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Abstract

The concept of entropy plays a major part in communication theory. The Shannon

entropy is a measure of uncertainty with respect to a priori probability distribution. In

algorithmic information theory the information content of a message is measured in

terms of the size in bits of the smallest program for computing that message. This paper

discusses the classical entropy and entropy rate for discrete or continuous Markov

sources, with finite or continuous alphabets, and their relations to program-size com-

plexity and algorithmic probability. The accent is on ideas, constructions and results; no

proofs will be given.
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1. Introduction

In the classical theory of information the entropy is a measure of uncertainty
contained in a stochastic system which can be described through a probability
distribution. It does not allow one to call a particular outcome random, except
in an intuitive, heuristic sense; it gives no explicit definition of ‘‘randomness’’,
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which is considered implicitly, by means of probability fields, random variables
and stochastic processes.
In algorithmic information theory information is measured in terms of

program-size complexity of self-delimited programs and algorithmic proba-
bilities. The information–theoretic complexity of an object is given by the size
in bits of the smallest program for computing that object, i.e., its program-size
complexity; see, for example, [3,8–11]. Algorithmic information theory offers
an algorithmic way to define the notions of random (finite) string and random
(infinite) sequence.
This paper discusses the classical entropy and entropy rate for discrete or

continuous Markov sources, with finite or continuous alphabets, and their
relations to program-size complexity and algorithmic probability. We will
concentrate on ideas, constructions and results; no proofs will be given.

2. Notation

An information source produces a message or sequences of messages to be
transmitted through a communication channel. Messages can be generated
either continuously or at discrete moments of time, and the alphabet A of the
source can be either finite or an arbitrary subset of real numbers. Let us denote
by T the time set for broadcasting; for example, T can be the set of integers or a
set of real numbers.
An information source is an infinite probability space ðAT ;KT ; lÞ, and its

output consists of a stochastic process fXt; t 2 Tg with the time parameter
t 2 T , the state space A and the probability distribution l.
A Markov information source satisfies the condition

PrðXt 2 B jXu; u6 sÞ ¼ PrðXt 2 B jXsÞ

for every s < t and every Borel set B, where PrðXt 2 B jY Þ denotes the condi-
tional probability of fXt 2 Bg given Y.
An information source is called stationary if the distribution l is shift in-

variant; i.e., the distribution of ðXt1þs; . . . ;XtnþsÞ is independent of s for any
positive integer n and t1; . . . ; tn 2 T . For more details we refer to [14,19].
By N, Z, Q and R, we denote the sets of non-negative integers, integers,

rationals and reals, respectively. By log we denote the base 2 logarithm; exp
denotes the exponential function. The set of all strings over the finite alphabet A
is denoted by A	. The length of a string s is denoted by jsj; by An we denote the
set of all strings of length n. A string s is a prefix of a string t (s 
 t) if there is a
string r 2 A	 such that sr ¼ t. A subset S of A	 is prefix-free if whenever s and t
are in S and s 
 t, then s ¼ t. For example, the set f1i0 j iP 0g is prefix-free.
We shall employ a special model of deterministic Turing machine, namely,

self-delimiting Turing machines or (Chaitin) machines (simply, machines): these
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are Turing machines (transforming binary strings into binary strings) having
prefix-free domains. Note that every prefix-free computably enumerable (c.e.)
set of strings is the domain of some machine. We refer to [3,25] for more about
Turing machines, computable sets and functions, c.e. sets.
The program-size complexity induced by the machine M is HMðxÞ ¼

minfjzj jMðzÞ ¼ xg, with the convention that the minimum of the empty set is
undefined. The algorithmic probability of the machineM to produce the output
x is

PMðxÞ ¼
X

MðuÞ¼x

2�juj; ð1Þ

and the halting probability of M is XM ¼
P

x2A	 PMðxÞ.
A machine U is universal if for every machine M, there is a constant cM

(depending uponM) with the following property: if MðxÞ halts, then there is an
x0 2 A	 such that Uðx0Þ ¼ MðxÞ and jx0j6 jxj þ cM ; cM is the simulation constant
ofM on U. Universal machines can be effectively constructed. See more in [3].

3. Discrete time Markov sources

In this section, we discuss the entropy of various discrete time Markov
sources.

3.1. Finite alphabet stationary sources

Let ðAZ;KZ; lÞ be a discrete time information source, with a finite alphabet A.
For an n-dimensional outcome ðX1; . . . ;XnÞ, Shannon’s entropy is defined by the
relation

HðX1; . . . ;XnÞ ¼ �
X

x1;...;xn2A
lðx1; . . . ; xnÞ log lðx1; . . . ; xnÞ:

In most cases, the entropy HðX1; . . . ;XnÞ diverges as n ! 1, hence the source
has infinitely large entropy. This fact suggests that what is important is not the
limit of HðX1; . . . ;XnÞ, but its rate of growth. Thus, the entropy of the source is
defined by

�HHðX Þ ¼ lim
n!1

HðX1; . . . ;XnÞ
n

;

when the limit exists.

Proposition 3.1. If the discrete time information source ðAZ;KZ; lÞ with a finite
alphabet A is stationary, then the entropy of the source exists and is equal to
infnðHðX1; . . . ;XnÞ=nÞ.
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Proposition 3.2. Let ðAZ;KZ; lÞ be a discrete time stationary information
source, with a finite alphabet A, such that

lðx1; . . . ; xnÞ ¼ pðx1Þ
Yn�1
i¼1

pðxiþ1 jxiÞ

and

pðxÞP 0;
X
x2A

pðxÞ ¼ 1;

pðx0 jxÞP 0;
X
x02A

pðx0 jxÞ ¼ 1 for every x 2 A:

Then its entropy is given by the formula

�HHðX Þ ¼ HðX1 jX0Þ ¼ �
X
x2A

pðxÞ
X
x02A

pðx0 jxÞ log pðx0 jxÞ:

The proofs of the above results can be found in [19].

3.2. Finite alphabet non-stationary sources

In many applications, the discrete Markov information source is not sta-
tionary, but there exists a stationary source which may be associated with it. An
important example is a source which produces messages representing a random
walk with two absorbing barriers. This model was studied in [16].
Let us suppose that the letters of the alphabet A are simply denoted by

0; 1; . . . ; s. Broadcasting is governed by the parameter h which gives the
probability of a jump from the ith letter to the ði� 1Þth letter. Suppose that the
transition matrix P of the associated Markov chain has the elements

phð0 j0Þ ¼ phðs j sÞ ¼ 1 for every h; ð2Þ

phði� 1 j iÞ ¼ h; phðiþ 1 j iÞ ¼ 1� h; i ¼ 1; . . . ; s� 1: ð3Þ

This means that the states 0 and s are absorbing (i.e., once one of these states is
reached it is not possible to move to any other state), while 1; . . . ; s� 1 are
transient (i.e., the probability that the process returns into one of these states
after a finite period of time is less than 1).
If we consider a permutation of letters of the alphabet, say 0; s; 1;

2; . . . ; s� 2; s� 1, then the transition matrix P is of the form

P ¼ I 0

pðhÞ QðhÞ

� �
;
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where I is the 2� 2 identity matrix, 0 is a 2� ðs� 1Þ matrix of zeros, pðhÞ is a
ðs� 1Þ � 2 matrix and

QðhÞ ¼

0 1� h 0 . . . 0 0 0

h 0 1� h . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . h 0 1� h

0 0 0 . . . 0 h 0

0
BBBBBB@

1
CCCCCCA
:

Notice that QðhÞ is not a stochastic matrix.
Let ðX1; . . . ;XnÞ be the output of the source for n consecutive moments of

time, and let us assume that the absorption has not taken place (i.e., Xn 6¼ 0; s).
When this assumption is true for large n, one says that ‘‘the absorption has
not taken place and will not take place for a long time’’. Conditional on this
fact, one can associate a stationary Markov source, with alphabet A0 ¼
f1; . . . ; s� 1g, which gives the conditional broadcast of the initial source.
According to well-known properties of absorbing Markov chains (see [1]), the
elements which define the probability distribution for this new source are
constructed as follows.

• The stationary distribution on A0 is

phðjÞ ¼ vjwj; j 2 A0;

where v ¼ ðv1; . . . ; vs�1Þ0 and w ¼ ðw1; . . . ;ws�1Þ0 are the left and right ei-
genvectors of the matrix QðhÞ corresponding to the largest eigenvalue k1ðhÞ
such that

Xs�1
j¼1

vj ¼ 1;
Xs�1
j¼1

vjwj ¼ 1:

• The transition matrix of the associated stationary Markov source, denoted
RðhÞ, has the elements

rhðj j iÞ ¼
1

k1ðhÞ
phðj j iÞ

wj

wi
; i; j ¼ 1; . . . ; s� 1:

Theorem 3.3. Let ðAZ;KZ; lÞ be a Markov information source with alphabet
A ¼ f0; 1; . . . ; sg and transition matrix given by (2) and (3). Under the assump-
tion that the absorption has not taken place and will not take place for a long
time, the entropy of the stationary associated source is

�HHðX Þ ¼ �
Xs�1
i¼1

pðiÞ
X
j¼1s�1

rðj j iÞ log rðj j iÞ;
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where the stationary distribution fphðjÞ; j ¼ 1; . . . ; s� 1g and the transition
matrix are independent of h:

pðjÞ ¼
Xs�1
i¼1

sin2
ip
s

 !�1

sin2
jp
s
; j ¼ 1; . . . ; s� 1;

rðj j iÞ ¼

1; j ¼ 2; i ¼ 1;

sin
ði� 1Þp

s
2 cos

p
s
sin

ip
s

� ��1

; j ¼ i� 1; i ¼ 2; . . . ; s� 2;

sin
ðiþ 1Þp

s
2 cos

p
s
sin

ip
s

� ��1

; j ¼ iþ 1; i ¼ 2; . . . ; s� 2;
1; j ¼ s� 2; i ¼ s� 1;
0 otherwise:

8>>>>>>>><
>>>>>>>>:

3.3. Infinite alphabet sources

We discuss now the case of a Markov information source with discrete time
and alphabet A ¼ R. Shannon’s entropy is replaced by an entropic measure
which takes into account the continuous character of the measure l.
We assume that the vector ðX1; . . . ;XnÞ has a probability density f ðx1; . . . ; xnÞ

with respect to the Lebesgue measure. Then the Boltzmann entropy is

hðX1; . . . ;XnÞ ¼ �
Z
Rn
f ðx1; . . . ; xnÞ log f ðx1; . . . ; xnÞ dx1 � � � dxn; ð4Þ

provided the integral exists.
In contrast with Shannon’s entropy, hðX1; . . . ;XnÞ itself does not work as

a measure of uncertainty. However, it is well known that the difference
hðX1; . . . ;XnÞ � hðX 0

1; . . . ;X
0
nÞ of the entropies indicates the difference of un-

certainties of ðX1; . . . ;XnÞ and ðX 0
1; . . . ;X

0
nÞ, see [20]. This is an important dif-

ference between the continuous entropy and the discrete one: in the discrete
case the entropy measures the uncertainty in an absolute way, while in the
continuous case the measurement is only relative. Note also that the discrete
entropy is always non-negative while the continuous one can be negative.
The entropy rate (or the per unit time entropy) of a discrete information

source with alphabet A ¼ R can be defined by

�hhðX Þ ¼ lim
n!1

hðX1; . . . ;XnÞ
n

;

when the limit exists. The proof of the following result can be found in [20].

Theorem 3.4. Suppose that the information source with discrete time and al-
phabet A ¼ R is stationary and has finite continuous entropy for every n. Then the
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entropy rate �hhðX Þ exists, and is equal to the conditional entropy of one step
‘‘future’’ X1 when the ‘‘past’’ ð. . . ;X�1;X0Þ is known, i.e.,

�hhðX Þ ¼ lim
n!1

hðX1 jX0; . . . ;X�nÞ;

where

hðX1 jX0; . . . ;X�nÞ

¼ �
Z
Rnþ2

f ðx�n; . . . ; x0; x1Þ log
f ðx�n; . . . ; x0; x1Þ
f ðx�n; . . . ; x0Þ

dx�n � � � dx0 dx1:

Corollary 3.5. Let ðAZ;KZ; lÞ be a Markov, stationary information source, with
discrete time and alphabet A ¼ R such that

f ðx1; . . . ; xnÞ ¼ f ðx1Þ
Yn�1
i¼1

f ðxiþ1 jxiÞ

and

f ðxÞP 0;

Z
R

f ðxÞ dx ¼ 1;

f ðx0 jxÞP 0;

Z
R

f ðx0 jxÞ dx0 ¼ 1 for every x 2 R:

Then its entropy rate has the value

�hhðX Þ ¼ hðX1 jX0Þ ¼ �
Z
R2

f ðxÞf ðx0 jxÞ log f ðx0 jxÞ dx0 dx:

3.4. Gaussian sources

An information source ðAZ;KZ; lÞ with A ¼ R is called Gaussian if its
output fXt; t 2 Zg is a Gaussian process; i.e., the joint distribution of ðXt1 ; . . . ;
XtnÞ is Gaussian for every finite set ft1; . . . ; tng � Z.
Let us denote by Nðn;mt1;...;tn ;Rt1;...;tnÞ the n-dimensional Gaussian distribu-

tion of ðXt1 ; . . . ;XtnÞ. When the source is stationary, the mean vector mt1;...;tn has
equal components, and the elements of Rt1;...;tn (covariances) depend only on the
time intervals (i.e., covðXti ;XtjÞ ¼ cðti � tjÞ, i; j ¼ 1; . . . ; n).

Theorem 3.6. Let ðAZ;KZ; lÞ be a stationary information source, with discrete
time and alphabet A ¼ R, such that ðX1; . . . ;XnÞ has an n-dimensional Gaussian
distribution Nðn;m;RÞ. Then the Boltzmann entropy is given by

hðX1; . . . ;XnÞ ¼
1

2
logðð2peÞnjRjÞ:
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In particular, if X1 is a one-dimensional Gaussian random variable with
distribution Nðm1; r2Þ, then hðX1Þ ¼ 1

2
log ð2per2Þ. It is noticed that the Boltz-

mann entropy for Gaussian sources does not depend on mean vectors.
A stochastic process fXt; t 2 Zg is called autoregressive of first order (de-

noted ARð1Þ) if its elements are given by the relation
Xt ¼ /Xt�1 þ nt; ð5Þ

where / 2 R and fnt; t 2 Zg is a sequence of independent, identically distrib-
uted random variables (the white noise which generates the process). An ARð1Þ
process is stationary if j/j < 1.

Theorem 3.7. Let fXt; t 2 Zg be a stationary Gaussian process. Then
fXt; t 2 Rg is a Markov chain if and only if it is an autoregressive process ARð1Þ,
given by relation (5), where j/j < 1 and fnt; t 2 Zg is a Gaussian white noise with
variance 1.

For proofs see [14,20]. Using Corollary 3.5, and Propositions 3.6 and 3.7
one can obtain the following property.

Proposition 3.8. The value of the entropy rate of a stationary Gaussian Markov
source is independent of its ARð1Þ representation, and is equal to

�hhðX Þ ¼ 1
2
log ð2peÞ:

4. Continuous time Markov sources

Let ðAT ;KT ; lÞ be a continuous time information source, with T ¼ R, such
that its output is the stochastic process fXt; t 2 Rg. Defining the entropy rate
of such a source is rather complicate, even for stationary Gaussian sources,
where canonical representations are available.

4.1. Gaussian sources

We consider, first, the case A ¼ R. The statisticians’ approach is based on
the fact that observation is made only discretely, for example, at every k units
of time. Then the mathematical model of observed values is given by
X ðkÞ ¼ fXnk jn 2 Zg. The observed process X ðkÞ may be called the discretization
process of fXt; t 2 Rg with time interval k.

Proposition 4.1. Let ðAT ;KT ; lÞ be a Markov stationary Gaussian information
source with T ¼ R and A ¼ R. Then the process X ðkÞ ¼ fXnk; n 2 Zg is an ARð1Þ
process, hence a discrete time Markov stationary Gaussian process. Thus, the
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entropy rate may be evaluated when the initial source is observed with time in-
terval k.

For the proof of this result we refer to [20]. It goes without saying that, in
general, fXt; t 2 Rg cannot be recovered from X ðkÞ, and we only can estimate
the structure of the initial information source from the observed discretization
process.

4.2. Pure jump sources

We now consider the case of a finite alphabet A ¼ f1; . . . ; sg and time T ¼
½0;1Þ. Let fXt; tP 0g be the outcome of the Markov source ðAT ;KT ; lÞ and
let us assume that the transition probabilities

ptðj j iÞ ¼ PrðXsþt ¼ j jXs ¼ iÞ

are independent of s and continuous at every t, including t ¼ 0.
Suppose the following limits exist and are finite:

qij ¼ lim
t!0

ptðj j iÞ � dij

t
; i; j ¼ 1; . . . s; ð6Þ

where dij is Kronecker’s symbol. Then the process fXt; tP 0g is called a
Markov pure-jump process, with the infinitesimal generator Q ¼ kqijki;j¼1;...;s.
Let us put

qi ¼ �qii; ð7Þ

assume qi > 0 for every i ¼ 1; . . . ; s, and notice thatX
j 6¼i

qij ¼ qi; i ¼ 1; . . . ; s: ð8Þ

We also assume that ptðj j iÞ > 0 for all i; j 2 A and all t > 0. Then the sta-
tionary distribution of the process fpj; j 2 Ag exists, and satisfies the following
relations:

lim
t!1

ptðj j iÞ ¼ pj > 0 for every i 2 A;X
j2A

pj ¼ 1;
X
i2A

pi � ptðj j iÞ ¼ pj for all t:

The source broadcasting has the following constructive development:

• At t ¼ 0 the source broadcasts the signal i with probability pi.
• The emission time of this first signal is a random variable T0 with probability
density
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fT0ðtÞ ¼ qi expð�qitÞ; t > 0:

• At time t ¼ T0 the signal j ðj 6¼ iÞ is broadcast with probability qij=qi.
• The random emission time of j is T1 with probability density

fT1ðtÞ ¼ qj expð�qjtÞ; t > 0:

• At time t ¼ T0 þ T1 the process jumps to the signal k ðk 6¼ jÞ with probability
qjk=qj, and so on.
Let fZ0; Z1; . . .g be the successive states the system passes through. The bi-

variate discrete time process fðZn; TnÞ; n ¼ 0; 1; . . .g is a Markov process (called
the embedded process) with the state space A� ½0;1Þ initial probabilities

PrðZ0 ¼ i; T0 > tÞ ¼ pi expð�qitÞ

and transition probabilities

PrðZnþ1 ¼ j; Tnþ1 > t jZn ¼ i; Tn ¼ uÞ ¼ ðqij=qiÞ expð�qitÞ; j 6¼ i;
0; j ¼ i:

�

Let us suppose that the emission of the source is observed during a fixed
interval of time ½0; t� and let us denote by v ¼ ððz0; t0Þ; . . . ; ðzn�1; tn�1Þ; znÞ the
recorded trajectory of the embedded process. The probability density corre-
sponding to this sample is

ftðvÞ ¼
pz0 expð�qz0 tÞ if v ¼ ðz0Þ;
pz0

Qn�1
j¼0 qzjzjþ1 exp½�ðqzj � qznÞtj � qzn t� if

Pn�1
j¼0 tj < t;

0 otherwise:

8<
:

Let ntði; jÞ be the total number of jumps from i to j during ½0; t� and let rtðiÞ
be the total time during which signal i is broadcast. Then

ftðvÞ ¼ K
Y

i;j2A; i 6¼j

ðqijÞntði;jÞ
Y
i2A
expð�qi � rtðiÞÞ;

where K is a positive constant, independent of the elements of Q.
We define the Boltzmann entropy for the observation interval ½0; t� by

ht ¼ �
Z

ftðvÞ log ftðvÞ dlðvÞ

and the entropy rate of the source by

�hh ¼ lim
t!1

ht
t
:

By direct calculation one can obtain the expression of ht (see [15]):

ht ¼ � log K � t
q

X
i;j2A; i6¼j

Qiiqij log qij þ
t
q

X
i2A

Qiiqi;
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where Qii be the ði; iÞ cofactor of the matrix Q and q be the product of the non-
zero eigenvalues of Q.

Theorem 4.2. Let us consider the Markov source ðAT ;KT ; lÞ with A ¼
f1; . . . ; sg, T ¼ ½0;1Þ and the infinitesimal generator Q given by the relations
(6)–(8). Let Qii be the ði; iÞ cofactor of Q and q be the product of the non-zero
eigenvalues of Q. Then the entropy rate of the source exists and is given by

�hh ¼ 1

q

X
i;j2A

Qiiqijð1� log qijÞ:

5. Entropy and complexity

In this section, we explore some connections between program-size com-
plexity, algorithmic probability and entropy of information sources with a
binary 1 alphabet and discrete time.

5.1. Discrete Markov sources

Consider a discrete Markov binary information source, i.e., a finite ergodic
Markov chain (see [21] with alphabet (states) A ¼ fs1; s2; . . . ; smg with the
following property: for every 16 j6m, there exist two states si0; si1 such that
the transition probability from sj to si0 is pi, the transition probability from sj
to si1 is 1� pi, and the transition probability from sj to any sk with k 6¼ i0; i1 is
0. We assume that each pi is a computable real, i.e., there is an algorithm which
when presented a non-negative integer l produces the first l digits of the binary
expansion of that number. Transitions from sj to si0 are labelled by 0 and
transitions from sj to si1 are labelled by 1. The source generates a binary string
by starting in some arbitrary fixed state, and producing the labels of transitions
it takes. We denote by Pr the probability distribution of strings generated by
the source. According to Proposition 3.2, the entropy is defined by

�HH ¼ �
Xm
i¼1

aiðpi log pi þ ð1� piÞ logð1� piÞÞ:

The next result was proven in [22]:

Theorem 5.1. Let U be a universal machine. Then

�HH ¼ lim
n!1

1

n

X
jxj¼n

HU ðxÞ PrðxÞ:

1 All results actually hold for an arbitrary finite alphabet, cf. [3].
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To understand better the phenomenon let us consider a special case of
Markov information sources, namely, a Bernoulli source. To this aim consider
the set of all binary strings of length n and assign a probability to each digit
0; 1: Prð0Þ ¼ P0, Prð1Þ ¼ P1, P0 þ P1 ¼ 1, 06 P0, P1; 6 1. The alphabet is A ¼
f0; 1g and the probability of a string x ¼ a1a2 � � � an is

Qn
i¼1 PrðaiÞ. Shannon’s

entropy of the source becomes �HH ¼ �P0 log P0 � P1 log P1. Let x1; x2; . . . ; x2n
be all strings of length n arranged in the order of decreasing probability,
r 2 ð1=2; 1Þ, and let kðnÞ be the least integer such that

PkðnÞ
i¼1 PrðxiÞ > r.

The intuition, expressed in [2], is that ‘‘the most likely strings have a com-
plexity asymptotically equal to the entropy’’. The precise form was conjectured
in [2] and proven in [18].

Theorem 5.2. Let U be a universal machine. Then

�HH ¼ lim
n!1

1

nkðnÞ
XkðnÞ
i¼1

HUðxiÞ:

In fact a stronger result is true (note that both Theorems 5.1 and 5.2 have
been stated in terms of blank end-marker complexity K; however, they can be
re-phrased in terms of program-size complexity due to the observation stated in
[26] that on average it does not matter which complexity we use as
jHU ðxÞ � KW ðxÞj6 oðnÞ for all strings on length n).

Theorem 5.3. Let U be a universal machine. For every e > 0 let

He
n ¼ x 2 A	 j jxj

�
¼ n; �HH � e <

HU ðxÞ
n

< �HH þ e

�
:

Then

lim
n!1

Pr He
n

� �
¼ 1:

5.2. Entropy of computable semi-distributions

A function P : A	 ! ½0; 1� such that
P

x2A	 P ðxÞ6 1 is called a semi-distri-
bution over the strings. In case

P
x P ðxÞ ¼ 1, P is a distribution. Any distribu-

tion P can be extended to a probability distribution l, defined on the r-field
generated by cylinders.
A semi-distribution P is semi-computable from below (above) in case the set

fðx; rÞ jx 2 A	; r 2 Q; P ðxÞ > rg ðfðx; rÞ jx 2 A	; r 2 Q; P ðxÞ < rgÞ is c.e. A
semi-distribution P is computable if it is semi-computable from below and
from above. For example, the algorithmic probability PM defined by (1) is a
semi-distribution semi-computable from below. If M ¼ U is a universal ma-
chine, then XU ¼

P
x2A	 PU ðxÞ is a c.e. and random real, a Chaitin’s Omega
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number [4]. The function PðxÞ ¼ 2�2jxj�1 is a computable distribution. Com-
putability is preserved via the extension l of P; see, for example, [3,5].
A prefix-code (instantaneous code) for strings is an one–one function

C : D ! A	, D � A	 such that CðDÞ is prefix-free. For example, C : An ! A	

given by CðxÞ ¼ x is a prefix-code. Another example: for every surjective ma-
chine M, CMðxÞ ¼ x	M is a prefix-code (here x

	
M ¼ minfu jMðuÞ ¼ xg, where the

minimum is taken according to the quasi-lexicographical ordering of strings);
universal machines are surjective.
To motivate the next result we re-phrase Shannon–Fano theorem (see [19];

compare also with Theorem 5.3) in terms of stationary Markov sources. Con-
sider a stationary Markov information source with a finite alphabet
ðAN;KN; lÞ and denote by PrðxÞ the probability corresponding to the distri-
bution l of the source. The average length of the prefix-code C : An ! A	 is the
number

LC;Pr ¼
X
x2An

PrðxÞ � jCðxÞj:

Theorem 5.4. Let ðAN;KN; lÞ be a stationary Markov information source with a
finite alphabet A. For every positive number e > 0 there exists n0 such that for
every positive integer nP n0 there exists a prefix-code C : An ! A	 such that

�HH � e <
LC;Pr

n
< �HH þ e:

Consider now prefix-codes C : A	 ! A	. The average code-string length of a
prefix-code C with respect to a semi-distribution P is the number

LC;P ¼
X
x2A	

P ðxÞ � jCðxÞj:

The minimal average code-string length with respect to a semi-distribution P is

LP ¼ inffLC;P jC prefixcodeg:

The entropy of a semi-distribution P is

HP ¼ �
X
x2A	

P ðxÞ � log P ðxÞ:

Shannon’s classical argument [24] (see more in [13]) can be expressed for
semi-distributions as follows:

Theorem 5.5. The following inequalities hold true for every semi-distribution P:

HP � 16HP þ
X
x

P ðxÞ
 !

log
X
x

P ðxÞ
 !

6LP 6HP þ 1:

C.S. Calude, M. Dumitrescu / Appl. Math. Comput. 132 (2002) 369–384 381



If P is a distribution, then logð
P

x P ðxÞÞ ¼ 0, so we get the classical in-
equality HP P LP . However, this inequality is not true for every semi-distri-
bution. For example, take P ðxÞ ¼ 2�2jxj�3, CðxÞ ¼ x1x1 � � � xnxn01, and note that
LP 6 LC;P ¼ HP � 1

4
.

Under which conditions given a semi-distribution P can we find a (universal)
machine M such that HMðxÞ is equal, up to an additive constant, to � log P ðxÞ?
In what follows we will assume that P ðxÞ > 0, for every x. The main technical
result was obtained in [6].

Theorem 5.6. Assume that P is a semi-distribution and there exist a c.e. set
S � A	 �N and a constant cP 0 such that the following two conditions are
satisfied for every x 2 A	:
(i)
P

ðx;nÞ2S 2
�n

6 P ðxÞ;
(ii) if P ðxÞ > 2�n, then ðx;mÞ 2 S for some m6 nþ c.

Then there exists a machine M (depending upon S) such that for all x

� log P ðxÞ6HMðxÞ6 ð1þ cÞ � log P ðxÞ:

Specializing P in Theorem 5.6 we deduce that minimal programs are almost
optimal for P.

Proposition 5.7. Assume that P is a semi-distribution semi-computable from
below. Then there exists a machine M (depending upon P) such that for all x

� log P ðxÞ6HMðxÞ6 2� log P ðxÞ: ð9Þ

Consequently, minimal programs for M are almost optimal: the code CM satisfies
the inequalities:

06 LCM ;P �HP 6 2:

Minimal programs of universal machines are almost optimal for every semi-
computable semi-distribution P.

Theorem 5.8. Let P be a semi-distribution semi-computable from below, and U a
universal machine. Then there exists a constant cP (depending upon P) such that

06 LCU ;P �HP 6 1þ cP :

Theorem 5.8 generalizes a result in [12] proven for computable distributions;
see also [23]. The result is important only for semi-distributions for which the
entropy is infinite. For example, the entropy of the semi-distribution

PðxÞ ¼ 2�jxj

ðjxj þ 2Þ logðjxj þ 2Þ

is infinite.
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5.3. Algorithmic coding theorem

A deep relation between entropy and program-size complexity appears in
the algorithmic coding theorem of Chaitin and G�aacs (see [3,7,8,10,17]):

Theorem 5.9. There exists a constant cP 0 such that for all strings x,
jHU ðxÞ þ log PU ðxÞj6 1þ c (equivalently, HU ðxÞ ¼ � log PU ðxÞ þOð1Þ).

The uncertainty given by the unknown, additive, computer-dependent,
constant appearing in Theorem 5.9 is a serious issue of concern for a physical
theory, so various attempts have been made to eliminate it (see, for example,
[23]). In [6] one characterizes all machines satisfying Theorem 5.9 and one
constructs a class of (universal) machines for which the inequality is satisfied
with constant c ¼ 0, i.e., HU ðxÞ ¼ � log PU ðxÞ.

Proposition 5.10. Let M be a machine and cP 0. Then the following statements
are equivalent:
(a) for all x, HMðxÞ6 ð1þ cÞ � log PMðxÞ;
(b) for all non-negative n, if PMðxÞ > 2�n, then HMðxÞ6 nþ c.

For any machine M satisfying one of the equivalent conditions in Propo-
sition 5.10, Theorem 5.9 holds:

jHMðxÞ þ log PMðxÞj6 1þ c; ð10Þ

and in fact, a machine M satisfies (10) if and only if (b) is satisfied. Every
universal machine U satisfies condition (b), but not all machines satisfy this
condition.
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