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Abstract: The paper reviews selected results in the field of geometrical measure-
ments and reconstructions of 3D objects based on gridding techniques. Two
soundness properties of approaches are discussed with respect to the selected
grid resolution:convergencendconvergence towards the proper vallieis

shown that sound approaches exist for problems as (1) volume and surface area
measurement for Jordan bodies, (2) approximations of planes based on sampled
data, (3) surface reconstructions based on gradient information, and (4) surface
recovery by solving a (special) linear differential equation system. The paper
concludes with a brief discussion of arising digital or computational geometry
problems relevant to the discussed subjects.

1 Introduction

This paper deals with objects (bodies, surfaces, faces, planes etc.) in three-
dimensional (3D) space that are represented by digital images or discrete data
arrays. Image analysis of the three-dimensional objects is based on the given
digitized data. The input information may bevaxel data setwherevoxel
stands forvolume elementvhich is the sample value at a grid point, or it may

be one or several digitized projections of real-world scenes. Example
application areas are biomedical 3D image analysis, or industrial surface
inspection, respectively. The analysis task is directed towards reconstructing or
analyzing an unknown 3D object which may be considered to form a compact
set in the 3D Euclidean spa¢®® bounded by alordan surfaceor just an
unknownJordan facein 3D. This paper is not a general review. It is based on
some subjective selections of relevant results (without citing proofs) in this area
of geometrical measurements and reconstructions based on gridding techniques.



1.1 Soundness Properties

The length of a diagonal of a square with side lergttan not be measured via

the length of a piecewise constant function because the total length of the
piecewise constant function is alwa%a independent of the number or the size

of the steps, and does not converge toward® if the step-size goes to zero.
This is a popular example of the following problem: assume that a real-world
object is given and we have only some sampled or digitized data about this ob-
ject. What is the appropriate method to calculate a specific feature of this object,
or to represent it?

The measurement of areas in 2D, or of volumes in 3D is normally much
more robust or straightforward than measurement of perimeters in 2D, or of
surface areas in 3D. For the "diagonal of a square" example above the size of
the area below the "diagonal” piecewise constant function will converge to the
size of the triangle defined by two sides of the square and the diagonal if the
step size goes to zero.

Digital geometry approaches, computational geometry algorithms and
further calculations (numerics, statistics etc.) may be used to represent and
analyze the given discrete data. The approach shousured with respect to
the general measurement or representation probM@ consider the following
two soundness properties in this paper:

CONVERGENCEtmage acquisition at higher image resolutions should lead to
convergence for the values of measured features, such as the geometric shape of
reconstructed planes, straight lines, surfaces etc.

PROPER VALUEConvergence should be towards the "true" value, the "true"
data etc.

The first soundness property requires a convergence proof. The diagonal in the
example above converges towatls The second soundness property requires

a fundamental problem analysis: what is the "true data", the so-cptheehd

truth? Certainly the "true" data is unknown in applications of image analysis.
Synthetic input data may be a solution. However these are always just case stud-
les for a specific type of hypothetical input data. The complete solution is the
mathematical modeling of the measurement or representation problem where
the ground truth is defined in general mathematical terms. It is easy to model a
plane, a polygonal face or a straight line. The diagonal in the example above has



length av2. A general surface model needs more explanation and is discussed
below.

An evaluation approach based on a general mathematical model of the
ground truth does not require experiments with real or synthetic input data
(besides that, such experiments may be useful to illustrate or to validate), and is
restricted to a the class of precisely definable problems.

1.2 Jordan Faces

C. Jordanis already famous in the image analysis literature for his curve theo-
rem often cited for separations in 2D. A generalization of this Jordan curve
theorem is also valid for specific sets of points in 3D allowing a general
definition of a 3D objects which we calbrdan bodiesSuch a Jordan body is
given as a voxel data set and must be analyzed based on this discrete information
which is characterized by a given resolution, and also by a geometric model (as
polyhedron, or "smooth surface object") of the unknown Jordan body.

What is the "true" surface area? This question is easy to answer for pla-
nar, polygonal object faces. But what about curved objects?

Fortunately integration and differentiation techniques for modeling sur-
faces in 3D were already studied in mathematics since the 19th century, see No.
109 in [19], and provide the proper approaches for modeling and measuring of
object surfaces. At first we assume a segmentation of 3D object surfaces into
several faces.

Definition 1 (Jordan Face): A Jordan faceF in 3D Euclidean spacB?® is a
set of pointsF O R® which may be parameterized Bs= F5(¢,, ) by a sim-
ply connected compact sBtC R? and three functiong, ¢, and x differen-
tiable for all positionqu,v) in B, where

Fe(0.w.x) ={(xv.2): x=¢(u,v) Oy =¢(u,v) Oz= x(u,v) O(u,v) OB},

and for which it is assumed that each poian(tp,L//,x) Is defined by exactly
one point(u,v) OB, and that the rank of the matrix of the first derivatives

Iju wu XUD
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is equal to two for all positiongy,Vv) in B.

From this definition it follows that at each positibn=(u,v) at least one of the
three subdeterminants



¢U wu
¢ W,

by Xu
vy Xy

— Xu ¢u
Xy 9,

,andC =

Is not equal to zero. These subdeterminants may be used to define the area
J..eo(F) of faceF as follows

Jyea(F) = [V A%+ B? + C?db

B

assuming thaF is measurable (see Definition 3 below).

For example assume any simply connected, planar, compadt faldeen
B may be chosen parallel to tikeplane, with¢(u,v) = const, ¢/(u,v) =u, and
x(u,v) =v. The rank of the corresponding matrix

0 1 0g
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Is two and the equation
Jea(F) = [db = 3, . (B)
B

reduces the 3D measurement problem to a 2D measurement problem. It follows
that any simply connected, planar, compactFsét a Jordan face according to
the definition above, and it is measurable if its 2D projection is measurable.

The measurability definition [19] of Jordan fades Fg(¢,y, ) is based
on a triangulation of a bounded superBgtof B satisfying B O I(B,), where
I(Bl) denotes thenterior of the setB,, and the first order derivatives of the
functions¢, ¢, x exist and they are continuous Ii(Bl). Formally this means
thatg, @, x DC(l)(I(Bl)). In No. 108 of [19] it is shown that the angle@sof
such triangulations (of the base sets of the resulting polyhedral faces) have to
satisfy the constrainr < 271/3 (independently shown b®. Hdlderin 1882,G.
Peanoin 1890, andH. A. Schwaran 1890) to avoid inaccurate surface value
calculations for curved surfaces. This might also be cited as a remarkable result
for triangulations in modern computer graphics.

Definition 2 (Triangular Subdivision): Let B, O R? be a simply connec-
ted compact set witB 0 1(B,) and assume an angle with 0 <w <77/3. Then
any networkZ of triangles completely covering, and satisfying the following
two properties,



(i) all angles of triangles i@ are less or equal to— w, and

(i) for all triangles inZ having at least one point in common with Betit
holds that all three corner points are in Bet

is called ariangular subdivisionZ of B, with respect toB.

Definition 3 (Measurable Jordan Face):Let F=Fg(¢,i, x) be a Jordan
face. The facd- is measurabldf there exists a simply connected compact set
B, O R? such thatB O I(B,), the functionsg, ¢, x are in C(l)(I(Bl)), and
there exists a sequenie, Z,, Z;, ... of triangular subdivisions dB, with re-
spect toB such that

a -0

where a, denotes the maximum length of any side of any triangle in the subdi-
vision Z,.

Each triangular subdivisio@ of B, with respect toB defines a polyhedral ap-
proximation F(Z) of the given Jordan face = F5(¢,u, x).

Jordan Face Area Theorem:A measurable Jordan face allows the
formation of an infinite sequence of polyhedral approximatiB(&,), F(Z,),
F(Z:), ... having well-defined surface areak,o(F(Z)), Jue(F(Z2)).
Juea|F(Zs)). ... which converge to

area

J

wea(F) = [VA? + B + C?db

B
independent of the chosen parametrizat®ng¢, ¢, and x, and independent
of the chosen sequence of triangular subdivisions.

This theorem is a historic result about Jordan faces, and a complete proof may
be found in [19]. It points out that a proof about the measurability of a given
Jordan face (and its value of the surface area) may be based on just one selectec
parametrization of this face, and on just one selected triangular subdivision
satisfying the angle constraint as specified in Definition 2.

1.3 Jordan Surfaces

A single Jordan face is not a complete surface of a 3D body. Because of the as-
sumed property that each pointlﬁg(d),w,x) Is defined by exactly one point



(u,v) OB it follows that at least two faces are necessary to obtain a closed sur-
face of a 3D object. Furthermore, the assur@&% property of function®, ¥,

X allows no discontinuities within a single Jordan face, as it appears at edges of
polyhedral objects. Aolyhedronis a simply connected compact set where the
boundary consists of a finite number of simply connected planar compact sets.
A single Jordan face can not in general be "the edge" of a polyhedron.

Definition 4 (Jordan Body, Jordan Surface, Surface Area):A Jordan
bodyis a simply connected compact €&f1 R® the boundary of which consists
of a finite number of measurable Jordan faEgsF,, ..., F,. A Jordan surface
S=90) is the boundary® of a Jordan body, i.e. S=F, 0F, 0...0F,
Assuming that the 2D interiors of the séisare pairwise disjoint theurface
areaof Sis defined asl, e (S) = Juea(Fr) + Jwea(F2) *+ -+ Jarea(Fn)-

The open set(®) =0 -0 is theinterior of this Jordan surfac8. A Jordan

body is always homeomorphic to a unit ball, and a Jordan surface is always
homeomorphic to the unit sphere, i.e. the surface of the unit ball. Each polyhe-
dron is a Jordan body and many curved objects may be classified to be Jordan
bodies. Asmooth Jordan surfaces a Jordan surface which possesses a tangent
plane in each of its points, which is not necessarily the case for a union of
measurable Jordan faces. The following Theorem holds for smooth, and also
for non-smooth Jordan surfaces.

Jordan Surface Theorem:Any Jordan surfaceS subdivides theR® into
three disjoint set, its interiod, the setS itself, and a setE =R*-(SO1)
wherel and E are open sets withl =dE =S.

The open seE = E(S) is theexterior of this Jordan surfac8. "Going from |

to E" means that we have "to leaVé by passing through its boundady =S,

l.e. any curve starting ih and ending IinE intersects the given surfac at

least once. A Jordan surface specifies a separation in 3D as a Jordan curve does
in 2D.

Many imaging processes such as Computer Tomography (CT), Magnetic
Resonance Imaging (MRI) or Confocal Microscopy (CSLM), provide a series of
aligned planar scans which together comprise a special voxel dataveatla
data cube Some microscope image analysis processes are based on digitized
slices of objects where at first the obtained images have to be aligned. However,
assuming correct alignment also in these cases such a voxel data cube is given
describing a certain 3D object. The objéxtof interest, represented in this data
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O] dig(®) hidden in data cube

Figure 1: An unknown object®, the ground truth, is represented after image
acquisition adig(®), and this information is "hidden" within a voxel data cubef
labeled grid points.

cube, is normally given as a fuzzy set and not defined by a Jordan surface.
However we assume from now on that the 3D ob§as a Jordan body. The
treatment of 3D objects with fuzzy surfaces is not covered in this paper. This
requires a non-trivial extension of the Jordan body model.

So far thetrue surface areaf a 3D object is specified, and furtheue
features(as volumesJ,,,.(®), centroids, moments, potentials etc. of Jordan
bodies®) may be uniquely defined following classical mathematical texts as
[19].

Image acquisition may be modeled at a certain level of abstraction as a
mapping of a given Jordan body, which is surrounded by further Jordan bodies,
into a digital space. Techniques generating a voxel data cube (see Fig. 1) are
mapping the whole Jordan body and its surrounding set into a certain grid.
Techniques based on projective mappings produce some projective images of
the given Jordan body within specified image grids. The next section deals with
the digitization process related to the first approach sketched in Fig. 1.

2 Object Digitization

Grids (not only orthogonal ones) were introducedyJordanandG. Peano
around 1890 for defining measurable sets (now known addhaan or the
Jordan-Peano areaf a point set). The formation digital geometryas a fun-
damental subject in image analysisAyRosenfeldround 1965 was an impor-

tant step for establishing a scientific approach in image analysis in contrast to an



engineering or application oriented approach. The mapping of "real objects"
into grid point sets was always an inherent problem in digital geometry, and
several models are in use as an abstraction of image acquisition processes.

2.1 Orthogonal Grids at Different Resolutions

We assume labeled poingsin the 3D orthogonal grid, with integer coordinates
(i,j,k) at grid point positions, to be the raw representation of the digitized ob-
ject data, wherd <i, j,k< N. In the case obinary labelswe assume either
f(i,j,k)=0 or f(i,j,k)=1, and 0 means that the grid point is "not in the ob-
ject’, and1l means that the grid point is "inside of the object". In the case of
fuzzy labelsf(i, j,k) =u in the interval[0,1] it is normally intended that label
u means that a grid point is an object point "with fuzzy weightFor example
assume grey value images and a thresAolidr separating object from back-
ground image values. Thanmay be defined by a certain normalized distance
between the current image value and the threshold value

A voxel data cubef may be described as being Bx N x N set of la-
beled grid points. We consider only the binary 3D cubic grid model in this pa-
per which is also considered in [16]. Orthogonal grids subdivide the $pace
with different resolutions, sag™" with r=0,1,2,..., where eaclgrid point
(i,j,k) having integer coordinates representet

C.(i,J,K) ={(xy,2) OR®:x 0I[i], Dy O], Dz O[], }

in R®, with [m], ={x:(m—%) 27" <x<(m+4) E?_'r} for an integerm. Each
cell is a Jordan body, it has a volume of

Jyoume(C: (i1, K)) =277,

its surface consists of at least six Jordan faces, and its surface area equals
Juea(Ci (i, 1.K)) =627

In relation to the fixed coordinate scales of the reference sRdcege define

Z? to be ther -grid point setwhere eachr -grid point (i, j,k) is the midpoint of
the cellC, (i, j,k):

Definition 5 (Grid Point Set of Specified Resolution):The r-grid point
structure[Z3,€r] consists of the base s&t of all grid points in 3D, and an
interpretation & which maps arr -grid point (i, j,k) into R®, onto the mid-
point of the cellC, (i, j,k), for r=0,,2,.... Let Z} =€Er(p): p DZ3}.



It follows thatZ, ={mE,1’2‘r :mDZ}. An r-grid point p may be specified by its
name(i, j,k) 0Z> or by its geometrical locatio#, (p). This dual approach al-
lows the discussion of general grid terminology as neighborhoods or connected-
ness on the base of namesrefirid points inZ*, and geometric properties of
refined grids on the base of their geometric interpretatiorZ’ in

All N, xN, x N, r-grid pointsp = (i, j,k) correspond to a finite subset
of the infinite base seZ*. Assuming that the overall geometrically represented
cube inR?, theuniverse

Couivarse = {(x y,2) OR®:0<x,y,2< N, +1}

Is constant for a certain image analysis situation it follows that a larger resolu-
tion parameterr means a larger resolutiohl, =2 [QNO+1)—1, and vice
versa.

Grid point spaces may be defined based on such a specified point
structure, and these spaces are fundamental for multi-dimensional image analy-
sis problems, see [24] and [32]. Neighborhood relations are introduced on the
base seZ* to specify adjacency or connectedness propertiesOEdr< 2 and
tz, let

fix, ={(X. %, %) Oi(l<i <3~ % 0{-1,0,+1}) Ocardfi : x, =0} =t}

be a subset of the surface of a three-dimensional L:tibel]3. For example,
(1,0,2) O fix, is in the surface but not a corner of this cube, firgl={-1,+1}°

represents the set of all corners of this cube. Assuming thagrashypoint

p 0Z? also denotes grid vector from the origin to the grid poim, it follows

that the addition of two grid points is uniquely defined.

Definition 6 (Neighborhood and Adjacency of Grid Points): For
p0z3and0<t<2, the set
2
n(p) =p+ U fix,
j=t
denotes thea-neighborhoodof point p. For q Dnt(p) we say thatq is at-
neighborof p, and thatp andqg aret-adjacent

The relation oft-adjacency is irreflexive and symmetric. The transitive closure
of this relation defined-connectedness$or sets of grid points in 3D. For
pO0z®and0<t<2 we have

card(n,(p)) = zz“ag

-10 -



i.e. card(n,(p)) =6, card(n,(p)) =18, and card(n,(p)) = 26, accordingly the
notions "6-, 18-, or 26-neighborhood" or "6-, 18-, or 26-connectedness" are
common in digital 3D image analysis. #omogeneous grid point n%i[s,nt]

can be defined, representing an infinite undirected labeled graph, with vertex
setZ® and edge se{t(p,q):p 0z3%0q Dnt(p)}. Nets of grid points are studied

in [31]. Thehomogeneous net ofgrid points[ZS,nt,Er] Is also characterized

by the interpretatiorg,.

2.2 Digitization Schemes

A digitization mapping can be specified as a model of the given physical image
acquisition process. This allows the use of real-world test objects for evaluation.
The exact modeling of imaging processes such as confocal microscopy or MRI
Is a complex task, and evaluations based on statistical data (i.e. populations of
test objects, e.g. calibration spheres [3]) are proper techniques to achieve
meaningful results. We will not follow that way in this paper. Each image
acquisition process (MRI, confocal microscopy etc.) would need its own specifi-
cation. We prefer a more general approach.

A general digitization model specifies a certain mapping of given planes,
straight lines, Jordan bodies, etc. contained in the universalCyhg.., into
an orthogonal grid of sizeN, x N, x N,. See for example [9] for a general
scheme to define such models fordimensional spaces but without modeling
refined resolutions.

A common (but in relation to hardware devices, idealized) model for
digitizing oriented real arcs iR into the gridZ> may be described as follows
(the so-calledyrid intersection digitizatiorj13, 23]). For any intersection point
of arc y with a grid line defined by two poins, j;), (i,i,) or (ir.i), (i.i) in
Z? the closest (according to Euclidean metric) grid pointZih to this
intersection point irR? will be chosen as an element of the digital imagé of
if the intersection point is the midpoint of a grid edge then the point on the right
side of y (according to its orientation) is chosen. In [7] a similar grid
intersection scheme was used for the digitization of straight linB3.in

Using this intersection scheme, the straight line (orientation with increase
of parametera)

y = {(a,Z'(”l) + a) ‘a IZIR}

-11 -



in R? will always, for anyr =0, lead to the digital imagé, ={(q,q) 'q DZr},

for example. If in the case where the intersection point is a midpoint of a grid
edge the point on the left side of is chosen, then the digital image

B, :{(q,q +1) g DZr} would be the digitization result. If in this midpoint case
the point closest to the origin is chosen the digital imagél B, would result.

We return to the 3D case. To avoid such "midpoint discussions" for
curves in 3D it can be suggested that we assume foryamssR?® that for any
crossing with a grid plang =qlZ, at pointp there is exactly one grid point
in Zf that is the closest grid point @ for any coordinate axi$<i<3. This
assumption is violated only by a set of measure zero assuming a straightforward
defined measurable space of all arcs in 3D.

Let M7 be a bounded subset Bf containing at least the origin &>,
for r=12,3,... and o is a metavariable of a name of the given set. Examples
for such setd1; are

[ cube :{(xl,xz,xa): MaXics |X;| < Z_r},
3 ]
[ octehedron — E(Xl,xz,xg)i maX@Xﬂ,\XszsL%Z\Xi\%s 27 g
] i=1 [ ]

3
rhere = axl,xz,x:g): S x <2 E and
i=1 [

179 ={(506): Maxyafx|< 2 O0i(1< § smiOx, =0}

for r=12,3,....

Let M7(q)={q+p:p DI‘I?} =q+NY? for any pointq OR®. For anyr-
grid point p = (i 2", jR2" kR ) 0z} and o Of octahedron, sphere, cross} it
holds that

N7%(p) = C,-a(i, . K):
and the set§17 (p) are subsets of the cell, (i, j, k).

Furthermore assume thak; satisfies the following uniqueness condition
that for each poinp OR?® there exists at most one grid poipt]Z? such that
pON?(q). The given example sets satisfy these constraints. It holdsg thaf
is exactly the only one-grid point in M7(q). We use such a sél? as the
domain of influene of a digitization scheme, whege specifies the name of the
scheme.

12 -



Figure 2[4]: The generalization of 2D circle intersection digitization to 3D spherical digitization

(on the left) allows that infinite straight lines can pass between the spheres without intersecting
any of them. However the scheme can be considered for digitizing solid 3D objects. The cube
intersection digitization (on the right) maps a straight line into a 6-connected grid-point sequence.

Definition 7 (Intersection Digitization): For pOR?® a nameo and
r=123... let
_Ha} ifq0z}andpOn7(q)

DIG’
'(P) 00 otherwise

For a subse® of R®,
DIG’(©) = (JDIG/ (p)

poO

denotes the digital image @ according to thentersection digitizatiormap-
ping DIG’.

Corollary 1: An r-grid point q 0Z? is in the digital imageDIG’(0) of a set
O0OR’iff @nNf(q)= 0.

The different domains of influence define intersection digitization schemes as
Dchube DlGoctahedron DIGsphere or DIGcross
r ' r ’ r ) r .

The schemeDIG™ is thegrid-intersection digitizationn 3D. In [4] it is
shown that grid-intersection digitization is "a poor choice" for digital curve
representation in 3D space and that cube quantization, which leads to 6-
connectedr -grid points inZ2, should be preferred. The sphere intersection

-13 -



digitization scheme is not suitable for curves since even infinite straight lines
can pass between the spheres without intersecting any of them, see Fig. 2.

However for digitizing Jordan bodié€8 the use of such intersection digi-
tization schemes may be suggested for consideration. An intersection digitiza-
tion of a Jordan bod® leads to a certain-grid point set which may also be
represented as a binary voxel data ctibe

Definition 8 (Inclusion Digitization): For a subse® of R® and a domain
of influence?,

dig’(®)={q0z’: n?(q)01(e)}
denotes the digital image @ according to thenclusion digitizationmapping
dig/ .
Examples of inclusion digitization mappings adig™™, dig*™"", dig®"e®,
and dig/®®. The assumed properties of areas of influence lead to the following
Corollary 2: For any set® 0 R?® and any domain of influencA; it holds
that dig’ (@) 0@ n Z° O DIG? (©).

F. Sloboda[28] suggests usin®IG™™ to define arouter interior |’ =1*(0),
and dig®™ to define arinner interior I _ =1 (©) of a Jordan bod®. Let

body, (G)=J N5(a)

qG

where G denotes a set (of geometric locations)refrid points inZ?, and
r =0,1,2,.... The general definition utilizing arbitrary domains of influence is as
follows:

Definition 9 (Inner, Intermediate and Outer Interior): For a subse®
of R® and a domain of influenc@?,

177 =177(0) = body, (dig? (©)) and 17" =17*(0) = body, (DIG (©))

denote thenner and theouter interior, respectively, and
I, =1,(0) = body, (0 n Z?)

denotes théentermediate interior

-14 -



The inner, intermediate, and outer exteri&ff", E,, andE/" could be defined
in a similar way. - With Corollary 2 it follows immediately that also these vol-
ume data satisfy the monotonicity property of

Corollary 3 [25]: For any set® O R? and any domain of influencB? it
holds that!”~(©) T 1,(0) T 177(©).
It follows that
Juaure(177(©)) = card(dig? (©)) 27,
Jyume(1:(©)) = card(© n Z3) 27, and
Jyoume(177(©)) = card(DIG? (©)) 27
are the volumes of these different discrete representations of the given set
O OR?®, and the surface aredk,, of these different discrete representations

may be calculated in a similar way adding all the surface areas of faces on the
boundaries of the setg’ ", I,, and1’".

In the following we omit the domain of influence indexif the discus-
sion is about theube digitization scheme, i.e. it isig, =dig™™, 1 =12"*
etc. in what follows.

Cube Digitization Theorem: The proper inclusion ;| [ I(I:) holds for any
non-empty subsed of R3.

It follows thatdl. n dl; =0. Note that the set;, may be empty for a non-
empty set® and a selected resolutian But the setl; will always be non-

\

Figure 3: Cells in 2D showing the inner interior (one cell - dark
shaded) and the outer interior (14 cells - light or dark shaded).
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empty for a non-empty s&. Fig. 3 illustrates an example sfijuareintersec-

tion digitization in 2D. Here the polygonal border of this polygon passes on the
left exactly through the vertices of cells introducing some extra cells into the
outer interior, and it also possesses a "thin spike" ("thin" with respect to the
resolution!) on the right generating some cells for the outer interior which are
further away from the inner interior. Similar situations may appeactdre
intersection digitization in 3D.

3 Convergence Analysis

So far the necessary definitions were given for starting the analysis of such
specific 3D image analysis problems as measuring the volume or the surface
area of a digitized 3D object, approximating a connected region of given digital
surface points by a special explicit face function as, e.g., a plane, calculating
height data of an object face which is only given by gradient values at discrete
locations, or discrete recovery of a Jordan face as a special solution of a Cauchy
problem. The latter two problems are relevant to shape reconstruction, see [10].
The brief discussion of these four situations are different case studies of the
general soundness approach if gridding techniques are applied.

3.1 Volume and Surface Area Calculation

We assume as input a finite 6-connectedGét Z* of grid points. This set is
assumed to be a digital representation of a Jordan &odpr a certain resolu-
tion parameter. Therefore it is assumed th@t is geometrically interpreted to
be anr -grid point set contained id>.

TASK: The task is to calculate the volume and the surface ar@aldsed on
the available input se® 0 Z°.

What is methodologically a sound approach for calculating these features satis-
fying the soundness properties stated in Section 1.17?

The digitization process is modeled as beirgubeintersection digitiza-
tion method. Thus the given grid point $&tis identified with anr -grid point
representatiorDIG, (©) of the unknown 3D objed®, and this set defines the
inner interior |, . Furthermore we can generate the smallest possible (which is
uniquely defined, see the Cube Digitization Theorem above) outer intérior
by a simple dilation operation 08 using the 26-neighborhood as a structural
element (dilation is defined and studied on the Z&tof names ofr-grid
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points). This dilation leads to an expanded Gétwhich may be considered to
be the seDIG, (©) which finally definesl . Because the actual shape of et
in R® is unknown we are not able to suggest an approximation of the
intermediate interiof ,.

The volume calculation for the unknown obj&tin R® may be based on
Jvo,ume(lr‘) as well as onJvolume(I*), see [25]. Both approaches are sound

r
(convergence and convergence towards proper value) for Jordan Bodies

Volume Measurement Theorem:For any Jordan body® 0 R? it holds that
‘Jvolume(@) = SUE)) ‘]volume(l r_) = rinfo ‘Jvolume(l :)’
o .
whereG =dig, (©), I, =body, (G), andl; = body, (G*).

r
. . r r-0
to the proper value is not true in general for the case of surface area

measurement. However a sound measurement procedure for surface areas of
Jordan bodies was developed in [28]. For explaining this approach we first note
that both the inner interiorl; =body,(G), and the outer interior

| * = body, (G*) are polyhedrons iR, with | O I(I r*) (see Cube Digitization
Theorem).

Unfortunately such a convergende, (@) = Iing Jvo,ume(lr‘) =lim Jvo,ume(l +)

Minimum Jordan Surface Theorem [28]: Assume thatll,, I, are
polyhedrons inR* with M, O 1(M,). Then there exists a uniquely defined
Jordan surfacesSin I, - I(I'Il) with minimum surface area, which is the bound-
ary of a certain polyhedrofil .

The setM, - 1(M,) is polyhedral bounded and compact. It follows that the
minimum Jordan surfac8=dI'l "is between" the inner polyhedral surfadi@,
and the outer polyhedral surfagfl,, i.e. 1, 0N OT1,.

Corollary 4: There exists a uniquely defined minimum Jordan surface in the
compact sebody, (G*) — | (body, (G)).

Starting with a Jordan bod®, the setG was defined by resolution. Thus ©
and r uniquely define a minimum Jordan surfab®)S (®©) having a surface
area of J,.,,(MJS (©)). An example is illustrated in Fig. 4.
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Figure 4[28] : Example of an inner interior (on the left), an outer interior (middle),
and a minimum Jordan surface (on the right).

Surface Measurement Theorem[28]: For any Jordan body® O R? it holds
that

afea(

where MJS (©) is the uniquely defined minimum Jordan surface for resolution
r=012,...

Altogether this specifies a sound (i.e. convergence and convergence towards the
proper value) procedure for calculating the surface area of a digitized Jordan
body. However the design of time-efficient algorithms for calculating the mini-
mum Jordan surface polyhedron should be an interesting problem in computa-
tional geometry where a 6-connected grid point set is given as input. The 2D
case of minimum perimeter polygons is treated in [27].

Marching cubes [18] may be considered to define an approximation
technique for calculating minimum Jordan surfaces. Each elementary grid cube,
defined by eight grid points, is treated according to a look-up table for defining
planar surface patches within this elementary grid cube. See Fig. 5 for a
complete set of marching cubes configurations as specified in [5]. The fourteen
basic configurations originally suggested by [18] are incomplete. Occasionally
they generate "surfaces with holes". The marching cubes algorithm determines
the surface by deciding how the surface intersects a given elementary grid cube.
A surface can intersect an elementary grid cub2®idifferent ways, and these
can be represented as fourteen major cases with respect to rotational symmetry.
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Figure 5[5]: Basic cases for a marching cube algorithm.

Alternatively a method developed by [34] calculates the contour chains
immediately without using a look-up table of afi different cases.

Disambiguities of the marching cube look-up tables are discussed in [33].
A marching tetrahedra algorithm was suggested in [22]. It generates more
triangles than the marching cubes algorithm in general. Trilinear interpolation
functions were used in [2] for the different basic cases of the marching cubes

-19 -



algorithm. In comparison to the marching cube algorithm [5] the accuracy of
the calculated surface area improved by using this trilinear marching cube
algorithm, which was confirmed for a few synthetic Jordan faces.

3.2 Approximation of Planes

We assume as input a finite €811 Z° of grid points. This set is assumed to be

a digital representation of a compact planar@encident with a planer O R®.

We assume thab is geometrically interpreted to be angrid point set con-
tained inZ?>. Concerning the digitization method assume that the paris
digitized using an intersection digitization scheBES™*" in which the first

grid points "below the given plane" are taken, i.e. we translate tha®&tby

(0, O,%) half of aZ?® unit 27", "open it" at the upper face, and the resulting set is
NP This digitization scheme is also equivalent to translating the plane by
half of aZ? unit towards thexy-plane and rounding ofg-values with respect

to this unit.

Figure 6: A 2D sketch of three consecutive approximations of a given plane.
The lowest resolution produces a plane supported by four sampling points, the
next resolution level is based on seven sampling points, and the third
resolution level is based on 13 samples, all below or on the given plane. The
approximation planes will intersect the given plane somewhere in general.
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This digitization scheme definesdagital planeas anr-grid point set
DIG™(a) ={(i,j,k) 0Z2:k=rai+b +cg} where [u[] is the greatest num-
ber in Z, not larger than the real number This is arbitrary sparse as a plane
approaches vertical.

TASK: A non-vertical planed has to be determined in the explicit form
z=a,X + b,y + ¢, from the finite input seG 0 Z?.

The input setG, = DIG™*(0) is a finite subset of a digital plane. Of course
there are different planes which may generate a s&, in this way.
Therefore a solution specifying the unknown ground tmts not possible if
only one input seG, is given. But still we may be able to solve this task by cal-
culating a unique solutiorr, which converges towards as the resolution
increases, see Fig. 6. A distance measure on the set of all planes has to be
defined for specifying convergence of planes. A convergent method for
calculating such a sequence of planesvould be methodologically sound with
respect to the soundness properties stated in Section 1.1. As a necessary
condition the method should allow calculation of a unique solutiofor given
setsG,, for r 2r,. What is the minimum size of a sét which allows such a
method?

The use of least-square approximation allows us to specify such a sound
method for calculating these approximation planes based on discrete input data.

The use of a least-squares approximation techniques for representations of
digital objects was proposed in [20]. In [21] it was proved thatghst-square
approximation straight-linauniquely determines the digital straight-line where
the input data are given for a certain digital interval.

We define thdeast-square approximation plane

LSAplane(Gr)

for G, to be a plane which minimizes the sum of the squares of the vertical
distances to all points iG,. Note that this error measure is related to the as-
sumed digitization model, and the resolution parametéias impact on this
measure by defining scaling and the sampling rate for th® setcident with

a.

A method for determining such least-square approximation planes is well-
known from statistics, see, e.g. [1], where a general, not necessary digital input
{(%.y.2):i=12..1 is assumed. A comparison with an unknown ground
truth is not relevant in statistics, and a discussion of different resolutions is also
irrelevant in this general case. For such a general case assume that the equation
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of the least-square approximation plah&A,. .(G) is parameterized as
z=ax+by+c. Then the error function
t
®(G;ab,c)=Y (ax +by, +c-z)°

=1

has to be minimized. This traditional optimization problem is solved by obtain-
ing the coefficientsa, b, andc from the equation system

@:O, @=O, and@=0
oa ab ac

t t t t
ay x> +by Xy +cy x =3 %7z,
B i SR
t t t t
a5 xy, +by P +cy v =Y viz, and
Ei Ei = &

t t t t
ay x+byy +cy1=%z.
i=1 i=1 i=1 i=1

A unique solution exists whenever the determinant of this equation system is not
zero. For example, if all points i@ coincide with a straight line then the
solution is not unique.

The special case of a digital input €&t was studied in [11]. Armr-grid
point setG, 0 Z? is adigital quadrangleif there exists a plane in R® and
integersm andn such that

G, :{(i,j,k):i o{h2" :1sh<m 0j O{h2™ :1sh<n} Ok = (@i +b +cg}.
The projection projllz(Gr) of a digital quadrangle into thg-plane is a rectan-
gular set ofr-grid points. As for® in general, there are different planes

satisfying this equation for a given digital quadrangle.
The coefficients

t t t
2L 2 X 2 Y
=1 i=l =

of the general equation system can easily be calculated for the assumed input of
a digital quadrangle. Let

t t t
X2, > y’, and > %Y,
=1 =1 i=1
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M. (G,) = i®0° (i, j
W)= e )

be themoment of orderb of the setG,. This leads to a special form of this
eguation system:

nm(m-21)(2m-1)

e M=M= gy omM=D) 5y ()
6 P 10 rj
nm(n—l)(m—l)@Jrnm(Zn‘l)(n‘l)DbJrnm(n_l)@;:|v| (G,), and
2 01 r)e
M|}+m[ﬂ)+nmﬁ= Mg (G, )-

2
This system has a determinant equal to

(n2 - 1)(m2 —1)n3m3/144,

and so, forn>1 and m>1 the coefficientsa, b, and ¢ are uniquely deter-
mined.

LSA Uniqueness Theorem [11]: Let G, 0Z°, H, 0OZ’, with
proj,,(G,) = proj,,(H, ). Assume that both sets contain at least 2re2 digi-
tal quadrangle, and leL.SA,,.(G,) and LSA ,.(H,) be the corresponding
least-square approximation planes. Then it holds that=H, iff
LSA‘pIane(Gr) = I—SA‘pIane(Hr)'

This result allows us to define storage-efficient representations (coding
schemes) for digital plane segments. In the context of this paper it also supports
a possible way to analyze the soundness of the least-squares approximation
approach.

As a corollary ofBlichfeldt's theoremsee [25], it follows that for a given non-
trivial compact se® incident with a planex it holds that forr >r,, any input
setG, = DIG™ (@) always contains at leastax 2 digital quadrangle. Thus it
holds that forr 21, the setG, uniquely determines a plar@(G,)=a, with
representatiore=a x+b y+c,. The planea is assumed to be specified by
z=ay,X+byy+c,. We define the distance between such two planes by

dplaHE(a(Gr)’a) = J(ar B aO)2 + (br B b0)2 +(Cr _C0)2 :

This measurel

olane IS @ Metric on the set of all planesR.
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LSA Convergence Theoremlet G, = DIG™®®(®) for a compact se®
incident with a planex. Assume thaG, contains a2 x 2 digital quadrangle.
Thendy...(a(G,).a) is defined forr > 1y, and it follows that

lim dyane(@.a(G,)) =0.
This convergence theorem concludes the soundness proof for the specified least-
square approximation technique for reconstructing a plane in 3D. It is
conjectured that even the following monotonicity property

ae(@.(61)) = dye((G )

holds, forr>r,. There are cases whem,.(a,a(G,.;)) = dyae(a.a(G,)),
see for example a plane parallel to thexy-plane defined byz=const 2"
where const is an integer.

3.3 Integration of Jordan Face Gradients

We assume as input a finite g2t of gradients(p(x,y),q(x,y))' OR? at exactly
all r-grid point positions in the interior of the base set

Proj; 5 (Coiverse) ={ (%, ¥) OR?: 0< X,y < Ng +1}

of the universal cub€ , - This set is assumed to be a digital representation
of one (!) measurable Jordan fa€e= FB(¢,L//,)(), for a certain resolution
parameterr . For the sequence of finite gridéB) n Z? it holds that

lim(1(B) n Z7)

I - o0
is dense inB. W.l.o.g., letB = proj;,(Cuives)s X=8(xy), Y=0(x,y), and
z= x(x,y), i.e. the face is assumed to be in a position that allows a unique
representation with respect to tlg-plane. It follows that

p(x.y) = x,(xy) = 252} anda(x,y) = x, (x,y) = 252,
The assumed input situation corresponds to a certain stepaitiing based
shape recoverysee, e.g., [10], when at first gradients are calculated based on
given radiance information, and surface recovery has still to be performed
based on this intermediate gradient information. For this case the opHB)et
may be considered to be thmage domainin the projection plane, and
z= x(x,y) denotes thelepth of the surface points (roughly: the distance
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between the camera and the projected object surface) assyranagiel
projectionas the model of the image acquisition process.

TASK:The task is to calculate the faEebased on the available input g2t of
gradients ar -grid point positions.

Integration is uniquely determined up to an additive constant what corresponds
to a translation of functiory, i.e. only amain functiony, may be calculated

with z= x,(x,y) +const, but the global additive parameteonst remains
unknown. Thus the task is actually that a differentiable main funggjphas to

be calculated, andonst, a global "shift in depth", can not be specified. In
computer vision applications, this valgenst can be estimated by triangulation
techniques (a pair of corresponding points in binocular stereo images, a surface
point illuminated by a laser point light source, etc.). Also note that we are not
able to calculate explicit representations of an unknown Faae general. The

face F can be the "visible surface of an scene object of arbitrary complexity".
The goal is to generate gHl, values at allr-grid points in the open base set
1(B).

After this specification of the task, we first have to determine for which
Jordan surfaces this problem of calculating values based on gradient
information is uniquely solvable. As a corollaryffobenius' Theorent holds
that theintegrability condition

p,(x,y) = a,(xy)

has to be satisfied o for the given vector field of gradients:

Face Integrability Theorem:Let (p(x,y),q(x.y))' be aC®(B)-continuous
vector field. Then there exists@? (B)-continuous main functiory(x,y) with
Xx =Ppandy, =qonB iff x satisfies the integrability condition of.

For example, th&chwarz function

DATT) i (%) (0.0
x(xy)=0
5 0 , if (xy)=(0,0)

does not satisfy the integrability condition in poft0). Furthermore there are
functions which satisfy the integrability condition, but which are 6t -
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continuous [10]. The measurable Jordan fdce Fy(x) is defined to be
integrableif x is C®?(B)-continuous.
Now lety be a piecewisél(l) curve in the seB,

y: [ab] - 0% andy(t) = (y,(t).y,(t) = (x(t), ¥(t))

with a<b, y(a) =(xX,,Y,) andy(b) =(x,y). For any curve of this kind and any
integrable facd- it holds that

X(%,9) = X(%o,Yo) + [ P(x,y) dx + q(x, y) dy

b
= X(%0:Yo) * [ (v (), v2 (1) T (t) + Ay (1), v2 (1) T, (B) et

a
i.e. the result of the face functiop at position(x,y) is independent of the
chosen curve/. However the chosen initial vaILpga(xO,yo) has influence.

Now we consider the digital case. The gradient values of Facare

assumed to be given for grid point positions. Assume that 200 the digital
path

g, = %bel)’(XZ’yZ)""’ §<(2F(NO+1)—1)2 ’y(2’(No+1)‘1)2 %

IS a repetition free 4-connected path passing through exacthy; &N, r-grid
points in the open base séB). For consecutive grid pOiIN(S_1,Yie1), (X ;)
in this pathg, , for 2£ts(2r(No +1)—1) Citis
eitherdx, =2™" anddy, =0, or dx, =0 anddy, =2,
where x, = X,_, +dx, and y, =y,_; +dy,. Such a path may follow a certain
general generation scheme, e.g., to be a meander, a Peano, or a Hilbert scan
[26]. A digital pathg, may be considered to bedaital sampleof a piecewise
c® curve y, in the setB, i.e. the curvey, passes through all points listed in

the digital pathg,, i.e. through allr-grid points in the open base d¢B) in a
certain order. W.l.0.g. we assume tlgatalways starts at

(%, 1) = (2_r ,2‘r)

and ends at, say

§<(2r(No+l)_l)z , y(zf(No+1)-1)2 @: (N0 +1-27",N, +1- 2-r).
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Figure 7[12]: A K-shaped synthetic polyhedron with a maximum height of 162.43 grid units
(on the left). The maximum height error of the reconstructed surface (on the right) is equal to
90.94 grid units where the visualized height values are averages of four different discrete path
integrations (i.e. integrations following four different digital paths).

This allowsy, to start aty,(a) =(0,0) in "one corner" of the base sBt and
leading to the diagonal corney,(b)=(N,+1N, +1). We assume that

z, = x(0,0) is given and take this value as a universal initial depth value for the
discrete path integration

Xr (nys) =Z t t:il(p(Xt,yt)dXt + Q(X1 y) dYt)

where point(xo,yo) =(0,0) is assumed to be the start point of the pathfor
defining the initial step valuedx, and dy,.

Discrete Path Integration TheoremLet F=Fy(x) be an integrable face
and p be a point in the open base d9€B). Then for anye >0 there exists an
integerr, and anr,-grid point p, in 1(B) such thatx(p) - x,(p, ) <€.

This theorem points out that the specified discrete path integration method is
sound with respect to convergence and convergence towards the proper value.
The specific choice of the digital path is not important for proving this
theorem, and this means that discrete path integration may start at different
grid points, and may follow different path generation schemes as long as the
initial value x(xq,Yo) is correct.

However for practical applications further soundness properties are of
interest, as robustness with respect to noise, or with respect to "steep gradients”
("steep" in relation to the resolutiar), see [12]. In this paper it was shown that
the discussed discrete path integration technique has drawbacks if the face
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F= FB()() IS more characterized by being a Jordan surface consisting of several
planar faces (a "polyhedral object") instead of being a single integrable face, see
Fig. 7. Of course, this corresponds to the Face Integrability Theorem as cited
above.

3.4 Solution of a Cauchy Problem

As a final example for discussing the stated soundness properties of geometric
algorithms based on gridding techniques we consider a special Cauchy problem.
We assume as discrete input a collection of image Betay) at exactly allr -

grid point positions in the interiok(B) of the base set of the universal cube
Cuivese: These image intensities are assumed to correspond to reflectance
properties of the projected object surfaces according to a certain reflectance
model. Assuming a linear reflectance model this leads to the (transformed)
linear image irradiance equation

2% (xy)+ b%(x, )= E(xY).

which was studied in [14, 15]. As in Section 3.3 before we assume a measurable
Jordan faceF = F;(x) defined on seB where the values of the depth function

X are assumed to be known at some boundary point8 @foundary
condition). The functionE is assumed to be integrable d, and let

(a,b) #(0,0).

TASK: The task is to calculate the faéebased on the available input set of
irradiance valuesE(x,y) at r-grid point positions, and based on a specified
boundary condition, where the face satisfies the linear image irradiance
equation.

More precisely, we are interested in a numerical solution of the following
Cauchy problemThe face functiony is assumed to be integrable on baseBset
If sgn(ab) =0 then

X(x,0) = f(x), for 0s x< N, +1

is given as boundary condition, andsgn(ab) <0 then
X(x,Ng +1) = f(x), for 0 x< Ny +1

Is given. Furthermore also
x(0,y)=g(y), for 0sy< N, +1
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is assumed to be known. The functiohs g are integrable o0, N, +1] and
satisfy f(0) = g(0) if sgn(ab) =0, or f(0) =g(N, +1) if sgn(ab)<0.

This Cauchy problem is given in "digital form", i.e. only values ajrid
point positions are given for functions= x,, q=x,, E, f, andg.

For solving linear partial differential equations with the aid of the finite
difference method see [30, Chapter 1]. As mentioned before in Section 3.3 it
holds that

Wﬁ“@ﬂzﬂ
Is dense inB. Assuming normed function spaces Bnthis sequence of grids
allows us to define corresponding normed grid spaces, defined on subsets of
B n Z3, for functions defined om-grid points, see [14, 15] for details. fiite
difference schem@DS) is defined for all grid8 n Z® of different resolution,
for r=0,12,..., and basically it characterizes an operaB®rmapping an
unknown function defined oB, as x in our case, into a functiog,,

R(x)=x, , with x,(i,j)= x(i2",j=2™)

defined onr-grid points which is considered to be an approximation of the
unknown function.

For example, applying a (simpl&rward difference approackogether
with Taylor's expansion yields

ox[™ _ x (i +11) - x(i.i) +of2")
oX

r 2_r
in the x-direction, and

x5+ x(.) +of2")

2-[’

o
oy

in the y-direction. A (simple)ackward difference approadh x-direction is
given by

r

X
oX
just to mention a further example. The differences are normalized by the

distance2™ between neighboring-grid points, in x- or in y-direction.
Larger neighborhoods could be used for defining more complex forward or

D x(i.0)- x(i-1i) rof2)
. ,

r
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backward approaches, and further approaches may also be based on symmetric,
or unbalanced neighborhoods ofgrid points. Finally, a finite difference
scheme is characterized by selecting one approach fot-thend an other one
for the y-direction.

Theforward-forward FDStransforms the given differential equation into

A (i+17)=x,(,]) bDX( J+1)—r X (i, J)+O(2—r):E(i2—r’j2—r)’
27" 2
and this equation may be simplified as
Xo( 0 +0)=(L+8) 0K, (1) - B0k (i +2.1) + - (i, j27),

where ¥, (i,]) is used as an approximation for functign(i, j). Thebackward-
forward FDSleads to

X +1) = (1-2) 0K, (i.J) + 8 0K, (i -1.) + & CE(i2™", j27),
theforward-backward FD3eads to

(i +10)=(1=2) . (1) + 20, (1§ -1) + & [E(i2, j27),
and thebackward-backward FD&ads to

Xe(1,3) = e O (1,1 = D) + 26 O, (1 = L) + oy (12727,
wherec=2#% -1, and to

% (i-1§)=%(.j-1)+2 Ei2",j27)

otherwise forc = —-1. These schemes were studied in [14, 15].

A finite difference scheme isonsistentwith an initial boundary value
problem if the error of approximation in representing the original problem
converges to zero & - 0. The listed four schemes are consistent.

A finite difference scheme isonvergento the solutiony, (if it exists) if
the digitization error converges to zero as - 0. A further notion of
stability for linear difference schemes was definedRygbenkiandFilippov,

see [30]. A linear difference schemeR§ stableif the operatort{ R‘l}
areuniformly boundeds2™ - O.

r=0,1,2,...

General FDSConvergenceTheorem [30, Theorem 5.1]A consistent and
RF stable finite difference scheme is convergent to the solution of the given
Cauchy problem if such a solution exists.
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For the convergence analysis of the gisenemes let = & assuming thab # O,
andd =2 assuming thaa # 0.

FDSRF Stability Theorem [14]: The forward-forward FDS is RF stable iff
-1<c¢<0. The backward-forward FDS is RF stable Oft c<1. The forward-
backward FDS is RF stable ii<d<1 The backward-backward FDS is RF
stable iffc=0or c=-1.

Consequently (by the General F@8nvergencdheorem), in these positive
cases the sequences of funCti‘W@}r:o,l,z,___ are convergent to the solution of
the specified Cauchy problem. A few illustrations of shape recovery results
were visualized in [14, 15] for synthetic input functionss thevolcano

Xvolcano(X' y) = J/%i(l-i- (l_ X2 - yz)z)%
and the mountain
Xmountajn(X’ y) = ]/(2(1+ X2 + y2)2)

where it was assumed that the shading values on these Jordan faces satisfy the
linear image irradiance equation. A more complex function,

sin(3x)* + cos(2y)* +sin(x +4y)° - cos(xy)°

Xnins(Xy) =

2

Is shown in Fig. 8.

Figure 8 [2]: An example of a suggested function for testing different
surface techniques.
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Such functions may define a certain testbed for a more detailed
comparison of the behavior of the different surface recovery techniques as the
minimum Jordan surface calculation assuming a certain digitization method, the
approximation of faces assuming a certain predefined explicit analytic shape, the
recovery based on gradients generating gradients based on numeric
differentiation, or the recovery based on solutions of differential equation
systems assuming a specific object-surface reflectance model.

4  Conclusions

The discussed fundamental approaches "How to define a 3D surface?" as well as
the given examples might be of interest for reconsidering some established
approaches in digital geometry. For example, [29, property 1] defiwedan
boundaryas a set which satisfies the Jordan surface theorem in 3D. Their
boundary tracking algorithm for boundary faces of the cells of a given grid
point set may be used for sound volume calculations, but not for sound surface
area calculations. Aear-Jordanness propert{in short: every path from an
element in the interior to an element of the exterior exits through the given set
of polygons), see e.g. [6], was used in recent publicatiors. diermanJ. K.
Udupaet al. for discussing the partition of the digital space into an inside and an
outside. A Jordan surface of a 6-connected cellular complex [8] satisfies the
Jordan surface theorem because it is just a special case of a Jordan surface. It
was proved, see [6], that the near-Jordanness property is useful for discussing
algorithmic approaches for digital spaces.

The calculation of features of digital objects defined by voxel sets is
certainly a topic in digital geometry. However the first example, the Jordan
surface problem, should already point out that a model in continuous
mathematics may help to propose a sound approach for feature calculation. The
next examples did lead more and more away from the digital geometric case,
ending with the study of a Cauchy problem at a numerical or analytical level of
mathematics. However, in all these cases gridding techniques were applied, and
the same soundness criterion was (successfully) tested. As a general hypothesis
this leads to the opinion that different geometric approaches relevant to 3D
object analysis will increasingly interact in the future. This is also expected at
the computational level.

Recent interest in computational geometry develops also towards the study
of efficacy (i.e. robustness or numerical stability) of geometric algorithms, see
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[17]. The studied soundness constraints might be interpreted in this direction.
The calculation of the minimum Jordan surface (Section 3.3.1) is related to
convex hull problems in computational geometry [28], and should be of high
interest in this area. The calculation of the least-square approximation plane
(Section 3.3.2) belongs obviously to the class of geometric optimization
problems, also studied in computational geometry. However, in [17] only the 2D
case of polygonal curve approximation is cited in this class, and not this 3D
computational problem. The gradient based recovery approach (Section 3.3.3)
may also lead to interesting computational questions if combined with accuracy
or approximation constraints.

The 3D shape description and recovery problem, based on digital input
data, is a very multi-disciplinary problem. CAD systems apply a broad variety
of digital surface representation techniques. Gridding techniques for differential
equations, as briefly discussed in Section 3.3.4, are also studied in computational
physics, see [35] - just to cite two fields different from 3D image analysis.
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