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ABSTRACT:Inthispaperwemodelinfiniteprocesseswithfiniteconfigurationsasinfinitegames
overfinitegraphs.W einvestigatethosegames,calledupdategames,inwhicheachconfigura-
tionoccursan infinitenumberoftimesduring atwo-person play.W ealso presentan efficient
polynomial-time algorithm (and partialcharacterization)fordeciding ifa graph isan update
network.
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1 Introduction

M any real-world system s can be viewed as infinite duration processes with finite
states.Severalexam plescanbefoundincom puteroperatingsystem s,airtrafficcon-
trolsystem s,bankingsystem s,andtheon-goingm aintenanceofcom m unicationnet-
works.A functioning system hasto berobust(e.g.,an operating system should not
crashregardlessofwhattheuserdoes).A term inationofanyofthesesystem scanbe
thoughtofasafailure.Thusweneed an infiniteduration m odelto study properties
ofsuchsystem s.Inpracticethesesystem shaveonlyafinitenum berofstates(e.g.,a
bankingsystem hasafinitenum berofcustom ers,assets,etc.).
Overtim e,each system entersonly afinitenum berofstatesand producesan in-

finite sequenceofstates,called a run-timesequence. Since the num berofstatesis
finite,som eofthestates,calledpersistentstates,appearinfinitelyofteninarun-tim e
sequence. Thesuccessofarun-tim esequenceisdeterm ined by whetherornotthe
collection ofpersistentstatessatisfiescertain specifications.Thus,wecan view the
run-tim esequencesasplaysofatwo-playergam ewhereoneplayer,called theSur-
vivor,triesto ensurethatpersistentstatessatisfy som epropertyandtheotherplayer,
calledtheAdversary,doestheopposite.
Ourproposed m odelforan infiniteduration system isbased on afinite(directed)

graph.Theverticesofthegraph representthestatesofthesystem and theedges(or
arcs)correspondtothelegalstatechanges,calledmoves(ortransitions),ofthesystem .

D EFIN ITIO N 1.1
An infiniteduration gameG isafinite(directed)graphG = (V;E),afam ilyW of
subsetsofV ,andtwoplayers(theSurvivorandtheAdversary).W erequirethateach
vertex ofG hasout-degreeofatleastone.A m em berofW iscalled awinning set.
A configuration ofa gam eisa pairofthe form (v;Survivor) or(v;Adversary) for
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v 2 V .

Thegam erulesallow configurationm ovesfrom (w;X) to(w0; X 0
) suchthat(w;w0

)

2 E andX 6= X 0.Each playofan infinitedurationgam eisan infinitesequenceof
configurations(v0; X0); (v1; X1); : : : ; (vi; Xi); : : : such thatthe gam erulesare fol-
lowed. W e calla finite prefix sequence ofa play a history. W e say thata vertex
v isvisited in the play ifconfiguration (v;X) occursin som e history ofthe play.
Note thateitherthe Survivororthe Adversary m ay begin the play. The Survivor
winsaplayifthesetofpersistentverticesoftheplayisawinningset,otherwisethe
Adversary wins. A strategyfora playerXi ofa gam eisa function from play his-
tories(v0; X0); : : : ; (vi; Xi) to configurations(vi+1; Xi+1) such thatthem ovefrom
(vi; Xi) to (vi+1; Xi+1) isagam erule.
A given strategy foraplayerX m ay eitherwin orlooseagam ewhen starting at

an initialconfiguration (v0; X0),wherev0 2 V andX0 iseitherplayer.A player’s
winningstrategyforaninitialconfigurationisonethatwinsnom atterwhattheother
playerdoes.

EXAM PLE 1.2
InFigure1wepresentagam eG = (G;W ).Asanexam pleofawinningstrategyfor
theSurvivorconsidertheinitialconfiguration(4;Adversary).IftheAdversarym oves
tovertex3 thentheSurvivorsim plym ovestovertex1 andthegam erepeatsbetween
those two vertices(which is a winning set). On the otherhand,ifthe Adversary
m ovesto vertex 5,theSurvivorm ovesto vertex 6 forcing theAdversary to m oveto
4,whichisthencontrolledbytheSurvivor.TheSurvivorattem ptstoforcethevertex
setf4; 5; 6g intoapersistentsetbym ovingtovertex5.IftheAdversarytriestom ove
to 3 from 5 then theSurvivorisallowed to changeitsm ind and force f1; 3g asthe
persistentsetand win.Thus,theAdversaryloosesno m atterwhatchoiceism adeat
vertex5.

W e end thissection with a few related references. Previouswork on two-player
infinite duration gam eson finite bipartite graphsispresented in the paperby M c-
Naughton[1]and extendedby Nerodeetal.[2].Ourwork focuseson asubclassof
thegam esconsideredbytheseauthors.Nerodeetal.provideanalgorithm fordecid-
ing M cNaughtongam es.Theiralgorithm runsin exponentialtim eofthegraph size
forcertaininputs.Forourgam esweprovidetwosim plepolynom ialtim ealgorithm s
fordecidingupdatenetworks,partiallybasedonthestructuralpropertiesoftheunder-
lying graphs.W ealso notethatseveralearlierpapershavedealtwith finiteduration
gam esonautom ataandgraphs(e.g.,see[3,4]).

2 UpdateG am es

W e now m odela naturalcom m unication network problem . Suppose we have data
storedoneachnodeofanetworkandwewantto continuouslyupdateallnodeswith
consistentdata. Forinstance,we are interested in addressing redundancy issuesin
distributeddatabases.Oftenonerequirem entisto sharekeyinform ationbetweenall
nodesofthedistributed database.W ecan do thisby having adatapacketofcurrent
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V = f1; 2; 3; 4; 5; 6g

E = f(1; 3); (2; 3); (2; 4); (3; 1); (3; 2); (4; 3); (4; 5); (5; 3); (5; 6); (6; 4)g

G = (V;E)

1

FIG.1.Exam pleofaninfinitedurationgam e.

inform ationcontinuouslygo throughallnodesofthenetwork.Thisisessentially an
infinitedurationgam ewheretheSurvivor’sobjectiveistoachieveawinningsetequal
toallthenodesofthenetwork.Thisgam eisform allydefinedasfollows:

D EFIN ITIO N 2.1
Anupdategameisaninfinitedurationgam eG = (G;W ) withthesingletonwinning
setW = fV g.AnupdatenetworkistheunderlyinggraphG ofanupdategam ewhere
theSurvivorhasawinningstrategyforeachinitialconfiguration.

Som etim eswewilltalkaboutagraphG beinganupdategam ewithoutm entioning
thewinningset,sinceitisunderstoodthatW = fV g.

EXAM PLE 2.2
Thegraphdisplayedbelow inFigure2isanupdatenetwork.Noticethatallcyclesare
ofodd length so thattheSurvivorand theAdversary alternately controlthevertices
withm orethanonepossiblem ove.TheSurvivorcanuseitsopportunitiestovisitall
verticesofthegraph.

3 BipartiteUpdateNetworks

W e firststudy a specific classofupdategam eson bipartitegraphs,called bipartite
updategames.Forthesegam eswerestrictthedom ain ofgraphsto bipartitegraphs
wherethe verticesV ofeach graph can be partitioned into two disjointsetsA and
S such thatevery edge isdirected from A to S orfrom S to A. W e also stipulate
thateach vertexhasan out-goingedge(i.e.,thisensuresthateveryplay isofinfinite
duration).Bydefinition,weassum ethattheSurvivorm ovesfrom S andtheAdversary
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FIG.2.A sim pleexam pleofanupdategam ewhichisanupdatenetwork.

m ovesfrom A.Inessencethevertices(inthesebipartitegam es)areownedbythetwo
playersofthegam e.Thus,forthesegam es,thereareonly jV j gam econfigurations
whereeachvertex v determ inesauniqueconfigurationdependingonwhetherv isin
S orA.Inthenextsectionwereturntotheupdategam esdefinedinDefinition2.1.

D EFIN ITIO N 3.1
A bipartiteupdatenetworkisabipartitegraph (V = A [ S;E) ofabipartiteupdate
gam einwhichtheSurvivorhasawinningstrategytovisiteveryvertexofV infinitely
often from every initialconfiguration.(Thatis,theSurvivorcan forcethepersistent
setofverticestobeV .)

W ecan easilycharacterizethosebipartiteupdatenetworkswith onlyoneSurvivor
vertex.Thesearethebipartitegraphswhereout-degree(s) = jAj forthesingleSur-
vivorvertexs.W enow deriveseveralpropertiesforallbipartiteupdatenetworks.

LEM M A 3.2
If(V = A [ S;E) isabipartiteupdatenetwork then forevery vertex s 2 S there
existsatleastonea 2 A suchthat(a; s) 2 E andout-degree(a) = 1.

PROO F.The idea isto show thatifthere existsa vertex s thatdoesnotsatisfy the
statem entofthelem m athentheAdversarycanalwaysavoidvisitings.LetAs = fa j

(a; s) 2 Eg and assum eout-degree(a) > 1 foralla 2 As.TheAdversary hasthe
followingwinningstrategy.Iftheplayhistoryendsinconfigurationa 2 As thensince
out-degree(a) > 1,theAdversarym ovesto s0 (ofS),wheres0 6= s and (a; s0) 2 E.
Thiscontradictstheassum ptionoflem m a.

Forthe following resultslet(A [ S;E) be a bipartite update gam eB. Forany
Survivorvertexs define

Forced(s)= fa j out-degree(a) = 1 and (a; s) 2 Eg;

which denotesthesetofAdversaryverticesthatare‘forced’to m oveto s.Note,by
thepreviouslem m a,thissetwillbenon-em ptyforgam esplayedon bipartiteupdate
networks.
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LEM M A 3.3
IfB isabipartiteupdatenetworksuchthatjSj > 1 thenforevery s 2 S thereexists
an s0 6= s andana 2 Forced(s),suchthat(s0; a; s) isadirectedpath.

PROO F.Takeany s 2 S and considerF = Forced(s).By theLem m a3.2 F isnot
em pty. Ifthereisan s0 6= s adjacentto avertex (i.e.,an in-neighbor)in F we are
done.Otherwise,alls0 6= s arenotadjacentto anyvertexinF.Thusthereexistsan
a0 notinF from whichtheAdversaryhasawinningstrategybynotm ovingtos.This
contradictsB beingabipartiteupdatenetwork.

D EFIN ITIO N 3.4
Givenabipartitegraph(S[A;E) aforcedcycleisa(sim ple)cycle(ak; sk; : : : ; a2; s2;
a1; s1) forai 2 Forced(si)andsi 2 S.(Notethatforcedcycleshaveevenlengthsince
thegraphisbipartite.)

W enow presentourpenultim ateingredientthatwillbeusedtocharacterizebipartite
updatenetworks.

LEM M A 3.5
IfB isabipartiteupdatenetworksuchthatjSj > 1 thenthereexistsaforcedcycleof
lengthatleast4.

PROO F.Takes1 2 S.From Lem m a3.3thereexistsapath (s2; a1; s1) inB suchthat
s2 6= s1 and a1 2 Forced(s1).Now fors2 weapply thelem m aagain to getapath
(s3; a2; s2) in B such thats3 6= s2 and a2 2 Forced(s2). Ifs3 = s1 wearedone.
OtherwiserepeatLem m a3.3forvertex s3.Ifs4 2 fs1; s2g wearedone.Otherwise
repeatthelem m afors4.Eventuallysi 2 fs1; s2; : : : ; si�2g sinceB isfinite.

Thus,ifB doesnothaveaforcedcycleoflengthatleast4theneitherjSj = 1 orB
isnotabipartiteupdatenetwork.W enow presentacontractionm ethodthathelpsus
decideifabipartitegam eisabipartiteupdatenetwork.
LetB = (S[A;E) beabipartiteupdategam ewithaforcedcycleC = (ak; sk; : : : ;

a2; s2; a1; s1) oflength atleast4.W ecan defineacontractedbipartiteupdategame
B0

= (S0 [ A0; E0
) asfollows.Fornew verticesa ands let

S0 = (S n fs1; s2; : : : ; skg) [ fsg and A0
= (A n fa1; a2; : : : ; akg) [ fag:

W ithE00 beingtheinducededgesofthesubgraphB n fs1; a1; : : : ; sk; akg let

E0
= f(s; a0) j a0 2 A0 and (si; a0) 2 E; forsom ei � kg [
f(a0; s) j a0 2 A0 and (a0; si) 2 E; forsom ei � kg [
f(s0; a) j s0 2 S0 and (s0; ai) 2 E; forsom ei � kg [ f(a; s); (s; a)g [ E00:

Thenextlem m ashowstherelationshipbetweengam eB andthereducedgam eB0.

LEM M A 3.6
IfB = (S [ A;E) isabipartiteupdategam ewithaforcedcycleC oflengthatleast
4 then thecontractedbipartiteupdategam eB0

= (S0 [ A0; E0
) isabipartiteupdate

networkifandonlyifB isone.
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PROO F.W eshow thatifB0 isan updatenetwork thenB isalso an updatenetwork.
W efirstdefinethenaturalm appingp from verticesofB ontoverticesofB0 by

p(v) = v if v 62 C

p(v) = s if v 2 C \ S
p(v) = a if v 2 C \ A:

ThenanyplayhistoryofB ism apped,viathefunctionp(v) = v0,ontoaplayhistory
ofB0.Consideraplayhistoryv0; v1; : : : ; vn ofB thatstartsatvertexv0 and vn 2 S.
Letf 0 bea winning strategy in gam eB0 forthe Survivorwhen the gam ebeginsat
vertex v00.W eusethem appingp toconstructtheSurvivor’sstrategyf ingam eB by
consideringthefollowingtwocases.
Casev0n = s.Thestrategy isto extendtheplay (inB)by visiting alltheverticesof
thecycleC atleastonce. Iff 0(v00; : : : ; v

0

n) = a0 where a0 6= a we find a si 2 C

such that(si; a0) 2 E then extend the play again with a0 asthe lastm ove. Other-
wise f 0(v00; : : : ; v

0

n) = a and theplay isextended by picking an ak 2 C such that
(vn; ak) 2 E.
Case v0n 6= s. Iff 0(v00; : : : ; v

0

n) = a0 6= a then f willalso m oveto a0. Otherwise
a0 2 C andtheplayisextendedbypickinganak 2 C suchthat(vn; ak) 2 E.
Itisnothardtoseethatf isawinningstrategyfortheSurvivoringam eB whenever

f 0 isawinningstrategyinB0.

W e now show thatifB isan updatenetwork then B0 isalso an updatenetwork.
Takeanyvertexv00 from B0.W eshow thatthereisawinningstrategyfortheSurvivor
startingatv00.Fixanyvertexv0 suchthatp(v0) = v00.W ewillkeepacorrespondence
between positions vi ofa play on B with positions v0i ofa play on B

0. W e now
sim ulatethewinning strategy f onB starting atv0.Thestrategy fortheinitialplay
history v00 2 S0 isf 0(v00) = p(f(v0)) exceptforthecasev00 = s.In thisexceptional
casetheSurvivor’sinitialstrategyistom ovedirectlytoanya0 6= a andreplacef with
thestrategystartingata0.Now letv00; v

0

1; : : : ; v
0

n beanyplayhistoryofB
0 thatoccurs

aftertheinitialplayasdictatedabove.W edefineastrategyforf 0 whenv0n isinS
0 by

studyingtwocases.
Case v0n = s.Considerthepreviousvertex v0k = a0 6= a oftheplay history thatis
inA0 and v0k+1 = s.Thusin thegam eonB,theAdversary from a0 electsto m ove
to som e si in C. Sincein gam eB0 theAdversary m ay havefewerchoices,wecan
pick,withoutlossofgenerality,thatitm ovedto si where i isthesm allestallowable
index.Thechoiceofany index i isvalidated becausethecycleC isaforced cycle.
Thestrategyf 0 now sim ulateswhatf woulddofrom si.Twocases:(1)iff m ovesto
avertexaj onC thenf 0 m ovestoa,or(2)iff m ovestoavertexa0 notonC thenalso
f 0 m ovestoa0.Inthefirstinstancethestrategyf 0 forcesaplaythattogglesbetweena
ands inB0 untilcase(2)holds.(Andthism usthappensincef isanupdatestrategy.)
Casev0n 6= s.Herethestrategyissim plyf 0(v00; : : : ; v

0

n) = p(f(v0; : : : ; vn)).Thatis,
theplayfollowsthestrategyf onthesim ulatedgam ehistoryofB.
Thestrategy f 0 fortheSurvivorisanupdatestrategysincep isam appingfrom B

ontoB0 (i.e.,ifallverticesofB areinfinitelyrepeatedviaf thenallverticesofB0 are
infinitelyrepeatedviaf 0).
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FIG.3.Showingthebipartiteupdategam ereductionofLem m a3.6.

W ith respectto thecontractionm ethod above,Figure3 showshow aforcedcycle
ofB isreducedtoasm allerforcedcycle(oflength2)inB0.
Forthenextresultletn denotetheorder(num berofvertices)andm denotethesize

(num berofedges)ofagraph.

THEO REM 3.7
Thereexistsanalgorithm thatdecideswhetherabipartiteupdategam eB isabipartite
updatenetworkintim eO(n �m).

PROO F.W eshow thatfindingacyclethatisguaranteedtoexistbyLem m a3.5takes
tim eatm ostO(m) and thatproducingB0 from B in Lem m a3.6 takestim eatm ost
O(n+m).W ecanalsodetectintim eatm ostO(m) whenaforcedcycleoflengthat
least4 doesnotexist.Sinceweneedtorecursivelydothisatm ostn tim estheoverall
runningtim eisshowntobeO(n �m).
The algorithm term inateswhenevera forced cycle oflength atleastfouris not

found.Itdecideswhetherthecurrentbipartitegraph isaupdatenetwork by sim ply
checkingthatS = fsg andout-degree(s) = jAj.Thatis,thesingletonSurvivorvertex
isconnectedtoallAdversaryvertices.
Letusanalyzetherunningtim eforfindingaforcedcycleC.Recallthealgorithm

im pliedbyLem m a3.5beginsatanyvertex s1 andfindsanin-neighbora1 (ofs1)of
out-degree1 with (s2; a1) 2 E where s2 6= s1.Thistakestim eproportionalto the
num berofedgesincidentto s1 tofindsuchavertexa1.Repeatingwith s2 wefindan
a2 intim eproportionaltothenum berofedgesinto s2,etc.W ekeepabooleanarray
toindicatewhich si areinthepartiallyconstructedforcedpath(i.e.,thelook-uptim e
willbeconstanttim eto detectaforced cycleoflength atleast4).Thetotalnum ber



62 J.DiscreteAlgorithms,Vol.2No.1,2002

ofstepstofindthecycleisatm ostaconstantfactortim esthenum berofedgesinthe
graph.
Finally,wecanobservethatbuildingthecontractedbipartitegam eB0 from B and

C runsinlineartim ebythedefinitionofS0,A0 andE0.Notethatifthedatastructure
forgraphsistakentobeadjacencyliststhenE0 isconstructedbycopyingthelistsof
E andreplacingoneorm oreverticessi’soraj’swithones ora,respectively.

The above resultindicatesthe structure ofbipartite update networks. These are
basically connected forced cycles,with possibly otherlegalm ovesforsom e ofthe
Survivorand theAdversary vertices. Figure4 showsaconstructed exam pleofone
suchbipartiteupdatenetwork.TheSurvivor’sstrategyistosystem aticallyrepeatthe
forcedcyclesand‘detour’tocovertherem ainingnon-forcedAdversaryverticesona
periodicbasis.

FIG.4:Illustrating thestructureofbipartiteupdatenetworkswith Survivorvertices
(black)andAdversaryvertices(white).

W e listallthe non-isom orphicbipartitenetworksoforderatm ost5 in Figure5.
Note that18 ofthe 19 networksoforder5 were generated from three ofthe net-
worksoforder4 (see those displayed on the top row). Thiswasdone by system -
atically adding anew adversary nodewith allpossiblecom binationsin-degreesand
out-degreesof1 and 2. Note thatthe firstfourgraphsin the firstcolum n and the
firstand fourth graphsin thelastcolum n arem inim alin thesensethatalledgesare
essentialforthesegraphstobebipartiteupdatenetworks.

4 RecognizingUpdateNetworks

W enow wantto presentan algorithm to decidewhetheragivenupdategam eisalso
an updatenetwork.Ourideaisto takean updategam eG and im plicitly transform it
intoabipartitegam eBG.(NoteBG willnotbeabipartiteupdategam e,asdescribed
inSection3.)W ethenshow how todecideifthegraphG (ofG)isanupdatenetwork
by checking iftheSurvivorhasawinning strategy forevery initialconfiguration of
BG.Recallthatin abipartitegam etheAdversary and theSurvivoronly m ovefrom
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FIG.5:Allsm allbipartiteupdatenetworkswithSurvivorvertices(black)andAdver-
saryvertices(white).
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oneofthevertexpartitionsofthegraph.
W e define the gam eBG = (B;W ) from an update gam e G = (G; fV (G)g) as

follows:

V (B) = fvS j v 2 V (G)g [ fvA j v 2 V (G)g
E(B) = f(vS ; uA) j (v; u) 2 E(G)g [ f(vA; uS) j (v; u) 2 E(G)g

W = fY j 8v 2 V (G); 9w 2 Y (w = vS orw = vA)g

NotethatthegraphB isonly twicethesize ofG buttheexplicitstorageforthe
winning setsW is exponentialin the size ofG’s winning sets fV (G)g. Figure 6
showsasm allexam pleoftheconstructionofB from G.

0

1 2

3

1A

2A

3A

0A0S

1S

2S

3S

FIG.6.M appinganupdategam e(graphG)toabipartitegam e(graphB).

TheverticesofB willcorrespond to avertex/playercom bination ofthegam eG.
W ehavethefollowingequivalence.

LEM M A 4.1
Thegam eG isan updatenetwork ifand only iftheSurvivorhasawinning strategy
foreveryinitialconfigurationofBG.

PROO F.Firstassum eG isan updatenetwork.Foranyinitialconfiguration (v;X) of
thegam eG theSurvivorhasawinningstrategy f.TheSurvivorcanusethisstrategy
f fortheinitialconfiguration vX in thegam eBG.(Recallthatin thebipartitegam e
BG theSurvivorcan only startfrom avertex vS).Sincef forcesallverticesofG to
bevisited infinitelyoften,atleastoneofthevA orvS isvisited infinitely ofteninB
forallv 2 G.
Now assum ethattheSurvivorhasawinning strategy f 0 forBG starting atvertex

vX.EverypersistentsetofverticesY thatoccurwhentheSurvivorusesf 0 isinW.
TheSurvivorcansim ulatef 0 (onBG)forthegam eG withinitialconfiguration(v;X)

andwinthegam e.

W e now define forany subsetofverticesV 0 ofa bipartite gam eG the closure
Forced�(V 0

).Thisisthesetofvertices(containingV 0)thattheSurvivorhasastrat-
egy to forcetheAdversary to visitatleastonevertex ofV 0.W ehavethefollowing
algorithm tocom puteForced�(V 0

).
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algorithm FindForced(V 0 � V (G))forbipartitegraphG = (S [ A;E)

1 QueueNewVerts= V 0

SetF = V 0

2 whileVertex v inNewVerts.head()do
NewVerts.rem ove(v)

3 if v 2 A then
SetF 0 = inNeighbors(v)
NewVerts.append(F 0 n F)
F = F [ F 0

endif
4 if v 2 S then

SetF 0
= ;

5 forVertexu ininNeighbors(v)do
ifoutNeighbors(u)� F then F 0

= F 0 [ fug
endfor
NewVerts.append(F 0 n F)
F = F [ F 0

endif
endwhile
returnF
end

W eprovethecorrectnessofthisalgorithm below.

LEM M A 4.2
Algorithm FindForcedcom putesForced�(V 0

) forabipartitegraphG = (S [ A;E).

PROO F.W eshow thatforevery vertex v,v isin Forced�(V 0
) ifand only ifv isre-

turnedin F by thealgorithm FindForced.To do thisweassign anum ber,called the
rank,to each vertex ofthe graph. The rank indicatesthe num berofforced m oves
needed to reach V 0 from avertex.The rank function isinductively defined asfol-
lows:

1.Ifv 2 V 0 then rank(v) = 0.

2.Case v 2 S and rank(v) isnotdefined.Assum eallout-neighborsofv ofrank
ofatm osti have been defined. Then rank(v) = i + 1 ifthere existsan u 2
outNeighbors(v) with rank(u) = i.

3.Case v 2 A and rank(v) isnotdefined. Assum e allout-neighborsofv have
definedrank.Thenrank(v) = i+1 ifeachu 2 outNeighbors(v) hasrank(u) �
i.

Ifv 2 G doesnotgetrankedin theaboveprocessthenwesetrank(v) = 1.W e
now show thatv 2 Forced�(V 0

) ifand only ifrank(v) < 1.Suppose rank(v) =

n < 1.Ifn = 0 then v 2 V 0.Otherwiseconsidertwo cases.Ifv 2 S then v is
in theclosuresinceatleastoneneighboru ofv hassm allerrank (i.e.,theSurvivor
can m oveto u and rank(u) < rank(v)). Ifv 2 A then v isin the closure since
allneighborsofv haverank lessthan n (i.e.,any m oveoftheAdversary m ovesto
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avertex u ofrank lessthan n).Suppose rank(v) = 1.W ewantto show thatthe
Adversary hasastrategy thatdoesnotallow theSurvivorto reach V 0.W enotethat
following two observations.Ifv 2 S then allneighborsofv haverank equalto1
by definition oftherank function (i.e.,theSurvivorcan notreach V 0 from v).Also
by definition,ifv 2 A then thereisatleastoneneighboru ofv with rank equalto
1 (i.e.,theAdversarycanm ovetou thatisnotintheclosure).Now theAdversary’s
strategy to avoid V 0 isthefollowing.Forany v 2 A with rank(v) = 1 m oveto a
neighborvertex u such thatrank(u) = 1.Clearly thisstrategy causesallplaysto
stayonasubsetofthesetV 00

= fw j rank(w) = 1g andV 00 \ V 0
= ;.

Onecanseethatthealgorithm FindForcedaddsavertexv toF ifandonlyifithas
finiterank.Thealgorithm im plicitlylabelsavertex v ofS [ A bytheiterationcount
ofthewhileloopatline2whenv isaddedtoF (theverticesV 0 arelabeledwithcount
0).Henceifavertex islabeled then ithasfiniterank.Statem ent3 ofthealgorithm
correspondstothecasev 2 S and v 62 V 0 ofthedefinitionofrankwhileStatem ents
4–5 correspond to thecase v 2 A and v 62 V 0.Thism eansthatifv hasfiniterank
thenitwillbelabeledbythealgorithm .

LEM M A 4.3
Forbipartitegam es,thereexistsanalgorithm thatrunsintim eO(m),wherem isthe
sizeofthegraph,thatcom putesForced�(V 0

).

PROO F.W eshow how tom odifythealgorithm FindForcedtoruninO(m) tim e.The
algorithm aslisted needsto processeach vertexin thequeueNewVertsatm ostonce
and foreach oftheseverticesaccessitsin-neighbors.So excluding theloop atline
5 the algorithm runsin O(m) steps. The processtim e,aslisted,to check whether
outNeighbors(u) � F takesatm ostO(n) tim e. Hence,FindForced runsin tim e
O(n �m).
W enow explainhow to reducetherunningtim eoftheloop atline5 ofalgorithm

FindForcedtoconstanttim e.Insteadofcheckingthesetm em bershipoutNeighbors(u)
� F wedo thefollowing.W ekeep an array ofintegersDeg thatindicatesforeach
vertexhow m anyneighborsarenotcurrentlyinF.Theentryforvertex x isinitially
defined asthe out-degreeofx. W henevera vertex y isadded to F we decrem ent
the entry foreach in-neighborz ofy by one. W e can now replace the condition
outNeighbors(u) � F bytestingwhetherDeg[u] = 0,whichcanbedoneinconstant
tim e.

RecallLem m a 4.1 statesthata gam e G isan update network ifand only ifthe
SurvivorhasawinningstrategyforeveryinitialconfigurationofBG.Thenexttheo-
rem alsocharacterizesupdatenetworks(notnecessarilybipartitegam es)byusingthe
closureoperator.

THEO REM 4.4
A gam e G = (G; fV (G)g) isan update network ifand only ifforallv 2 V (G)

Forced�(fvS ; vAg) = V (B) inthecorrespondingbipartitegam eBG = (B;W ).

PROO F.Supposethereisanupdatenetwork,withgraphG,suchthatForced�(fvS ; vAg)
6= V (B) forsom e v 2 V (G). Takeany vertex x ofB thatdoesnotbelong to this
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closure.UsingtheproofofLem m a4.2weseethattheSurvivorcannotforcetheplay
tovisitvS orvA from vertexx 2 V (B).ThustheAdversarywinsgam eBG beginning
from x.ByLem m a4.1thegraphG (ofthegam eG)cannotbeanupdatenetwork.
W enow provetheotherim plication ofthetheorem .By Lem m a4.1,itsufficesto

show thattheSurvivorcanwinthegam eBG from anystartingvertex.W eusethefact
thatForced�(fvS ; vAg) = V (B),forallv 2 V (G),tobuildawinningstrategyforthe
SurvivorinBG.OrdertheverticesofG asv1; v2; : : : ; vn.Letx beastarting vertex
ofB.TheSurvivorcan usealgorithm FindForced to visiteitherv1S orv1A.Nextthe
Survivorcanforcetheplay to visitto eitherv2S orv

2
A,theneitherv

3
S orv

3
A,etc.The

Survivorthenrepeatstheforcedplaysbetweenthepairs(viS orv
i
A)and(v

i+1 modn
S or

vi+1 modnA )whichyieldsawinningsetofW.

Using the previouslem m a and theorem we can efficiently recognize update net-
works.

THEO REM 4.5
Thereexistsanalgorithm thatdecideswhetheranupdategam eG isanupdatenetwork
intim eO(n �m),wheren andm aretheorderandsizeoftheunderlyinggraph.

PROO F.W ecanconstructthebipartitegraphB from thegam eBG,whichcorresponds
to G = (G; fV (G)g),in lineartim e with respectto thesizeofG. W e then invoke
Lem m a4.3foreachpairofverticesfvA; vSg forv 2 V (G).By usingTheorem 4.4,
we acceptthe inputifForced�(fvS ; vAg) = V (B) forallv 2 V (G). The total
runningtim eisn = jV (G)j m ultipliedbythetim eneededtocom putetheclosure(of
twoverticesvA andvS)inB.ThisproductisO(n �m).

5 Conclusion

Inthispaperwehavepresentedagam e-theoreticm odelofinfinitedurationprocesses.
A particularem phasisisgiven to aclassofnetworkswhoseobjectiveisto continu-
ouslyupdateallthenodeswith consistentdata.W ehaveshownthatitisalgorithm i-
cally feasibleto recognizeupdatenetworks.Thatis,wehaveprovidedan algorithm
whichsolvestheupdategam eproblem inO(n �m) tim e.M oreover,ouralgorithm for
thecaseofbipartiteupdategam escan beused to giveacharacterizationofbipartite
updatenetworks.
Therearem any open questionsthatstillneed to beinvestigated in thisarea.For

exam ple,onecantrytocharacterizethoseupdategam esforwhichtheupdatenetwork
problem isdecidableinlineartim e.Onecanalsostudythequestionoffindingfeasible
algorithm sforgam eswhosewinning conditionsarem orecom plex than theonefor
updategam es.Forthelattercase,wewanttoefficientlyextractwinningstrategies(if
theyexistfortheSurvivor)foreachsetofverticesinthewinningsetofagam e.
Thegam esconsidered in thispaperoccuroverfinitegraphs.Thesegam escan be

generalized to gam esoverdifferentfinitem odels(such ashypergraphs).W ewould
liketoknow whichofthesegeneralizedgam eproblem saretractable.
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