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We study computably enumerable (c.e.) prefix codes that are capable of coding all positive
integers in an optimal way up to a fixed constant: these codes will be called universal. We
prove various characterisations of these codes, including the following one: a c.e. prefix code
is universal if and only if it contains the domain of a universal self-delimiting Turing
machine. Finally, we study various properties of these codes from the points of view of
computability, maximality and density.

1. Introduction and notation

We study computably enumerable prefix codes that are capable of coding all positive
integers in an optimal way up to a fixed constant: these codes will be called universal.
Our arguments combine elementary facts from coding theory, algorithmic information
theory and formal language theory. We prove various characterisations of these codes
including the following one: a c.e. prefix code is universal if and only if it contains the
domain of a universal self-delimiting Turing machine. Various properties of these codes
are then presented.

We will follow the notation in Calude (2002). We use IN = {0, 1,2,...} to denote the set
of positive integers. The cardinality of a set A is denoted by |A|. Let us fix X = {0,...,rS 1}
an alphabet of cardinality r, and use X to denote the set of finite strings (words) on X,
including the empty string A.

The length of the string w is denoted by |w|, and we use X' ={w X | |w| =i},
XUL{w X ||w] Cifand X ™= {w X ||w| [Cifto denote the sets of strings having
lengths exactly i, not larger than i, or not smaller than i, respectively. If v is a prefix of w,
we writev W, and writev  wifv w and v =w. A natural ordering of X 1is the quasi-
lexicographical (or length-lexicographical ordering * Lyed where strings are ordered first
according to their length, and strings of the same length are then ordered lexicographically
(with respect to some ordering of the alphabet X)'. We use string,(n) to denote the

* Work done in Halle; the support of Martin-Luther University and Institute of Informatics is gratefully
acknowledged. Part of this project was supported by UARC Grant 3607895/2006.

* This ordering is not to be confused with the lexicographical ordering where the string 1 is preceded by all
strings starting with 0.















