.3) we have the following bound.

I(G) <max {li—n(G) +m+ 1}

m>1

The worst case is when m = 1. So after solving the recurrence relation for [;(G) <
O

li-1(G) 4 2, we can conclude that [,(G) < 2t for t > 2.

Observe that equality holds in the above lemma when ' is a star. Furthermore,

we conclude with the following corollary.
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Corollary 160: There are only a finite number of outer-planarity embeddings for
the family of ¢-parses. And hence, only a finite number of possible outer-planarity

states with respect to ~,.

Proof. The number of combinations of the Seq and Gap vectors is bounded above
by 3114232, The add-edge list Add is uniquely determined from Seq and Gap and

does not add to the number of states. O

9.2.2 A finite-state algorithm

We now present a finite-state algorithm that recognizes those connected pathwidth
t-parses that are outer-planar. This dynamic-programming algorithm finds the outer-
planarity state of a ¢-parse (4, by finding, in order, the outer-planarity states of
the prefix t-parses Gy, Gy, ..., G,_1, where the subscript n denotes the number of
operators scanned. Recall the outer-planar state function f from Section 9.2.1 for

~,. A t-parse (i is outer-planar if and only if f(G') is non-empty.

As mentioned in the previous section, we assume that only one component of
any prefix t-parse has order greater than one. Any connected ¢-parse can be easily

converted to this format.

For the base case consisting of an empty t-parse Gy = [@, cees @], the initial
state Fy = f(Gp) is the set of singleton outer-planarity embeddings {(Seq = [i], Gap =
[E]) | 0 <@ <t}. The gap ‘E’ acts as a loop which is dropped later.

For the inductive case, we now show how to find the outer-planarity state £, 11 =
f(Gry1) from the outer-planarity state F,, = f(G,,). If gnq1 is a vertex operator at
position m + 1 of G,, we do Case 1 below.

Case 1: ¢,y = @

Ery1-0;
For all embeddings F € F,, do
For all vertices v; = @ € Seq(F)
Gap(FE')«MergeGaps(Left(Gap(E), j),v;, Right(Gap(F), j));
end

Seq(E")=Seq(E)\ {i};
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Table 9.1: The MergeGaps function for outer-planar Case 1.

Left Gap | Right Gap || Resulting Gap
E E P
E P P
E C C
P E P
P P P
P C C
C E C
C P C
C C C

Add(E")«{(5,k) | (J,k) € Add(F) and ¢ # j and i # k};
Fm+1%Fm+1 U E/,

end

end case

Note that if vertex j is located between two vertex i’s in Seq(E) then two j’s are

not adjacent in Seq(FE’). Now consider an edge operator at position m + 1.

Case 2: ¢,y =

B 0;
For all embeddings F € F,, do
if vertices 7 and j are in the same component
if (¢,7) € Add(E)
Seq(L')+Seq(E);
if gap consists of { E|P}*
Gap(E")«Path2Cycle(Gap(E),1,7);
else
Gap(E')+Gap(E);
end

Add(E")«—Add(E) \ Crossings(Seq(E'),1,7);
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Frii o UE
end
else if both ¢ and j are isolated (i.e., the first edge)
Seq(E')«li, j;
Gap(I) |, )
Add(E")+0;
Frii o UE
else (attaching isolated vertex, say j, to component)
For all vertices vj, = @ € Seq(F)
Seq(E")«Left(Seq(E),0...k)+ 5+ Right(Seq(E),k...|Seq(F)|);
Gap(FE" )< Insert EdgeGaps(Gap(E), k);
Add(E"Y+Add(E) U {(j,v) | vis {E|P}T away from ¢};
Frii o UE
end
end

end

end case

Note that we embed pendent vertices to the outside face. The gap vector is
used in the Crossings routine to determine if future edges may be added between
boundary vertices without hiding internal vertices that are currently on the outer

face.

We now illustrate, with the above outer-planarity algorithm as our example, a
standard proof technique for proving correctness of dynamic-programming algorithms

(on t-parses).

Theorem 161: Our finite-state outer-planarity algorithm is correct.

Proof sketch. For any t-parse (¢, with a set of outer-planar embeddings F,,, let
f(Gn) = En. If Gy, is not outer-planar then the set E,, is empty. For any fixed em-
bedding £ € E,, of G, let g(E) = R, where R is a reduced outer-planar embedding
described above (represented by our finite-state algorithm). For a set of embeddings

E.., we also use the notation ¢g(F,,) to denote the image R,, of the map FE,, onto
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{g(F) | F € E,,}. For any t-parse operator g, in ¥, we define three meta-functions
Ay, Ay and As that update t-parses, outer-planar embeddings, and reduced outer-
planar embeddings, respectively, with the obvious actions for the different ¢,,11. See
Figure 9.4. The function A; : ¥} x ¥; — Y7 is our usual ¢-parse building function.
The function A, takes each embedding E of E,, and an operator ¢,,+1 and returns all
possible extended embeddings. If g, 41 is a vertex operator then Ay(FE, g;,q1) returns
exactly one embedding, while if ¢,,1; is a edge operator then A3(E, gn,41) may return
zero or more embeddings. The function Aj is the finite-state algorithm that we are

proving correct.

G

A

Gm+1 > -

Em+1 _ > -

Rm+1

As

Figure 9.4: A commutative diagram for the proof of Theorem 161.

Notice that if a t-parse (¢, has an outer-planar embedding, the set F, is non-
empty, and furthermore by the definition of the function ¢, the set R, is non-empty.
Otherwise, if (4, is not outer-planar, then both F,, and R, are empty. Thus, in order
to show that the outer-planar t-parse algorithm Aj is correct, all that we need to do
is show that the diagram in Figure 9.4 commutes for each ¢-parse operator in ;. We

leave this messy case analysis to the reader. a
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9.3 The 1-OUTER PLANAR Obstructions

Using a universal distinguisher search (pathwidth 4), our list of obstructions for
1-OUTER PLANAR stabilized to the ones listed in Figures 9.5 and 9.6. With con-
secutive randomized runs occurring without new obstructions appearing, we believe
that this set is close to being complete. Each run takes about three weeks to complete
using roughly 20 distributed worker processes to prove minimality or guess nonmini-

mality of the t-parses.
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9.3.1 Some other surface obstructions

Besides the previously known sets of 2 planar, 2 outer-planar, and 35 projective
plane minor-order obstructions (and now our initial set of 50 1-OUTER PLANAR
obstructions), we have started to find the obstructions for the “within 1 vertex of
planar” graph family, denoted 1-PLANAR. All of the connected forbidden minors
with at most 10 vertices is displayed in Figures 9.7 and 9.8 on the following pages.
Besides these 41 obstructions, one disconnected obstruction, namely K5 U K5 has 10
vertices. The other two disconnected obstructions, K5 U K335 and K33 U K33, have
11 and 12 vertices, respectively. We expect that the complete set of obstructions will
contain about 200 graphs. Thus, based on our feasibility conjecture, this may be the
only “within k& vertices of planar” family that can be computed during the foreseeable
future. It is interesting to see that 5 of the 7 linkless embedding obstructions (recall

Figure 1.8) are also obstructions for this almost planar graph family.

For the next grand-challenge surface to characterize, Neufeld has computed a
partial list of toroidal obstructions (i.e., minor-order forbidden torus embeddable
graphs) based on a brute force search [Neu93]. Within his set of just over two thousand
obstructions, the densest one known has pathwidth 6. See Figure 9.9 for the drawing
of this symmetric obstruction, which surprisingly, is the complement of the famous
Petersen graph. There are exactly 3, 42 and 455 minor-order obstructions with 8,
9 and 10 vertices, respectively [Neu93]. The eight vertex obstructions are shown in
Figure 9.10. Since it appears to be impractical to search through all the graphs on
11 or more vertices, our computational method may be the only feasible approach to
classify this surface. However, there is a big gap between our pathwidth lower bound
and the currently best known combinatorial-width upper bound (e.g., treewidth 1650
given by Seymour [Sey93]).

To tackle the torus, we have a finite-index congruence for any fixed genus k, based
on Fulor’s surface formula (n — m + f = 2 — 2 - k, where f is the number of faces
of a genus k embedding), but unfortunately it is not practical for the anticipated
pathwidth bound. Also, we have been working on a ¢t-boundaried graph testset but

it also seems to be impractical (i.e., too large) at the moment.
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vy

X

I

Figure 9.9: A dense symmetric toroidal obstruction with pathwidth 6.

Ks\ E(Cs) Ks\ (2- E(K13)) K\ (2- E(Ky)U E(P,))

Figure 9.10: The three smallest (8 vertices) toroidal obstructions.
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Chapter 10

Pathwidth and Biology

In this short chapter, we show that an important problem in computational biology is
equivalent to a colored version of a well-known graph layout problem. In order to map
the human genome, biologists use graph theory, particularly interval graphs, to model
the overlaps of DNA clones (cut up segments of a genome) [Mir94]. For engineers,
VLSI circuits must be laid out in order to minimize physical and cost constraints.
The vertex separation (see below) of a graph layout is one such measurement of how
good a layout is (i.e., the difference between the number of tracks required for the

layout and the graph’s pathwidth).

10.1 VLSI Layouts and DNA Physical Mappings

The N'P-complete combinatorial problem of Intervalizing a Colored Graph (ICG)
first defined in [FHW93] (and independently given in [GKS93] as the Graph Interval
Sandwich problem) is intended to be a limited, first-step model for finding DNA
physical mappings. For this model, it is assumed that the biologist knows some of
the overlaps—for instance, overlaps specified by some probability threshold based on
the physical data. The question asked by the ICG problem is whether other edges

can be properly added to differently colored vertices to form a colored interval graph.

The Vertex Separation (VS) graph problem is related to many diverse problems

in computer science besides its importance to VLSI layouts. Lengauer showed that
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solving the progressive black/white pebble game (important to compiler theory) and
determining the vertex separation for a graph are polynomial time reducible to each
other [Len81]. Node search number, a variant of search number [Par76], was shown
equivalent to the vertex separation plus one by Kirousis and Papadimitriou [KP86].
From [EST94], the search number is informally defined in terms of pebbling to be
the minimum number of searchers needed to capture a fugitive who is allowed to
move with arbitrary speed about the edges of the graph. For node search number,
a searcher blocks all neighboring nodes without the need to move along an incident

edge. (The exact details of the above two pebbling games may be found in [Bie91].)

Kinnersley in [Kin92] has shown that the pathwidth of a graph is identical to the
vertex separation of a graph. The concept of pathwidth has been popularized by the
theories of Robertson and Seymour (see for example, [RS85b]). Thus, since the gate
matrix layout cost, another well-studied VLSI layout problem [K1.94, M6h90], equals
the pathwidth plus one [FL89b], it also equals the vertex separation plus one.

Our result shows that the Vertex Separation problem is important to another

area besides computer science, namely computational biology.

10.2 An Equivalence Proof

In this section, we formally define two parameterized problems k-ICG and k-CVS and
then show that they are indeed equivalent.

Definition 162: A layout L of a graph G = (V, E) is a one to one mapping L :
V—=A{L2,...,|V]}

If the order of a graph G = (V, E) is n, we conveniently write a layout L as a
permutation of the vertices (vq,vz,...,v,). For any layout L = (vy,vq,...,v,) of &

let V; = {v; | j <iand (v;,vr) € E for some k > i} for each 1 <7 < n.

Definition 163: The vertex separation of a graph G with respect to a layout L is
vs(L,G) = maxi<i<jq|{|Vi|}. The vertex separation of a graph G, denoted by vs(G),

is the minimum vs(L, ) over all layouts L of G.
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The k-coloring of a graph GG = (V, E) is a mapping color : V — {1,2,...,k}. For
any subset V' C V. let Colors(V') = {color(v) | v € V'}.

Definition 164: A colored layout L of a k-colored graph GG = (V, E) is layout L
such that for all 1 <4 < n, color(vit1) & Colors(V;).

Problem 165: Colored Vertex Separation (CVS)
Input: A k-colored graph G.

Parameter: k

Question: Is there a colored layout L of G where vs(L,G) < k?

Problem 166: Intervalizing a Colored Graph (ICG)

Input: A k-colored graph G = (V. F).

Parameter: k

Question: Is there a properly colored supergraph G' = (V' E') of G\, E C F’, such
that V' =V’ and (' is an interval graph?

In Figure 10.1 we show a 3-colored graph with an interval supergraph represented
on the left and a colored vertex separation layout given on the right. (The dashed

edge between the different colored vertices is not an edge in the input graph.)

Theorem 167: For any fixed positive integer parameter k, both £-CVS and k-1CG

are identical problems.

Proof. Let [ = (v1,v2,...,v,) be a colored layout of a k-colored graph G = (V, E).
We show how to construct a properly colored supergraph G’ that is also an interval

graph. For each vertex v; € V, define the interval:
L, = [ay,;, by,] = [i,max{j | (v;,v;) € For j =i} +0.5]

By definition, if edge (u,v) € E then I, NI, # 0. Now define the supergraph
G' = (V, E') where an edge (v;,v;) € I’ whenever I,, N I,; # 0. It suffices to show
that color(v;) # color(v;) for each edge (v;,v;) in E'\ E. Without loss of generality,

assume ¢ < j so that b,, > a,;. Again by the definition of I,,, there exists a vertex
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4 1 2
White  p— ; ’ ’ { i
Black 4_ L
Gray ; L *
(a) Interval supergraph (b) Linear CVS layout

Figure 10.1: Tllustrating the k-CVS and k-ICG problems.

v such that 7 < k and (v;,v;) € E. This implies that v; € V;_;. (This also holds
for © = 7 —1.) Now L is a colored layout so color(v;) & Colors(V,_y). Thus,
color(v;) # color(v;). Therefore, GG' is a properly-colored supergraph of G that is

intervalizable.

For any k-colored graph ¢ = (V| F) that satisfies ICG, let {I, | v € V} be
an interval graph representation of a supergraph G' = (V, E’). Let a, < b, be the
endpoints of the interval I, = [a,, b,] for vertex v. Without loss of generality, assume
that a, = a, implies u = v. Let L = (v1,v2,...,v,) be the unique layout such that
i < j if and only if a,, < a,;. We claim that L is a colored layout of . To prove
this claim, we show that color(v,41) & Colors(V;), 1 < i < n. If there exists a vertex

u € V; such that color(u) = color(v;+1) then by definition of V; vertex u must be
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adjacent to a vertex v; for some j > i. Further, j > ¢ + 1 since the edge (u,v;41)
would not be a properly colored edge. Since a, < a,; and (u,v;) € E’, we must have
b, > a,; in order to form an overlap. However, b, < a,,, < a,,. These inequalities
hold since the intervals v and v;;; with the same color do not overlap and ¢ + 1 < j.
We have reached a contradiction. So u ¢ V; if color(u) = color(viy1). Thus L is a

colored layout.

Now suppose that for some r < s there exist two vertices v, and v, in V; with
the same color. Since v, € V;, there exists a vertex v; with j > ¢ such that (v,,v;) €
E’. This implies v, € V,_y. But this implication contradicts the fact color(vs) ¢
Colors(Vs—1). So color(v,) # color(vs). Hence any set V; U {v;41} has at most one

vertex of each color. Since there are k colors, each V; must have k—1 or fewer vertices.

Thus, vs(L,G) <wvs(L,G") < k. O

10.3 Some Comments

Recently, the corresponding general problem of intervalizing a colored graph to a unit
(proper) interval graph has been shown to be N"P-hard (and fixed-parameter hard for
W(1]) by Kaplan and Shamir [KS93] (also see [GGKS93, KST94]). The good news
from Kaplan and Shamir’s paper is that for each parameter k (i.e., k& colors) this unit

interval problem has a polynomial time decision algorithm.

More recently, determining whether a polynomial time decision algorithm exists
for k-ICG, or equivalently k-CVS, has been solved by Bodlaender and de Fluiter
[BAF95]. Their main results are a quadratic-time algorithm to test if a 3-colored
graph is a subgraph of a properly colored interval graph, and an N “P-completeness

proof for this problem for 4 colors.
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Chapter 11
Automata and Testsets

The main result of this chapter shows that finding a minimum sized testset for any
minimal finite state automaton is A/P-hard. Also given is a simple graph algorithmic
example which takes a boundaried graph testset and builds an automaton. At the
end of this chapter, we show how these bounded-width membership automata for

lower ideals can be efficiently used to find obstruction sets.

11.1 Introduction

The reader may have seen the following well-known result from classical automata

theory (e.g., see [HU79]).
Theorem 168: (Myhill-Nerode) The following two statements are equivalent:

1. A set L C ¥* is accepted by some finite state automaton. (That is, the set L is

a regular language.)

2. Let ~;, be an equivalence relation for x and y in ¥* defined by: « ~j, y if and
only if for all z in ¥*, xz is in L exactly when yz is in L. The relation ~y, is of

finite index.

For any regular language L over the alphabet ¥, two strings = and y are distin-

guished by a string z in ¥*if (vz € Land yz & L) or (yz € L and xz ¢ L). Otherwise,
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x and y are said to be congruent with respect to the canonical congruence ~. A set
T C X¥* is a testset for the language L if every two strings = and y of ¥* that are in

different equivalence classes of ~ are distinguished by some test z in T'.

The proof of the Myhill-Nerode Theorem shows that if M is a minimal finite
state automaton for a regular language L then there is a one-to-one correspondence

between the states of M and the equivalence classes of ~,.

Since only one test is needed to distinguish any two states of an automaton M,
clearly a testset T" need not contain more than ('J\f') tests. Likewise, since a single
test can only partition the states into two classes, a testset T' needs to contain at
least [log,(|M|)] tests. An obvious problem arises on how to find the smallest such
testset for an arbitrary regular language L. Regrettably, we present some negative

results concerning this task in Section 11.2.

To illustrate the relationship between testsets and regular language decision prob-
lems, we give in Section 11.3 a testset for the graph connectivity decision problem for
graphs of bounded pathwidth and treewidth. In fact, many graph decision problems
for bounded pathwidth or treewidth can be solved in linear time by the use of au-
tomata (e.g., see [AF93]). There are no large hidden constants in the running times
of these algorithms. A graph building alphabet (e.g., the alphabet ¥, for t-parses) is
used to represent the graphs of bounded combinatorial width. Each graph contains a
special set of boundary vertices where tests can be appended. In this context, these
bounded-width graph families are regular languages. There are many applications for
these finite state automata such as (1) testing for VLSI layout properties (e.g., see
[KK94b]) and (2) finding obstruction set characterizations (which is briefly discussed
in Section 11.4).

11.2 Finding a Minimum Testset is A/P-hard

This section shows that for an arbitrary minimal finite state automaton determining
the size of a minimum testset is at least as hard as any problem in the complexity

class N'P. A formal definition of our testset problem now follows.
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Problem 169: Automata Minimum Testset (AMT)

Input: A minimal deterministic finite automaton, DFA, M = (Q,¥,0 : Q x ¥ —
Q,q € Q, F C @), and a positive integer k.

Question: Does there exist a testset T' C ¥* for M with |T| < k7 That is, for a
solution T', and all ¢;, ¢; € @, there exists a test ¢t € T such that ([¢;]t € F and [g;]t &

F)or ([¢;]t € F and [g;]t € F) where [g] denotes any equivalence class representative
for the state ¢.

If we can solve this AMT problem in polynomial time for each input k& then we
can determine in polynomial time the least k such that an automaton M has a testset
of cardinality k (i.e., the optimization problem would also be in the complexity class

P). A related and classic problem is the following.

Problem 170: Minimum Test Collection for sets (MTC)
Input: A finite set S of “possible diagnoses”, a collection C' of subsets of 5, repre-

senting binary “tests”, and a positive integer 7 < |C].
Question: Does there exist a subset C” of C', |C’| < 7, such that for every pair z,y € S,
there is some test ¢ in C’ for which [{x,y} Ne¢| =1 (here, a test ¢ eliminates one of

the two diagnoses x and y)?
Our main result of this chapter is now presented.

Theorem 171: The decision problem AMT is N"P-hard.

Proof. Gary and Johnson have shown that MTC is NP-complete [GJ79]. We show
that AMT can be restricted to MTC. This then shows that AMT is AN"P-hard.

Given an instance (5,C') of MTC with j < |C], we build an automaton M =
(@Q,%,9, qo, F') as displayed in Figure 11.1. For convenience, we assume (relabel if
necessary) that the finite set S equals {1,2,...,n}. The state ¢; € Q) corresponds to
a particular ¢ € S for 1 <1 < n.

We first show that the automaton M is minimal. Let L be the language accepted
by M. Our automaton is nonminimal if and only if there exists two states ¢ and ¢’

such that [¢]z € L & [¢/]z € L for all z € ¥*. The empty test distinguishes F' from
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Q = {¢|0<i<npU{q}tU{q}
Y o= {1,2,....n}U{t. | ce CYU{#}
F o= Q\{q,q} Ci = Ueee {tc |1 € ctU{#}

O

©
o O @»

O o

Figure 11.1: The AMT automaton M built from an MTC instance.

{0, qa}. The test # distinguishes state ¢; from the states ¢1, ¢, ..., ¢, and between
states qo and ¢g. Thus, the only way that the automaton M is nonminimal is if
there are two diagnoses in S that share identical tests in €. In this case, which is
easily checked in polynomial time, there does not exist any C’ C C' to solve the MTC

problem. Hence, hereafter M is assumed to be minimal.

To complete the reduction, we set k, the inputed positive integer for AMT, to be
J + 2 where j was the queried positive integer for MTC. We claim the MTC problem
has a collection €' C C such that |C'] < j if and only if the AMT problem has a
testset 1" such that |T'] < k.

Assume that the MTC instance has a subset C' of C' such that |C'| < 5. We
claim that the set T = {t. | ¢ € C'} U {l,#} is a testset for M. The tests 1 and #
are sufficient to distinguish states qo, ¢4, and ¢; from the rest of Q).

1. Test # distinguishes ¢4 from @ \ {¢;} and test 1 distinguishes ¢4 and ¢j.
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2. Test 1 distinguishes ¢; from @ \ {qo} and test # distinguishes ¢; and go.

3. Test 1 distinguishes ¢ from @ \ {¢;} and test # distinguishes ¢o and gj.

States g, and ¢, 1 < a < b < n, are distinguished by some ¢. since [{a,b} N¢| =1 for
some ¢ in C'. If {a,b} Ne = {a} then by the definition of C; = U.c¢ {tc | 1 € ¢} U{#}
we have [¢]t. € L and [¢;]t. € L. Since |T| < k, the corresponding AMT instance is

also true.

We now show that if the AMT instance is true then the MTC instance must also
be true. First note that any test prefixed with a symbol ¢. does not help in distinguish-
ing the three states {qo, ¢f, qa}. Similarly, any test prefixed with {#,1,2,...,|5]|} does
not help in distinguishing {¢; | ¢ € S}. Since all of the possible tests in ¥* have been
exhausted, we know that it requires independent tests T' = T} U T to distinguish all
of the states of @), that is, a set Ty for {qo, s, qa} and a set Ty for {¢; | 1 € S}.

At least two tests are needed to show that the three states ¢o, ¢y, and ¢4 are
not equivalent since [log,(3)] = 2. So, without loss of generality, we can assume
Ty = {0, #} distinguishes states qo, ¢4, and ¢; from the rest of (). This implies that
g or fewer tests is sufficient for a complete T;. Any significant test in 7% must be
of length 1, for otherwise, it does not distinguish anything in {¢; | ¢ € S}. Those
j" < g tests in Ty that distinguish between all the states of S correspond to 3 subset
collections of C'. Thus, the MTC instance must be true. O

The above construction builds a finite automaton that has a minimum testset
with single character tests. It would be interesting to find a construction that bounds
the alphabet size |X| while allowing longer test lengths, since more natural problems

seem to be of this type.

It is still an open problem whether AMT is NP-complete. Two standard means
of attack for the general problem are (1) to show AMT is in NP, and (2) to find a
reduction from AMT to a known A P-complete problem. For method (1) we have

the following result:

Lemma 172: Given an automaton M = (Q, X, 4, qo, F') there exists a test of length
at most |Q] - (|Q] — 1) to distinguish any two states of M.
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Proof. For any two non-equivalent states ¢ and ¢’ let t = ayay...a;...a;...a, be a
distinguisher, where each a; € ¥. For any prefix t; = ajay...a; of ¢, the state [¢]t;
must be different than the state [¢']¢; since the automaton M is deterministic and
this would force [¢]t = [¢/]t. If the state pair ([¢]t;, [¢']t;) equals ([q]t;, [¢]t;) for some
J, 1 <1<y <mn,thent = ajas...a;a;41...a, would be a shorter test. Thus the
number of distinct ordered state pairs, |Q|-(|Q]—1), is an upper bound on the needed

test length for two non-equivalent states. O

If we are interested in a restricted version of the AMT problem where the tests
have a bounded (polynomial) length then this problem is N"P-complete. In light of

the above fact, we define the following problem.

Problem 173: Bounded Automata Minimum Test Set (BAMT)
Input: A minimal deterministic finite automaton, DFA, M = (@, ¥, 4, qo, F'), and a

positive integer k.
Question: For the automaton M, does there exist a testset 7' C ¥* with [¢| < |Q] -
(1Q| — 1) forallt € T and |T'| < k?

Corollary 174: The decision problem BAMT is N"P-complete.

Proof. First observe that the length of any useful test ¢ € T given in the proof
of Theorem 171 has a bounded length of 1. So using the previous restriction to
MTC instances, we see that BAMT is A/P-hard. All that remains is to show that in

polynomial time one can verify a solution to BAMT. For each test t € T" one needs to

2
a distinguisher. It takes at most |M|- (|M| — 1) steps to run each test through the

check at most (|M|) states of the automaton M to verify that each pair of states has

automaton since that is the maximum length of any test ¢ € T'. Thus, the verification

takes polynomial time. a
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11.3 A Testset Example:
Building Membership Automata

We now present a testset application for input graphs of bounded combinatorial width.
Many different sets of graph building operators can be used to construct graphs, as
we saw in Section 2.2.3. We illustrate the following application with our quadratic-
sized operator alphabet ¥, = V; U E; for pathwidth ¢-parses (see Chapter 2). Later

in Section 11.3.1 we develop a setting for the bounded treewidth case.

Assume that we have a graph family F with a finite-index canonical congruence
~ . This implies that the bounded-width canonical congruence over the pathwidth
operator set ¥, is finite-index (i.e., this family F C ¥} is a regular language). Recall
from Section 4.1 that there is a slight distinction between these two canonical congru-
ences. In the bounded-width case, a language F is a subset of the graphs (¢-parses) of
pathwidth at most £. One can view a test Z for ~z as any (¢ + 1)-boundaried graph,
preferably representable by a string of operators. Recall that a ¢-parse G and a test
7 are combined to form a new graph G & Z by taking the union of the underlying
boundaried graphs G and 7, except that the boundary vertices are coalesced. We say
that ¢ passes the test 7 if G & Z is in F. (Note that we could just as easily use the
definition “G passes the test Z € X7 if G- Z isin F,” where we use the concatenation

operator for t-parses instead of the circle plus operator.)

We now present a simple example. Consider the family F of connected graphs of
pathwidth at most ¢ and order at least ¢ +1. For each member GG of F assign a vertex
boundary of size ¢ + 1 that corresponds to a boundary of a t-parse representation of
(G. We see that the number of equivalence classes for ~r equals the number of set
partitions of {0,1,...,t} plus one. The equivalence class for an arbitrary (¢ 4 1)-

boundaried graph G is determined as follows:

1. If the graph G has a component without any boundary vertices then it is in a

“dead state” equivalence class.

2. Otherwise, the components of (¢ partition the set of 41 boundary vertices (i.e.,

boundary vertices v and v are contained in the same set of the partition if there
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O O

O O

Figure 11.2: A graph connectivity testset for 3-boundaried graphs.

exists a path between u and v in (7). Take this partition as the equivalence

class index for G.

It is easy to see that if two boundaried graphs G and H fall into different equivalence
classes then there exists a test Z, consisting of only edges, such that exactly one of the
two graphs G & Z and H & Z is connected. Since these small tests can be represented
as t-parses, the bounded-width canonical congruence is equivalent to ~x. We use this
observation to build a finite testset for the graph connectivity problem for any set of

k-boundaried graphs.

Example 175: The set of five 3-boundaried graphs, displayed in Figure 11.2, is a
testset for graphs within ¥3. A 2-parse is connected if and only if is in the same
equivalence class that is indexed by passing all of the tests (in particular, passing the

first test implies passing the other tests).

Generally speaking, if we know (1) a testset for the family F and (2) a member-
ship algorithm for F. then we can compute a minimal finite state automaton that
recognizes any graph of pathwidth ¢ within F. This process is mentioned shortly.
The next example presents the constructed automaton obtained from the graph con-

nectivity testset of Example 175.

Example 176: Consider the alphabet ¥ = Y, the alphabet for 2-parses. A pic-

torial display of the automaton generated from the connectivity testset (given in
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0 — initial state 1
1 — dead state

2 — another state
3 — another state

4 — another state

State \ Symbol | (0) (1) @) [o1] [02] [12]
1
1
0
0
1
4

w O = O = =
Al e

[S52 N G N N
ot Ot W Ot 4 W
(S B S

5 — accept state

Figure 11.3: A graph connectivity membership automaton for 2-parses.

Figure 11.2) is shown above in Figure 11.3. Note that the missing arcs go to the dead
state. Listed below the automaton is the transition diagram § : Q) x ¥ — Q.

We construct membership automata, such as the one just presented, by the fol-
lowing simple rules. The two ingredients in building an automaton M for accepting

t-parses with respect to a finite-state graph family F are:

1. A testset T of (t 4+ 1)-boundaried graphs for the canonical congruence ~z.

2. Any membership algorithm A for recognizing graphs in F.

During the building process of M we keep an equivalence class representative G
(t-parse) for each state ¢; of M as encountered. Initially, for the start state go the
smallest t-parse Gy = [@, . ,@] is our only representative. Next, for each operator
o € ¥ we check if G - [0] is congruent (via the testset) to any state representative

kept so far. Recall that we can easily check whether two t-parses GGy and G5 are
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congruent, Gy ~z (G5, by using T" and A:
(forevery T, €T, Gh T, € F <— Gyd T, € F) <— G1~rGy

If it happens that Gy - [o] is congruent to some state representative G; then a transi-
tion entry from (qo, o) to ¢; is added to the transition function §. Otherwise, Gg - [o]
must be a representative for a new state ¢;. We repeat the process of appending each
single operator o € ¥, to each new state representative (;, as they are discovered,
and do congruence checks for G; - [o] against all previously encountered state repre-
sentatives. The automaton is built when all the possible operator transitions from the
representatives for each (7; lead to previous states (i.e., when the transition function
4 is not a partial function.) It is safe to terminate the construction at this point since

every state of ~r is reached from the start state by some string of operators.

11.3.1 Using tree automata for bounded treewidth

We can easily extend the previous testset application for treewidth ¢-parses. Here we
build a tree automaton instead of a linear automaton from a testset for the canonical
congruence ~z. General information about tree automata may be found in the survey
paper [Tha73]. We are interested in (rooted) tree automata that evaluate their input
arguments (parse trees) in a leaf to root order. For treewidth ¢-parses we have the

following customized definition.

Definition 177: A tree automaton M = (Q,X = ¥ U {&},9, 82, qo, F) for the
treewidth t-parse alphabet is an extended linear (pathwidth) automaton (@, ¥4, 4, qo, F)

where

1. @ is the set of states.
2. Y is the alphabet for the input trees.

3. § is a function from @ x (V; U F;) to @ (i.e.,  is a transition function for the

unary operators ;).

4. 4y is a function from @ x Q to @ (i.e., 3 is a transition function for the binary

operator &).
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5. qo € () 1s the start state.

6. F' C @ is the accepting (membership) states.

Just as a linear automaton determines a state for every prefix of an input string,
a tree automaton determines a state for every subtree of an input tree of symbols
(while processing the input). A t-parse (i is accepted by a tree automaton M if the
state assigned to the root symbol (operator) is in the set of accepting states F. The
rules for evaluating a treewidth ¢-parse (G with respect to M are defined recursively

as follows, where evaly; denotes the evaluation map.

1. fG = [@, @, o ,@] then evaly(G) = qo.

2. If G = Gy & Gy then evaly(G) = da(evalp(Gr), evalp(Gy)).

3. f G =Gy ga), g0 € 3t = VU Ey, then evaly(G) = d(evalp(Gh), gn ).

An iterative version (for implementation reasons) of this evaluation map evalys is
easy to construct. Here we first run the pathwidth automaton starting at each leaf
operator until a ¢ operator is reached. Then the d; function is used to merge together
two pathwidth branches (or treewidth subtrees). The procedure then continues up the

input tree assigning states to operators using both the ¢ and ¢y transition functions.

For an example of a tree automata for ¢-parses, we extend our graph-connectivity

linear automaton of Example 176.

Example 178: A tree automaton that accepts treewidth 2-parses is obtained by

adding the following function ds to the linear automaton presented in Figure 11.3.

b0 1 2 3 4 5
010 1 2 3 4 5
i1 1 1 1 1 1
212 1 2 5 5 5
3 (3 1 5 3 5 5
414 1 5 5 4 5
515 1 5 5 5 5
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Notice that since the binary operator & is commutative the d, function should

be symmetric for ~x (i.e., for all x,y € Q, da(x,y) = d2(y, x)).

Before ending this section, we need to justify that our definition of tree automata
for treewidth t-parses is sound. The next previously known result shows that it is

sufficient to add a transition function 4, to a linear automaton for pathwidth ¢-parses.

Lemma 179: For any canonical congruence for a regular language family F, if

Xi~rXyand Vi ~7 Y5 then X; B Y; ~7 Xy, B Y5,
Proof. Since X; ~z X5, we have for each boundaried graph 7,
Xi®ZceF <= X, 0 ZcF

which implies

XioMWMa2)eF < Xyo(MiaZ)eF

By associativity of @, we see that X1 @ Y] ~» X5 @ Y]. Likewise, since Y] ~x Y, we
get
Vie(Xed2)eF = Voa(XodZ)eF

Or, Y1® X, ~7 Y5 P X,. Now since ~x is both a symmetric and a transitive relation

we see that X; &Y ~7 Xy @ Y5, O

From the above result we can always first build a membership automaton for
pathwidth ¢-parses and then add a transition table dy (for the & operator case) to
get a membership tree automaton. Here, the testset method of the previous section
is first applied to produce the m = |@)| equivalence classes of ~z. Then for each
unordered pair of state representatives G; and G, 0 <1 < j < m, we use the testset
to find the equivalence class of G; @ GG;. Recall that there are at least three flavors of
the canonical congruence ~z:

‘(t 4+ 1)-boundaried graph ~z" = ‘treewidth t-parse ~z" = ‘pathwidth t-parse ~z" .
We extend a pathwidth ¢-parse automaton to get a treewidth ¢-parse automaton if a

testset for one of the first two canonical congruences is available.



CHAPTER 11. AUTOMATA AND TESTSETS 224
11.4 Quickly Finding Obstructions using Automata

Suppose we have a minimal finite state automaton M that accepts t-parses in some
minor-order lower ideal F. It is straightforward, as seen below, to compute the minor-
order obstructions of width at most ¢ for F using M. This method can use either

linear or tree automata.

The states of a minimal automaton M for F represent the equivalence classes
of the canonical congruence ~x (by the Myhill-Nerode Theorem). In a breadth-
first or depth-first order we start enumerating all ¢-parses, possibly only the free-
boundary isomorphic t-parses (as described in Section 2.3). The search process is
pruned whenever a t-parse G has a boundaried minor that falls in the same state as
(' (i.e., a nonminimal ¢-parse is found). We can also restrict ourselves to one-step
J-minors as was justified in Chapter 4. The minor-order obstructions can then be
extracted from the minimal t-parses that fall in the non-accept (out-of-family) state
of the automaton. Since F is a lower ideal there are no transitions out of a non-accept
state of M. (It follows from the definition of the canonical congruence ~z that there

is only one of these out-of-family states.)

Notice that a depth-first enumeration order is preferred. We keep in memory
each t-parse G only as long as there is an active t-parse G that has G as a prefix
parse. A t-parse in a search tree is called active if it has is not been proven minimal

or nonminimal.

Example 180: Using the finite state automaton for MAXPATH(4) over ¥; (see
Table 8.1 on page 172), we can compute the single obstruction Ps, a path of length 5,
for the family of graphs that have all paths of length 4 or less. A t-parse representation

for this obstruction is given below.

Ps = [@7@7‘0 1‘7@7‘0 1‘7@7‘0 1‘7@7‘0 1‘7@7‘0 1“

Prefix states: -, 0, 1, 2, 4, 6, 8, 10, 12, 14, 16

To help follow the t-parse Ps through the MAXPATH(4) automaton, we listed the

states for each prefix t-parse immediately below the last operator.
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Besides these prefix t-parses the smallest search tree contains just two additional

t-parses (both nonminimal), namely

[@7 @77 @77 @] and
(©. .01 @,01] ®.[o1] ®] .

If we have an automaton for a lower ideal then we may not want to restrict ourselves

to the smallest possible search tree since minimality /nonminimality proofs are easy
to obtain. Thus, we can avoid the t-parse canonic checks that were mentioned in
Part 1 of this dissertation. Here we do more isomorphism checks at the end of the

obstruction set computation since there are more boundaried obstructions.

The reference counts in Table 8.1 indicate how many times each transition was
used during that particular obstruction search. Besides every t-parse in the search
tree, the membership automaton is invoked for every one-step minor. The counts
indicate that many transitions were not used. We believe that some unnecessary
work was used during the creation of the automaton. If the goal is only to compute
obstruction sets for a lower ideal, and an automaton is not available, we recommend

using the techniques of Chapter 4.
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Chapter 12

Computing Pathwidth by Pebbling

After several rounds of improvement [RS95b, Lag90, Ree92] the best known algorithm
for finding tree decompositions is due to Bodlaender [Bod93c]. For each fixed &, this
algorithm running in time O(2k2n) determines that either the treewidth is greater
than k, or produces a tree decomposition of width at most k. By first running this
algorithm and then applying the algorithm of [BK91, Klo93a], a similar result holds
for pathwidth. Both of the algorithms involved are quite complicated.

We describe in this chapter a very simple algorithm based on “pebbling” the graph
using a pool of O(4%) pebbles, that in linear time (for fixed k), either determines that
the pathwidth of a graph is more than k, or finds a path decomposition of width at
most the number of pebbles actually used. The main advantages of this algorithm
over previous results are: (1) the simplicity of the algorithm and (2) the improvement
of the hidden constant for a determination that the pathwidth is greater than k. The
main disadvantage is in the width of the resulting “approximate” decomposition when

the width is less than or equal to k.

12.1 Preliminaries

An (homeomorphic) embedding of a graph Gy = (Vi, 1) in a graph Gy = (V4 Ey) is
an injection from vertices Vj to V4 with the property that the edges F; are mapped
to disjoint paths of (/5. (These disjoint paths in (i3 represent possible subdivisions
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of the edges of (G1.) The set of homeomorphic embeddings between graphs is the

topological partial order that was mentioned in Chapter 3.

Recall that the pathwidth of a graph G is the minimum pathwidth over all path
decompositions of G. As mentioned in Chapter 10, determining pathwidth is equiva-

lent to several VLSI layout problems such as gate matrix layout and vertex separation

[M5h90, ESTST7].

We have shown in Chapters 2 and 3 that the family of graphs of pathwidth at
most ¢, {—PATHWIDTH, is a lower ideal in the minor (and hence, topological) order
and those graphs with order n have at most nt — (¢ +¢)/2 edges.

Let Bj, denote the complete binary tree of height h and order 2" — 1. Let h(t) be
the least value of h such that By has pathwidth greater than ¢, and let f(¢) be the
number of vertices of Bj). To find a bound for f(t), By needs to contain (above in
the topological order) at least one obstruction of pathwidth ¢. In [EST87] it is shown
that all topological tree obstructions of pathwidth ¢ can be recursively generated by

the following rules.

1. The single edge tree K is the only obstruction of pathwidth 0.

2. If Ty, Ty and T3 are any 3 tree obstructions for pathwidth ¢ then the tree T
consisting of a new degree three vertex attached to any vertex of T}, Ty and Tj

is a tree obstruction for pathwidth ¢ + 1.

From this characterization we see that the orders of the tree obstructions of
pathwidth ¢ are precisely (5 - 3" — 1)/2, (e.g., orders 2,7,22 and 57 for pathwidth
t =0,1,2 and 3). We can easily embed at least one of the tree obstructions for
pathwidth ¢, as shown in Figure 12.1, in the complete binary tree of height 2¢ + 2.
Thus, the pathwidth of the complete binary tree of order f(¢) = 2*** —1 = O(4") is

greater than ¢.

12.2 A Simple Linear-Time Pathwidth Algorithm

We say that a boundary size k factorization of a graph G is two k-boundaried graphs
A and B such that G = A& B. Using the f(¢) bound given in the previous section,
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Tree-1 Tree-2

Tree-(t 4 1)

Figure 12.1: Embedding pathwidth tree obstructions Tree-t in binary trees.
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the main result of this chapter now follows:

Theorem 181: Let H be an arbitrary undirected graph, and let ¢ be a positive
integer. One of the following two statements must hold:

(a) The pathwidth of H is at most f(¢) — 1.

(b) The graph H can be factored: H = A& B, where A and B are boundaried graphs
with boundary size f(t), the pathwidth of A is greater than ¢ and less than f(¢).

Proof. We describe a algorithm that terminates either with a path decomposition
of H of width at most f(¢) — 1, or with a path decomposition of a suitable factor A

with the last vertex set of the decomposition consisting of the boundary vertices.

If we find an homeomorphic embedding of the guest tree By in the host graph
H then we know that the pathwidth of H is greater than ¢. During the search for
such an embedding, we work with a partial embedding. We refer to the vertices of
By as tokens, and call tokens placed or unplaced according to whether or not they
are mapped to vertices of H in the current partial embedding. A vertex v of H is
tokened if a token maps to v. At most one token can be placed on a vertex of H at

any given time. We recursively label the tokens by the following standard rules:

L. The root token of By is labeled by the empty string A.

2. The left child token and right child token of a height A parent token P =
biby - - - by, are labeled P -1 and P - 0, respectively.

Let P[i] denote the set of vertices of H that are tokened at time step ¢. The
sequence P[0], P[1],..., P[s] describes a path decomposition either of the entirety of
H or of a factor A fulfilling the conditions of Theorem 181. In the case of outcome

(b) the boundary of the factor A is indicated by P[s].

The placement algorithm is described as follows. Initially consider that every
vertex of H is colored blue. In the course of the algorithm a vertex of H has its color
changed to red when a token is placed on it, and stays red if the token is removed.

Only blue vertices can be tokened, and so a vertex can only be tokened once.
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Algorithm 182: A linear time path decomposition algorithm

function GrowTokenTree
1 if root token A is not placed on H then
arbitrarily place A on a blue vertex of H
endif
2 while there is a vertex u € H with token T" and blue neighbor v,
and token 7" has an unplaced child 7" - b do
2.1 place token T"- b on v
endwhile

3 return {tokened vertices of H}

program PathDecompositionOrSmallFatFactor
I 140
2 P[i] « call GrowTokenTree
3 until |P[i]| = f(t) or H has no blue vertices repeat
3.1 pick a token T" with an unplaced child token
3.2 remove T from H
3.3 if T" had one tokened child then
replace all tokens T'-b- S with T - S
endif
34 1141
3.5 PJi] « call GrowTokenTree
enduntil

done

end algorithm

Before we prove the correctness of the algorithm, we note some properties: (1)
the root token needs to be placed (step 1 of the GrowTokenTree) at most once for each
component of H; (2) the GrowTokenTree function only returns when By has been
embedded in H or all parent tokens with unplaced children have no blue neighbors

in the underlying host H; (3) the algorithm terminates since during each iteration



CHAPTER 12. COMPUTING PATHWIDTH BY PEBBLING 231

of step 3.2 a tokened red vertex becomes untokened, and this can happen at most n

times, where n denotes the order of the host H.

Since tokens are placed only on blue vertices and are removed only from red
vertices, it follows that the interpolation property of a path decomposition is satisfied.
Suppose the algorithm terminates at time s with all of the vertices colored red. To
see that the sequence of vertex sets P[0],..., P[s] represents a path decomposition of
H, it remains only to verify that for each edge (u,v) of H there is a time ¢ with both
vertices u and v in P[i]. Suppose vertex u is tokened first and untokened before v is
tokened. But vertex u can be untokened only if all neighbors, including vertex v, are

colored red (see step 3.1 and comment (2) above).

Suppose the algorithm terminates with all tokens placed. The argument above
establishes that the subgraph A of H induced by the red vertices, with boundary set
P[s] has pathwidth at most f(¢). To complete the proof we argue that in this case
the sequence of token placements establishes that A contains a subdivision of By,
and hence must have pathwidth greater than {. Since the GrowTokenTree function
only attaches pendent tokens to parent tokens we need to only to observe that the

operation in step 3.3 subdivides the edge between T" and its parent. a

Corollary 183: Given a graph H of order n and an integer ¢, there exists an linear
time algorithm that gives evidence that the pathwidth of H is greater than ¢ or finds
a path decomposition of width at most f(¢) —1 = O(4%).

Proof. We show that program PathDecompositionOrSmallFatFactor runs in linear
time. First, if H has more than ¢ - n edges, then the pathwidth of H is greater than
t. By the proof of Theorem 181, the program terminates with either the embedded

binary tree as evidence, or a path decomposition of width at most f(¢).

Note that the guest tree Bj) has constant order f(t), and so token operations
that do not involve scanning H are constant time. In function GrowTokenTree, the
only non-constant time operation is the check for blue neighbors in step 2. While
scanning the adjacent edges of vertex u any edge to a red vertex can be removed,
in constant time. Edge (u,v) is also removed when step 2.1 is executed. Therefore,
across all calls to GrowTokenTree, each edge of H needs to be considered at most once,

for a total of O(n) steps. In program PathDecompositionOrSmallFatFactor, all steps
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except for GrowTokenTree are constant time. The total number of iterations through

the loop 1s bounded by n, by the termination argument following the program. O

The next result shows that we can improve the pathwidth algorithm by restrict-
ing the guest tree. This allows us to use the subdivided tree obstructions given in

Figure 12.1 as guests.

Corollary 184: Any subtree of the binary tree By that has pathwidth greater
than ¢ may be used in the algorithm for Theorem 181.

Proof. The following simple modifications allow the algorithm to operate with a
subtree. The subtree is specified by a set of flagged tokens in Bjy. At worst, the
algorithm can potentially embed all of By .

In step 2 of GrowTokenTree, the algorithm only looks for a flagged untokened
child T'-b to place, since unflagged tokens need not be placed. The stopping condition
in step 3 of PathDecompositionOrSmallFatFactor is changed to “all flagged tokens
of By are placed or ...,” so that termination occurs as soon as the subtree has
been embedded. The relabeling in step 3.3 can place unflagged tokens of Bj(t) on
vertices of H since all the rooted subtrees of a fixed height are not isomorphic. If that
happens, we expand our guest tree (by adding flags) with those new tokens. It is easy
to see that the new guest is still a tree. These newly flagged tokens may be relabeled
by future edge subdivisions that occur above the token in the host tree. Duplication

of token labels does not happen if unflagging is not allowed. Thus, the f(¢) width

bound is preserved. a

Example 185: Using Tree-1 from Figure 12.1 (subdivided K;3) as the guest tree
of pathwidth 2 the program trace given in Figure 12.2 terminates with all vertices

colored red (gray) yielding a path decomposition of width 5.

In the proof of Corollary 184 one may wish to not expand the guest tree by
flagging new tokens. This can be done and, in fact, is what we would do in practice.
Without loss of generality, suppose token 7" -1 is on vertex u € H and has children
that can not be placed on H, and T'-1 has one unflagged sibling token 7"-0 on v € H.
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Figure 12.2: Tllustrating our linear time pathwidth algorithm.
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If we ignore the flagging of new vertices in the current algorithm, the token 7'-1 would
be removed and the parent T (which has only one legitimate child) would be placed
on vertex v. What happens to any blue vertices that are adjacent to only vertex u
(or its unflagged subtree)? The answer is that they are lost and the algorithm would
not terminate unless it could embed the guest tree in the remaining portion of H.
We can fix this problem by checking for unflagged siblings before step 3.3 and to shift
the token T'- 1 from u to v. See step 3.3’ below.

3.3" if T' had one tokened child then
replace all tokens T'-b- S5 with T - S
else if T'= P - b had an unflagged sibling then
replace all tokens P - b- S with P - not(b) - S
endif

Observe that our pathwidth algorithm provides an easy proof of basically the
main result of [BRSTI1] (or its earlier variant [RS83]) that for any forest F, there
is a constant ¢, such that any graph not containing F' as a minor has pathwidth at

most c.

Corollary 186: Every graph with no minor isomorphic to forest F', where F'is a
minor of a complete binary tree B, has pathwidth at most ¢ = |B| — 2.

Proof. Without loss of generality, we can run our pathwidth algorithm using (as the
guest) any subtree T  of B that contains F' as a minor. Since at most |B| — 1 pebbles
are used when we do not find an embedding of 7' (in any host graph), the resulting
path decomposition has width at most |B| — 2. 0

Our constant ¢ is identical to the one given in [BRST91] when F' = B. They
point out that their constant ¢ = |F'| —2 is the best possible since the complete graph

K._1, with pathwidth ¢ — 2, does not contain any forest with ¢ vertices.

12.3 Further Directions

In the case that the pathwidth of an input graph (' is at most k, our algorithm yields

a path decomposition that can have a width exponential in k, but that is equal in
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any case to the maximum number of tokens placed on the graph at any given time,
minus 1. It would be interesting to know if this exponential bad behavior is “normal”
or whether the algorithm tends to use a smaller number of tokens in practice. Since
the pebbling proceeds according to a greedy strategy with much flexibility, there may

be placement heuristics that can improve its performance on “typical” instances.
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Chapter 13
Conclusion

This chapter summarizes the results of this dissertation and then concludes with
two important applications that concern forbidden substructure characterization of

graphs.

13.1 A Summary of the Main Results

Our main computational achievements, given in Part II of this dissertation, show
that computing obstructions for “simple” minor-order lower ideals is feasible for small
pathwidth. Here we developed a computational theory, given in Part I, that extends
the original Fellows—Langston approach for computing obstruction sets. For a wide
range of targeted graph families (in fact, all being parameterized lower ideals), Ta-
ble 13.1 summarizes the largest pathwidth bounds that our software can currently
explore. Qur experimental research has shown that these pathwidth bounds may in-
crease by one if universal distinguisher searching is available (see Sections 4.4.2 and
5.3.1). Furthermore, with new theory being developed, there is ample opportunity to
characterize additional lower ideals with our basic method. We expect that for any
lower ideal the corresponding treewidth bounds (regarding achievable obstruction set
computations) will be equivalent to the largest feasible pathwidth bounds. That is,
we have no evidence to suggest that our treewidth enumeration methods become

impractical at smaller widths.
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Table 13.1: Tractability bounds for various parameterized lower ideals.

Minor Order Lower Ideal | Largest Pathwidth?

k—EDGE BOUNDED INDSET 6
5-VERTEX COVER
4-FEEDBACK EDGE SET
1-Pat COVER(3)
2—PATH COVER(1)
1-CYcLE COVER(3)
2-FEEDBACK VERTEX SET
1-OUTER PLANAR
1-PLANAR

1-GENUS (torus)

L o R R R e e Ot Ot O

2-PATHWIDTH

We now list a few noteworthy theory results that were presented in Part 1 of this

dissertation.

e Introduced practical t-parse enumeration schemes based on canonic representa-

tions for graphs of bounded pathwidth and treewidth.

e Presented a small search-space technique (of bounded combinatorial width) for
computing minor-order obstructions. Our Prefix Lemma establishes a search
tree of minimal ¢-parses (as growable nodes), guaranteeing a search that termi-

nates.

o Developed sufficient rules for computing disconnected minor-order obstructions
for certain parameterized lower ideals. The expected growth rate on the number

of obstructions for parameterized lower ideals was also studied.

o Utilized a distributive programming approach, across many hardware platforms,

for obstruction set computations.
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Besides characterizing many flavors of graph families by obstruction sets, in Part
IT of this dissertation we provided several other useful results such as the following

family-specific items for input graphs of bounded pathwidth (¢-parses).
e An optimal finite-state algorithm for k—VERTEX COVER (including a linear time
vertex cover algorithm).

e A finite-state dynamic program for kA—~FEEDBACK VERTEX SET (including a lin-

ear time feedback vertex set algorithm).

o A testset for both the &~FEEDBACK VERTEX SET and k—~FEEDBACK EDGE SET

graph families (and a nonminimal pretest for k~FEEDBACK EDGE SET).

o A linear time dynamic program to determine the maximum path length and a

congruence for k—PATH COVER(p).

o A testset for k~CYCLE COVER(3) and some testsets for various families of

graphs that have bounded path or cycle lengths.

e A linear time dynamic program for 0—OUTER PLANAR and the minimum K-

cover.
Lastly, in Part III of this dissertation we contributed the following applied results.

e FEquated a VLSI layout problem (k-CVS) with a computational biology problem
(k-1CG).

e Showed that finding the minimum size testset for a minimal automaton (or

canonical congruence) is N'P-hard.

e Developed a simple linear time algorithm that (for fixed k) determines if a graph

has pathwidth greater than k or finds a path decomposition of width at most
O(4%).
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13.2 Two Key Applications

We conclude this dissertation by mentioning two areas of research that are impor-
tant consequences of our work. These two applications are of interest to both the

theoretical and industrial computer science communities.

First, we have empirically shown that mathematical theorem proving, specifically
for the case of finding substructure characterizations of minor-order lower ideals, can
be automated. We have presented a natural and easy way to find obstruction sets
for those characterizable families whose obstructions are bounded by some constant
combinatorial width. (The Graph Minor Theorem guarantees a finite number of ob-
structions and hence a bound on both the pathwidth and treewidth.) Our method
requires two additional ingredients consisting of a membership algorithm and a refine-
ment of the canonical congruence for the lower ideal. This dissertation has shown that
these required congruences are easy to produce. We demonstrated with several ex-
amples two design techniques for obtaining these family-specific congruences, namely

by testsets of t-boundaried graphs and finite-state dynamic programs for ¢-parses.

For an application with real-world potential, we have developed a tool that pro-
vides graph-algorithm designers with the following opportunity. As mentioned ear-
lier in Section 5.3.2, one can take a partial set of obstructions for any minor-order
lower ideal F and build an approximating automaton for recognizing those graphs of
bounded width within F. We can do this for any desired pathwidth or treewidth. A
randomized feature of our software allows one to generate partial sets of obstructions
without the need for a finite-index family congruence for F, thereby allowing the
non-specialist to take advantage of our system. That is, we can now implement a

useful graph-algorithm compiler.
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