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0 Intro

Begin with an array of numbers indexed by d-tuples of nonnegative integers:
{ar, ..py 71, 7q >0}

These numbers arise from some application in combinatorics or probability theory or queu-
ing theory, etc., and we wish to know something about them. In particular, we want
asymptotic information: a, = (1+0(1))H(r) as r — oo in some prescribed way, and where
H is a function we understand. (The boldface notation is for vectors.) The way in which
r — oo will depend on the application, as will the range of r for which the approxima-
tion is uniform or even valid. Sometimes we may need more precise information, such as
an asymptotic series, and sometimes we might need less, for example lim;_.o, 7! log a|ts]

might suffice.

There are many methods of obtaining asymptotics, but let us focus here on the gener-

ating function method. Define

F(z1,...,2q) = Z arz" = Z Uryprg 21 20 (0.1)

The function F' exists as a formal power series, and possibly as a convergent power series in
a neighborhood of the origin. In cases where the numbers a, are determined recursively, it is
often far easier to compute the function F' than it is to find general formulae for the numbers

ay. One must then translate one’s information about F' into asymptotic information about

{ar}.

There are as many ways to do this as there are interesting generating functions. Most
methods use complex contour integration, together with a somewhat ad hoc set of tools for
making the integrals tractable. The focus of these lectures is two-fold: first to present some
new techniques that work well for certain classes of multivariable generating functions, and
second to prove some classification results that change the ad hoc art of asymptotics into a

science, at least for one nontrivial class of functions.



My personal history with the subject is perhaps relevant here. I began with a concrete
problem to which I attempted to apply generating function methods. After doing a fair
bit of work to obtain the two-variable generating function, I then went to the literature to
“look up” what to do to get out the asymptotics. Surprisingly, I didn’t find what I needed.
After several iterations of reducing the problem to a toy problem, I started to believe that
perhaps it was not known how to extract asymptotics even for the simplest imaginable class,
namely rational functions. Part of my surprise at how little was known stemmed from how

completely trivial it is to obtain asymptotics for rational functions of one variable.

Working out the asymptotics for this example via contour methods was not too hard
and did not much improve on what was known by other means. But soon I had another
example for which basic qualitative behavior was not known by any means, and to which the
same contour techniques could be applied with a little more work. I became interested in
finding a general theory which would guarantee that these methods would always produce
the correct leading term asymptotic at least for the class of examples I was interested in,

namely meromorphic non-entire functions.

The upshot of all this, to date, is (1) an integration technique useful mainly in cases
where the singularities of F' are poles (recall we are working over several complex variables,
so a pole is a complex analytic variety on which the modulus of F' goes to infinity); (2) a
theorem proving that this technique always works for two-variable meromorphic functions
with nonnegative coefficients; (3) good progress toward such a theorem in any number
of variables; and (4) an idea for how to proceed when the coefficients are not assumed

nonnegative, and a conjecture that the method still always works.

An outline of the remaining lectures is as follows. The course will begin with a brief
introduction to formal power series, together with some detailed examples of multivariable
generating functions and how they are obtained. Next will be a review of the main tech-
niques in asymptotics of one variable generating functions. From this it will be apparent
that oscillating integrals play a major role in the derivation of asymptotics. The theory of

oscillating integrals will first be developed in one variable, following several sources includ-



ing chiefly Stein (1993). We then go on to outline results in several variables, where the
proofs are similar but the intuition is the same. Technical results needed for later will be
stated and maybe proved. More details will be provided later but an outline of the method

is as follows.

(1) Use the multidimensional Cauchy integral formula to represent a, as an

integral over a d-dimensional torus inside C¢.

(2) Expand the surface of integration across a point z where F' is singular, and
use the residue theorem to represent a, as a (d — 1)-dimensional integral of one-
variable residues. The choice of z determines the directions in which asymptotics

may be computed.

(3) Put this in the form of an integral [exp(\f(z))1y(z) dz for which the large-A

asymptotics can be read off from the theory of oscillating integrals.

These methods will then be applied to derive asymptotics in various cases of interest,
and the results compared with those obtainable by previously known methods. An example

of the type of result we will derive is the following.

Theorem ??: Let ' = G/H be a meromorphic function of two variables, not singular at

the origin. Define

Q(z,w) := —U)QHiZHZ — wHMZZILIZ2 — w?2? (Hﬁ,sz + Hwaw — 2HZHwH2w) )

a G(Z7 w) TS —wHy
T,8 /—27_(_ SQ

uniformly as (z,w) varies over a compact set of strictly minimal, simple poles of F' on which

Then

Q and G are nonvanishing, and (r,s) € dir(z,w).

After working out a number of examples, I will prove the following classification theorem

for two-variable, meromorphic non-entire functions.



Theorem ??: Let F = G/H = Y a,s2"w® be the quotient of analytic functions G, H :
C? — C. Suppose that the coefficients a, s are all nonnegative, and that F(z,0) and F(0,w)

are not entire. Then for every direction a € RP! there is a minimal z € V with o € dir(z).

Extension to more than two variables leads to topological and algebraic-geometric ques-

tions, which we will discuss as time permits.

The last part of the course (time permitting again) will be on generating functions that

are difficult to obtain, and the various means used to obtain them.

1 Generating functions

Let C[[z1, .. ., z4]] denote the ring of formal power series in the variables z1, ..., z4. Elements
of C[[z1,...,24]] are parameterized by maps f from d-tuples of nonnegative integers to C
via the correspondence f — F := ", f(r)z". Addition is defined by (a+b)(r) = a(r) +b(r)
and multiplication is defined by convolution: a - b(r) = > ;a(s)b(r —s). The sum in this
convolution is always finite, so there is no question of convergence. Exercise: show that
f € C[[z1,...,24]] is a unit (has a multiplicative inverse) if and only if f has a

nonzero constant term. Thus CJ[zy,...,24]] has a unique maximal ideal.

Let NV be an open polydisk containing the origin in C¢, that is a set {z : |z| <
ti,1 < i < d}. Suppose that f,g € C[[z1,...,2q]] are absolutely convergent on N, that
is, >, [f(x)|Jwi|™ -+ |wgq|™ < oo when all |w;| < t;. Then f + g and fg are absolutely
convergent on N as well and the sum and product in the ring of formal power series is the
same as in the ring of analytic functions in N. Note that some formal power series fail to
converge anywhere (except at the origin) and that for these it will not work to apply analytic
methods. One can however make a generating function by letting F(x) = > f(rz"/g(r)
for a judiciously chosen g. A good choice is often to let g(r) be a product of some or all of
the quantities r;!; generating functions normalized by factorials are often called ezponential

generating functions.



The interior of the domain D on which the formal power series F converges is the
union of open polydisks. In particular it is the union of tori, and is hence characterized
by its intersection Dg with R%. The set D is in fact pseudoconvex, meaning that the set
Diog defined by (z1,...,24) € Diog iff (e™,...,e%) € Dgr is a convex order ideal'. See
Hormander (1990, Section 2.5) for these and other basic facts about functions of several

complex variables.

Some elementary examples will make these formalities clear to those without experience

using generating functions.
Example 1 (Fibonacci)

Let d = 1 and let a, be the r*" Fibonacci number. Let F(z) = Y.°°;a,2" be the
generating function for the Fibonacci numbers. We compute (1—2z—22)F. Since (1—2z—22)F

h

has 7' coefficient equal to a, — a,—1 — a,_o (where coefficients with negative indices are

zero), it follows that (1 — z — 22)F = 1, whence F = 1/(1 — z — 2?).

In order to pave the way for a more complicated example involving polyominos (Exam-
ple 7?7 below), I will complete the asymptotic computation from the generating function.
We use a partial fraction expansion to express F'(z) as

1 n 1
1—)\12 1—)\22

where A; are the inverse roots of H :=1—2 — 22 = 0. (The 1’s in the numerator happen to
be particularly simple.) The n*? term is therefore given by summing the n** terms of the
series for 1/(1 — \;2), yielding A7 + A%. Since \; = (1 £+/5)/2, we arrive at

1+v5\" [(1-v5\"
(57 (58

the first term giving a simple and very accurate asymptotic.

! An order ideal is a set closed under < in the coordinatewise partial order on R.



This example is a prototype of the way sequences determined by recurrences have easily
computed generating functions. As most of you probably know, a sequence satisfying any
finite linear recurrence a, = Z?:l cjar—j will have the rational generating function F(z) =
p(z)/(1 — Z§:1 cjz7) where p(z) is a polynomial whose coefficients are determined by the
(finitely many) small values r for which a, # >%_; cja,—; (this set necessarily includes the

index of the least nonvanishing coefficient, hence p(z) # 0).
Example 2 (Binomial coefficients)

Let d = 2 and let a, s be the binomial coefficient a, s := (’;;S). Since the {a, s} satisfy
Ar,s — Gr—1,s — Qrs—1 = 0p,0, we see that (1 —z —w)F =1 and F =1/(1 — 2 — w). This
converges in the pseudo-convex domain {(z,w) : |z| + |w| < 1}. Simply identifying the
domain of convergence will turn out to give asymptotics for a,, that are of the correct

exponential order.

This example too generalizes to any linear recursion in more than one variable where

the term a,, . ,, is expressed as a linear combination of terms as, . s, with s = r. When

d d

the linear recursion has no maximal term, we will see the story is quite different.

Rational generating functions come from many places other than linear recursions. Con-
versely, in higher dimensions, not all linear recursions lead to rational generating functions.

The next two examples illustrate these two possibilities.
Example 3 (Coalescing particles)

Suppose we begin with particles at sites —1, —2, ..., —r. At each unit of time, one of the
particles is chosen uniformly at random and it moves a unit to the right. When a particle
moves onto another particle, the two coalesce into a single particle. When a particle hits 0, it
disappears. How many time units does it take before all particles disappear? This problem,

which arises in the analysis of a sorting algorithm, is discussed in Larsen and Lyons (1999).



To solve this we let X} be the number of moves made by particle k£ (and any particles it
coalesces with that were originally to its left) before it coalesces with a particle to its right.
We wish to know the distribution of Y ;_; X%. The precise distribution is not known, but
we compute its mean. Let a, ) denote the expected number of steps that a particle at site
—r — k will make before coalescing with a particle at position —r or disappearing. Then
aor =k, aro =0, and for r, k > 1,

1 1

Qp | = 5 + iar,k—l + iar—l,k—i-l‘

Letting F'(z,w) = 3, ;>0 ar k2" wk, we see that

Ll el w
(w F=sa—a )

5 5 + H(z,w) (1.1)

where H is the sum of terms (a,; — (1/2)a,—1 541 — (1/2)a -1 — 3)2"w*! with rk = 0,
i.e., where (?77?) fails. When » =0 and k > 0,

1 1 1 k-1 1 &k

Urg = 50r—1k+l = 50rk—1 — 5 =k ——— -5 =15

This corresponds to a contribution of w/(2(1 — w)?) to H. Unfortunately, when k = 0,
1 1 1 1 1

Arf = 50r—1k+1 = 50rk—1 — 5 = —50n-1,1 — 5
Tk 2 r—1,k+ 9 Tk 9 9 n—1, 2

and we don’t know what this is. Thus we may write

1 1 w w
(w—§w2—§z)F: 30— 20 —w) +2(1—w)2 + wh(z) (1.2)

where h is an unknown function of one variable.

The key now is to use the fact that a,j is obviously at most r + k. In particular, it
grows slower than an exponential, so F' converges in a neighborhood of (0,0) (in fact in the
unit polydisk). Thus the LHS of (??) is zero on the set V := {(x,y) : w? — 2w + z = 0}
intersected with the unit polydisk. The RHS must vanish there as well. Near (0,0), V is
parameterized by w = ¢(2) := 1—+/1 — z, where the negative square root is chosen to make

w near zero when z is. Thus




and F' is gotten by substituting this into (?77?).

At the end of the course is planned a section that generalizes this result by prescribing
how to solve arbitrary linear recursions with the sort of boundary conditions given here;
these will in general be algebraic functions but not rational functions. Some of the asymp-
totic methods we develop will be useful for functions other than meromorphic functions,
and in particular, asymptotics of the function F'(z,w) above are easily obtained from these
methods or from older results of Bender (1983). The tour de force among derivations of
generating functions for linear recursions is, I think, the following set of examples from
queuing theory due to Flatto et al, which I will describe only briefly at this point, and

examine further if time permits.

Example 4 (Queues)

Suppose a bank has two tellers with separate waiting lines, and each new customer must
choose which one to join. Customers arrive at Poisson rate 1, and we assume they join the
shorter line. Each teller who is not idle finishes serving a customer at rate o > 1/2. What
is the joint stationary distribution of the number of customers in each line? Rather than
give a tie-breaking algorithm for a customer choosing between equal lines, we project to the
unordered pair of line lengths, so the states of the system are parameterized by the length n
of the shortest line and the difference k between the two lengths. This problem is considered
by Flatto and McKean (1977) and the generating function F(z,w) := >, (prs2"w® is
obtained, where p, 5 is the stationary probability of finding lines of length r and r + s.

The obvious relation from the forward equation (flow out of state (r, s) equals flow into
state (r,s) is:

2o+ 1)prs = aprse1 + apri1s—1 + Pro1,s+1-

When 7 or s is 0 or 1, there are boundary effects. The upshot is that

[2(z + @) — (1 + 2a)zw + OéwQ]F = J1(z,w) f1(2) + J2(z,w) fo(w)

10



where the polynomials J; and Jo are easy to write down and the functions f; are unknown.
As in the previous example, we do know that the RHS vanishes on V := {(z,w) : z(2 + ) —
(14 2a)zw + aw? = 0} in a neighborhood of (0,0). This together with a determination of
the genus of V' (zero) and of the maps of V' to itself that preserve one of the coordinates are
enough to determine the poles and zeros of the meromorphic functions f; and fo, hence F.
This form of determination is convenient for then deriving asymptotics of p,. s as r,s — oo

for fixed a and of the mean of r + s as a — 1/2.

Flatto and Hahn (1984) consider another queuing model, this time with each customer
served by both queues. The analysis yields again something of the form ¢(z, w)F(z,w) =
J1f1(2) + Jafe(w), with V := {(z,w) : ¢(z,w) = 0} now having genus 1. An even trickier
computation involving elliptic functions ensues. It is the nature of the boundary conditions
that determines the course of the computation in these cases. Later we describe a class of
boundary conditions which we call standard, that include the Larsen-Lyons problem but

not the queuing models, which always result in algebraic generating functions.

Example 5 (Polyominos)

Let us now do an example where a rational generating function comes from something
other than a simple linear recursion. Define a horizontally convex polyomino to be a union
of some finite number n of lattice squares with the following property: the squares appear
in k£ consecutive rows, with each row containing a single block of consecutive squares and
each block sharing at least one edge with the blocks above and below it (except for the top
and bottom block respectively). The number of HCP’s with n squares in total, composed
of s rows, is denoted f(n, k). It is not obvious, but we will see that

ry(l —x)3
(1—2)* —2y(1 —x — 22 + 2% + 22y)

F(z,y) =) f(n,k)a"y* =
n,k

For the derivation we follow Wilf (1989, page 152) though the original derivation is due to
Pélya and the more recent derivations due to Klarner, Gessel, Delest and maybe others.

The use of variables x,y rather than z,w keeps Wilf’s notation.

11



Let f(n,k,t) denote the number of HCP’s with n squares, k rows, and top row having
length ¢. The trivariate generating function F(x,y, z) := 3 f(n, k,t)z™y*z! is rational and
can be derived without too much work beyond the derivation of the bivariate function,
but we will skip this and simply use the third variable to get a useful recursion. Given a
polyomino with specified values of n, k, ¢, let r be the number in the second-to-top row. The

top and second-to-top rows can be offset in r + ¢ — 1 ways, leading to the identity

f(n,k,t):Zf(n—t,k—l,r)(r—i—t—l) (1.3)

r>1

with boundary condition f(n,1,t) = d;,. Holding k and ¢ fixed gives a generating function
Fii(x) :== >, f(n,k,t)2™ which then clearly satisfies

Fig(@) =a") (r+t—1)Fq,(x) (1.4)

r>1

when k > 2, with Fy; = xt.

Recall that we don’t care about ¢. Hence we sum on ¢, defining Ui () := 3" Fit().
It will also be convenient to define Vi (z) := > ;51 tFy (7). We have Uy (x) = z/(1 — x) and
Vi(z) = 2/(1 — x)2. From (??) we get

and summing on ¢ gives

Uk(fE) = 1_ ka_l(Q?) + mUk_l(fL‘)
Multiplying by ¢ before we sum on ¢ yields also
x 212
Vi(z) = ka—l(fU) + mUk—l(fﬁ)-

This is a linear recurrence over the field of rational functions of z and can be solved as

ab

o 4)s with (uy,v1) specified. To

such. The form of the recurrence is (ug,vg) = (ug—1,vi—1)(

12



determine 3 uxy¥, eliminate {v;} by substituting the first equation into the second twice,
yielding
upy1 — (a + d)uy + (ad — be)ug—1 =0
except for k = 1. Thus 3 u,y”* will be of the form
J1 (.T) + Jg(:l:)
1=y 1= ()

where J; and Jy are determined by the initial values u; and vy, and A; are the eigenvalues
k

ac

of the matrix (7). In our case, Y, Uy (x)y” is exactly what we’re looking for, and it comes
out to be the rational function displayed above. One can set y = 1 to obtain a one-variable
generating function for -, , ; f(n, k,t)z", namely
(1l —x)3
1—5x+ 722 — 423"

While this expression begs a combinatorial proof, the only one apparently known (according
to R. Stanley) is an unwritten proof due to D. Hickerson; N.B. is this the same person who
haunts the halls of U.C. Davis at night doing computations for Conway’s game of Life, and

is otherwise on the academic fringe?

There are countless (!) examples in this vein and in the interest of getting on with
the analysis of asymptotics, I want to limit the examples discussed to those that make a
point. Exercise: Let a,; be the number of ways of placing £ non-overlapping
dominos on a 2 x n grid. Find the generating function for these numbers. One
point worth making is that the methods we will develop do not work for entire functions:
singularities, preferably poles, are required. Why should we expect real life generating
functions not to be entire? One reason is that counting functions have integer coefficients,
and thus cannot converge at the point (1,...,1). This justification is a bit too facile for the
following reason. Often we need to count things that grow very fast, say as the factorial
of one of the indices, and the best available generating function is a exponential generating
function such as Y a, s2"w?/r!. This is likely to make the function entire, unless r! happens
to be the growth rate of a. s up to an exponential factor, that is vl = O(|a, s|e?*) for some

~. Thus our methods are indeed limited mainly to the ordinary generating function case,

13



though it is worth mentioning that there are plenty of natural examples where the factorial

generating function is not entire.
Example 6 (Two factorial GF’s)
Two such are the ordered set partitions and the Eulerian numbers A, (s) counting the

number of permutations of {1,...,r} having exactly s rises. It is clear why this should have

an exactly factorial growth rate, at least for some values of s, and indeed

r! ew=z — g’

Z Ar(s)2"w®  w(l —w)
r,s
These two examples are discussed in Bender (1973), and the asymptotics given. There will

be more to say about this when we compare Bender’s results to the ones given here.

At times in our asymptotic analyses, it will be convenient to assume nonnegativity:
ay > 0 for all r. How much is lost from an applications point of view when we assume this?
As you might imagine, most combinatorial applications satisfy this condition, but here is

an example that does not.
Example 7 (Tschebysheff polynomials)

The Tschebysheff polynomials T}, (z) are perhaps the oldest known and most useful fam-
ily of orthogonal polynomials. They are defined by T}, (z) = cos(ncos~1z). The generating
function is not hard to write down (see Comtet 1974, page 50), and it is in fact rational:

Z T, (z)w"

r>0

- 1—zw

1— 22w+ w2’
The generating function for the Tschebysheff polynomials of the second kind is the same
but without the numerator. Interestingly enough, a generating function we are about to
encounter in the realm of random tilings has a very similar generating function to that for
the Tschebysheff polynomials of the second kind, but with the variable z replaced by a

polynomial expression in a way that makes all the resulting coefficients nonnegative.

14



Example 8 (Random tilings)

The last example I wish to discuss in detail is one that motivated much of my work on
this subject. Given a finite connected union of lattice squares in Z2, let C be the collection
of all tilings of the region by dominos (partitions into a disjoint union of adjacent pairs of
squares). Of course C may be empty, for instance if the number of squares is odd or the
number of black and white squares unequal when given a checkerboard coloring, but we
assume C is not empty. Particularly well studied cases are large rectangles (Burton and
Pemantle 1993), or the Aztec Diamond. The Diamond is a shape approximating a tilted
square, but drawn along lattice lines and having the central row and column doubled. Thus
the Diamond of order p has maximum height 2p; see picture. Let u, be the probability
measure gotten from choosing a tiling uniformly at random from all tilings of the Aztec
Diamond of order p. What are the properties of typical samples from p, as p — oo? In a
series of papers Propp, Larsen, Elkies, Kuperberg, Cohn, Kenyon and maybe others give
detailed answers to this question. Their methods are varied, including some useful bijections
and an analysis of an interacting particle system. Here, however, I will concentrate on what

can be gotten from the generating function.

Color the Diamond like a checkerboard, with the left most of the two top row squares
colored black, and use this to give one of four types to each domino in a tiling. The domino
is called type-1 if the black square is west of the white square, with the types 2, 3, 4 being
assigned to the other three possibilities. Let a, , be the proportion of all tilings of the
order p Aztec Diamond that have a type-1 domino in position (n, k). More precisely, note
that the centers of the squares of the Aztec Diamond are at positions (n/2, k/2) with n and
k odd integers such that |n|+ |k| < 2p; a type-1 domino is a horizontal 1 x 2 rectangle whose
midpoint is (n/2,k/2) with n even, k odd, and n — k = 2p + 1y044. Then the generating
function for the proportion of tilings containing the domino with midpoint (n/2,k/2) is

given by
yz/2
(1 —y22)(1 — 2Tz + 2?)

where T = (22 +272+y?+y2)/4 (cf. the generating function for Tschebysheff Polynomials

F(z,y,z) = Zan7k7p3:”ykzp =

15



of the second kind); I use z,y,z for three variable generating functions because of the

awkwardness of z,w,?7.

We may of course simplify this by ignoring the numerator and replacing =2 and 32 by z

and y, to get

1 . t__x+x_1+y+y_1
(1 —y2)(1 — 2tz + 22)’ o 4 '

When we write this as the quotient of polynomials, the denominator will vanish at the
origin, so this is not quite in standard form. By a change of variables z — xyz, which only
changes the indexing we can turn it into an honest generating function, but for reasons
of preserving the symmetry, it is easiest to work with it in its present form as a Laurent
series. A derivation of this generating function appears in Gessel, Ionescu and Propp (1995),
making use of a particular construction of a random tiling from IID bits. It is proved in
Jockusch, Propp and Shor (1995), by a method involving the analysis of an interacting
particle system, that the large scale features of the placement probabilities are as follows.
Outside the L' ball |n| + |k| = |p|, the probabilities are nearly zero, while inside they are
not. In Cohn, Elkies and Propp (1996), the saddle point method is used to greatly refine
these results. As p — oo and (n/p,k/p) — («, 3), there is a phase transition depending on
whether o2 + 32 is less or greater than 1/2. Inside the circle of radius 1/2, the values of
an kp converge to a quantity g(o, B) strictly between zero and 1. Between the circle and the
L'-ball, except in the top region, limy, p~!log k. p converges to a value h(a, ) that is
strictly negative; in the top region, the same is true of 1 — a,, ;. Thus outside the circle,

domino placements are deterministic except for an exponentially small probability.

The analytic methods of Cohn, Elkies and Propp (1996), start from the recurrence
responsible for the simple form of the generating function. They carry out an asymptotic
analysis of a quantity related to the placement probabilities and then spend a fair amount
of effort summing these to get the result. In Cohn and Pemantle (2000) we re-derive the
results directly from the final generating function which somehow encodes the summation
and subsequent integral approximation. There we also consider a related model, called the

Fortress model, for which no other method is known to derive the large scale behavior. The
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Fortress of order n is defined to be dual to the usual square-octagon tiling of the plane, and
to occupy a region similar in shape to the Aztec diamond of order n. Tiles are defined so
that tilings correspond to perfect matchings on a sub-diamond of the square-octagon tiling.
The generating function for the probability of a type-1 tile in position (n, k) in an order-p

Fortress is given by
F(z,y,z) = similar but messier expression

Pending a rigorous writeup, the results which we believe to hold for the Fortress are qual-
itatively the same as for the Aztec Diamond, but with the circular boundary (the “arctic
circle” of Propp et al) replaced by a boundary given by the zero set of an eighth degree
polynomial (the “octic circle”). The analyses of both the Aztec Diamond and the Fortress
in Cohn and Pemantle (1999) involve oscillating integrals whose stationary phase points are

at singular points of a complex algebraic variety.

Before leaving the subject of obtaining and classifying generating functions, it is worth
mentioning one more class of functions. Let F'(2,w) = 3, ; a,s2z"w® be a two-variable gen-
erating function and let D(z) = 3, a, 2" denote the generating function for the diagonal.
There is a method, which is sometimes reasonably effective, for obtaining D directly from
F. The significance of this is two-fold. First, since the form of D depends only on the form
of F', one can show that if F' is nice, then D is at least somewhat nice. For example, if F'
is rational then D is algebraic; if F is algebraic, then D is D-finite (meaning that for some
k, the functions D, D', D", ..., D®*) are linearly dependent over polynomials. Secondly, the
problem of obtaining asymptotics for a,, can be solved by using one-variable methods on
D. Asymptotics in one variable are considerably easier, so this represents an advance. Un-
fortunately the limitation to the diagonal is severe. By substituting z* and w® for z and w,
one can get diagonals of any rational slope, but the complexity of the computation increases
rapidly and the estimates are not uniform in the slope. This method, due to Doubilet, Rota

and Stanley, will be discussed later.
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2 Asymptotics in one variable

To set the terminology, 1 will quickly review the definition of an asymptotic development
(or expansion). The notation f = O(g) as + — L means limsup,_ .7 |f(z)/g9(z)| < co. If L
is not specified, we take L = co. Similarly, f = o(g) means |f/g| — 0.

If f is a function on R™ or Z*, and L is a number or infinity, then f ~ > °° g, means

that for any N,

N
f@) = gn(z) = O(gn+1(2)) as z — L.
n=0

In this case we call Y>> g, an asymptotic development of f. The sequence {gy, } will always

satisfy gn+1 = 0(gn), whence a seemingly weaker but actually equivalent formulation is

N
(@) = 3" gul@) = o(gu(x)) as @ — L.
n=0

This does not imply that f = >"7° ;gn, and in fact the series may be nowhere convergent;
the standard example is
00 gt = (—=1)"n!
o[ s
as * — 0o. Sometimes we loosen the terminology and call f(z) ~ > 02 bngn(x) an asymp-
totic development when some values b,, are zero, as long as the by is nonzero and as long as

we still have f(z) — SN  bugn(z) = O(gns1(x)). Thus for example, the expansion
an = con Y2+ en 3% + O(ne ")

may be considered a terminating asymptotic expansion in decreasing powers of n=*=1/2, We
think this way especially when considering simultaneously other functions whose asymptotic
expansions in decreasing powers of n~*=1/2 do not terminate. Such examples arise in

Section 77.

The most common asymptotic developments are in powers of x — a as * — a or powers

1

of x7' as x — o0o0. Because of this we say that f(z) is rapidly decreasing at infinity if
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f(x) = O(x=N) for all N > 0. Rapidly decreasing functions are smaller at infinity than any

functions with asymptotic developments in powers of z 1.

Smaller yet are the functions
of exponential decay, namely those satisfying f(z) = O(e™7*) as x — oo for some positive

constant ~.

2.1 Rational functions: formal power series solution

It will be instructive first to review the easy and complete description of the coefficients
of a rational function of one variable. Let F(x) = Y a,2™ = p(x)/q(x) the ratio of two
polynomials, with ¢(0) = 1, p and ¢ never vanishing together, and the degree of ¢ denoted
by d. Factor ¢(z) as ngl(l - r;lx), where 71,79,...,74 are the roots of g. Assume the

roots are distinct. Then
r d Ci
where {c¢;} are nonzero constants which may be computed as rational functions of the
roots (we will determine them shortly). The formal power series 1/(1 — r; ') is equal to
don>oT; ‘w". Hence the nt" coefficient of F is equal to 3% ; ¢;r;™. The leading term(s) is
of course r;", where M minimizes the modulus of 7;. This approximation is very good
unless the next-smallest modulus of a root is close to |rys|. If p = po + p1z + - -+ + pex® is
some other polynomial, then the 7** summand in the previous summation, instead of being
n

ciry ", is

cipor; " eper; "t = cip(ri)r;

There are no common roots of p and ¢, so ¢;p(r;) # 0 and again the leading term is given

by the minimum modulus root.

Finally, if the roots are not distinct, then let r1,...,7r; be the distinct roots with r;
having multiplicity d;. There are constants ¢; ; with 1 < ¢ < k and 1 < j < d; for which
1/q =Y ¢ ;/(1 —r;'z)7. In the same way as before, this leads to

k d; .
: n+j5—1\ _
ap = ZZCL]p(T‘Z)( ] 1 >7"i 7’L.

i=1j=1
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The leading term constants c; 4, are nonzero, hence the leading term asymptotic is given by

2.2 Rational functions and more: analytic solution

Let us compare the formal power series solution, which is complete but specialized, to an
analytic solution. First note that the radius of convergence of the power series for F' is equal
to the minimum modulus of a singularity for F', which is rp;. For any power series with
radius of convergence R, we have limsupn~!log|a,| = log(R™!). Thus we get the correct

exponential rate, at least for the limsup, with no work at all.

Next, use Cauchy’s integral formula to write

1 dz
anp = — | —=F(z
"o /c Zntl (2)
where C is any contour enclosing the origin and contained in the domain of convergence of
F. Let C be a circle of radius » < rps, and let C’ be a circle of radius R > r)s. Assume

that rjs is the only root of ¢ of minimum modulus and that the moduli of other roots are

greater than R. We then have, by the residue theorem,
dz dz . -

If F = p/q has a simple pole at 75 then the residue is just 3, 'p(rar)/¢'(rar). The integral
over C' is bounded by 27 R~ sup|,—p [F'(2)|, and is therefore exponentially smaller than

the residue. Thus the leading term asymptotic for a,, is

an = —137 " 'p(rar) /4 (rar) + O(RT").

In fact we may send C’ to infinity, thus picking up all the terms. This will be a sum of terms

—r; "“Lo(r:) /¢ (). Incidentally, this is an easy way of determining the constants c;, which

are evidently —1/¢/(r;).
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If there is more than one root of minimum modulus, simply sum the contributions. If the
root r; appears with multiplicity d; > 1, then the residue at r; is no longer r, o) /q ()
but is instead equal to (1/(d; — 1)! time the d; — 1% derivative at r; of (z — )%z "1 F,

Writing § := q/(z — 7;)¢, the residue becomes

(d-1)
(3
q

This gives the “polynomial correction” for the case of multiple roots.

= (=n = Darry " p(ri) /G(ri) + O(n?).

Z=Ty

The advantage of the analytic solution is that it vastly more general. The formal power
series solution requires that F' = p/q a quotient of polynomials. Instead, suppose that p
and ¢ are only required to be analytic in some disk B(0, R), and that ¢ has a zero, say a,

inside the disk. The same computation then gives

1 1
an = 5— . 2R (2) dz = o o 2" R(2)dz — Res(z " F;a) (2.1)
where C is a circle of radius less that |a| and C" has radius r with |a| < r < R and no other
pole of F'in B(0,7). Then | [,/ | < 27rsup,cer [F(2)|r™™ and the residue is easily computed

as before. For instance, in the case of a simple root of ¢, the residue is still p(a)a=""! /¢ (a).

What does the analytic method give us for a general function F'? If the generating
function F' is purely formal, i.e., nowhere convergent, then we learn nothing. That’s why
we use exponential generating functions! If F is entire, we learn very little, though more
can be said by means beyond the scope of these lectures. Assume then that the radius of
convergence of F' is positive and finite. If the minimal modulus singularity of F' is a pole
(or poles) then the preceding analysis applies. If it is a branchpoint, there are standard
modifications of the method which we will see shortly. If it is an isolated singularity, there
are good prospects for a successful modification of the method, though it is more of an art

than a science; this will be discussed too.

Logically, the worst case is if the domain of convergence of F' has an entire circle as
its natural boundary (this means F' cannot be analytically continued anywhere outside

the circle). This can and does happen. In fact a classical theorem of Pélya says that if
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F has integer coefficients and radius of convergence 1, then either F is rational or F' has
the unit circle for its natural boundary (see Pdlya 1977). A point of philosophy: we have
cited integer coeflicients as a motivation for considering non-entire functions. Whenever
the growth of the coefficients is not exponential, then, we must be dealing with a rational
function. So is all this generality spurious? The answer is no: including sequences with
exponential growth and those of combinatorial significance that are not integral, there are
quite a lot of meaningful examples. Also, in the multivariable case even rational functions
are nontrivial to analyze and we have already seen a number of pertinent examples there.
Finally, we note that even when the circle is a natural boundary, analytic methods often
give something beyond the determination of the limsup exponential growth rate, depending

on the behavior of the function on the boundary circle.

The remaining discussion of one-variable asymptotics will be as follows. A brief discus-
sion of an example with an isolated essential singularity will shed some light on the role of
oscillating integrals and the method of stationary phase. We will then look at the classical
FPS derivation of asymptotics for branchpoints induced by non-integral powers (following
Henrici 1977, Theorem 11.10). These will be compared to the comparison or “transfer”
theorems (following Flajolet and Odlyzko 1990) which use analytic methods to obtain the
leading term asymptotics for a very wide class of functions, namely whose dominant singu-

larity is a power times a power of log times a power of log log.

2.3 Essential singularities

Since contour integration is an art, it is wise to ask first for the guiding principles behind

choosing the contour. To answer this, we recall the Cauchy integral formula:

1 dz

an = (2)

" 2mi Je
where C is a contour not containing a singularity of F'. Let R be the radius of convergence of

F. Then C may be taken to be the circle of radius r for any r < R. What does it mean that

all these integrals come out to the same value? The integrand has magnitude on the order of
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r~ " whereas we know the integral is only size R~". Evidently there is a lot of cancellation
taking place. The cancellation reduces the integral by an exponential factor (r/R)". As r
expands toward R the oscillation kills at a lower exponential rate, until, right near R, it
isn’t really killing at all. This leads to the stationary phase principle: find a stretch of the
contour where the integrand is not oscillating; this will be the leading contribution to the
integral. A related technique is the saddle point method: if there is no point of stationary
phase, move the contour until you go through one, and make sure you go through at the
right angle. At the moment we do not attempt to prove that this methods are universal,
though later as part of our classification we do prove this for some classes of integrals. We

turn now to an example.
Example 9 (Isolated essential singularity)

Let F'(z) = exp(x/(1—x)). Clearly F has a single essential singularity at the point 1. It is
of course possible to compute the coefficients directly from the combinatorial interpretation:
this is the exponential generating function for the number of unordered partitions of an
n element set into ordered sequences. The analytic approach, however, will allow us to
compute these in a way that is more robust with respect to perturbations in the generating
functions. Starting as usual from Cauchy’s integral formula as in (??), we send C’ to infinity
and discover that a,, is precisely the residue of z~"~1F at 1. We compute this by integrating
over any contour encircling the point z = 1, or in the Riemann sphere (since e?/(1-2) g
analytic at o0), any simple closed curve separating 0 and 1. Set I(z) = log[z " ' F(2)] and

compute

iy [—n—1 1
I(z)—{ . +(1—z)2

This vanishes at the point 1 — (3, where

= — - O .
ﬁn 2(n+1)+\/n+1+4(n+1)2 n + (n )
Choosing our contour v to be the line {1 — (3, + it : —o0 <t < oo}, we have
1
an=— [ 27" F(2)d=.
2mi S
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We have chosen (3, so that phase of the integrand is stationary at 1 — 3, that is, the
derivative of the (log of the) integrand vanishes. The hope now is that the integral is well
approximated by integrating the degree-two Taylor approximation of I, namely we hope

that

% /_O:o exp(I(1 — B, + it)) (i dt) (2.2)
~ o [ el - )+ S - i 23
1

= gy V) .

This hope is easily verified as follows. We compute I"(1—£,,) = (n+1)/(1-8,)?+2/83 =
(2+0(1))n3/2. This tells us that the main contribution to (??) should come from the region

=3/4. Accordingly, we pick a cutoff a little greater than

where |t| is not much larger than n
that, say L = 2n~3/*logn, and break the integrals (??) and (??) into two parts, [t| < L
and [t| > L. Up to the cutoff the two integrals are close, and past the cutoff they are both

small.

The contribution to (??) when |t| > L is a Gaussian tail and is o(exp(I(1—3,) —log®n)).
The contribution to (??) when [t| > L may be bounded in two parts. When [t| < n~'/2,

use the fact that |z| > 1 on the line of integration to see that the modulus of the integrand

is at most M (t) exp(I(1 — f3,)) where
x [ [ 1 1
= exp Re{, — }] .
1-06n 571 +t ﬁn

|M(#)] = expRe{-——}

1—=x

We then compute

1 1 _ i_i
Re{ﬁnﬂ't_ﬁn} T B+ B
—1

_ n -1
14 B2t .
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—B°t
1+ a1

-1 +20(1)n3/2t2

because 3, ~ n~1/2. Thus again we have part of a Gaussian tail and again the contribution

is o(exp(I(1 — B,)) — logZn). When [t| > n~'/2 we need to use the 2~ term as well:

lexp(I(1 — B, +it))| 11— Bu|" 1 1
oI =3)) = =B+ exp(Re{z——= =5}
1 1

< (1+£%) 7% exp(Ref

ﬁn + in—1/2 B E})

—-1/2

Integrating from ¢t = n to oo and using our previous computation of the real part of

the above difference shows that the contribution is at most the integrand at ¢ = 0 times a
factor of exp(—v/n/(2+ o(1))).

When |t| < L, we use the Taylor approximation

1 1
I(1 = By +it) — I(1 - 3,) + 57521”(15) < -t |S|u<pL 1" (s)|.
S|>

The RHS is bounded by (1 4 0(1))t>n?, and hence by 8n~/*log®n. Since the integrand
of (?7) is everywhere positive, this implies that the difference between the integrals (77)

and (??) on |t| < L is at most exp(n~'/*log®n) — 1 times the integral (??), as desired.

Having established that (??) is the leading term, we finally compute it. Using the

formula for I”(z) and the formula
1
Bn=n"1%— §n—1 +0(n=3/?)

we get

/ 1
m exp([(l - ﬁn))
1 1
= (1+o0(1))y/ Tay2 OXP (—(n +1)log(l—fG,) — 1+ 571)
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%/2 exp (—(n +1)(—n 2+ 0m32) =1+ 0% + 1 + O(nl/Z))
" 2

= (1+o0(1))y/ ﬁn*‘o’ﬂl exp(2v/n).

Note that computing the full asymptotic development is almost as easy. The cutoff is

= (1+o0(1))

calibrated so that the remainder after k£ terms of the Taylor expansion is always small on

|t| < L, so essentially the same computation suffices to derive an asymptotic series.
Example 10 (Non-integral power)

Among singularities that are not isolated, the nicest are branchpoints. Many though
not all branchpoints can be written as a non-integral power times an analytic function.
Thus we consider the class of functions (1 — z/A)"“)(z) analytic on a disk containing A
and slit from A to the boundary, where A is any nonzero complex number, ¢ is a complex
number that is not a real integer, and v is a function analytic in the disk of radius R for
some R > |A|. Let F(z) = Y anz" be such a function. Since the coefficients of (z — A)¢
are explicitly known, the easiest way to obtain the asymptotics for {a,} is by convolving
the formal power series. The only work will be in checking that the resulting series really
forms an asymptotic development. We follow Henrici’s (1977) exposition of a theorem of

Darboux:

Theorem 2.1 With F, ¢ and {a,} as above, let 3 2 by(z — A)"™ be the power series for
Y near A. Then for any k > Re{c}™T,

k . [j—c k—c
§=0

where (fl) denotes (1/n!) ?:1(x —j+1).
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PROOF: To see where this is going, formally write F'(z) = > oo_ by (—A)™(1 — z/A)~¢t™,

Expand (1 — z/A)~“ in powers of z using the binomial theorem to get

F(z) = 3 bu(=4)" > (-4) " (mn‘ ) 2"
m=0 n=0

to see that the n'" coefficient ought to be as claimed.

To justify all this, fix k; it will be clear later why we assume k to be greater than the

positive part of Re{c}. Let 7}, be the k" Taylor series remainder for 1, i.e.,
P(z) =bo+bi(z — A) + - + b(z — A +1p(2) (2 — A)FF

Then in the domains of convergence of F' and 1,

F(z) - zk:(_A)jbj(l —2/A)7C = (AL — 2/ A (2).

=0

The LHS is the sum of finitely many power series converging in a neighborhood of zero, so

t

analytically is equal to the power series whose n'* coefficient is

ap — (—A) " i bj(—A) (j - )
§=0

n

We need now to estimate the n' coefficient B,, of the RHS, which we call G(z). Note that

we have chosen k sufficiently large so that the G is continuous at A. Thus we may use

1 dz
B=— | “ q
2mi /c Zntl (2)

for any circle C of radius less than |A|, and take limits to let the radius of C equal |A].

Cauchy’s formula

Since the function G is differentiable [k — ¢| times, integration by parts and the Riemann-
Lebesgue lemma (see below for amplification) show that the n* coefficient of the RHS is
o(|A|7"n~Tk=cl). Use Stirling’s formula to see that this is 0(|A]*”(k;c)), proving that we

have an asymptotic development.

0

Riemann Lebesgue lemma: the functions e converge to zero in the topology de-

termined by integration against bounded continuous functions on the unit circle (and in
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fact in the dual space to L' - see Rudin (1974) “Real and Complex analysis”). Hence
f‘z|:A 2 "Fdz = o(|A|™) for any F € L'. Now suppose G is j times continuously dif-
ferentiable with GU) € L' on the circle |z| = A. Then integrating by parts j times we

—1
G — (—1y (-t (T G0 (2) ds
J, e = PGy ( ; ) JAERRICL

with the boundary terms vanishing due to continuity of G(*),s < j. By the Riemann-

get

Lebesgue lemma, this is o(n™7)|A| ™. O

Example 11 (Transfer theorems)

The previous example was in some sense a very special case: we knew the expansion
of (1 — 2z)™¢ explicitly, and were able to show how the series behaved under a perturbation
that multiplied by an analytic factor. The next example is in this sense also a special class
of functions, but a very wide and hence useful special class. Let C be the class of functions
G(z) == g(1/(1 — 2)) where g(z) = 2*(log 2)(loglog )’ for arbitrary real numbers a,
and §. Instead of requiring F(z) = g(2)¥(z) for ¢ analytic, we derive information under
the assumption only that F(z) = O(G(z)) or F(z) = o(G(z)) as z — 1. (Naturally,
we can rescale so that the critical point appears somewhere other than 1.) The price we
pay is that we require F' to be analytic out to a radius 1 + n for some n > 0, except on
the cone |Arg(z — 1)| < & where ¢ is a fixed number in (0,7/2). We call this domain
A= {z: | <1+, |Arg(z — 1)] > €).

The transfer method of Flajolet and Odlyzko (1990) consists of three results. The first
is an explicit determination of the coefficients of all functions in C. The second and third

are the following theorems.

Theorem 2.2 (Flajolet-Odlyzko O-Theorem) Let G(z) = > by,2" be in the class C
and let F'(z) = > anz™ be analytic in A. Then the hypothesis F(z) = O(G(2)) as z — 1
implies an, = O(by,).
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Theorem 2.3 (Flajolet-Odlyzko o-Theorem) Let G(z) =Y b,2" be in the class C and
let F(z) =" anz™ be analytic in A. Then the hypothesis F(z) = o(G(z)) as z — 1 implies
an = o(by).

An immediate corollary of these is a transfer asymptotic development result.

Corollary 2.4 Suppose F(z) is analytic in A and has asymptotic development Y~ G;(z) as
z — 1, where G; € C for all j and Gj1 = o(Gj). Let {an} be the coefficients of F' and
{bg)} be the coefficients of Gj. Then 3, b,(Ij) is an asymptotic development of a,.

PRrROOF: By hypothesis, for each k,

k
hk =F - ZGJ = O(Gk)

=1

All members of C are analytic in A, so the finite sum defining hj, is analytic in A. Applying

the o-theorem gives that the coefficients of hj are o(bgﬁ)). Since the coefficients of hy are
the difference between a,, and Z§:1 bg ), this establishes the result. O

So as not to get too far afield, I will prove only the O-theorem, and only for the restricted
class C’ in place of C, where C’ contains all functions (1 — z)®. This parallels the exposition
in Flajolet and Odlyzko (1990), which is highly recommended if you have not seen this stuff

before.

PROOF OF O-THEOREM: First note that for G = (1 — 2)® € C’, the n'" coefficient is of
order n~®~!. Next, note that the assumption that F(z) = O(|1 — z|%) near z = 1 implies
(using only continuity, not analyticity) that for some K, |F(z)| < K|1 — z|* everywhere on
A\ {1}. We use Cauchy’s formula

1 dz
=5 | FO

where v is a contour carefully as the union of four elementary contours. Let v; be the

circular arc parameterized by 1 +n~te® for £ <t < 2r — £. Let 7 be the line segment
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between 1 + n~'e¥ and the number 8 of modulus 1 4 7 and Arg(3 — 1) = £. Let 3 be
the arc on the circle of radius 1 4+ 7 running between 3 and 3 the long way, and let 4
be the conjugate of 7. We will bound the absolute value of the integral on each segment

separately, so we need not worry about the orientations.

On 71, the modulus of F is at most Kn™%, the modulus of 27"~! is at most (1 —
n~1)7=1 < 2¢, and the integral of |dz| is at most 27n 1, leading to a contribution of size
at most 6 Kn~°"!. On 73 the 27"~ ! factor in the integral reduces the modulus to at most
C(n)(1 +n)~™ which is of course O(n™") for any N. Since the order of the n'* coefficient

of G is n™*1, we are in good shape so far.

By symmetry, we need now only do the computation for v5. Set w = ¢ and parametrize
the integral as z = 1 + (w/n)t for t = 1 to En for a constant, E = |3 — 1|. We have
|F(z)| < K|z —1|* < K(t/n)* and

27" = ‘1 Lt
n
SO
En t\“ t|7 b dt
/ F(2)||2""Y|dz| < / K () 1+ 2
Y2 1 n n n
00 t —n—1
< Kn_o‘_l/ polp 4 2 dt. (2.5)
1 n

We need to see that the integral in (??) is bounded above for sufficiently large n. We have
|1 +wt/n| > 1+ Re{wt/n} =1+ (t/n)cos(€). Thus the integral in (??) is at most

Ty = /100 e (1 + tco;(f)>n dt.

The integrand is monotone decreasing in n, and clearly finite for n > 1 + a™, so the

decreasing limit is

lim J, :/ teeteos(e) gy

n—oo 1
which is finite. We have now bounded all four integrals by multiples of n=*"!, so the proof

is complete. O
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We remark that the o-theorem follows from the O-theorem if you can keep track of the
constants. That is, if F' = o(G) then F' < e¢G in some neighborhood of 1 for any positive
€. Thus if constant in the conclusion of the O-theorem can be made to go to zero as the

constant in the hypothesis goes to zero, the o-theorem is proved.

The counterpart of the transfer theorems is the asymptotic determination of coefficients

of functions in the class C. We quote Flajolet and Odlyzko’s result.

Theorem 2.5 (Flajolet and Odlyzko Theorem 5) Let G(z) = (1/(1—z))*log”(1/(1—
2))log® log(1/(1 — 2)) = X bp2" be in the class C. Suppose that o ¢ {0, —1,-2,...}. Then

1 a—1 0% 1
by, F(a)n (logn)?(loglogn)°.

When § = 0, there is a full asymptotic development in decreasing powers of logn.

When « is a nonpositive integer, a complete asymptotic development is also available.

In the case v < 0 = § the leading term turns out to be
by = —bI'(1 — a)n® L (logn)’ L. (2.6)

We apply this to an example on branching random walks.
Example 12 (Branching RW)

Begin with a single particle at 1. Each unit of time, each particle not at zero gives birth to
two particles, which are displaced from the original particle by 41, being independently +1
with probability p and —1 with probability 1 —p. A particle at 0 never moves or reproduces.
Let Z > 2 be the total number of particles ever to reach 0. Let a,, := P(Z = n) and let
6(z) = BEzZ = > _n>2an2" be the generating function. An identity for ¢ may be derived as
follows. Start with one particle at 2 and freeze any particle that reaches 1. Then the number

of particles to reach 1 will be distributed as Z. Now unfreeze these, so each produces an
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identically distributed number of particles reaching 0. Thus the generating function for the

number to reach 0 starting with a single particle at 2 is ¢(¢(z)). Hence

¢(2) = [(1 - p)z + pp(e(2))]* .

We consider the critical case, where p = (2 — v/3)/4 is the supremum of values such that
P(Z = 00) = 0. It is shown in Aldous (1999) that 16p(1 — p) = 1 and that for this value

of p, the variable Z is almost surely finite and in fact has finite mean. [To see this is the

critical value, note that among 22" branches of a tree to depth 2n, each of which carrying

a sum whose distribution is Binomial with parameters 2n and z, the expected number of

branches to the right of zero is of exponential order 22"(4x(1 — z))"™. This goes to zero as

n — oo exactly when z < p).

To apply transfer technology, we will show that

1—2 1—2z
P(z) =1- - (C+O(1))m7

4p
where ¢ = log(1/(4p))/(4p). It follows from this and (??) that

an ~ cn”?(logn) 2,

so that Z has a first moment but not a “1 4 log” moment.

The derivation of (??) is given in Aldous (1999) so we only sketch it here.

0 < zp < 1 and let z, = ¢(~™(2) so that z, 1 1. The recursion for ¢ gives
20 = ((1 = p)znt1 +pza—1)*.
Changing variables to y, = 1 — z, gives
yo = 1= (=)= ynr1) +p(1 = yn-1))’
= 1= (1= (1 =p)ynt1+pya-1))*
Solving for y,+1 gives

I — V1 —=Yn —pPyn—1

1—p

Yn+1 =
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Setting =, = y,/(4p)" and using 16p(1 — p) = 1 gives
Tyl = 20p — Tp—1 + O(yn>2

Verifying first that y, is small, we then have z, ~ An + B, whence y,, ~ (4p)"(An + B).

We may write this as

Yn+1
log 41/ log(4p)

Yn+1
n—+1

Yn+1 = 4pyn + (14 o(1)) = 4dpyn + (1 + o(1))

Let z =1 — ypt1 80 ¢(z) = 1 — y,,. We then have

1—2 1—2z log(4p)

1 0(2) =~ (L o(1) B

proving (?77).

3 Oscillating and Laplace-type Integrals in One Variable

To motivate a rather long excursion into oscillating integrals, I am going to do a derivation,
just in two dimensions, of the representation of the coefficients of F' as an oscillating integral.
The material on purely oscillating integrals follows Stein (1993, ch. VIII), which is a very
fine source. To arrive at the best results for complex phase, the techniques of Bleistein and
Handelsman (1986) and Wong (1989) are added to the mix, and some interpolation is also

necessary.

We will need to define a few concepts and quantities associated with F'. Let F' = G/H

the quotient of analytic functions and let V be the zero set o H.

Definition 1 Say that a point (z,w) € V is a smooth point of V if the partial derivatives
of H do not simultaneously vanish there. Although this definition appears overly restrictive,
it will be seen to lose no generality. Say that (z,w) is a strictly minimal point of V if there

is no other (2/,w') € V with 2’| < |z| and |w'| < |w].
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Let (z0,wp) be a smooth point of the variety V where the denominator, H, of F' vanishes.
By definition, H, and H,, do not both vanish at (zp, wp), and here we assume without loss
of generality that H,, is nonvanishing. Define the function g (we reserve this letter globally)
to be a parametrization of V near (zp,wo), that is, (z,¢(z)) € V for z in a neighborhood of
20, and g(z9) = wo. The implicit function theorem is effective for series, meaning that the

series coefficients for g are easily determined from the series coefficients for H.

Next, define a function v by

$(x) = — lim (w—g(z)) %)

w—g(z) w

This is just (—1/g(z)) times the residue at g(z) of F' (recall that F(z,-) has a simple pole

at g(z)). It is convenient to change variables in two ways. We wish to let z = zpe® and

view ¢ and g as functions of 8. So we define

$(0) = (20€”) .
For fixed (7, s) € RP!, we center log g by defining

0
sec) |1y,

f(&) = log 9(20) s

We now state the lemma on which all computations for smooth point expansions are
based.

Lemma 3.1 (Reduction to oscillating integral) Let (29, wq) be a strictly minimal sim-
ple pole of F = G/H. Assume that wH,, # 0 at (z9,wp). On a neighborhood N of zero,
define a quantity

= = (21) Loy Ty /N exp(—s7(0))d(6) db. (3.1)

Then the quantity

|2l[wp] lar,s — E|

decreases exponentially as N remains fized and (r,s) — oc.
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PROOF: For € € (0, |wpl), let T be the torus {(z,w) : |z| = |20|, |w| = |wo| —€}. By Cauchy’s

formula,
1 2
ars = <> / 2T T R (2, w) dw dz (3.2)
271 T
Write this as an iterated integral
1 2/ —r—1 [ —s dw

Ars = | — z w °F(z,w) —| dz 3.3
" (2m> |2|=]zo0] Co (z:0) w (3:3)
where Cy := {w : |w| = |wo| — €}. Let K C {z: |z| = |20|} be a compact set not containing

29. For each fixed z € K, by the minimality assumption, the function F'(z,-) has radius of
convergence greater than |wg|. Hence the inner integral in equation (??) is O(|wp| + €)~°.

By continuity of the radius of convergence,we may integrate over K to see that
|20 ||wg] / 2T T R (2, w) dw dz
KxCo
decreases exponentially. Thus if N is any neighborhood of z in the torus {z : |z| = |20|},

Qrs — (217”)2 /Nz_r_l {/61 F(Z;w) aZ}u} dz‘ (3.4)

decreases exponentially. Thus we have reduced the problem to an integral over a neighbor-
hood of z.

the quantity

B

Near zy we have parametrized V by w = ¢(z). Let C; be the circle of radius |w| + e.
When N is sufficiently small compared to e, the image of N' under g is disjoint from Cj.
Fix such a neighborhood. For any z € N, the function F(z,-) has a single simple pole in
the annulus bounded by Cy and C;, occurring at g(z). The residue of F' at g(z) is equal to

R(z) := —¢(2)g(2) "

Therefore, for each fixed z € N,

F F
/ (Zflu) dw = / Flzw) dw — 2miR(z).
Co w* C1 Ws+1
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But |z5[w§]] fo, F(z,w)dw/(z" T wsT)] is bounded by a constant multiple of (1 + ¢/|w[)~
(the constant depending on the maximum of F' on C;) and hence |2"||w®||a, s — X| is expo-

nentially decreasing, where

X = (2ri)! /N 2 g (2) "5 (z) dz (3.5)

= (2m)—1zorwos/Nzrdz (g('z) )_51/}(2)-

20" 2 \g(20)

Changing variables to z = zpe'? and dz = izdf turns the quantity X into

(2m) Lz T /N/ eir0(0) (Q(Z) )_s 20

9(20)

and plugging in the definition of f yields

(m) sy [ exp(=sf(0)(6) do

which is none other than =. O

3.1 Laplace integrals

In this section, we let C§° denote the class of smooth (C°°) functions supported on a

compact subset of R. Choose 9 € C§°.
Question: What is [ ¢’ 1h(z) dx, and why?

While you think about, I will go on to outline our treatment of oscillating integrals. Our

aim is to treat integrals of the form

/ N @y (z) da

where f(z) may have an imaginary component which causes the integrand to oscillate

(rapidly, as A — o0). To see what is going on, we begin with a real integral. Let k > 2 and
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I > 0 be integers. Let t = Az* so that x = t'/¥/AV* and dx = k=1'/k=1 /\1/k. Then

0o 0o l/k 411/k—1
—\zF 1 _ —t 3 4

B 1 r [+1
T EANED /K k :

This leads immediately to

Proposition 3.2 Let ¢ € C§° and let b; = »)(0)/5!. Then as A — oo, the integral

' e*’\ka(x) dx has asymptotic development

Z a+ (ka l)bl)‘_(l+1)/ka
=0

[+1
ar (k1) = kT (;) .

Remark: When k is even it makes sense to integrate instead from —oo to co. We see by

where

symmetry that the integral in (?7) will then vanish for odd values of [ and double for even
values of . Thus it makes sense to extend our notation to define a_(k,1) = (—1)'ay(k,1)
when k is even, and to let a(k,l) = ay(k,l) + a—(k,1), also defined only for even k. When
k is even, Proposition 7?7 then holds with a instead of a4 and the integral going from —oo

to oo.

PROOF: Define Py(z) := YN bzl and Ry(z) = 2~ VD (y(z) — Py(x)). Choose b
greater than any point in the support of ¢ and note that on [0,b], |Ry| < C where
C = supg<;<p YN+ (2) /(N + 1)!. Each function e~ "2l is integrable, hence we may

write

o0 k o0 b N 00 &
/ e—)\:c ¢(.’L‘) dr = / e—)\CC .TN+1RN(CC> dx + Z bl/ e—)\x xl dr .
0 0 =0 70
This proves the proposition, if the first integral on the RHS is O()\_(N +2)/ k). This is easy:

/ e_)‘xkxN"'lRN(x) dx
0
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IN

b
/ ’e—/\xkxN“RN(:c)’ dx + dx
0

/ e Py (x)
b

IN

| —azk . N+1 Al RV
C/ ‘€_x$+’dil‘+2|bl|/ e "rtdx
0 P b
< C/)\f(N+2)/k_‘_C//ef/\b’“7_

Thus the RHS is indeed O(A~(N+2/%) and the bound is in terms of b for I < N and
supg<a<p ¥ (2) /(N + 1)L H

Remark: If the integral is an analytic function of A, our motivating question is answered

in(I+1)/(2k) g6 that the expansion in Propo-

by replacing A with ¢\, introducing a factor of e
sition 77 now has coefficient a+(k,l)ble”(l+1)/k for the A\~(+1/k term. The philosophical
point here is that oscillation (change of phase) kills the integral just about as fast as am-

plitude decay (change in the real part of the exponent).

Our outline for generalizing this proposition is as follows. The proof of Proposition 77 is
already valid when 1 is complex-valued. Next, we replace —x* by any —f € C§° vanishing
to order k at zero, as long as the support of ¢ is sufficiently small. Next we allow f to take
complex values, as long as the strict minimum of Re{f} occurs at f(0) = 0. Finally, the
hardest case is when f = i¢ with the real function ¢ € C§°. This is the “purely oscillatory”
case. The non-decay of the magnitude of the integrand requires some extra care in handling,

though in the end we will see that the computation in the preceding remark can be justified.

Fix a real valued f € C°. Denote ¢, := f*)(0)/k!, and assume that for some & > 1,
¢ > 0 and each c¢; vanishes for j < k. (This is what I mean by a function vanishing to
order k at zero.) Choose b less than the first positive value at which f” vanishes. Then
the function y(z) := [f(x)/ck]'/* is a diffeomorphism of [0, B] to [0, B*]. The derivatives
at 0 of the inverse function x = F(y) are easy to compute formally. Since this inversion is

computationally necessary, we show the first few terms; in general note that the first j + 1
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coefficients of F' depend only on the first j coefficients of F' starting at cg.

Lepir o 3+kciy  logo) s 4
Fly) =y — -1 -~ O(y%).
W) =y-7 Rl e Z ko )? +O0(y")

Let 1 be a smooth complex-valued function with compact support in [0, B). Again let b;
denote (7)(0)/5!. Defining ¢ := () o F) - F', we denote b; := 1\ (0)/5!. The first few of

these are then given as follows (see the later derivation at (77)).

bo = b (3.7)
- b
by = <b1 _ 2007”1)
k Ci
7 b1 k41 3+kci Lo
by = |by—3——— 4 3b - = .
? (2 Bk 0(%2 a koo

In general the first j depend only on the first j coefficients of f and %), and the first nonvan-
ishing &; is equal to the first nonvanishing b;. Changing variables gives fOB e M@y (z) de =
Jo& e @Y g (y) dy, giving:

Theorem 3.3 There is an asymptotic development

/0 e M@ (@) dr ~ 3 ay (k, Dy, THFA-GD/E (3.8)
=0

where the coefficients b depend only on bj and cy; for j <1, and the constant in front

of the \™WAV/E vemainder term may be bounded in terms of the supremum of the first N

derivatives of f and 1 on the support of ¥. When k is even, the same result holds with

a(k,l) in place of ay(k,1) and [ in place of [5°. 0

Remark: The constants ¢, and A may be lumped together: replacing f by f/c, and A\ by
ciA it is clear in advance that the dependence on ¢, and A will be via the product cpA. The
reason for separating out the ¢, dependence as above is that when f is complex, the phase

Jk

of the integral will rotate with powers of c,lc , and subsuming this into the definition of b

would be less clear.
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3.2 Complex phase

It is now almost trivial to extend this to the case where the exponent is complex. Let
f:RT — C be smooth and let ¢; denote fU)(0)/4!. Let k be minimal such that ¢, # 0; we
assume 1 < k < co. Let m be minimal such that Re{¢,,} # 0. Since we will need Re{f} > 0

away from 0, we assume of necessity that Re{c,,} > 0.

Theorem 3.4 Under the above assumptions on f, let 1 be a smooth function supported in
(0,b), where f(0) = 0, f' has no zeros in (0,b) and f maps (0,b) into {z : Re{z} > 0}.
Let b; denote YU /51 Then the asymptotic development (??) holds, with the constant in
the OA~WNHD/™) term depending on the derivatives of f and ¥ up to (N 4+ 1)m/k — 1.

The numbers cig/k must be understood as powers of the principal root c,lg/k

, namely the root
with argument between —m/(2k) and 7/(2k). When k is even and the assumptions of the
theorem are extended to an interval (—b,b), with the integral extended to the whole real line,
the expansion holds but the terms with odd values of | disappear and the even terms are

doubled.

PROOF: As x — 0T, the value of f(z) approaches 0 staying in the right half plane. This
time we change variables to z = f1/*. Define G by z = G(z), and = (Yo G)-G'. Since
z = c,lg/ky, we have G = F o (z — c,:l/kz), so the j coefficient of 1 is c,:(j+1)/kl~)j. The

integral [5° e (@) (z) dz now becomes
gk
/ e (y) dy
g

where v is a contour from 0 to b* := f(b)l/k. For 0 < N < M, write 1; as Pn + Py +
Tpm+180 where Py p is a series of monomials of degrees N +1,..., M. Then the integral

becomes the sum of three terms:

[ Pudy+ [ Prart)dy+ [ e 5N Ry () dy
v v v

The first two of these integrals may be evaluated by moving the contour. Since f stays in

the right half plane, the 1/k powers may all be chosen to have arguments between —/(2k)
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and 7/(2k). Let ' be the line segment [0,¢] followed by the line segment from € to b*,
where € is small enough so that f and 1/; are analytic in the domain bounded by v and ~/
(choosing b as small as necessary as well). Then integrating over [0, €] gives the series (?7)
out to term N + M (recalling that the I** coefficient of Y is c,;(lH) / kgl) The integral over
the segment from € to b* is exponentially small in A, since the real part of f is bounded

away from zero there.

To bound the third integral, parameterize v by arc-length. The arc-length to the point
f(t) on v is given by s(t) ~ cxt* as t — 0. Since the real part of f(t) is at least a constant
times ™, we see that Re{v(t)¥} > Cs™/*. Thus an upper bound for the absolute value of
the third integral is

| e Ry a0t

As before, we see this is bounded by C/'A~(M+1/m where €' depends on the first M
derivatives of f and 1. Choosing M > m(N + 1)/k we have a remainder term that is

O\~ N+1/k) “and we are done. 0

When k£ > 3 is odd?, the only way it is possible for f to be defined smoothly on an
interval [—e¢, €] and remain in the right half plane is to have ¢, purely imaginary and to have

m even. In this case we obtain the following corollary.

Corollary 3.5 Suppose f is a smooth function mapping (—b,b) into the right half plane,
strictly except at f(0) = 0, and v is smooth and compactly supported in (—b,b). Define
k,m, {l;J 17 >0} and {cj : j > k} as before, assume k > 3 is odd, and define

a(k, 1) == ay (k1) [/ DT/ CR) 4 (_q)lemilbenm/@h)] (3.9)
Then if k is odd, there is an asymptotic development

/ e_’\f(z)zb(x) dx ~ Z a(k, l)Blsgn(arg(ck)) |ck]_(l+1)/k)\_(l+1)/k
- 1=0

2When k = 1 one finds that all the coefficients vanish, corresponding to the fact that the two-sided

integral is rapidly decreasing at a non-stationary point.
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PRrROOF: The integral from 0 to oo is given by (??). Changing variables to —x instead of z,
we see that the integral from —oo to 0 is the same but with c; replaced by ¢; = —c¢, and

with f(z)/cx replaced by f(—z)/(—ck). The term l;lc,;(lﬂ)/k is then replaced by a sum

leading to a combined contribution of

by (H1)/k [ei(l+1)7r/(2k)+(_1)le—i(l+1)w/(2k) 7

proving the corollary. O

3.3 Purely oscillating integrals

Theorem ?? fails to be sharp in one respect. The magnitude of the A=/ error term
should still be bounded in terms of the first | derivatives of f and . In other words,
our approach begins to be inefficient when the oscillation is of greater magnitude than the
amplitude decay. The logical continuation of this is that when there is only oscillation and

no amplitude decay at all, a completely new approach is needed.

The prototypical oscillating integral is an integral of the form

/ exp(iAd(x))eb(x) dX (3.10)

where ¢ and ¢ are analytic functions, ¢ € C§°, and we desire asymptotics as A — oo.
Integrals of this form are governed by the existence of stationary phase points (points
where ¢/ = 0) and by the behavior of ¢ and v near such points. If there are no such points
then the integral is typically exponentially small in A (we have now seen why this should

be true “by analytic continuation”).

The wrinkle in this case is that the magnitude of the integrand does not decay away
from the stationary point, so the step in the proof of Theorem ?? in which the contour

is moved to the real axis will have a contribution potentially too large to ignore. We
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therefore take advantage of the well known partial integration approach to determining the
asymptotic development of purely oscillating integrals. Following Stein (1993), we begin

with a localization principle.

Lemma 3.6 (localization lemma) Define

I(\) == /ab @y (1) da (3.11)

where ¢ and 1 are given functions in C°, with 1 having compact support in (a,b). Suppose
¢ (x) # 0 for all x € (a,b). Then I(N\) is rapidly decreasing, i.e.,

IN) =00\ ™) as A — oo

for any N > 0.

PROOF: The smooth vanishing of ¥ at the endpoints allows us to integrate by parts without
introducing boundary terms. Let dU = iA¢'e"*? dx and V = v /(i\¢') to get

I0) = — / ' e“qﬁ@)% (M‘” ¢,> (z) da.

For any N > 1 we may repeat this N times to obtain

b
IO = — / 2@ \NDN (1) (z) da (3.12)
where D is the differential operator f — (d/dx)(f/i¢’). Letting

A(N,¢) = sup [D"y(x)],

a<z<b

we see that
I(A) < AVAN, )

which proves that I()) is rapidly decreasing. O

We call this the localization lemma for the following reason. Suppose in (?7) we allow ¢’

to vanish on some finite set of points x1, ..., z4 € [a,b]. Then I claim that the contribution to
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I(\) from any closed region not containing some x; is rapidly decreasing, so the asymptotics
for I(A) may be read off as the sum of contributions local to each x;. Indeed, for each i
let [a;,b;] be tiny intervals containing z;, with all intervals disjoint and let &1,...,&; be
a partition of unity subordinate to {[a;,b;] : 1 < i < d}. Once we see how to obtain
asymptotics in a neighborhood of x; containing no other critical points, we can write ¢ =
Yo + 2?21 ¥&;, so that the support of iy contains no x;. By the localization lemma,
[ €@ g (z) da is rapidly decreasing. It follows that as long as the integrals I;()\) :=
f eiA¢(x)1j)i($) dx sum to something not rapidly decreasing, the asymptotic development of

I()) is gotten by summing the developments of I;(\).

In the case of Lemma ?7? a simpler proof would be to change variables to y = ¢(z). This
reduces the result to the more familiar statement that the Fourier transform of a smooth
function 1) o ¢! decreases rapidly. I chose the above proof because the assumption that

¢’ # 0 is about to go out the window.

The assumption of compact support is especially important in the purely oscillatory
case. In this case the modulus of the integrand is always order 1, so an integral over an
interval near whose endpoints ¥ does not vanish will have boundary contributions on the

possible order of A™!. For example,

i
which is ©(A™!) when A avoids multiples of 27(b — a)~!. Tt should however be noted that
integration over a compact manifold without boundary qualifies as compact support. Thus
if C is e.g., the unit circle, the integral [, exp(iA¢(z))y(z) dr may be done by parts, with

no boundary terms ensuing. If ¢’ is nonvanishing then the integral is rapidly decreasing.

Define some shorthand for several classes of integrals:

I0i00) = [ eM0y() da (313)
k) = [ e ) das (3.14)
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I\ K, 1,6) = / et =01l ol . (3.15)
— 00

Let I (resp. I_) with the same sets of arguments denote integrals from 0 to oo (resp. —oo
to 0) of the same integrands. Our final result for one-variable purely oscillating integrals

will be the asymptotic development of integrals defined as follows.

Theorem 3.7 Let ¢ and 1 be smooth real functions with v € C§°. Assume that the order
of the first nonvanishing derivative of ¢ at 0 is some number k > 2 and that 0 is the
unique value in the support of 1 at which ¢' vanishes. Let by := w(l)(O)/l! denote the Taylor
coefficients of 1 and let ¢ = (¢ o F) - F' where F is the inverse function to x +— (¢/cp)'/*

where ¢; := ¢V (0)/1). Then as A — oo, there is an asymptotic development

I(X6,0) = Y Alk, Dby AR
=0
The coefficient of \"HD/E is a4 continuous function of the first I derivatives of ¢ and ¢ at
0 (for 1 < 2 see the explicit equation (7)), and the constant in the O(A\~NTV/E) remainder
term is bounded by a continuous function of the suprema of the first N + 1 derivatives of ¢

and v on the support of 1. An expansion of exactly the same form holds for I and I_.

An outline of the proof is as follows. We first restrict attention to the case where

l

#(x) = 2. Ideally we would like to solve the case where ¥(x) = 2! as well, and then use

l

the Taylor expansion of ¥ to sum these. Since x' is not compactly supported, this does not

make sense, but if we throw in a Gaussian cutoff factor of e we may then carry out
this program. Sending ¢ to zero, we find that the 2! term of 1) contributes to just one term
of the asymptotic expansion, so summing over the Taylor expansion of ¢ easily gives the
full asymptotic development. More general phase functions ¢ may be handled by a change
of variables which reduces to the special case ¢(x) = 2* but with a different function 1.
The effect of this change of variables on the coefficients of the asymptotic development are
easily computed by recursion, though we do not present a closed form expression for them,

except for the first several terms.
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Two lemmas will be useful. The first is an estimate on the magnitude of an oscillating

integral when the amplitude at the stationary point vanishes to a given order.

Lemma 3.8 Ifnc C§° and !l > 1 and k > 2 are integers, then

’/ ei’\xk:nln(w) dz| < CA~HD/E (3.16)

—0oQ
for a constant C' depending on k,l and the first | derivatives of n. The same estimate holds

if the integral is over the positive half-line and the closed support of n is contained in (0, 00).

An immediate corollary is

Corollary 3.9 Suppose g is smooth, vanishing in an neighborhood of 0, and that g(x) =
O(|x|=N) for every N. Then

for every N.

PROOF OF LEMMA: Let a be a smooth function equal to 1 on |z| < 1 and vanishing on

|z| > 2. Choose an € > 0 and rewrite (??) as
ixek 1 ixek 1
/e x'n(r)a(x/e) dx + /e z'n(x)[l — a(x/€)] dx. (3.17)

The absolute value of the first integrand is at most |:U|l|\n||°°1‘x|§2€, yielding an integral of
at most C1et! where C1 = ||n]|o21 /(1 + 1).

The second integral will be done by parts, and to prepare for this we examine the
iteration of the operator D := (d/dx)(-/2*~1) applied to the function z!n(x)(1 — a(z/¢)).
The result will be a sum of monomials, each monomial being a product of a power of =z,
a derivative of 7, a derivative of o and a power of e. In fact if (a,b,c,d) is shorthand for
27 (2)a9) (z/€)e?), and a > 0, then

D(a,b,c,d) = (a—k+1)(a—k,b,c,d)+(a—k+1,b+1,¢,d)+ (a—k+1,b,c+1,d—1).

46



By induction, we see that DV (a,b,c,d) is the sum of terms C - (r,s,t,u) with r +u >
a+d—kN,s<b+ N,t<c+ N,and C < (kN Va)!. In particular, since ¢ < z we may

replace positive powers of € by the same power of x to arrive at the upper bound:
DY [a'n(2) (1 = afw/e))] | < LapzeClal ™ (3.18)
where C' is the product of sup <y z1e(1,2) n9)(x) and SUD < N, |z|€(1,2) a9 (z).

Now we fix an N > 1 and integrate the second integrand of (??) by parts N times, each

time integrating —ikAzFleir" and differentiating the rest. The resulting integral is
/ N (—ikh) N DN [aln(x)(1 - a(x/e))] de.

By (7?), the modulus of the integrand is at most Cl|w‘26\x|l_kN(k:)\)_N, which integrates to
at most CoA~Nel=FN+1 Get € = A\~1/* and add the bounds on the two integrals to obtain
an upper bound on [ " g(z) dx of (C1 + Co)A~+D/k We have also shown that C; and
C5 depend only on k, I, the first [ derivatives of 17 and the first [ derivatives of . We may
take o always to be a fixed, convenient function, and incorporate its derivatives into our
constants. This proves the lemma for integration over R. For integration over R™, the
proof is exactly the same, with the absolute value of the first integrand bounded identically,
and the second integration by parts done only on the right half-line (no boundary effects

occur since 0 is not in the support of 1 — «). O

The second lemma computes the asymptotics when ¢ and v are monomials and a damp-

sk .
92" is imposed.

ing factor of e
Lemma 3.10 As A — oo, there is an asymptotic development

Ik, 1,0) = A" UDES ™ g4, k1, 6)A
=0

The same holds for I+ and I_, whose coefficients are denoted respectively by ay and a—_.

The constants in the N remainder term remain bounded (in fact go to 0) as & — 0.
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PROOF: Let z = (§ — i\)'/*¥2, where we choose the principal branch of w'/* i.e.,
|Arg(w"/*)| < 7/ (2K).

The quantity Iy (A, k,1,0) may be written as

oo(§—iN)1/k & dz
ks y\—l/k K
/0 e F (0 —iN) "z G inE

The integrand decreases rapidly as z — oo with |Arg(z)| € [0,7/2 — €], so we may rotate
the contour of integration back to the positive real line, obtaining
Lo\ K1, 8) = (5 — ix) U 0/k / el da
0
taking the [/k power to be the [ power of the principal 1/k power. The definite integral has
value a (k,1) = k= 'T((1+1)/k). Writing (6 —i)\)~HD/F as (—iX)~ED/E(1 455 /2)~EHD/E

the binomial theorem then gives

Lo (A k1, 6) = a (k, 1)eim(+1/ (k) \=G+1)/k i(i(s)j (—(l + 1)/k> i
J

7=0
This proves the lemma with

J

The proof for I_ is identical, and the result for I follows from [ = I, + I_. O

Since we are going to send § to 0, we do not at this point need explicit forms for the
coefficients a4 (7, k, [, ). Instead, we compute limits as § — 0. For j > 1, a4 (j, k,1,0) — 0
as 6 — 0, and the same with a_ and a. When j = 0, we obtain Ay (k,[) easily from (77?).
To obtain A_(k,1) observe that when k is even, A_(k,1) = (=1)! A, (k,[), while when k is
odd, A_(k,1) = (—1)* A (k,I). This leads to

Ap(kl) = Jim, ar(0,k,1,8) = k~'T (T) e/ (2k) (3.20)
: Lt (LD (Cykiragn)/c2r)
A_(k,l) = 513& a_(0,k,1,0) = (=1)k—'T )¢ ; (3.21)
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o _ 20 (TN gy k)
A1) = 5£rg+a(o,k,z,5)_kr<k)e [R5 (3.22)

if k is even;

A(k‘J) =  lim a(()’ kL, 5) = EF <l—£) {em(l-l-l)/@k) + (_1)l6—z7r(l+1)/(2k)] (323)

6—0t

if £ is odd.

We are now ready to prove a restricted version of Theorem ?7?.

Theorem 3.11 Let € C§° with 0 in the support of 1. Let b; = Y (0)/5!. Then I(\, k; )

has asymptotic development

[ee)
IO Ksp) AR by A, )N
j=0
and the same with I and A replaced by I+ and Ax. The constant in the OAN~N/*) remainder

term is bounded in terms of the suprema of the first N derivatives of ¥ near 0.

PRrROOF: We prove the result only for I, since the proof for I_ is identical and the result
for I follows by summing. Let U be a smooth function that is 1 on the support of ¥
and vanishes outside of a compact set. Fix N > 1 and § > 0 and define the polynomial
P(x) = Pns(x) to be the sum of the Taylor series for e‘sxk@b(x) through the v term. Let
b;s denote the Taylor coefficients. Define the normalized remainder term R(x) = Ry s(x)
by ¥ ih(z) = P(x) + N R(z). Now represent I, (), k; 1) as

/Ooo ei)‘:ckw@) dr = /OOO et oot [e‘hkd)(x)} U(x)de =A+B+C

where

e}
zke*‘;ka(a:) dx ;

[e.e]

J
J

A = e

B = ei)‘xkxN+1e_5ka(x)U(x) dx ;

0

C = / ei)‘xke_‘ska(m)(U(m) —1)dz .
0
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By Lemma 77,

al o ixek —oxk 1
A = E bis e e z" dx
0
=0

N
= > bisI(A\k,1,0)
=0
N N
= > bis 3 AT Ra k1, AT + O IHED/AI VD)
=0  j=0
N I+1+45(N+1)
= Zbl 5a(0,k,l,5))\_(l+1)/k + Z fj)\_j/k +O()\—(Z+1)/k—j(N+1))
=0 j=l+1

where the coefficients ¢; are sums of products of coefficients b; 5 with coefficients a(j, k, [, 0)

for which j > 1.

By Lemma ?? with n(z) = e " R(2)U(z) and | = N + 1, we know that the magnitude
of B is bounded by KA~U+2/k  Similarly, by Corollary ??, we see that C is rapidly
decreasing as A — oo, hence of magnitude at most KA~'. Furthermore, in both cases K
may be bounded in terms of k,! and the first [ derivatives of ¢, the bound being uniform
over § in a neighborhood of 0. It follows that I, (), k;%) has, up to the A=U+D/F term,
the same asymptotic development as A. In particular, the asymptotics of A do not depend
on ¢ to this point. As § — 0, the coefficients b; 5 — b;. Thus we may send § — 0, which

annihilates all terms with j > 1 and leaves

N
LNk v) & Y by Ay (e, A~ D/
1=0
which is the desired expansion. O
PROOF OF THEOREM ??: By assumption, ¢(z) = cxz*(1 + 6(z)) where 6(z) = O(|z|). Let
y = 2(146(z))Y/*. This is a diffeomorphism in a neighborhood of 0, and we write z = F(y)

to denote its inverse. Then c¢;y* = ¢(z) and so we may change variables to write
[ @@y da = [ i) dy.
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where ) = (¢ o F) - F'. Absorbing ¢j into A shows that
I 6,4) = o " TRIN ks ) (3:24)

The derivatives of 1/; at zero are easily computed from derivatives at 0 of ¢ and %, and

depend continuously on them, which complete the proof. O

As promised earlier, we derive expressions for the first few terms of the expansion . We

may express y = (¢/c)/* by

Ck+1 Ck+2 2 3 MR
y = :E(l—i—x—l—:z: +O(z ))
Ck Ck

Legyr o lepyo | 11-Kk1ci, )\ 4 4
= g4 B - Sk O(ah).
IJrk ck$+ k ¢k Jrk k 20% T+ 0()

Inverting we get © = F(y) where F' is expressed as

Y

Lok o <3+k‘ci+1 1 Cpy2
Ck

koo Y 2k2 ¢ ok ) v’ + 00"
Then F'(y) = 1= (2/k)(ciy1/cR)y + 3[(3 + k)/(2k?)(ciya /) — (1/ k) (crsz/er)ly? + O(y°)
and ¥ o F(y) = by + b1y + (b2 — (b1/k)(cky1/ck))y* + O(y3). Recalling that {b;} are the

coefficients of 1, and l;j are the coefficients of 1, we see that

by = by (3.25)

~ b
by, = b — 270 Ck+1
k ¢k

- b1 k41 3+kciy Lo
by = by—3" b - .
? 273 +3°<2W a koo

4 Oscillating integrals in several variables

In one variable, points where the phase function is stationary may be classified by their

degree of vanishing: any two functions vanishing to order k are diffeomorphically equivalent.
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In more than one variable, there are many possible geometries for the behavior of a function
near a critical point. There are as many different oscillating integrals as there are geometries
of zero sets of functions. For a wide-ranging treatment (but not all the proofs) see Arnold
et al (1988). Rather than attempt a comprehensive treatment, I will present two basic

theorems and then develop the estimates needed for later asymptotic computations.

4.1 Localization

As before, we let f : R? — C be a smooth function, let ¢ € C°(RY), and denote I()\) :=
[ e M®h(x) dx. We assume throughout that f(0) = 0 and that f has a critical point at
the origin, i.e., 7 f(0) = 0. Letting

0’ f

qij = 81‘18113] . )

we then have near the origin a Taylor expansion

1
fx) =35 > aijzizy + O(|x[?).
i?j
Let @ denote the quadratic form Q(x) = 3=, ; gijziz; and let M = M (Q) denote the matrix
(gij) representing @ called the Hessian of f. The simplest case, and the only one we will
need here, is when M has full rank. Accordingly, we define f to have a nondegenerate
stationary point at the origin if 7 f(0) = 0 and if M is non-singular. Intuitively, this means

f vanishes to order two but not to any higher order.

We should already be able to guess the expansion of I(\) in this case, via the following
steps. (1) localize to a neighborhood of the origin. (2) by a change of variables, f becomes
the sum of IL‘? and 1) becomes z/NJ (3) expand @ZNJ into monomials. (4) the integral of a
monomial against a diagonal quadratic form factors into the product of one-dimensional
integrals, of the type we have already done. As before, approximating ¢) by a polynomial
requires a little work since polynomials are not compactly supported; this is summarized in

Lemma ?? below. In addition, step 1 requires a new localization lemma and step 2 requires
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the Morse Lemma along with some easy linear algebra. We begin with the localization

lemmas.

Lemma 4.1 (multivariate localization) Let ¢ € C§° map R? to C and f € C*> map
Ry to C with Re{f} > 0 and 7 f nonvanishing on the closed support of 1». Then as A — oo,
the integral

I\ = /Rd M (x) dA

is O(A\™N) for any N > 0. The estimate is uniform when | <7 f| is bounded away from zero

and depends only on the first N derivatives of f and v ,and on inf | <7 f].

PROOF: For each x in the support of v, there is some unit vector £, and a ball B, around
x such that & -7 f(y) > ¢ > 0 for all y € B,. The number of balls necessary to cover and
the proximity of ¢ to zero may be bounded in terms of inf | 7 f| and sup |/ f|. We may

write I(\) as a finite sum

Z ei)‘f(x)djk (z)dz
k

where each 1)y is supported in some ball B,,. Fix k and let &, be the first vector in an

orthonormal frame &, ...,&;. Write
[N Ouwyan = [ ([ @) i) des-dea

By the one-variable localization lemma, the inner integral is at most A(N, vy; f)A™Y, where
A depends only on the supremum of the operator (d/d&;)(f/i(0f/0¢1)) applied n times to
f := v [note that equation (??) assumes only that [¢* )| < 1 and not that f is reall.
Thus the inner integral is uniformly O(A~") for any N, and by integrating we see that I())

is as well. O

For later application, we will need a version of the localization lemma that works when
the region of integration has a boundary, as long as there is some direction along the bound-
ary in which the phase is changing. To set this up, we discuss a more general boundary

condition. The domain of integration, D, will be assumed to be a nice cell complex, which
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we now define. A nice cell complex in d dimensions is built out of manifolds of different
dimensions, at least one of which has dimension d. A j-manifold means an orientable man-
ifold without boundary, so it may be diffeomorphic to an open disk in R7, or to something
else such as the torus (S')7. We define a nice cell complex in to be a disjoint union of
manifolds, called its cells. If S and T are j and j + 1 cells respectively, then we require that
either S is disjoint from the closure T or else S C T,. In the latter case, S UT is locally
diffeomorphic to a j+ 1 dimensional half-space. It follows that every point x € D has a well
defined dimension, namely the dimension of the unique cell containing x, and that a point

x of dimension j has a neighborhood in D diffeomorphic to the orthant R7 x (R*)4.

Definition 2 If D is a nice cell complex and f: D — {z : Re{z} > 0} is smooth, we call x
a stationary point for f if Re{f} =0 and 7 f(x) is orthogonal to the tangent space Ty(S)

at x to the unique cell S containing x.

Lemma 4.2 (cell-complex localization) Let D be a nice cell complex and f a smooth
function on D with nonnegative real part. Let v € C°°(D) and suppose that f has no
stationary points in the support of 1. Then

1) = /D exp(—Af(x))¥(x) dx

s rapidly decreasing.

SKETCH OF PROOF: For each x in the support of 1, let Bx be a neighborhood of x in
which either (7) : Re{f} is bounded away from zero or else (ii) : there is a vector £ in the
tangent space to the cell S containing x such that mg(s7f) - € is bounded away from zero; in
the latter case, take a sub-neighborhood which is a product of a neighborhood A of x in S
with another set B. By the hypotheses on D and f, these neighborhoods exist for each x.
Choose a finite subcover and a partition of unity subordinate to it. Then I(\) is the sum
of finitely many contributions, each of one of two types. The contributions of the type (7)
are all exponentially decreasing since the modulus of the integrand is exponentially small.

The contributions of type (i7) may be written as integrals over B of integrals over A. Each
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integral over A may further be written as an integral in the £ direction, then integrated in
all other directions. As in the proof of Lemma 7?7, the integral in the direction £ is rapidly
decreasing, and uniformity allows us to integrate in the remaining directions to finish the

proof. O

4.2 Quadratically non-degenerate stationary points

The next lemma states a simple and well known fact about diagonalizing a quadratic
form over the complex numbers. Recall that quadratic forms @) are in one-to-one corre-
spondence with symmetric bilinear forms B by the correspondence Q(x) = B(x,x) and
B(x,y) = (1/4)(Q(x +y) — Q(x — y)) (the polarization identity). These are also in one-
to-one correspondence with symmetric matrices once a basis is chosen. Given two bases
{x1,...,x,} and y1,...,yn}, if (y) = A(x), then the matrices My and M, representing @
in the respective bases (x) and (y) are related by M, = AT M, A. In particular, we see that
quadratic (or bilinear) forms have a well defined rank, namely the rank of the representing

matrix in any basis.

Lemma 4.3 (diagonalization of quadratic forms) Let Q be a quadratic form of full
rank on a d-dimensional complex vector space. Then there is a basis in which Q is rep-
resented by the identity matriz. Consequently, any nonsingular symmetric matriz over C

may be factored as AT A.

ProOF: Induct on d, the statement being clear when d = 1. When d > 1, we observe
that there must be an x with Q(x) # 0 or else B and hence M would be singular by the
polarization identity. Multiplying by a scalar, we assume that Q(x) = 1. Write V =xC+V’
where V' is the B-complement of x, namely the set of y for which B(x,y) = 0. Since the
representing matrix M has full rank on V it has full rank on V', so by induction, there
is a basis {y1,...,yq4—1} for which Q(Z;t% ajyj) = Z?;% a?, and adding x to the basis
completes the induction. O
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Continuing with background lemmas, we come to the Morse Lemma, which is the multi-
dimensional analogue of the change of variables that straightened out f into a pure power
in Theorem ??. There are many proofs of the Morse Lemma in the literature. The one here
is taken appears in Stein (1993) and Milnor (1969), though I have altered the description
to a formal power series approach, and the complex case (ours) is a little simpler than the

real case (theirs).

Lemma 4.4 (Morse Lemma) Let f be a smooth complez-valued function on R% whose

expansion near the origin is given by

70 = 5Q6) + O(1xP).

Suppose that the Hessian M(Q) is non-degenerate. Then there are functions yi,...,Yyd,

analytic on a neighborhood of the origin, for which
1
= ) Z Yj (X)2
j=1
and Jacobian is a matriz A for which ATA = M(Q).

PROOF: Assume first that @ is represented by the identity matrix, that is, Q(x) = Z;l:l l’]Q
We write 2f(x) as 37, ; z;xj¢;; where ¢;;(0) = d;; and ¢;; = ¢j;. It is obvious how to do
this as a formal power series, hence if f is analytic at the origin. In the C'*° category, one
first writes 2f = 2?21 xjgj where g; = 01 E?Tfj(tx) dt; then, since g; vanishes at the origin, it

in turn may be written as 3.7 z;hij; take ¢i; = (1/2)(hij +hji). Observe that ¢;(0) = d;;.

Now assume for induction that f is of the form (1/2) J 1 y] + Yiior ying])ij’ with
<l~5( 0) = &;5. Then replacing y, by

y/ 1/2 Y + Z y]¢rj
g>r 7OTT
we find that 2f = ZT 1 yj (y.)? + > isr Yiyjdi; and ¢(0) = d;;. By induction, we can
get tor =d and 2f = Zd 1 y2 The changes of variable from y, to y,. all have Jacobian at

the origin equal to the identity matrix, so the final result does as well.
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Finally, to handle the case of a general nonsingular @), use the diagonalization lemma
to write Q = ATA. Then f = f o A where A is the map x — Ax and the Hessian of f is
the identity. By the previous case, Qf(x) = Zdzl Yj (x)2, whence 2f(x) = Z?:l(l/j o A%
since the Jacobian of (x) — y is the identity, the chain rule shows that the Jacobian of

(x) — (y) o A is equal to A. O

To make use of polynomial approximation, we need the multivariate analogue of
Lemma 7?7 and Corollary ??7. The proof is the same as in the one variable case, except that

we need to integrate by parts r; times in the x;-direction for each j.

Lemma 4.5 Suppose that f(x) = %2?21 m? Suppose further that v is smooth and com-

pactly supported. For a multi-index v of nonnegative integers, we let

10) = [ exp(-Af()x"(x) dx.

Then
‘/e_”(x)xr@/}(x) dx‘ =0\~ e ).
If 1 vanishes in a neighborhood of the origin then the integral is rapidly decreasing. O

One final lemma involves the topology of ST C C? defined as the set {(z1,...,z2q) :
Re{z} +---+ 23} > 0}.

Lemma 4.6 Let D* be a the diffeomorphic image of a neighborhood of the origin in R® by
a map ¥ : RY — C? sending 0 to 0. Suppose D* C St. Then there is a neighborhood N
of the origin in R? and a (d + 1)-manifold (with boundary), 0, having the following two

properties.
0 ¢ 00\ (D"UN); (4.1)

0 c st. (4.2)
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SKETCH OF PROOF: Define a homotopy H : D* x [0,1] — C% by H(z,t) = Re{z} + (1 —
t)Im{z}. Suppose H is a diffecomorphism and H(0D* x [0,1]) avoids 0. Then the first
property is immediate for 2 = Image(H ), and the second property follows from the fact
D* € ST together with the closure of St under = + iy — z + iay for o € [0, 1]. If H is not
a diffeomorphism, then either two elements of D*, x + ¢y and x + iy’ have the same real
(d-dimensional) part, in which case the one with the larger imaginary part will be called
the “offending element”, or some nonzero “offending” element of D* is real. In either case,
the offending element of D* is in the interior of S*, so we may perturb the map H keeping
the image inside ST and make it a local diffeomorphism. Doing this in a neighborhood of

each offending point creates a diffeomorphism, with the two properties required. O

Finally, we put the lemmas together into the following theorem.

Theorem 4.7 Let D be a nice cell complex in R containing the origin in its interior. Let
f D — C be a smooth function and suppose the origin is the only stationary point of f on
D, in the sense of Definition 77 and suppose that the quadratic approximation @QQ to f at

the origin is nonsingular. Let 1 be another smooth function on D. Then the integral

10) = [ exp(=AF(x))0(x) dx

has an asymptotic development

_d+tj

IA) ~ ) CiA 2
j=l

where [ is the order of vanishing of ¥ at 0, that is, the minimal degree ) r; of a nonzero
term ayx" in the expansion of 1 at the origin. If 1 =0 (i.e., ¥(0) # 0) then

I(A) ~ (27/0) 729 (0)det (M(Q)) ™1/
where the choice of square root of the determinant of M is the product of the principal

square Toots of the eigenvalues.

Remark: The factor of 2 is due to the fact that f ~ %Q; it is easy to confuse @ with Q/2
e.g. when f=>" x? then () is twice the identity matrix.
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PROOF: Let us write Ip(A; f, 1) to emphasize the dependence of I on D and the functions f
and 1. Let n be a standard bump function, that is, n = 1 on the unit ball {z : ;-l:l |22 <
1} of C%, n = 0 outside the ball of radius 2, and n € C°°(C%). Write 7, for the function
n(x/r). Throughout this proof we will view R? as a subset of C.

For any r > 0, the function (1 — 7,)% vanishes in a neighborhood of the origin, so f
has no stationary points in the support of (1 — 7). Applying Lemma ?? we see that
Ip(\; f, (1 —mp)e) is rapidly decreasing, and hence

Ip(\; fo0) = Ip(X; fom)

modulo a rapidly a decreasing difference. Now apply the Morse Lemma to see that there is

a change of variables making the RHS of this equal to
Ip-(\;1d, ")

where Id(x) := % Z;lzl :c? has Hessian equal to the identity matrix. Observe that D* C S*
since D* is the image of D when we map f to the sum of squares, and f has nonnegative
real part on D. Also, the Jacobian of the change of variables is a matrix A for which

AT A = M(Q). Thus the integrating factor is |A|~! and we have

U*(0) = [M(Q)|"/*¢(0) (4.3)
with the choice of square root of the determinant of M (Q) yet to be determined. Approxi-
mate 1* /7, to homogeneous degree N by its Taylor polynomial Py; specifically,

P,(x) = Z prx”
\

r|<N
where p, are the Taylor coefficients of ¢n. Note that po = |M (Q)|~/?¢(0). Then 1)*—n, P =
O(|x|=™~1) near the origin, so by Lemma ??,

_d+N+1
2

Now we rotate the surface of integration using Lemma ?7. Let w be the d-form

exp(—Ald(z))n(z)Pn(z) dz1 A -+ A dzg. Let Q be the region given by Lemma ??. Then

59



Stokes’ Theorem gives

/dw:/ w.
Q o2

We now choose r less than half the distance from the origin to 9Q \ (D* UN). Then 7,
vanishes on 9Q \ (D* UN), and hence

/dw:/ w—i—/w
Q D* N

Since [p. w is the first term on the RHS of (??), we can put this together with (??), to get

Tn(X: o) = i/ wi/ dw + O\~ 55
with the signs determined by the orientations of the boundary pieces. The form dw is
the differential of a form that is holomorphic on the ball of radius 1/r, so it vanishes in a
neighborhood of the origin. Since 2 C ST, we know that in the region where dw does not
vanish, the function Id has non-negative real part. Since dw = exp(—AId)Pd(n, dzy A--- A
dzq) we may apply the last part of Lemma ?7 to see that [, dw is rapidly decreasing. Thus

d+N+1

IvO: fo10) i/w—l—O)\ )

Finally, we evaluate [, w. The function Id has real part at least 1/ r2 on the support of
(1 —ny), so the difference between [y, w and [ga exp(—AId)P decreases exponentially in .
But [gaexp(—Ald)P may be evaluated term by term to yield

A\ —(rith/2
Z Dr H a(2,r;) ( )
[r|<N 7j=1
which proves the general expansion. When r = 0, this simplifies to po(27/A)%2. Substitut-
ing po = 1(0)|M(Q)|~'/? recovers the claimed leading term up to sign. To determine the

sign of the leading term, we argue as follows.

If f,, — f in the topology of uniform convergence of the first N derivatives, then since
the error bounds depend only on the first N derivatives, the coefficients of the expansions

of Ip(\; fn,¥) converge to the coefficients of the expansion of Ip(A; f,v). In particular,
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the choice of [M(Q)|~'/? must be continuous in the second partials of f which are the
matrix entries of M. Of course there is no global choice of square root of the determinant
that is continuous in the matrix entries, but there is if one restricts to the set of matrices
representing quadratic forms that map real vectors to complex numbers with nonnegative
real parts. Indeed, up to global sign change, the product of the principal square roots of the
eigenvalues is the only such function. We know that when f = Id, the positive square root
is chosen, which determines the global sign, hence the choice of square root for all matrices.

|

4.3 Stationary manifolds

4.4 Cusps

5 Asymptotics in several variables: isolated smooth points

T is a function of d complex variables,

Recall our previous notation: F' = G/H = Y a,z
written as a quotient of functions analytic in some domain D. The analytic variety where
H vanishes is denoted V. Writing a, as an iterated Cauchy integral (as in equation (
refeq:cauchy), we see that any function analytic on the closed polydisk D(z) has coefficients
satisfying

ar =0(z7")). (5.1)

The following upper bound may be proved directly:

Lemma 5.1 Let z; = :pjeiej forg=1,...,d and x; > 0. If z €V is on the boundary of D
and the hyperplane through x normal to r is not a support hyperplane for logD, then |z"ay|

decreases exponentially, the rate being uniform as r varies over a compact set.

ProOOF: With x,z and r as in the hypotheses, by definition of support hyperplane there is
a y in the interior of logD with y -r > x-r. By (??), ar = O(e™¥"), which is less than
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—X-r

e = |z~ "| by an exponential factor. O

Evidently, all the work is in proving that this estimate is sharp, and in computing
asymptotic expansions in these cases. We proceed from the simplest case to the more

intricate ones.

5.1 Two dimensions

Theorem 7?7 and its two-sided corollary tell us how to do the integral in the reduction
lemma (Lemma ?7?), provided we verify a couple of hypotheses. We will need to know
that f’(0) vanishes and that Re{f} > 0 with equality only at 0. Indeed, since (z,g(z)
is a parametrization of V, the strict minimality of (z,w) implies that |g(2’)| > |g(2)| =
|w| whenever |2/| = |z|, and taking logs shows Re{f} to be strictly positive except at 0.

Differentiating the relation H(z, g(z)) = 0 gives

g'(2) =~ (5.2)

and we see that
r d(logg) r  zg r zH,

1 ):g d(log z) s g g_wHw'

To be consistent with future notation, we write (r,s) € dir(z,w) to denote the equality of

r/s and zH,/(wH,). Now recall some quantities defined in the preamble to the reduction
lemma. The quantity v is defined to be the residue of the function F'/w at the smooth
point (z, g(2)); Y is 1 after changing variables to z = zpe'?; and f is log g in terms of . We
let k be the order of vanishing of f at 0, and ¢, := f*)(0)/k!. Let n invert the function
y(x) = (f(x)/cx)* and let ¢* = (¢ o) - be 1 times the integrating factor arising from
straightening out f; define b = (¢*)) /41, The following theorem is simply an application

of Corollary 7?7 the reduction lemma.

Theorem 5.2 Let F = G/H = Y a,s2"w® have a strictly minimal, simple pole at (z,w).
Let ly be the order to which G vanishes near (z,w) on V, that is, the largest | such that
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G2, w') = O(|z — 2" +|w—w'|') as (2/,w') — (z,w) in V. Then there is a full asymptotic

expansion

1
Y TS * —(+1)/k
Ar,s 27rz w l;:()a(k:,l)bl (cks) , (5.3)

with a(k,1) given by (2?) if k is odd, and by (1+ (—=1)")ay(k,1) if k is even. The expansion
is uniform as (z,w) varies over a compact set with (r,s) € dir(z,w) and k and ly not

changing. O

We pause to compute one example. The accompanying picture (possibly not drawn yet)
should show the graph of 3 — 3z + 22 in the positive quadrant, with a minimum at 2 = 3/2

but minimality only when x > 1.
Example 13 (Cube root asymptotics)

Let F(z,w) = 1/(3 — 3z — w + 2?). The set V is the set {w = 22 — 3z + 3} and
g(w) = 22—32z+3. The point (1,1) is in V, indicating that the maximal exponential growth
rate will be zero. Indeed, for directions above the diagonal, Theorem ?? may be used at the
minimal points {(z,¢(z)) : 0 < z < 1}, while each direction below the diagonal corresponds
to a pair of complex (finitely) minimal points. The result is that the coefficients decay
exponentially at a rate that is uniform over compact subsets of directions not containing

the diagonal.

The interesting behavior is near the diagonal. The relevant minimal point is (1, 1), where

"w® = 1 and the decay is sub-exponential. Computing f”(0) via equation (??) below gives

z
o222 —4243)
Fi@) == (22 =32+3)2°

This vanishes when z = 1, and computing further, we find that f vanishes to order exactly
3 here, with ¢z := f(0)/3! = i. Along with ¢(0) = 1, this then results in an asymptotic
expansion whose leading term is given by

1

Qnn ~ 2*@(3,0)1'71/3(1 + eiﬂ'/S) _ F(l/S)
™

6/371 )
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Later, we discuss the question of computing asymptotics “between the cracks” so as to be

able to conclude that limsuplog a,/log [r| = —1/3 or even limsup |r|'/3a, = £es)

T 6v3m

By far the most usual case is k = 2. For this case it is worthwhile computing the
expansion (?7?) explicitly in terms of the given data, namely the Taylor coefficients of G

and H. This begins with a lemma.

Lemma 5.3 In a neighborhood of (z,w), 1 and the derivatives of g are as follows.

) = (77)
1 H, H?

g”(z) = _F sz_QFsz+F;wa . (5.4)
G(z,w)

v = —wHy(z,w)’

PrROOF: We have already differentiated the equation H(z,g(z)) = 0 once to get (77).

Differentiate again to get
sz + QQIsz + g” w Tt (g/)2wa =0

and use (?7?) to eliminate ¢’, giving (??). The formula for ¢ follows from the definitions of

1 and of the partial derivative. O

We now state the criterion k = 2 in terms of the partial derivatives of H. Since the

proof of the criterion is subsumed in the computation, we do not give the proof yet. Define
Q(z,w) := —w2H12UzHZ - wsz2H22 — w?2? (HZ,HZZ + Hﬁwa — QHZHszw) .

We will see that Q = 0 if and only if f”(0) vanishes, that is, if and only if k > 2. We now

state:
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Theorem 5.4 Let F = G/H be a meromorphic function of two variables, not singular at

G(z,w) _, _, |—wHy
Qr.s ~ 27w
’ V2 sQ

uniformly as (z,w) varies over a compact set of strictly minimal, simple poles of F' on which

the origin. Then

Q and G are nonvanishing, and (r,s) € dir(z,w).

Remarks: Usually the expression in the radical will be positive real, as will the coeffi-
cients a,s. The result is true in general, though, as long as the square root is taken to be
+1/(wH,,) times the principal root of (—wH? /Q). Also note that when (r,s) € dir(z,w)
then the expression wH,, /s is coordinate-invariant, that is, equal to zH,/r. Thus the given

expression for a, s has the expected symmetry.

PROOF: Recall that f and log § differ by a linear function of §. Hence f” = (log §)”. When
7Z = ze" we have (d/df) = iZ(d/dZ), so

- ., d (.  _dlogg d Zg’)
"o a __7 % (29
g _ZZdZ<ZZ 4z ) ZdZ( g )"

where Z = ze'. Expanding this yields

/ " 20,12
I/ g +Zg Z (g )
Jl=-2"—="+=—5~.

(5.5)

By our assumption, G does not vanish at (z,w), so as long as f”(0) # 0, we may use
Theorem ?7 to conclude that the leading term asymptotic for a, s is the £ = 2,1 = 0 term

of (?7?). The term by there is equal to

$(0)n(0) = WDm - —fb(lz(?w) m '

Thus from Theorem 77,

A2,0) _, _, G(z,w) 2
Ap,s ~ 27w —.
’ 27 wHy(z,w) \ sf(0)
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Now evaluate this using the value A(2,0) = /7 and equation (??) along with (??) and (7?)

to obtain

1 Glzw)  [(—wHy(z,w))?
G/r,s ~ \/T?z w ’Uij(Z, U))\/ SQ

where

Q = (~wHy(z,w))* f"(0) = (~wHy(z,w))z +

With the help of Lemma ?? we see (using g(z) = w) that

H 1 H H? 22H?
= (—wH 31— z_ 2 H..—92%2Q iz z

which simplifies to the expression in Theorem ?7?. We see also that the nonvanishing hy-
potheses on () is enough to guarantee f” (0) # 0, which finishes the proof of Theorem ?77.
O

Example 14 (Lattice paths)

Let a, s be the number of nearest-neighbor paths from the origin to (r,s) moving only
north, east and northeast. The generating function is F(z,w) = 1/(1 — z —w — zw). The
zeroset Vof H=1—z—w — zw is given by w = (1 — 2)/(1 + z), and the minimal points
of V are those where w € [0,1]. With the help of relations that hold when z € V we may

compute as follows.

H, = —-1-w
—zH, = 1—w

Q = (1—2)(1-w)(1-zw)
zH, 1—w_1—w2
wHy, 1—2z 2w

with H,, and —wH,, given by reversing z and w. As z varies over [, 1 — €], the functions

Q@ and G :=1 do not vanish. The minimal pair (z,w) that solves dir(r, s) € (z,w) is given
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by z = (Vr2 4+ s2 —s)/r and w = (V/r2 + 52 — r)/s. Theorem ?? then gives
(\/7’2+32—8>_T <\/7’2+S2—T>_8 [1 [1—2

ars ~ | ———— —_— —

s 27

1
T s 1—zw

B ViZrs2—s\  (Vrixsi—r _S\/T rs
= r S 27 (T+S_\/T2+S2)2\/T‘2+52’

uniformly when 7/s and s/r remain bounded. In particular, when r = s = n, this gives

the following formula for the n* diagonal coefficient (which may alternatively be obtained
by computing the diagonal generating function (1 — 6s + 82)*1/ 2 according to the method

given in Stanley (1999, section 6.3):

1 271/4
Vi pyen [ 2
( ) 2m2 — /2

5.2 Any dimension
5.2.1 The geometry of V

Let D(z) denote the polydisk {w : |w;| < |z;|Vj < d}. Let T'(z) denote the distinguished
boundary of this polydisk, namely {w : |w;| = |2;|Vj < d}. As in the one-dimensional case,
the points of V nearest the origin are the most important. Accordingly we define a point
z € V to be minimal if VN D(z) C T(z); we say that z is locally minimal if this holds in a
neighborhood of z. Divide the minimal points of V into three types. Say that z is strictly
minimal, finitely minimal or toral, according to whether the cardinality of V N D(z) is 1,
finite, or infinite. When infinite, the intersection must be uncountable. If z is a minimal
point of V then the interior of D(z) is contained in D, so the assumption that G and H are

analytic on a neighborhood of D(z) is just a little stronger than what is true automatically.

It will be convenient to have a notation for the projection of z onto the first d — 1
coordinates. We therefore define z := (21, ..., 24_1) and extend the notation so that putting

a hat on any d-vector strips off the last coordinate.
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A simple pole of F is a point z € V where H vanishes to order 1. Equivalently, the
gradient \7H does not vanish. Let z be a simple pole of F' and assume for specificity that
H, is nonzero at z. By the implicit function theorem, there is a neighborhood of z where V
may be parametrized by zq = ¢(2) = g(21,...,24—1) for some analytic function g. We will

always use ¢ to denote this parametrization.

We will see later (in the proof of Theorem ?7) that under some hypotheses on F,
minimal points of V are always found in the positive real orthant. A relation true in

complete generality is the following.

Lemma 5.5 Let z be a simple pole of F' and suppose that zqHy does not vanish there. If z

is locally minimal then for all j < d, the quantity zjH;/(zqHg) is real and nonnegative.

PROOF: Given 6 and j, let z() be the result of varying z by multiplying the 7% coordinate

by € and adjusting the last coordinate so as to remain on V (that is,

zc(le) =g(z1,...,2j-1, zjeie, Zj41,--.,2d—1)). Differentiating the relation H(z") = 0 implic-

itly with respect to 6 at 0 yields

®)
Iz _ (5.6)

iZjHj + Hd a0

By minimality of z, we know that the modulus of z((f) has a minimum at § = 0, hence

(dzl(f)/ df)/zq is purely imaginary. Plugging this into (??) proves that z;H;/(24Hg) is real.
If zjH;/(24Hq) = —f < 0 then V has a tangent vector at z in the direction —zje; — Bzq4eq
which contradicts minimality. Hence z;H;/(zqHg) > 0. O

Definition 3 Define dir(z) to be the equivalence class of scalar multiples of the vector
(z1H1,...,24Hy), defined whenever z;H; does not vanish for all j. By the previous lemma,

when z is a minimal pole of F' with nonzero coordinates, dir(z) is a well defined element of

RP 1,
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The importance of dir is that analysis of F' near z yields asymptotic information about
ar with r € dir(z). The function dir appears in GF-sequence method literature as m.
When z € 9D is on the boundary of the domain of convergence, dir(z) is the normal to the

support hyperplane of the convex set logD at the point (log|z1],...,log |zq4|).

We now generalize the definitions of 1, @Z and f to more than one variable. Again, we
will reserve the names of these functions, so as not to burden the notation with subscripts
and arguments. If z is a simple pole of F' with zyHy not vanishing there, define a function
1 on a neighborhood of z by

_ : W\ F(w, w)
P(W) =— lim_(w—g(W))———.

w—g(W) w

(5.7)

Suppose now that w € T'(z) and write w; = z; % . For fixed r with 4 # 0, define a function
f on a neighborhood of z in T'(z) by

d—1
Ty
) + zjzl aej. (5.8)
We will be parametrizing integrals over T'(z) by 6, so we will want the above function
expressed in terms of 0. We therefore compose with the map M taking 0 to w defined
by M(01,...,04_1) = (211, ...,2q9_1€?-1), and define the functions § := g o M, f =
foM,:=1poM.

5.2.2 Reduction to an oscillating integral

The smooth point computation in higher dimensions is exactly analogous to the two-
dimensional case, so I will state and prove the analogues of Lemma 7?7 and Theorem 77
without further verbiage. Note though, that we assume that the Hessian is non-degenerate,

so we are not proving an analogue of Theorem 77.

Lemma 5.6 (Multivariate reduction to oscillating integral) Let z be a strictly min-
imal simple pole of F = G/H. Assume that zgHy # 0. For a neighborhood N of 0 in R41
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define a quantity
== (2m)dg T /ﬁ exp(—raf (0))d(9) do. (5.9)

Then the quantity

decreases exponentially as N remains fived and r — oo.

PROOF: For € € (0, |zq4]), let T be the torus T'(z) shrunk in the last coordinate by e, that
is, the set of x for which |z;| = |z;|, j < d and |z4| = |z4| — e. By Cauchy’s formula,
( ! )d/ T lp(w)d (5.10)
ar = | =— w w) dw .
Yoo\om) Jr

where the multi-exponent r — 1 means (r; —1,...,r4—1). Write this as an iterated integral

1\ 5
ay = () / w—r—l[ w;’“dF(w)@ dw . (5.11)
211 T@ Cy Wq

Here C; is the circle of radius |z4| — €. Let K C T'(z) be a compact set not containing z.
For each fixed w € K, the function F(Ww,-) has radius of convergence greater than |zq|.
Hence the inner integral in equation (?7?) is O(|z4| + €)™ 7. By continuity of the radius of

convergence,we may integrate over K to see that
]zr]/ w P (w) dw
KxCy
decreases exponentially. Thus if A/ is any neighborhood of z in T'(z), the quantity
1N\ 5 F(w N
ar — (> / w1 [/ (m) dwd] dw
2mi N W,

decreases exponentially. Thus we have reduced the problem to an integral over a neighbor-
hood of z.

Near z there is a parametrization wg = g(w) of V. Let Cy be the circle of radius |z4| + €.

Then for any sufficiently small € > 0, the image of N under ¢ is disjoint from Cs. Fix such a
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neighborhood. For any w € NV, the function F'(W,-) has a single simple pole in the annulus
bounded by C; and Cy, occurring at g(w). The residue of F' at g(W) is equal to
R(W) := —¢(w)g(w) "™ (5.12)

where 9 is defined in (??). Therefore, for each fixed w € N,

F(w) F(w) .
dw :/ dwg — 2miR(wW).
/Cl w:ldJrl d Cs ’wngrl d ( )

But |z* [o, F(w)dws/w" | is bounded by a constant multiple of (1+€/|zq|) ™" (the constant
depending on the maximum of F' on C3) and hence |z"||ay — X| is exponentially decreasing,

where

X = (2mi) ¢ /N (W) Tl g(W) A () dW (5.13)

St () e

is exponentially decreasing in 4. Changing variables to w; = zjeiej and dw; = iw;df; turns

the quantity X into

(277)1dzr//\7‘ﬁeirjoj¢0 (9(‘5’))” gi

9(2)

and plugging in the definitions of f and f at (??) above yields

-~ ~ o~

(2m) 1 [ exp(=raf 8))5(0) db

which is none other than =. O

5.2.3 Main result

Theorem 5.7 Let F = G/H = Y ayz" have a strictly minimal, smooth point z € V.
Suppose zqH; does not vanish. If the Hessian of f at z is nonsingular, then there is an

expansion

_ 1—-d—-1)/2
ar ~ 2z ° Z Clré )/
1>y
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where ly is the degree to which G vanishes onV near the point z . When G does not vanish

at z then lp = 0 and

_ _1/2G(2)
_ (9 (1=d)/2qy-1/2E\Z)
Co = (2m) H . H,

where H is the determinant of the Hessian at z.

The -linear term in the definition of f is designed to make f stationary at 0 when

r € dir(z). Thus we have a lemma similar to the one-dimensional case.

Lemma 5.8 The quantity f(0) always vanishes. If r € dir(z) then vf(O) = 0 and the

real part of f has a strict minimum at 0.

PRrROOF: The first statement is immediate. To prove the second, let j < d — 1 and see from
the definition of f that

rafy(a) = M 1 L

By definition of dir, the ratio r;/(2;H;) is some constant ¢ independent of j at the point

z = (2, zq). Since g(z) = z4, we find that
¢ rafi(2) = 9j(2)Ha(Z, 2q) + H;(Z, 24)-

The right hand side of this is the derivative of H(ws,...,w4—1,9(W)) with respect to w;
at 2. By definition of g this vanishes, and hence f;(z) = 0. But f;(0) = iz, f;(z), so the
gradient of f must vanish at 0. Finally, observe that Re{f(#)} = —log|§(0)/|z4|. By strict

-~

minimality of z, the modulus of g(w) = g(0) is greater than |z4| for any w € T'(z). O

PrROOF OF THEOREM ?77: We see from Lemma 77 that proving the theorem amounts to
evaluating the quantity Z in equation (??). From Lemma ?? we see that 0 is a stationary
point for the function f as long as r € dir(z). We apply Theorem ?7 to get an asymptotic
series expansion. The leading term of the integral in (??) is (2r)(¢=1/ 21;(0)7“&1_@/ ? divided
by the product of the square roots of the eigenvalues of the Hessian. Once we have identified

¥(0) = 1(0) as G(0)/(zqHy), the theorem follows. O
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Exercise: show that when d =k =2 and [ > 2 is even, the leading term asymp-

totic is given by the following expression.

+1
. _. JwH l _
ar,s ~ (20wo) 25 "wy * 2 (-0 |HEHS G ke
sQ = k

5.2.4 Generalizing

One improvement we have already done the work for is when a smooth minimal point is
finitely minimal. In this case there are finitely many points z("), ... z(® of V lying on the
torus 7'(z(!)) with no other points of V lying in D(z(!)). In this case the integral

/ P / w T F (2, w) dw dz
C'\[N1U--UN] C

which is the analogue of (??) but with a neighborhood around each of the n minimal points,
will again have modulus at most O(|z*|) where z is any z9). We then obtain n different
contributions from the n different minimal points, each computed exactly as in Theorem ?7.
The set S := {zM, ..., 2"} is called a complete set of minimal points if there are no more
minimal points on T'(z()) N'V. The one remaining important observation is that the sum
n

Cj(zV)r
=1

J

cannot always cancel. That is, the sum is not o(|z("|*) for every r in some neighborhood
of RPY™!, and therefore, the leading term of the expansion has been computed. The
impossibility of cancellation is due to the linear independence of the arrays {z" : r € (Z1)%}.
Note though, that one can have cancellation in a single direction, for example one may have

ar2r = 0 but a, 2,41 = 1.

When defining smooth points as points where the gradient of H does not vanish, we
remarked that this restrictive definition of smooth points did not lose any generality. Let’s
see why. Suppose that (zp,wp) is geometrically a smooth point of V but that both partials

vanish. By smoothness, V has only one branch through (zp,wp) and by the vanishing
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of the partials, H has a double zero at (zp,wp), hence along the whole branch. Thus
X

(w— g(2))*
meromorphic x analytic in a neighborhood of (zp,wp) and some r > 2. One can now go

through the derivation of (??) with y and (w — g(2))* in place of G and H. At the last

VY has multiplicity greater than 1, locally, and we can write F' = for some

step, the residue Res(w™* "1 F(z,w); w = g(2)) is computed by multiplying by (w—g(2))* to
remove the singularity, differentiating k£ — 1 times with respect to w and dividing by (k—1)!.

—k=1 is differentiated, a factor of s comes in. If we only want the leading term

Each time w
asymptotic, the term with the most factors of s comes when w™*~! is differentiated k& — 1
times and F is left alone. This gives (}S_fll)w_s_k X(z0,wp). With this replacing v in (77),
the computation continues as before. The end result is a leading term s*~! times greater
than the order of the asymptotic in the case where H is square-free. The case of only one

vanishing partial is left as an exercise for the reader.

Exercise: If one partial of H vanishes but zy and wy are nonzero, then r or s
is zero and the problem reduces to one dimension. If 0 < r/s < co and one
partial, say H, vanishes, then wy = 0. In this case, V is parameterized locally
by w ~ C(zp — z)* for some k > 2, and dir(z,w) < 1/w — oo as (z,w) — (z0,wp)
along V. Thus we obtain no new minimal points with one vanishing partial and
0 < r/s < oo, and for directions not along any coordinate plane, we may ignore

such minimal points.

5.3 A coordinate-free approach

In equation (??), we have broken the symmetry between the coordinates, which is reflected
in the expressions derived afterwards. In the end, expressions for a,, , such as (?7), which do
not look inherently symmetric, can of course be shown to be so. Theorem 7?7, for example,
recaptures the symmetry in the expression for ay ,,. It would be nice, though, to have a
more coordinate free way of reducing coefficient extraction to an oscillating integral. This

is indeed possible; the idea is as follows.
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Let F denote the form F'(z1,...,z4) dV where dV :=dz; A - - dzy. By Cauchy’s integral
theorem, we know that a,, . ,, = (27i) ¢ Jr F, where T is a torus |z1| = c1,. .., |2q| = cq for
which the polydisk |z1| < ¢1,...,|z4] < ¢q does not intersect the singular set of F (namely
V). Pick T to be an infinitesimal torus, and then expand 7" until it becomes the torus at
infinity. How does [, F change? Letting Q be a domain bounded by a small torus Ty and

a large torus 77, we have ought to have

/ f—/ F:/d}".
To Ty Q

Then, since normally le F — 0 exponentially fast as 77 — oo, we will have

aﬁw--»?"d N‘/Qd]:'

The hitch in making this rigorous is the formalization of dF, which we must interpret
as a residue current. Consider by analogy the one variable 1-form f(z) = dz/z. Since 1/z
is holomorphic away from the origin,

d
df = £(1/z)dz/\d2: dodz N dZ ,

leading to the residue theorem. We therefore expect dF to be some kind of a delta function
on the singular variety, V. But since it must be integrated on a d — 1-dimensional set 2NV,

it must be a d — 1-form.

The following derivation of this d —1-form is worked out in Kenyon and Pemantle (2000).
They first show that there is a d — 1-form living on V, that is naturally associated with F.

Lemma 5.9 Let F' be meromorphic with poles but no double poles in a domain D C C.
Let V denote the pole set of F' and let v : V — D denote the inclusion map. Then for any
representation of F = G/H as a quotient of analytic functions on D there is a form w such

that dH Nw = GdV. The form wr := (*w is independent of the particular representation
of F as G/H.
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PRrROOF: The existence of w is immediate from the fact that dH never vanishes. The kernel
of the map +* is the same as the kernel of the map w — dH A w, proving that for fixed
G and H, (*w is well defined. If ¢ is an analytic function and dH A w = GdV, then
d(¢pH) Nw = (¢G) dV, showing independence of the representation F' = G/H. 0

They then establish that wgdy is the working version of the form dF that we seek.

Theorem 5.10 Let Q C C¢ be a compact real d + 1-manifold with boundary. Let F be
meromorphic with no double poles on ) and let V denote the pole set of F'. If V intersects
Q transversely in a d — 1-manifold with finite volume and F dV € L*(0S), then

FdV = 271'2'/ WE.

o0 QNy

PROOF: First suppose F' = (G/z; for some analytic function, G. We need to show

G
/ —dV = Gdzg N Ndzg.
o0 <1 Qns

where S is the z; = 0 hyperplane. Let S denote the set |z1| < € and let we denote the form
G dV/z outside of S, and € 221G dV on S.. Then w, is continuous, piecewise smooth and

locally in L'. Its differential is
dwe = € 215,G dz; A dV.
Apply Stokes’ Theorem to we, yielding
/ we = €2 G dz, \dV. (5.14)
a0 QNS.

Since GdV/z € L'(09), the forms w, converge to w = GdV/z; in L'(9Q) and the
LHS of (??) converges to [yqw. It therefore suffices to show that the RHS converges
to 27 [org G dza A -+ A dzg.

By transversality, the projection of 2 onto C x (2N V) is a diffeomorphism. The con-

vergence we are trying to establish is a local property, so we may restrict to a neighborhood
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where there is a parameterization of Q by C x (2N .S). Specifically, we may assume there

is a diffeomorphic map f: C x (2N .S) — S such that

Q= {(.’L’l,yl,Oé—l—f(Ck)) : (x1,y1) € C,OzGQﬂS}.

Pulling back dzq AdV by f gives 2idzy Adyy A*(dza A- - - Adzg) where ¢ is the inclusion

of 2N S in C% Now write (??) as an iterated integral:

/ 2i/ € 2G(z1,y1, o+ f(z1,y1,@)) dry Ady | F(dza A<+ Adzg).
acQns x%erfge

The inner integral converges uniformly to 7G(0, «), so by the finiteness of QN S, the RHS
of (7?) converges to

27 G- 1" (dzg N+ Ndzg)
Qns

as desired.

Now remove the assumption F' = G/z;. We may always partition €2 into neighborhoods
in which there is a bi-analytic map ¥ mapping the V to the set S := {z; = 0}. The function
F o1~ has a simple pole on S so we may represent F ot¢~! = G/z for some analytic
function GG. Observe that 1 maps ) to a manifold intersecting S transversely in a set of

finite volume. Pulling back F dV by 1~ gives a form G/z1, to which we apply the previous

/ GdV / *
= 2ms w
PpOQ 21 YONS

where w* := Gdza N -+ - A dzg. Pulling this equation back by ¢ gives

analysis and conclude that

/ Fav=[ v
o0 QNy

The form w* satisfies dz; A w* = G dV; pulling this relation back by v yields

d(z1 o) Np*w* = GopdV.

Go
Since F' may be represented as Tw’ we then conclude that y*w* is the unique form
o)

satisfying the definition of wg, which finishes the proof. O
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When we apply this to the tori Ty and 77, we find that

arw/wp
E

where F is the intersection of V with any homotopy from an infinitesimal torus to an infinite
one. The homotopy class must avoid the coordinate planes as well as V, since z7 "G is not
analytic there. Evidently, the possible sets E form a homology class on V of dimension
d — 1, half the dimension of V. It is always possible to satisfy the transversality condition
and to avoid any double or multiple poles of F' [since any of these are necessarily isolated,

any generic perturbation of the homotopy will miss them)].

Choosing F to contain a stationary phase point for wp where the modulus of wg is max-
imized leads, as before, to an oscillating integral. Thus for example in the two dimensional
case, F = (27" lw ™ 1G)/Hdz A dw and wp = (27" 1w ™"1G)(dV/dH) on V, where
dv/dH is a form that wedges with dH to yield dV. The appearance of z~"g(z)"™(z)dz as
the integrand in (7?) is now explained as a non-coordinate free version of z~"w™""(dV/dH)

(recalling that g(z) = w on the set V).

Unfortunately, while we may arrange for the homotopy to avoid singular points of V),
these critical points are sometimes the places where stationary phase is obtained for wpg.
Thus we have an open question: How can we make sense of [, wr when E is required

to contain a given critical point of V?

5.4 Furstenburg-Doubilet-Stanley-Rota extraction of the diagonal

Let F(z,w) = Y, arsz"w® be a function analytic in a neighborhood of 0 in C?. Define
&(y) = >, arry”. The function £ may be determined directly from F. When F' is a rational
function, it turns out that £ will always be algebraic; this result in the setting of generating
functions is credited to Furstenburg (1967) and appears in Hautus and Klarner (1971). In
general, the determination of £ from F may not be computationally effective, so we stick
here to the case where F' is rational. Stanley (1999) gives two ways of determining & from

F'. One is a formal power series approach. The other, which I will follow here, is analytic.
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When |y| is sufficiently small, the function F'(z,y/z) is absolutely convergent for z in
some annulus A(y). Treating y as a constant, we view F'(z,y/z) as a Laurent series in z
inside the annulus A(y); the constant term C' of this series is equal to &(y). Thus if we
are able to evaluate this constant term as a function of y, we will have the function whose

power series in a neighborhood of 0 is &.

Writing ' = P/Q, with P and @ polynomial, we observe that the constant term of

1o ),
271 /CPZQ(z,y/z)d

where C is any circle in the annulus of convergence A(y). By Cauchy’s integral formula

then, 5.9/%)
= X (S5 50

where the sum is over residues at poles « inside the inner circle of the annulus A(y). For

F(z,y/z) is equal to

sufficiently small y, the poles may be parametrized by continuous functions of y. As y — 0,
the annuli A(y) increase to an annulus with inner radius zero, so any poles «a(y) that
converge to zero as y — 0 will be included in this sum, and any that do not will be outside
C and will not be included in the sum. The residues are all algebraic functions of y, so we
have represented £ as the sum of algebraic functions of y. We illustrate by re-computing

the diagonal for the lattice path generating function (cf. Stanley 1999).
Example ?? continued (lattice paths)

Recall that FF'=1/(1 — z — w — zw), so

1
z2—22—y—yz

11—y 1
—+ —4/1—-6 2,
z = 5 5 y+y

Let a1 denote the root going to zero with y, that is, the one with the minus sign, and let s

2 F(z,y/2) =

The poles of this are at

denote the other root. Since 2 1F(z,y/2) = —1/[(z — a1)(z — ag)], the residue at z = «a; is
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just —1/(aq — az) which is simply (1 — 6y + y?)~ /2. Thus
1

W) = 775
(v) V1—6y+1y?
To obtain an asymptotic expression for a,, we write

Ey) = (1= Bry) 21— py) '/

where 1 = 3 £ /8 are the (reciprocal) roots of 1 — 6y + y?> = 0. The minimum modulus
singularity is at _, and as y — (_,

12121 Y ~1/2
€~ (1= (1= )

Applying the Flajolet-Odlyzko Transfer Theorem ?? and Corollary ??, we see that the n'®
coefficient, ¢, of {(F_y)) satisfies

o~ (1-p2)71/2 ~1/2
" r(1/2)

and hence that
(1—p2)" 12

Ay ™~ Trilmﬂi‘

When F' is a rational function of more than two variables, the diagonal need not be
algebraic. Extending the hierarchy one more step, we define the class of D-finite functions
to be those satisfying a linear differential equation with polynomial coefficients. These
are generating functions for P-recursive arrays: arrays satisfying a linear recursion with
polynomial coefficients. This class strictly contains the algebraic functions. It was shown in
Lipshitz (1988) that the class of D-finite functions is closed under diagonal collapse (taking
the diagonal in any two variables) and thus in particular, that the diagonals of any rational
or algebraic function are D-finite. Extraction of the polynomial coefficients of the differential
equation (equivalently the polynomial coefficients of the recursion) has recently been made
effective; see Chyzak and Salvy (1998). One may then effectively obtain asymptotics from

these recursions, and indeed for diagonal directions, this is probably the best way to obtain
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asymptotics. The method may be adapted to give recursions along other fixed rays with
rational slopes. Unfortunately, the computation does not admit slope as a parameter, so

the method seems ill suited to obtaining any truly multivariate formulae.

5.5 Comparison to GF-sequence results

6 Toral points

Suppose that V has infinitely many minimal points on a torus 7' = T'(aq, ..., aq) where
a; > 0. What happens when we mimic the derivation of the multivariate reduction to an
oscillating integral (Lemma ?? and equation ?7)7 Let T denote the torus T(a) C C4 ! and
define the set E C T by w € E if there is a point w = (W, wq) € VNT. In other words, it is
the set of projections of VNT onto the first d — 1 coordinates. Let A be a neighborhood of
EinT. As before, we write the Cauchy integral for a, as an iterated integral over T x Cy for
a circle C; with radius a little smaller than |z4|; then again the contribution from N x C;

is O(R|z™*|) for some exponentially decreasing function R, so we may localize to N.

Since we have not yet dealt with poles of multiplicity greater than 1, we assume now that
VYNT contains only simple poles of F. Let II denote the map from VNT to C?~! projecting
onto the first d — 1 coordinates. For any z € E, the set II"1(z) is finite. As Z varies over
E each of these inverse images varies analytically except when two inverse images meet.
Since II7!(E) contains no double points, two inverse images never meet. Hence II"1(E) is
an analytic k-fold cover of E for some k > 1. It follows that there is a neighborhood N7 of
T and a neighborhood N of E in T such that for each Z € N there are precisely k values of
z such that (z,z) € Np N V. Thus Np NV is a k-fold cover of A'. In other words, for each
(z,z) € Np NV there is a neighborhood of Z in T on which is defined an analytic function
g» with ¢,(z) = z and (2, ¢(z)) € Np N'V. The subscript z is there only to delineate one of

the k possible inverse images.

Let g be such a parametrizing function. The residue at (W, g(W)) of w4 1F is still
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given by (?7):
R(W) = —(W)g(w) "™
Choosing Cy to be a circle of radius |z4| + €, and then choosing N sufficiently small, we

arrive once more at (?7?): |z"||a, — E| decays exponentially, where

== (2m) g /N exp(—rqf ())d(8) d8.
The set E is a j-dimensional sub-manifold of T'(z) for some j. Choosing N smaller if
necessary, we may take it to be locally the topological product of £ with a closed ball
about the origin in R¥~1=7, Thus N is a (d — 1)-dimensional nice cell complex sitting inside
T. Since E has no boundary, ON is disjoint from E. For the purposes of the cell complex
oscillating integral lemma, any stationary point must have Re{ f} = 0, which in this case
means it must be in E. This means that the stationary points for f in the integral in (?7)
are exactly those places in E where v/ f = 0. These in turn are exactly projections z = I1(z)

of points z with r € dir(z).

We finally arrive at a result analogous to the main result for strictly minimal simple
poles. The following theorem assumes one further nondegeneracy hypothesis (nonsingularity

of f ) in order to apply Theorem ?7.

Theorem 6.1 Let FF = G/H = Y a,z" have infinitely many minimal points on T =
T(ay,...,aq). Assume that all the singularities of F' on T are simple poles. Let S(r)
denote the set of z € TNV for which r € dir(z). For each z € T NV let lo(z) denote
the order of vanishing of G on V at z. For fivred z we let g be a local parametrization
of V = {(W,g(W)} near z and we define f to be logg centered and expressed in terms of
0 as before. Then whenever S(r) contains only isolated points where the Hessian of f 18
nonsingular, there is an expansion
Ay ~ Z z" " Z Cﬂ‘élfd*l)m.
2€S(r)  I>lo(z)
When G does not vanish at z then lo = 0 and
G(z)

— (1-d)/244—1/2 F\4)
Co = (2m) H ol
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where H is the determinant of the Hessian at z. The expansions are uniform as r varies

over compact sets on which ly is constant (and H # 0). |

As usual, in dimension two it is easier to handle degeneracy of f . As usual for two
dimensions, we switch our notation to (z,w) for (z1,2z2) and we introduce (a,) for the
radii of the torus, 7. Now E = T is just the a-circle (circle of radius o in C') and I (E)
is a disjoint union of circles embedded in the two-torus, T = T'(a,7y). Since E = f, we
do not localize but instead must take N' = E. Enlarging the inner circle of integration to
radius v + € and comparing gives

1 /z|a 20 Y Res(w T TUFi(2,2))dz + O(a T (v 4 €)70).

s = o
z:|z|=7,(z,2)EV

The parametrizing functions g always have constant modulus, hence f’ = d(log g)/df will

always be purely imaginary. Since f is normalized to be 0 at 0, f is purely imaginary.

We are now in a position to substitute our evaluation of purely oscillating integrals in
one variable, Theorem 77, where before we used the multivariate Theorem ?7 and had to

assume nondegeneracy of the Hessian of f.

Theorem 6.2 Let F = G/H = Y a,sz"w® and suppose as above that there are o,y > 0
such that for each 0 there are exactly k values of ¢ for which (z,w) € V, where z := ae'
and w := ve'®. Suppose further that each such (z,w) is a simple pole of F. Let f be a local
parametrization of i¢ in terms of 0. Let k = k(@) be the first integer greater than 1 such
that the k' derivative of f(0) is nonzero. Let ly = lo(0) be the vanishing order of G at
(z,w). Then there is an expansion

o~ a—r,y—s Z CZS_(H_I)/k, )
1>lg

(e78

If lg = 0, the leading term is given by

. Flk)\ 1/
Co = Z A(ka 0) G(Zv ’LU) e—errg(z)—sArg(w) <f )

Tk
(z,w)eS(r,s) 2m (wHw) k!

uniformly as r, s — oo with (r,s) € dir(ae®) on compact sets where k and ly do not change.
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Example 15 (H has degree 1 separately in z and w)

For an example, let us consider generating functions of the form 1/(a + bz + cw + dzw).
We can factor out a and change variables to bz and cw; thus without loss of generality we
take F'(z,w) = 1/(1 — 2 — w + fzw). When 8 < 1, the minimal points of V are all in
the positive quadrant and are all strictly minimal simple poles. The coefficients a,; are all
nonnegative. A uniform expansion of central limit type holds and is not hard to compute.
The lattice paths are an example of this with 5 = —1, as are binomial coefficients (5 = 0).
When (8 > 1, the coefficients are of mixed sign, and the intersection of ¥V and the positive
quadrant no longer consists entirely of minimal points. Instead, the set of minimal points

is describable as follows.

We parametrize )V by

1—-=2
w=g(z) = e
For (z,g(2)) to be locally minimal, recall it is necessary that zg'/g be real. Setting
/
—1
P (B-1) =reR,

g (1=2)(1-02)
we get

1

2

22 —=2Cz+ - =0,
B

where 2C = (1+ 3 — (8 — 1)/r)/f is any real number. When |C| > $~1/2, the solutions
to this are real, and when |C| < 371/2 the solutions make up the circle {z : |z| = 57/2}.

1/2

In other words, the entire circle of radius ~'/¢ is preserved by the linear fractional map g.

It is easy to check that the real values of z corresponding to minimal roots are those with
ze L Ul :=(—p"Y200u (3 21].

Computing zH, /(wH,) gives z(fw —1)/(w(Bz — 1)), and on the variety V this reduces
to (w—1)/(z — 1). For real values of w € I, the ratio z¢,/(w¢,,) increases monotonically
from (/B +1)/(v/B — 1) to infinity, while for z € I, the reciprocal we,,/(z¢,) does the

same. Hence for r/s ¢ [(v/B—-1)/(vVB+1),(v/B+1)/(v/B —1)], Theorem ?? will apply.
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Asymptotics when (v/3—1)/(vV/B+1) <r/s < (v/B+1)/(y/B—1) are obtained from the

~1/2_ The geometry is simple since both E and N are

torally minimal points of modulus 3
the whole circle C := {z : |z| = 371/2}. We have |2"||w®||a,s — Z| decreasing exponentially,

where since G = 1,
1

E= 7% Tw_S/Cexp(sf(G))dG.

The function f is purely imaginary since F is the entire 1-torus. Direct computation shows
that the stationary point of f is of order two except when r/s takes on the extreme values
of (v/B+1)/(v/B —1) or its inverse; here f” vanishes as well and the stationary point is of

order 3. Plugging the computations into Theorem 77 then yields the following result.

Theorem 6.3 Ifr/s = (v/B+1)/(v/B—1) then

ﬂ(r+s+1)/2
62/31°(2/3)

(=1)" S (2B + V/B) /3.

If r/s = (VB —1)/(V/B + 1) then the the value is the same with r and s switched. If
(B - D)/(VB+1) <1/s < (VB+1)/(VB—1), then

g
m(B—1)

-1/
s = 923 +9)/2 cos(¥(r, s)) (5 f 7S~ (s — r)2> 1/4 + o)

where the phase factor is given by

T 4rs (r—s)?
U(r,s) = (—4 — 16y — sh(fp) —I—arctan\/(ﬁ "+ )2 - (r+ S)2> :

Remark: If r/s remains fixed, the first and last terms of the phase are constant, so the

phase varies linearly along rays from the origin.

PROOF: We pick a toral minimal point (z,w) = (2(6),9(2(0))) and expand. Recall that
z = 712" is on the circle of radius 3712, as is w = g(z) = (1 — 2)/(1 — Bz). Write
f(8) = ih(h) and compute the derivatives of k. Since h = (1/i)log g, and (d/df) = iz(d/dz),
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we see that

W) = =z(logg(z))

- Z(l_—1z+ 1—Bﬂz>

o, 11
B l—z 1-4~
Differentiating again,
d
n'0) = iz—h' (0
0) = iz 1)

B —iz i/(Bz)
= 1

since z and 1/((3z) are conjugate.

Stationary points are found by solving h'(0) + /s = 0 which gives
1 1
1-06z 1-—=z

r
S

and hence

1- ﬂ+1—§(5—1) 2+ B2 =0. (6.15)
Also, h”(0) vanishes simultaneously with A/(0) if and only if (??) has a double root, which
happens when 3+ 1 — (s/r)(8 — 1) = £2¢/f, or when
r VB4+1

s VB-1

or its reciprocal.

Consider first the case when r/s is not one of these two extreme values. There will be
two conjugate solutions to (??) and we call the one with positive argument (zg, wg), where
6 is the argument, zo = z(6o(r,s)) = 57/2€% and wy = g(20) = (1 — 20)/(1 — Bzp). The
other one is the conjugate, (z(—6p),g(z(—6p))). We now compute the derivatives of h in

terms of r and s.
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Lemma 6.4 Suppose z satisfies (7). Then
1 Br , 4rs (r—s)2
= + t — .
1z (b—l)seXp< rare an\/(ﬂ—l)(r+s)2 (r+s)?

PROOF: Begin with the observation that if 1 — bz 4+ az? = 0, then

1 b—a—ax

-2 b-a—1"
This is proved by crossmultiplying. Apply this with a = S and b= 3+1—(s/r)(—1) and
use the quadratic formula z = b/(2a) + Vb? — 4a/(2a) to get

1 (L (s/m)(B—1) i /228 +1)(B—1) — (1+ 5)(8 — 1)2

1-=2 22(B-1)

T

Simplify this to obtain

B—1
1—2z 2s
The modulus of this is \/fr/(f — 1)s and since the real part of 1 — z is positive for any

|z| <1, the argument has absolute value at most /2 and is therefore the arctangent of the

1 r4sti/ A _ (r —5)2

ratio of imaginary to real parts. O

Lemma 6.5 Suppose 1 — bz + 322 =0 withb= 3+ 1— (s/r)(8—1). Then
z r? 4 s s
omi > b — LT [ 2 5 gy
m{(l—z)Q} 32\/5—17“ (r )

= i;\/ﬂilm—(r—s)?

PRroOF: Recall that

Vo )

(1-2)2  (1—4)?

87



The denominator is the square of 1 — bz 4+ 37!, so this becomes

z , 1,.1-p71
i) - Ty
_ e Ly BB-
Bz (8 - 1)2
= fizfi b
R =TT

Since z and 1/(f3z) are the two roots of the equation, and since the difference between the

two roots is £24/b% — 43/(23), we get

z r? s 52
2 { =) = iﬁxm DB 1) = 5612 - (3 - 1)

a

Now apply Theorem 7?7 at 6 = £0y. We see that a, ; = CoBrts)/2g=1/2 +0(s71), where

o D(1/2) L 1 2
— irf—ish(0) +in/4
Co 9%:906 or © 1—2(0)\ sh"(0)

The two summands are conjugate, so we rewrite this as

1 r+s)/2 1 2 ; ; - ;
e\ A S Relesp(im i+ (1 = 20) ™+ i = 9)0))-

The computation of h”(#) in the previous lemma gives

h"(00) = i;\/ﬁ f 7S (r—s)2.
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Using Lemma 77 then gives

o L sy [ B 2
firs \/;ﬁ (B— l)s\/g\/él(ﬁ —1)~lrs—(r—s)?

- 4rs (r—s)?
- cos (—4 — st — rh(fo) + arctan \/(ﬁ —1)(r+s)2 (r+ s)2>

and simplifying yields

o pr+s)/2 g 4L\
Am.n Bt ﬂ(ﬁ_1)<ﬁ_1rs (r s))

- COoS (—F — sy — rh(0o) + arctan\/ drs _(r= 8)2> +0(s7h)
4 B=1(r+s)? (r+s)?

which finishes the argument in this case.

Finally, we consider the case when /s is one of the two extreme values. Assume without
loss of generality that r/s = (v/8+1)/(v/3 —1). The first two derivatives of h then vanish

at zero and nowhere else. We compute (e.g., with Maple)

26371 2 2v/B(1
R A e 1R /R Ve
so the order of vanishing of h at zero is precisely 3. Since z = —g(z) = 3~'/2 when 6 = 0,

2 "w™s = BU+5)/2 Theorem ?7? then gives

—1/k
a - /B(T+s)/2 A(k?, O) 1 (_1)7’ h///(o) / ‘
e 2r 1 —p-1/2 6

Using the identity A(3,0)/(27) = 1/(6I'(2/3)), we get

T N /10 Iy
rs ™ 6r(2/3)1— g1/ - 2VB(1+ VP))L/3

which simplifies to
. ﬁ(r+s+1)/2

(=1) 62/30'(2/3) (2

VB +V/B)) 3.
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7 Multiple points

When z is a minimal, geometrically smooth point of V, it is either strictly minimal, finitely
minimal or torally minimal, and is smooth for a square-free denominator in the radical of
H. We have obtained asymptotics in all these cases. What remains is to analyze expansions
around non-smooth points of V. The simplest geometry in the non-smooth case is an isolated
multiple point, where locally V is described as the union of finitely many sheets, Vi,..., Vi,
intersecting only at z. We will assume that each of these sheets projects diffeomorphically
onto the first d—1 coordinates. In this case, the sheet V; may be parametrized by (W, u;(W))
for a collection of functions u;, analytic for w in a neighborhood of z and whose graphs
intersect only at z. The only generality lost by this assumption is if V' contains a sheet
parallel to each coordinate hyperplane, a case of which we know no natural example. A
version of the Weierstrass preparation lemma allows us to describe F' algebraically near z

as follows.

Definition 4 Let v;(W) = 1/u;(W) denote the inverses of the zeros of H(W,-).

The formulas do not seem particularly simpler in terms of v’s than they do in terms of u’s,

but it will be crucial at a later step to be working with inverse zeros.

Lemma 7.1 (Weierstrass preparation) There are exponents ny,...,n; and a function

X analytic near z, such that uj(W) = wq for each j, yu; # 0 for each j, and such that

W) = x(w)
) = = wang e

PRrROOF: For any fixed w # z in a neighborhood of z, the function F(w,-) has a pole of
some order, n; at the point u;(w). The integer n; must be constant on the sheet V;. The
product H?:l(l —wgqvj(W))"™ F must then have a finite limit as wq — u;(W) for each W # z.

A meromorphic function goes to infinity wherever it is not singular, hence the product is

90



analytic everywhere in a neighborhood of z except possibly at z. By Hartogs’ Theorem (see
Griffiths and Harris 1994, page 7) there are no isolated singularities in C¢ for d > 2, hence

the product is analytic in a neighborhood of z, which proves the lemma. O

Remark 1: The Weierstrass preparation theorem in its stronger form says that a function
whose power series has a nonzero pure wy term may be multiplied by an analytic function
so as to arrive at a function w! + Zé‘:1 h; (vAv)wifj , where [ is the degree of the minimal
pure wy term. Stated in this way, one sees that coefficients of these power series may be

effectively computed.

Remark 2: Immediately following their proof of Hartog’s Theorem, Griffiths and Harris give
a proof of the Weierstrass preparation lemma, different from the one above, in which they
find an analytic function by which to multiply H so that it becomes a polynomial in z; with
coefficients in C[[z1,...,24-1]]. They avoid having to argue that n; is constant on sheets,

which is glossed over in the above proof.

Remark 3: The description of the functions u;,v; parametrizing the sheets of V is only as
effective as the solution of a general algebraic equation. Thus for example, the set of normal
vectors to the sheets is the set of roots of a polynomial equation which may not be solvable
by radicals. On the other hand, symmetric functions of the v;’s are effectively represented

in terms of G and H, and so are the coefficients of the function x. In particular,
x(z) = limx(z 2+ ¢)
€—>

ok —wn,  G(2)
_ lli%jl_[l(l_(Zd—i_E)vj(Z)) m

| [Ty ey ()"
= MG 5 (57020 PH () 1 0) /D!

_ D!G(z)(—za) "
~ (0/0z4)PH(2) (7.16)

where D = 2?21 n; is the total degree of multiplicity.
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7.1 Exponential rate

Recall that the function dir is not defined at a multiple point. We remedy this as follows.

Definition 5 Ifz € V is a multiple point with sheets V; parametrized by u; as above, define

21 6uj Zd—1 811,]‘
= = 1
Zd 621 Zd 8zd,1

dir; () =

in CP% 1. Since Ou;/0z = —Hl(j)/HC(lj), where HY) generates the ideal of V;, we see that
dir;j(z) is just the limit of dir(w) as w — z along the sheet V;. If z is minimal, then =z
is minimal for each sheet, and by Lemma 7?7 each dir;(z) is an element of the nonnegative
orthant of RPY™Y. In this case, we define dir(z) to be the convex hull in RP% ! of the
vectors dir;(z) (a convex hull in the nonnegative orthant of RP¥ ! can be thought of as a

nonnegative cone in R%).

Remark: If z is not a minimal point of V, the functions dir; are defined but are not
necessarily in RP%~!, so the notion of convex hull may not make sense. Assuming that z is
minimal, write z; = :Bjeiej with x € logD. Then the set of normals to support hyperplanes
to logD at x is exactly dir(z). Thus we may extend the above definition to minimal points
(e.g. cone points) that are neither smooth points or multiple points by defining dir(z) to
be the set of normals to support hyperplanes of logD at x. Lemma 7?7 then immediately

implies:

Proposition 7.2 For any minimal point z € V and any r ¢ dir(z), |z"ay| — 0 exponen-

tially fast in r. O

In the remainder of the treatment of multiple points, it will be shown how a point z
determines asymptotics in every direction in dir(z). There are many variations. Directions
that are extreme points of dir(z) require a separate treatment. As in Section ??, expo-

nents n; > 1 may be analyzed following the same program but computing the residue by
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differentiating. Whether at least two of the sheets intersect transversely also affects the
analysis. All variations are treated in Pemantle and Wilson (2000b and 2000c), including
non-isolated multiple points. After deriving asymptotics in the simplest case (described
shortly), none of these variations poses any significant difficulty, so we will be content here
to present just the case where each n; = 1 and we impose some transversality conditions

on the intersections of the sheets.

The reduction to an oscillating integral begins in a familiar fashion. Just as in the proof

of Lemma ?7?, when N is a neighborhood of z in T'(z), the quantity

1N o F(w) ~
R T dwqy| d 7.17
“ <2m') /NW Vc w1 (71

decreases exponentially. Choosing € small and the A sufficiently small, we localize the

2"

Cauchy integral for a, to a neighborhood (by (77?)), write it as an iterated integral, compare
to a torus enlarged in the z; component, observe that the integral over the larger torus is

exponentially smaller than z™*

, and hence that a, is well approximated by the residue term.
This time, for each w in a neighborhood of z, we pick up k different residues. We summarize

this in a lemma.

Lemma 7.3 Let z be an isolated multiple point of F'. Assume all the exponents n; from the

Weierstrass preparation lemma are 1. For a neighborhoodﬁ of 0 in R4 define a quantity

-~

== (2m) T /ﬁ R(w (D)) db, (7.18)

-~

where w;(0) := z;je"

i and
k
R(W) =) Res(wy ™ ' Fywg = uj(W)).
j=1

Then the quantity

|2"| |ar — E]

decreases exponentially as N remains fized and r — oo. O
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We cannot separate the integral into the sum of k integrals of the form in (?7?), since
none of the individual residues will be integrable. Instead, to go any further, we need to
understand the residue sum, R. It will take some work to put R in a form to which our
knowledge of oscillating integrals can be applied. To clarify the exposition, we treat the
simplest case first (d = k = 2) and then the general case. First though, we use a little
algebra to see how much asymptotic information is needed beyond what is available as a

corollary of smooth point expansions.

7.2 Dimension of the set of expansions

Let a = (ay, ..., aq) be an isolated multiple point with sheets Vi, ..., Vi, with F represented
as x/ H§:1(1 — zqu;(z))™. Let G := x and H := ]_[?:1 hj(z) = 2?:1(1 — zqu;(z))™. In
trying to understand the asymptotics of the coefficients of G/H, when H factors, it is natural
to try a partial fraction expansion. Indeed, we understand from the smooth case how to
find asymptotics for each g/(1 — z;v;7(z)!) when g is analytic, so if G/H were representable
as a sum of such terms for every numerator, G, we would need no further analysis. This is
not the case, since whenever g/H that can be written as 3 g;/(1 — zjv;7(z)"), the function
g must vanish at . We examine in more detail how much the partial fraction expansions

fall short of giving us all functions in the numerator.

Let R, be the local ring of power series about a convergent in a neighborhood of «. Let
S be the family of subsets S C {1,...,k} such that « is not an isolated point of N;cg Vi,
and let S, be the ideal generated by all products hs := [[;cge(1 — 2qv;(2))"™ for which
S € S. If Ais any variety containing «, let S4 denote the the (possibly empty) set of j
for which A C V;. By definition, S4 € S, hence some generator hg, of I, does not vanish
on A. We conclude that « is an isolated element of V(S3,). Hence the radical of 3y, is
M, the (unique maximal) ideal of R, generated by the functions (z; — ;). The quotient
space R, /M is naturally isomorphic to C via f +— f(«). By the Nullstellensatz, M is finite
dimensional over J, which is the same as R, /S, being finite dimensional over R, /M ~ C.

By definition of radical, for each j, some power of z; — a; is in M, which will be useful
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later.

The set Jo/H is the submodule of R, /H generated by functions hg/H for S € S. But
hs/H = hge = 1/[];e5(2a — v;(2))". We have therefore proved the following lemma.

Lemma 7.4 FEvery function g € R, may be represented as a sum

go+ Y gshs
Ses

where gg s a power series convergent in a neighborhood of a and gg is a coset representative

of Ra/Sa. For each j < k there is an m; with (z; — o)™ f € Sq. O

We wish to use this partial fraction decomposition to write the coefficients of g as sums
of the coefficients of gy with coefficients of functions gg. For the above decomposition to
translate to the realm of coefficients, it will need to be a decomposition in the space of
functions analytic in a neighborhood of the origin. Consequently, we will need the following
strengthening, whose proof will be given at the end of this section. Let R be the space of
functions analytic in a neighborhood of the closed polydisk D(«). Every function f € R

has an image (f)q € R, under localization at «.

Theorem 7.5 There is an ideal S of R, the image of which in R, contains the ideal Sq,

and which has the following property. It is generated by finitely many functions h(si), Ses,
i > 1, whose localizations (hg))a satisfy

(h)a = uhs

for w a unit of Sy. It follows that there is a vector space V' of the same dimension as

Rao/Sa such that every G € R has a representation
G=g5+ gsihd

with go € V'. The space V' may be chosen to be the span of any basis for Ry /Sy that lies
in R.
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Assuming the theorem for now, we suppose further that the set dir(a) has nonempty
interior. Equivalently, the normals to the hyperplanes of the sheets Vi, ..., Vj span C% and
hence define a cone with nonempty interior. For each S € S, one may consider the function
Fg = hg) /H. The pole set of this function is a subset of V and near z contains only those
sheets V; for j € S. With respect to this function, the set dirg, () is a cone whose extreme
points do not span all of C? (since all sheets V; with j € S contain a common variety
through o of dimension at least 1). Hence the union U of dirpg(«) with respect to this
function is a union of lower dimensional cones. In particular, it is not all of dir(«) and is
in fact a set of smaller dimension. Let C be any cone with nonempty interior contained in
dirp,(a) \ U. We may describe all asymptotics on C of coefficients of functions G/H as

follows.

Theorem 7.6 (Polynomial theorem for isolated multiple points) Suppose the
function H has a strictly minimal point at « of multiplicity k > 2. Let Vi,..., V) denote
the sheets of V near . Let Cy be a cone inside dir(a) \ U where U = Uges j>1 dirhg)(a),
with S and {hg} as in the previous paragraph. Then there exists a finite dimensional vector
space W (over C) of polynomials in a variable v € Z% such that for every G € R, the
coefficients of F := G/H are given by

ar = o " (f(r) + g(r))
where f € W and g is exponentially decaying on Cy N Z7.
ProoOF: Replacing F(z) with F(riz1,...,7424), we move « to 1 while multiplying a, by
af. Thus it suffices to prove the theorem in the case o = 1.

Let V = V(d) be the vector space of complex valued functions on the positive orthant
in Z%. For i < d, let o; be the i*" shift operator on V, defined by (o;f)(r) = f(r+¢;) where
e; is the vector whose j! component is §;;. Let E C V(d) be the subspace of functions

decreasing exponentially in r on C;. For a function ¢ € Cl[z1,..., z4]], let g4 denote the
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element of V defined by g4(r) = by, where b, are the coefficients of ¢/H:

o)y
H(z)_zbr '

The function 1 is a minimal point of the singular variety of hg) /H for any S, i. Therefore,
by Proposition 77, hg) /H has exponentially decaying coefficients in any direction not in
dirhg)/H(l). By construction, then, each qhg—) is in E, and hence the set of functions
qs = {qp : ¢ € I} is a subset of E. The ideal M contains all functions vanishing at 1.
Recalling that some power of each (1 — z;) annihilates R, /S, we let P denote the finite set
of r such that (1 —z)* := [T, (1 — 2)" ¢ J,. The functions (1 — z)" are generate R, /S,
so by Theorem ?? they generate $/3. Since q(1_.,)o = (I — 0:)qy, it follows that for r ¢ P
and any analytic ¢, .

(I—0)qy:= [H(I — az-)”] qp €93 CE.
i=1

We have found a finite set of coset representatives, {¢1,...,¢;} of R/S. Let V' be their
span over C. By Theorem ?? and the fact that g5 C F, functions in V' approximate the
coefficients of any function G/H up to a difference that decays exponentially on C;. We
have seen, for each r ¢ P, that (I —0)*X C E. The theorem then follows from the following
lemma with X = V':

Lemma 7.7 Let X C V(d) be a finite dimensional subspace such that there is a finite set
P for which (I —o0)*X C E wheneverr ¢ P. Then for each f € X there exists a polynomial

g whose monomials have multi-degrees in P, and for which f — g € E.

PROOF: Proceed by induction on |P|. If |P| = 1 then P = {0}. In this case, for each f € X
and i < k, the function &; := (I — 0;)f is in E. The cone C; has nonempty interior, which
implies that C; N Z% has a co-finite subset C’ which is a connected subgraph of the integer

lattice. For any r < s € (1, there is an oriented path ~g,71,...,7; connecting r to s in C’,
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where [ = Y% | (s; — ;). (An oriented path takes steps only in the increasing coordinate
directions.) Then

l

F(s) = f(x) =D F(y) — F(35-1) Zé’mo (vj-1)
j=1
where m(j) =i if ;1 and ~; differ by e;. Sending s to infinity, we see that
l
f(r)= Slggof +Zf’>’y f(vj-1) Z m() (Vi-1)

where ~ connects r to infinity. Thus on C’, f is a constant plus a tail sum of functions in

E, and the conclusion is true with g = lims_,~ f(s), the constant polynomial.

The induction step is similar. Let P; = {r : r+¢; € P}. Fix f € X. The space (I —0;)X
satisfies the hypotheses of the lemma with P; in place of P. Since |P;| < |P|, we may apply
the induction hypothesis to conclude that (I —o;)f = g; + & where g; is a polynomial with
multi-degrees in P; and & € E. For any r <s € (Z1)%, and any oriented path + from r to

s, we have

f(s)—f(r) = f(v) = flvi-1)

M-

<
Il
—

—~

l

= 9m(j 7] 1 +ng(] Yi— 1)
7=1

.
—_

If r,s € C’ then we have already seen that, as a function of s, the last contribution
22:1 Em(j)(1j-1) is equal to a constant C(r) plus a term decaying exponentially in s. Fixing
r € C’ so that the set of s € C not greater than or equal to r is finite, it remains to show

that
+ Z gm 7] 1

defines a polynomial in s with multi-degrees in P.

We know that (I — 0;)g; = (I — 0;)g; since the difference is a polynomial in E, hence
zero. Thus for x € Z¢, we see that g;(x) + gj(x + €;) = gj(x) + gi(x + e;). It follows that
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the sum defining p is invariant under switching the order of two steps in the path ~, and
hence is independent of the choice of v. Choosing ~ to take first s; — r steps in direction

e1, then so — ro9 steps in direction es and so on, we may write

k s;—r;

p(S) = f(I') +Z Z gj(Sl,. c8j1, it =1, ,’I“k) .

j=1 t=1

Each of the inner sums is the sum to s; — r; of a polynomial with multi-degrees in P;, which
is well known to be a polynomial with multi-degrees in P. Hence p(s) is a polynomial with

multi-degrees in P and the proof is done. O

For an isolated multiple point, we always have £ > d. In the case k = d and each n; = 1,

the conclusion of the polynomial theorem is strongest. We state it as a corollary.

Corollary 7.8 (plateau result) Let o be an multiple point of the zero set V of H and
suppose the number of sheets k of V near o is equal to the dimension, d, each sheet V;
appearing with multiplicity n; = 1, and the common intersection of the sheets being the
singleton {«}. Then for each analytic function G, the coefficients ay of G/H may be written
as Ca™" + g(r) with g decaying exponentially on compact subcones of dir(a). Specializing

further to a = 1, the coefficients in dir(1) are constant up to a term of exponential decay.

PROOF: Any proper subset of the sheets intersects in variety of positive dimension through
«, hence § contains each subset of sheets of cardinality d — 1. Thus <& contains each sheet
function z4 — vj(z) and is therefore equal to the unique maximal ideal, M, from which it
follows that P = {0}. The set U is just the boundary of dir(«), whence the cone C; in the
polynomial theorem may be chosen to be any subcone of the interior of dir(«). Applying

the polynomial theorem now proves the corollary. O

As we increase d, k —d and the n;’s, there number of cases grows quickly. The structure
of the space of asymptotics in each case may be worked from Theorem ?7. One more

example, the next simplest, will serve to illustrate how this is done.
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Example 16 (k=3,d=2, n; =1)

We suppose F' = G/H where H = (1—wv;(2))(1—wva(z))(1—v3(z)) and v;(z0) = 1/wo
for j = 1,2,3. We suppose that (29, wp) is minimal and that the values dir;(zo,wo) are
distinct and listed in increasing order of /s. Let H;(z,w) denote 1 —wv;(z). Each pair of
sheets meets locally only at (2o, wp), so S contains only the singleton sets {1}, {2} and {3}.
The ideal & is generated by HiHs, HiH3 and HoHs. It is not hard to see that & contains
all analytic functions vanishing to homogeneous degree two near (zp,wp), hence contains
(1 —2)"(1 —w)® exactly when r + s > 2. Thus P = {(0,0), (1,0), (0,1)}. Initially this tells
us that

ars = (A+Br+Cs+ &)z, "wy ® (7.19)

on any compact subcone of dir(zg,wp) \ U, where U is the set {dir;(zp,wp) : 1 < j < 3}

and & decays exponentially on the subcone.

Now U is just the boundary of the cone dir(zg, wo) = [dir;(z0, wo), dirs(zo, wo)] together
with the ray dira (2o, wo), so dir(zg,wo)\U is the union of two open intervals in RP!, namely
Cy := (direci(zo, wp), direca(zo,wp)) and Cy := (direca(zo, wy), direcs(zo,wp)). Instead of
using Lemma 77?7 and the ideal &, we may analyze the situation by going directly to M. This
is generated by {H; : 1 < j < 3}. Thus F may be written as a linear combination of func-
tions H;/H plus the function 1/H. By the plateau corollary, we know that the coefficients
of Hi/H = 1/(HyH3) are a constant multiple of z; wy® on Cs, while by Proposition ?7?
they are exponentially smaller elsewhere. Similarly, up to exponentially smaller terms, the

S

coefficients of Hz/H are a constant multiple of z;"wy® on C1. Any G € R is a constant

plus an element of M, hence asymptotics of any gg are given by
zarwas (Aol =+ A1101 =+ Aglcz =+ 5) s

where £ decays exponentially, 1 is an indicator function, and z; "wy °l is the coefficient array
of 1/H. We know from (??) that ¢ is affine on each C;, and by altering A; and As we can
make it linear on each C;. We will see later that it is continuous and that it vanishes on the

boundary of dir(zp,wp), and therefore that it is the “tent function” which grows linearly
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on the ray dirs(zp, wp), vanishes on dir (29, wy) and dirs(zp, wp), and interpolates linearly
on each of C; and Cs.

We will not go any further into the structure of these polynomial spaces, save for one
remark. Whenever n; = 1 and the sheets meet as transversely as possible, the functions H;
generate M, and hence any analytic function is a linear combination of 1 and functions H;.
Recursively, we may assume we have analyzed the case of each H;/H =1/ [Tiz; Hi, so we
need add only one dimension to the subspace of V(d)/E that these generate, namely the
coefficient array for 1/H.

It remains to prove Theorem ?7?. the first step is to establish:
Lemma 7.9 For each x € D(z) \ {z} there are functions b for which the following hold:

(1) each h¥ is analytic on a neighborhood 2 of D(z);
(2) h¥ =u - hj with u a unit in Re;

(3) W5(x) # 0.

PRrROOF: Let w be a neighborhood of z in which the factors h; are analytic, and in which
ﬂ?zl V; = {z}. Since V does not intersect the interior of D(z), the intersection of V; with
Ow is disjoint from D(z) and it follows that we may choose a neighborhood Q of D(z)
containing no such intersection point. Let F; be the sheaf over € of ideals < h; >. That
is, when w € w and hj(w) = 0, then (F;)w is the germs of functions divisible by h; at w,
while when w ¢ w or w € w with h;(w) # 0, then (F;)w is all analytic germs at w. The
definition of (F;)" is potentially ambiguous when w € dw is in the interior of 2, but since

h; is nonzero here, there is no problem.

The sheaf F; is a subsheaf of the structure sheaf O, hence coherent, so by Cartan’s
Theorem A (see Grauert and Remmert 1979) there is a map ¢ from some O' onto Fj,

where O is the sheaf of germs of analytic functions (the structure sheaf) on Q and [ > 1.
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Denote the [ generators of O' by 1;,i < I. The fact that 1 is surjective at z means that h;

is in the image of : for some functions u; in a neighborhood of z,
¢(Z u,;li) = Zuz@/)(lz) = hj . (7.20)

By definition of 9, each 1 (1;) may be written as u;;h; in R,. If each u;; € M, then each
P (1;) € M- < hj > contradicting (77?); thus at least one u;; ¢ M- < hj >.

If there is an 4 with ¢(1;) ¢ M- < h; > and ¥(1;)(x) # 0, then the lemma is proved
with A% := ¢(1;) and u = u;;. If not, then choose i and 4’ so that ¢(1;) ¢ M- < h; > and
¥(1;)(x) # 0. Since it was not possible to choose i = i/, we know that 1(1;)(x) = 0 and
uyrj € M. It follows that w;j +u;; ¢ M and the lemma is proved with AY := (1) +1(1;).
O

Corollary 7.10 There is a finite collection {hy : o € A} analytic on a neighborhood of
D(z) such that for each S € S and each w € D(z) \ {z} there is an oo € A with

ho(w) # 0 and hy = hsu (7.21)

with u a unit of N .

ProoF: Fix S € S. The function h§ = [];cge(h})™ satisfies (??) for all w in some
neighborhood Ny of x. It also satisfies (??) for all w in some neighborhood N of z. By
compactness of D(z), we may choose finitely many x for which the collection of sets Ny

covers D(z) \ N. Taking the union of such collections over S € S proves the corollary. O

Lemma 7.11 Let Q be a polydisk and let {hy : oo € A} be a finite collection of functions
analytic in Q. Suppose an analytic function g on ) is represented in a neighborhood of each

X as ), guho with g& analytic in a neighborhood of x. Then
g = Zgzha
(e
with gk analytic in .
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PROOF: Define sheaves over Q by F = O and G =< ho :a € A>. Themapn: F — G
defined by n(fo : @ € A) =Y, faha is a surjection of sheaves. Thus we have a short exact
sequences of sheaves

0—-E—=F—=G—0

where £ is the kernel of 5. The long exact cohomology sequence then gives us an exact
sequence
HY(Q,F) — H(Q,G) — H'(Q,€)

Since HY is the set of global sections, we see that the natural map of global sections from

F to G induced by 7 is surjective if and only if the first cohomology of £ vanishes.

It is well known that the cohomology of £ vanishes. This is essentially Cartan’s Theo-
rem B, a short development of which is as follows. The noetherian property of each stalk
Ox translates by Oka’s Lemma into a noetherian property for the sheaf O. This guarantees
that & is finitely generated. A set of generators yields a map from some OP to £, whose
kernel must also be finitely generated. Iterating, we get a presentation of £ which must
terminate in at most |S| steps by the Sysygy Theorem (Griffiths and Harris 1994, p. 694).
The vanishing of H4(2, OP) for any p and any ¢ > 0 follows from the contractibility of 2.
It then follows by induction that any finitely presented sheaf over €2 has H? = 0 for ¢ > 0.

Hence any g € G is the image of a global section of F, which proves the lemma. O

PROOF OF THEOREM ?7: Choose coset representatives for a basis of R, /Sq; let V' be their
span. By construction, if G € R, then G may be written as g§ + g with g5 € V' and the
germ (g), in S,. Evidently, the dimension of V' is equal to the dimension of R, /3, which

is finite by Lemma ?7.

We now verify the hypotheses of Lemma ??. In a neighborhood of z, we know from (?7)
that the functions {h(;)} generate &,. Hence there is a representation g = Y ¢g%hs. In a
neighborhood of any other x € D(z) some h,, is nonzero, so there is trivially a representation

g =2 grhs. Applying Lemma 77, it follows that g € 3. |

103



7.3 Two intersecting curves in C?

To see where we are heading, examine the special case k = d = 2 near the point (zg,wp),
with the nondegeneracy assumption of a transverse (non-tangential) intersection of the two
sheets V; and V,. The residue sum is given by

—s—1

RziRes( v x(zw) 'w:u~(z)> .
2 Ree (¢ EI

1 —wvi(2))(1 — wog

Observe that 1 —wv;(z) = —vj(2)(w —u;(z)). Then it is easy to compute the residues, and
we find that

v1(2) T Ix(zu(2) | va(2) x(z ua(2))
v1(2)(1 = ui(2)va(2)) — v2(2)(1 = ua(2)v1(2))

—v1(2)* Ty (z,u1(2)) + va(2)* Tix(2, ua(2))
v1(2) — v2(2) ’

This quantity looks like a difference quotient. Indeed, letting
h(z) := h(z,z) := 2T x(2,1/2),

we may write
1 dt
R= / W (o) 2
1 2
where v, := (v1 +v2)/2+t(v1 — v2)/2 linearly interpolates between v; and v [proof: change

variables via dt/2 = dvy/(v1 — v2)].

We want to apply Theorem ?? to = which is now an integral over N of an integral over
[—1,1] of W (vs). With z = zpe?, we have v; written as a smooth function of (#,¢). Thus
h'(vi(6,t)) is a smooth function times (s + 1)vf. Once we observe that v; has modulus
bounded above by 1/wq [by concavity of the modulus and the fact that |v;(z)| < [1/wg| for
j = 1,2,which is a consequence of minimality], we are in position to apply the oscillating
integral technology. We have |z"w®||a,s — Z| decreasing exponentially, where the quantity

= of (??) may be written (with z = 2pe'?) as
- 1, 1 dt
= = 55 /N/l W (wn(2) 5 d0 (7.22)
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1
417Tz0_r//\//_1 v (2)* [(s + 1)x(z, Ut:(LZ)) — vt(z)Qaawx(z, 1/vi(z))| dtdb.

Taking the log of v¢(z)® we now recognize the integrand as a cell complex oscillating integral:

== ﬁzo—rwo—s /N /_ 11(s+ 1) exp(—s£(0,£))ib(0, 1) dt b (7.23)
where
£(0,1) = — log[ve (20 )wo] + igﬁ
and
9(0,0) = X(51/0(2) ~ () X2 (2))

We remark that here it is essential to have changed from u; to v;: the quantity u; st

does NOT necessarily have modulus bounded above by 1/wyp; taking convex combinations

of u; and ug before inverting ruins the convexity argument.

Theorem 7.12 Let F = G/H be meromorphic in a neighborhood of D(z,w) and suppose
that (zo,wp) is an isolated multiple point of V of multiplicity 2. Assume further that the
curves V1 and Vs intersect transversely, that r is in the interior of dir(z), and that V,
and Vo each have multiplicity 1. Let N be a neighborhood of the origin in R. Then if

G(20,wo) # 0,
—s G(207w0)

\/Z(Z)w%(HzQw — H..Hyw)

where |z"w?*Y | is exponentially decreasing.

+Y

_ -Tr
Qrs = Zg W

PROOF: Observe first that G(zp,wp) # 0 is equivalent to ¥(0,¢) # 0 for sufficiently large s

and in fact that as s — oo, from (??) we have

i G(Z(),’LU())

0,1 = '
¢( ) ) - X(ZO’wO) w% wa(Z(),UJO)

(7.24)

Next we check that f has a unique stationary point in A x [—1, 1]. The partial derivative
(d/dt)vi(z) where z = zpe. Since (d/dt)ve(z) =

of f with respect to t is equal to vté)
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(v1(2) —v2(2))/2 and v; and vg are distinct except at 2o, this means f cannot be stationary
except when # = 0. When 6 = 0, the f-partial derivative of f is given by (using v(29) =
1/wq for all ¢ in the second equality)

of _or 0 v1(2) Fv2(2) vi(z) —v2(2)
%(O,t) = .5 o log { 5 +t 5 ] (7.25)
_ T [Z-ZOUI(ZO);—UQ( 0) st 1(20) . Ué(ze)} /Uio

We have assumed transverse intersection of the sheets V; and Vs, so v](z0) # v5(20) and
hence there is at most one ¢ for which (0, ¢) is a stationary point. In fact, there is exactly one
t if and only if /s is between zowovy(20) and zowovy(z0). Writing v} (20) = (1/u;) (20) =
—(uf;/u?)(20), we have

20 .
zowov;-(zo) = —u}(zo)w—o = dir; (20, wo) .

Our assumption that r/s is interior to dir(zp,wp) is precisely what we need to guarantee

there is exactly one stationary point, (0,tp) with ¢ € (—1,1).

In order to apply Theorem ?? we must also check that at (0,41), the gradient of f is
not orthogonal to the boundary of N' x [—1,1]. In fact it is the 6 derivative we have just
shown to be non-vanishing there, and since the tangent space to the boundary is in the
0/06 direction at (0,%1), the requirement is met. Using first Lemma ?7 and (7?), then

Theorem ?? with the determination of ¥(0,¢p) in (?7?),

S —-r —8 1
N /N [ exp(=s(0,1))0(0.1) dtdf (7.26)
S _—r 75213 G(ZO’ wO)

~1/2
—zy W H

0o Wo
47 s wg Hyw(20, wo)

_s G(z0,w0)

—r
0o w(Q)waHl/Z
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where H is the determinant of the Hessian of f at (0,%p).

We now compute the Hessian of f at (0,%y). The function f(0,-) is constant at § = 0
so the pure ¢ partials vanish at § = 0. In particular, fi(0,t9) = 0. This means that the
Hessian is nondegenerate if and only if the mixed partial fp.(0,to) is non-vanishing, and
the determinant of the Hessian is the negative of the square of the mixed partial. To obtain
the leading term asymptotic, we therefore do not need to calculate fy(0,%p). The mixed
partial is computed by setting # = 0 in (??) and differentiating.

a4
dy

fo,t(0,t0) =

. 1+t 1—-t¢
{—zzowo ( v (20) + vé(zo)ﬂ
t=to 2 2

—iZQIUO

= 9 (Ui(zo) - Ué(zo))

Consequently,
H = % (u)(20) — uh(20))” - (7.27)

2

Since (u} — ub)® is a symmetric function of u} and uf, it may be expressed in terms of

the partial derivatives of H.

Lemma 7.13 Let h = ul_[g‘?:l(w —uj(z)) for some analytic functions uj with u;(z0) = wo
and u not vanishing at (2o, wo). Then for 1 < j <k, the j*" elementary symmetric function
of ul,...,uy is given by

ej(u(20), .-, up(20)) = (—1) <k> hjk—j

J) hok

where h; ; denotes the partial derivative © times in the first coordinate and j times in the

second coordinate at (29, wo). FEquivalently,

J

k
(-1 <k> hjk—j (ui(z0))’ = 0.
rt J
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PrOOF: Partially differentiate h a total of k times, k — j times with respect to w and j
times with respect to z. Each factor w — u;(z) vanishes at (zp,wp), so the only nonzero
contributions to h;x_;(20,wp) come from differentiating each term once with respect to
either z or w. Thus hjk—;(20,wo) is (k — 7)!j'u(z0, wo) times the sum over all subsets S
of cardinality j of {1,...,k} of [];cq u}(20). Dividing by this by hg x(z0, wo) = klu(zo, wo)
proves the lemma. O
G(z,w)
X (2 w) T (—ui2))

Applying this in the case k = 2 with h = H and u = gives

HZ’LU(ZOa ’UJ())

uy(20) + uh(z0) = —m
ww )

sz(207 wO)

uy (20)usy(20) Ho(20.00)

Hence (with all derivatives evaluated at (zg, wyp)),

H2 — H..H
(0~ ) = (o + up)? — iy = 4z =
ww

Plugging this into (?77?) gives

H = Z(%(ngz — H.. Hyw)
wyHZ, '

Substituting this into equation (?7?) in turn gives

G
zw\/H2, — H,, Hyy

-r —S8
a/r’s ~ ZO wo

evaluated at (zp,wp). Finally, the plateau result (Corollary ??) implies that the error term

here is of smaller exponential order, leading to the statement of the theorem. O

7.4 Arbitrary d and k&

In order to apply this is several variables, we require the following computational device

which represents the residue sum as a difference quotient. A proof may be found in Devore
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and Lorentz (1993), p. 121 (7.7) and (7.12), though for completeness we give a sketch here.
Fix any d > 2 and let A denote the d — 1 simplex, that is the subset of R? defined by

d
{(xl,...,xd):Z:cjzlandongSlforalllgjgd}.
j=1

Let d\ denote Lebesgue measure on A.

Lemma 7.14 Let h be a function of one complex variable, analytic in a neighborhood of
0, with derivatives denoted h)). For a = (a1,...,aq) € A, let v, denote the convex

combination ajvy + - - - + aqug. Then

d
A (1) dA ()
=1 HT;’E] U] (%3 /
both as formal power series in d variables v1,...,vq and in a neighborhood of the origin in
ce,
PROOF: Both sides are linear in h so it suffices to consider the case where h(z) = 27,
j = 1,2,.... In this case the LHS may be written as a rational function of wvq,...,vq,

whose denominator is the Vandermonde determinant [], (v, — vs). The numerator is
Zle U{ [, 252 (vs — vy), which is symmetric in vy, ..., v and vanishes whenever the quan-
tities v1,...,vq are not distinct. Hence the numerator is divisible by the Vandermonde
determinant and the LHS is a polynomial, evidently homogeneous of degree j —d + 1 and
vanishing if j < d — 1. The RHS is also a homogeneous polynomial of degree j — d + 1.
Hence the equality for all j follows from the equality summed over all j, so we now consider
the case h(z) =1/(1 — z).

In this case the LHS is given by

ZH

r= 1(1 7’ r= ls;ér’UT_vs

Clearing the denominator of the sum (which is the Vandermonde determinant again), one

sees that the numerator is a polynomial of degree d(d — 1) which is again symmetric and
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vanishing when some v, = vs, hence is divisible by the Vandermonde determinant. Thus
the sum is a polynomial of degree 0. Evaluating at v; = 1,v, = 0 for r > 1, shows that
the value is 1. Since the summation is identically 1, it follows that the LHS is equal to
1%, (1 —v.)"'. As a formal power series, the coefficient of every term v{l . -fugd is equal
to 1. Now evaluate the coefficient of v{l e vé‘i on the RHS. By homogeneity, the coefficient
when h(z) = 1/(1 — 2z) = 3.°°, 2" is the same as the coefficient when h(z) = z/+4-1 for

j=ji14 -+ ja Here h4D(2) = (j4+d—1)---(j +1)27 and the RHS reduces to

J / Ji Jd
. ) aqt ot dA(ag, ..., ag) .
(jl)"'a]d) A ! d ( )

The integral is the normalizing coefficient for a Gamma distribution, and is given by
gilgal - ja'/(5 + d — 1)!, showing that the coefficient is 1 and completing the proof of

the lemma. O

Applying this yields
Corollary 7.15
k
R = ZRes(w;T‘rlF;wd =u;(W)) = / h(dfl)(va(vAv)) d)\(«)
j=1 A
where h(z) = 2" =1 /x(%,1/x) and va(y) = L5, av;(y).

PROOF: Since all the poles are simple,

k wfrdfl (W)
R = ZRes(H }d — X ;deUj(VAV)>

e (L () (R X (W, (W)
N ; [T (1 = v (W)u;(w))

b vy (W)t (W, 1/0;(W))

j=1 H?:l U (W) — UT(VAV)

110



Setting h(z) = 2"4t*~1 /x(W,1/y) and applying the theorem yields the corollary. O

Finally, we plug this into Lemma 77 to see that

— (2m) T /N /A W=D, (%(8)) dA(a) dB.

(1]

This positions us to prove

Theorem 7.16 Let F = G/H be meromorphic in a neighborhood of D(z) and suppose that
z is an isolated multiple point of V of multiplicity k. Assume further that the intersection
of the tangent planes to the sheets Vj near z is a single point, that r is in the interior of
dir(z), and that the multiplicities of the sheets are all 1. Let N be a neighborhood of the
origin in R and let A be the (k — 1)-simplez in R*. Define a function f: N x A — C

by
f(0,a) = —loglva(W(0))zq] + i Z éﬁj )
j=1
Under a few more conditions,

ayp ~ (277)1_‘12_?. y

8 Cone points

9 Classification for two-variable meromorphic functions with

nonnegative coefficients

We began with the question of general computation of asymptotics for multivariate gener-
ating functions. We then restricted our attention to meromorphic functions, for which the
zero variety of the denominator was the key to analysis via iterated Cauchy integration.

For purposes of classification some natural questions are:

1. what are all possible local geometries of minimal points of V7
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2. which of these can be handled by variants of the methods we have seen so far?

3. are these sufficient to yield a good approximation to a, no matter what the direction,

dir(r), for any meromorphic generating function?

To make the last question more concrete, consider the simplest possible example, namely
binomial coefficients, where F' = 1/(1 — z — w) and V is a complex line. There are no
singular points here, but how do we know that as (z,w) varies over minimal points of V,

the direction dir(z,w) will cover all of RP!?

In the two variable case, assuming nonnegativity of coefficients, this question will be
answered affirmatively by Theorem ?7?. After that we will discuss the degree to which we
have a complete classification in higher dimensions, or in case the coefficients have mixed

signs.

9.1 Puiseux series

We begin by observing, without restriction on the dimension or signs of the coefficients,
that cusps may never be locally minimal. To properly define our terms, consider the power
series expansion about a point z € V where all the first partials of H vanish. The expansion
of H(x) near z is then a sum of terms of degrees 2 and higher. We call z a homogeneous
point of degree k if this expansion contains terms (z; — zj)k for each 7 = 1,...,d, and
contains no terms of total degree less than k. A point where the first partials vanish that
is not homogeneous of any order is commonly known as a cusp. Discussion of Puiseux

series here

Lemma 9.1 If z is a locally minimal point of V with nonzero coordinates, and F is mero-

morphic in a neighborhood of z then z is homogeneous.

PROOF: Passing to F'(z121, ..., 24zq) if necessary, we may assume z = 1. Setting z; = 1 for

all but one index j, we cannot obtain the zero function (by minimality), and so some term
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in the expansion around 1 is a pure power of (z; — 1), and we denote the minimal degree
such term by c;j(x; — 1)%. If z is not a homogeneous point, then there is some j for which
some monomial has total degree lower than k;. Assume without loss of generality that
j = d. The function F(z,z,...,z,y) then has a minimal degree pure y — 1 term co(y — 1)k,
k := kg, and some term ¢ (z — 1)%(y — 1)? with a + b < k. In other words, the Newton
Polygon of F(z,...,x,y) around (1,1) has a support line passing through (0, k) with slope
—p/q in lowest terms, and p > ¢. It is well known that we may describe the solutions y(x)
of the equation

Fl+z,...,14+z,14y)=0

as follows. Write
H:=(y—1D"co+c(y—1)Pla—1)"+ea(y—1)"P(x—1)* 4 +cs(y — 1) (x — 1)*)

for the polynomial collecting all the terms on this support line. Then for each ¢** root
of unity, w, and each root A of 3 ¢s ;A\ = 0, there is a solution y = A\/Pz9/P(w + o(1))
as x — 0. The standard proof involves showing that perturbing H by terms of higher

homogeneous degree affects the solutions only by factors of (1 + o(1)) as = — 0.

Varying x over the set | —arg(z)| < 7/4, we see that the solutions y(x) must sometimes
be in this set as well. For those z, the points (1+x,...,1+z, 14+y) will be in VND(1)\T(1),
violating minimality of 1. By contradiction, we have shown that no monomial in the
expansion around 1 has lower total degree than any pure power term, hence 1 is minimal.
O

9.2 Classification theorem

The variety determined by the terms of the power series about z that have leading homoge-
neous degree is called the tangent cone. A test for whether a degree k homogeneous point is
a multiple point is whether the degree k part of the expansion factors completely into linear
factors (equivalently, whether the tangent is a union of hyperplanes). If not, we call z a cone

point. The bad news is that we do not yet know how to deal with cone points. The good
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news is that cone points do not exist in two dimensions (every homogeneous polynomial in

two complex variables factors into linear terms).

To summarize, if F' is meromorphic in a neighborhood of its domain of convergence in
C2, then every (z,w) € V is either geometrically a smooth point, or is a multiple point.
For smooth points, Theorem 7?7 and the generalizations given in section 7?7 assure us that
asymptotics may be computed in directions dir(z,w). For multiple points, Theorem 7?7
in the simplest case and the extensions (higher multiplicity in Pemantle and Wilson 2000b
and non-transverse intersections in Pemantle and Wilson 2000c) show that asymptotics
may be computed for all directions dir(z,w). The following theorem then completes the

classification.

Theorem 9.2 Let F = G/H = Y a,2"w® be the quotient of analytic functions G, H :
C? — C. Suppose that the coefficients a, s are all nonnegative, and that F(z,0) and F(0,w)

are not entire. Then for every direction o € RPY there is a minimal z € V with o € dir(z).

PROOF: Let (x,y) be any point on the boundary of logD. For u < e* and v < €Y the
power series for F' is convergent at (u,v). As u T e* and v | e¥ therefore, F(u,v) is finite
and increasing. On the other hand, the power series for F' is not absolutely convergent on
T(e*,eY), since we know F' to have some singularity on this torus. Hence F'(u,v) T oo as
(u,v) T (e*,€e¥). Since F is meromorphic, it must have a pole at (e*,e¥), hence (e*,e¥) € V
and is a minimal point of V. As (z,y) varies over the boundary of logD, we let v C V

denote the curve traced out by this minimal point.

Pick any a € RP!. The convex set logD has horizontal and vertical support hyperplanes
(by non-entirety of F'(z,0) and F(0,w)), and therefore has a support hyperplane normal to
a; let (z,y) be a point of intersection of this support plane with logD. We have just seen
that (z(a), w(«)) := (e*,e¥) is a minimal point of V. If (z,w) is a smooth point of V then
dir(z,w) = {a}.

Assume now that (z,w) is not a smooth point. By Lemma ??, (z,w) is a homogeneous
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point, and since d = 2, (z,w) is a multiple point. Then dir(z,w) is the set of normals to

logD at (z,y), so again « € dir(z,w). This finishes the proof. 0

9.3 Progress on singularities in three or more dimensions: classification

and applications

1. Node points are still OK
2. Possibility of other homogeneous singularities

3. Random tiling examples

10 Effective computation

11 Obtaining multivariate generating functions

11.1 Standard boundary conditions

1. Rehash motivating example from Larsen and Lyons
2. Outline the general case of standard BC’s

3. Give a formulation of the solution in terms of symmetric functions, if possible

11.2 Symmetry boundary conditions

Summarize work of Flatto et al.
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11.3 Queuing models and left-continuous random walks

1. Discuss queuing models leading to left-continuous random walks in more than one

dimension
2. Show how to reduce these to Riemann-Hilbert problems, following Taylor et al

3. Solve some of these
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