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Abstract

The concept of entropy plays a major part in communication theory. The Shannon
entropy is a measure of uncertainty with respect to a priori probability distribution. In
algorithmic information theory the information content of a message is measured in
terms of the size in bits of the smallest program for computing that message. This paper
discusses the classical entropy and entropy rate for discrete or continuous Markov
sources, with finite or continuous alphabets, and their relations to program-size com-
plexity and algorithmic probability. The accent is on ideas, constructions and results; no
proofs will be given.
© 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

In the classical theory of information the entropy is a measure of uncertainty
contained in a stochastic system which can be described through a probability
distribution. It does not allow one to call a particular outcome random, except
in an intuitive, heuristic sense; it gives no explicit definition of “randomness”,

* Corresponding author.
E-mail addresses: cristian@cs.auckland.ac.nz (C.S. Calude), mdumi@pro.math.unibuc.ro (M.
Dumitrescu).

0096-3003/02/$ - see front matter © 2002 Elsevier Science Inc. All rights reserved.
PII: S0096-3003(01)00199-0


mail to: cristian@cs.auckland.ac.nz

370 C.S. Calude, M. Dumitrescu | Appl. Math. Comput. 132 (2002) 369384

which is considered implicitly, by means of probability fields, random variables
and stochastic processes.

In algorithmic information theory information is measured in terms of
program-size complexity of self-delimited programs and algorithmic proba-
bilities. The information—theoretic complexity of an object is given by the size
in bits of the smallest program for computing that object, i.e., its program-size
complexity; see, for example, [3,8-11]. Algorithmic information theory offers
an algorithmic way to define the notions of random (finite) string and random
(infinite) sequence.

This paper discusses the classical entropy and entropy rate for discrete or
continuous Markov sources, with finite or continuous alphabets, and their
relations to program-size complexity and algorithmic probability. We will
concentrate on ideas, constructions and results; no proofs will be given.

2. Notation

An information source produces a message or sequences of messages to be
transmitted through a communication channel. Messages can be generated
either continuously or at discrete moments of time, and the alphabet 4 of the
source can be either finite or an arbitrary subset of real numbers. Let us denote
by T the time set for broadcasting; for example, T can be the set of integers or a
set of real numbers.

An information source is an infinite probability space (47, #", u), and its
output consists of a stochastic process {X;, € T} with the time parameter
t € T, the state space 4 and the probability distribution pu.

A Markov information source satisfies the condition

Pr(X; € B|X,, u<s) = Pr(X, € B|X,)

for every s < ¢ and every Borel set B, where Pr(X, € B|Y) denotes the condi-
tional probability of {X, € B} given Y.

An information source is called stationary if the distribution u is shift in-
variant; i.e., the distribution of (X, .,...,X,+s) is independent of s for any
positive integer n and ¢, ...,t, € T. For more details we refer to [14,19].

By N, Z, @ and R, we denote the sets of non-negative integers, integers,
rationals and reals, respectively. By log we denote the base 2 logarithm; exp
denotes the exponential function. The set of all strings over the finite alphabet 4
is denoted by 4*. The length of a string s is denoted by |s|; by 4” we denote the
set of all strings of length n. A string s is a prefix of a string ¢ (s C ¢) if there is a
string » € A* such that s» = ¢. A subset S of 4* is prefix-free if whenever s and ¢
are in S and s C ¢, then s = ¢. For example, the set {1'0|i > 0} is prefix-free.

We shall employ a special model of deterministic Turing machine, namely,
self-delimiting Turing machines or (Chaitin) machines (simply, machines): these
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are Turing machines (transforming binary strings into binary strings) having
prefix-free domains. Note that every prefix-free computably enumerable (c.e.)
set of strings is the domain of some machine. We refer to [3,25] for more about
Turing machines, computable sets and functions, c.e. sets.

The program-size complexity induced by the machine M is Hy(x) =
min{|z| | M (z) = x}, with the convention that the minimum of the empty set is
undefined. The algorithmic probability of the machine M to produce the output
X is

PM(x) = Z 27‘14‘7 (1)
M (u)=x
and the halting probability of M is Qy =" _,. Pu(x).

A machine U is universal if for every machine M, there is a constant cy,
(depending upon M) with the following property: if M (x) halts, then there is an
x' € 4* such that U(x') = M (x) and |x'| < |x| + cur; ¢p 18 the simulation constant
of M on U. Universal machines can be effectively constructed. See more in [3].

3. Discrete time Markov sources

In this section, we discuss the entropy of various discrete time Markov
sources.

3.1. Finite alphabet stationary sources

Let (47, 4", i) be a discrete time information source, with a finite alphabet A.

For an n-dimensional outcome (X, ...,X,), Shannon’s entropy is defined by the
relation
H(Xla s 7Xn) = - Z :u(xh B 7xn) log :u(xh N 7xn)’
X4 Xn €A
In most cases, the entropy H(X),...,X,) diverges as n — oo, hence the source

has infinitely large entropy. This fact suggests that what is important is not the
limit of H(X,,...,X,), but its rate of growth. Thus, the entropy of the source is
defined by

_ H(X, ..., X,

H(X) = lim M’

n—00 n

when the limit exists.

Proposition 3.1. If the discrete time information source (A%, 4", u) with a finite
alphabet A is stationary, then the entropy of the source exists and is equal to
inf,(H(Xi,...,X,)/n).
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Proposition 3.2. Let (4%, 4 L u) be a discrete time stationary information
source, with a finite alphabet A, such that

n—1

,u(xla"w Hp xl+1|xl

i=1

and

> plx) =

x€A

p(X'|x) =0, Zp(x’|x) =1 for every x € A.

x'ed

Then its entropy is given by the formula

H(X) = H(X|Xo) = ZP ZP x) log p(x'[x).

x€A x'ed

The proofs of the above results can be found in [19].

3.2. Finite alphabet non-stationary sources

In many applications, the discrete Markov information source is not sta-
tionary, but there exists a stationary source which may be associated with it. An
important example is a source which produces messages representing a random
walk with two absorbing barriers. This model was studied in [16].

Let us suppose that the letters of the alphabet A4 are simply denoted by
0,1,...,s. Broadcasting is governed by the parameter 6 which gives the
probability of a jump from the ith letter to the (i — 1)th letter. Suppose that the
transition matrix P of the associated Markov chain has the elements

po(0]0) = pe(s|s) =1 for every 0, (2)
p(i—1]i)=0, p(i+1|i)=1-0, i=1,...,5s—1. (3)
This means that the states 0 and s are absorbing (i.e., once one of these states is
reached it is not possible to move to any other state), while 1,...,s — 1 are

transient (i.e., the probability that the process returns into one of these states
after a finite period of time is less than 1).

If we consider a permutation of letters of the alphabet, say 0,s,1,
2,...,8 — 2,5 — 1, then the transition matrix P is of the form

P= (p(le) @?@))’
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where I is the 2 x 2 identity matrix, 0 is a 2 X (s — 1) matrix of zeros, p(0) is a
(s = 1) x 2 matrix and

0 1-0 0 ... 0 0 0

0 0 1-0 0 0 0
Q(0) =
0 0 0 .00 1-0
0 0 0 ... 0 0 0
Notice that Q(0) is not a stochastic matrix.
Let (X),...,X,) be the output of the source for n consecutive moments of

time, and let us assume that the absorption has not taken place (i.e., X, # 0, s).
When this assumption is true for large n, one says that “the absorption has
not taken place and will not take place for a long time”. Conditional on this
fact, one can associate a stationary Markov source, with alphabet 4’ =
{I,...,s — 1}, which gives the conditional broadcast of the initial source.
According to well-known properties of absorbing Markov chains (see [1]), the
elements which define the probability distribution for this new source are
constructed as follows.

e The stationary distribution on A’ is
mo(j) = vw;, jeA,
where v = (vy,...,v,_1) and w= (wy,...,w,_;) are the left and right ei-

genvectors of the matrix @Q(#) corresponding to the largest eigenvalue 4, (6)
such that

s—1

ivj =1, Zu,wj =1
=1

j=1

e The transition matrix of the associated stationary Markov source, denoted
R(0), has the elements

W<

L dj=1,...,s—1

)
W:

ri1) =ﬁ9)poo|z’>

Theorem 3.3. Let (A%, 4", 1) be a Markov information source with alphabet
A=1{0,1,... s} and transition matrix given by (2) and (3). Under the assump-
tion that the absorption has not taken place and will not take place for a long
time, the entropy of the stationary associated source is

s—1

HX) == a(i) Y r(jli) log r(j| ),

i=1 ‘/-:1&—1
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where the stationary distribution {my(j), j=1,...,s — 1} and the transition
matrix are independent of 0:

-1
s—1 . .

nU):(Zsin2%> sinzjg7 j=1,...,s—1,
i1

1, j=2, i=1,
. . -1
sinﬂ(ZcosESinT) , j=i—1, i=2,...,s—2,
N S S
rijli) = i+ 1 i\ !
Ul sin(l+)n<2cosnsinm) , j=i+1, i=2,...,5s—2,
s s s
1, j=s—-2, i=s—1,
0 otherwise.

3.3. Infinite alphabet sources

We discuss now the case of a Markov information source with discrete time
and alphabet A = R. Shannon’s entropy is replaced by an entropic measure
which takes into account the continuous character of the measure u.

We assume that the vector (X, ..., X,) has a probability density f(x|,...,x,)
with respect to the Lebesgue measure. Then the Boltzmann entropy is

h(Xla-"7XVl) = _/ f(x17"'7xn) logf'(xla"wxn) dxl "'dxnv (4)
R/7

provided the integral exists.

In contrast with Shannon’s entropy, 4(Xi,...,X,) itself does not work as
a measure of uncertainty. However, it is well known that the difference
h(Xy,...,X,) —h(X],...,X) of the entropies indicates the difference of un-
certainties of (Xj,...,X,) and (X{,...,X/), see [20]. This is an important dif-
ference between the continuous entropy and the discrete one: in the discrete
case the entropy measures the uncertainty in an absolute way, while in the
continuous case the measurement is only relative. Note also that the discrete
entropy is always non-negative while the continuous one can be negative.

The entropy rate (or the per unit time entropy) of a discrete information
source with alphabet 4 = R can be defined by

hXi,. .., X,)

)

h(X) = lim

n—oo n

when the limit exists. The proof of the following result can be found in [20].

Theorem 3.4. Suppose that the information source with discrete time and al-
phabet A = R is stationary and has finite continuous entropy for every n. Then the
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entropy rate h(X) exists, and is equal to the conditional entropy of one step
“future” X, when the “past” (..., X_1,Xy) is known, i.e.,

h(X) = lim h(X;|Xp, ..., X ),
where
h(Xl |X07 s aan)

f(x,,,, . ,XO,JC])
= — X_ny---yX0,X1) log——"—"—"—=
Rn+zf( o,%1) log Sy yx0)

dx_, - - - dxo dx;.

Corollary 3.5. Let (A%, 4", 1) be a Markov, stationary information source, with
discrete time and alphabet A = R such that

Fre ) = £0) [ £ |3

i=1

/f(x)dx=

/f x)dx' =1 for every x € R.

and

Then its entropy rate has the value

R(X) = h(X, | Xo) = /f x) log £(x'|x) d dx.

3.4. Gaussian sources

An information source (47, #%,u) with 4 =R is called Gaussian if its
output {X,, ¢t € Z} is a Gaussian process; i.e., the joint distribution of (X, ...,
X,,) is Gaussian for every finite set {tl, co by CZ.

AAAAAAAAA ,”) the n-dimensional Gaussian distribu-
tion of (X;,...,X,). When the source is stationary, the mean vector m,, _,, has
equal components, and the elements of X, _, (covarlanees) depend only on the
time intervals (i.e., cov(X,,X,) =y(t: —¢t;), i,j=1,...,n).

Theorem 3.6. Let (A7, 4", 1) be a stationary information source, with discrete
time and alphabet A = R, such that (X,,...,X,) has an n-dimensional Gaussian

distribution N(n;m,X). Then the Boltzmann entropy is given by

hXy,... X,) = % log((2ne)"[Z).
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In particular, if X; is a one-dimensional Gaussian random variable with
distribution N(my,¢?), then h(X;) =1 log(2nec?). It is noticed that the Boltz-
mann entropy for Gaussian sources does not depend on mean vectors.

A stochastic process {X;, ¢ € Z} is called autoregressive of first order (de-
noted AR(1)) if its elements are given by the relation

X, = pX, 1 + &, (5)

where ¢ € R and {&,, 7 € Z} is a sequence of independent, identically distrib-
uted random variables (the white noise which generates the process). An AR(1)
process is stationary if |¢| < 1.

Theorem 3.7. Let {X,, t€ Z} be a stationary Gaussian process. Then
{X,, t € R} is a Markov chain if and only if it is an autoregressive process AR(1),
given by relation (5), where || < 1 and {&,, t € Z} is a Gaussian white noise with
variance 1.

For proofs see [14,20]. Using Corollary 3.5, and Propositions 3.6 and 3.7
one can obtain the following property.

Proposition 3.8. The value of the entropy rate of a stationary Gaussian Markov
source is independent of its AR (1) representation, and is equal to

h(X) =1log(2me).

4. Continuous time Markov sources

Let (A7, #", 1) be a continuous time information source, with 7 = R, such
that its output is the stochastic process {X;, ¢ € R}. Defining the entropy rate
of such a source is rather complicate, even for stationary Gaussian sources,
where canonical representations are available.

4.1. Gaussian sources

We consider, first, the case 4 = R. The statisticians’ approach is based on
the fact that observation is made only discretely, for example, at every k units
of time. Then the mathematical model of observed values is given by
X® = {X,|n € Z}. The observed process X may be called the discretization
process of {X;, t € R} with time interval .

Proposition 4.1. Let (A", #'", 1) be a Markov stationary Gaussian information
source with T = R and A = R. Then the process X©) = {X,,, n € Z} is an AR(1)
process, hence a discrete time Markov stationary Gaussian process. Thus, the



C.S. Calude, M. Dumitrescu | Appl. Math. Comput. 132 (2002) 369384 377

entropy rate may be evaluated when the initial source is observed with time in-
terval k.

For the proof of this result we refer to [20]. It goes without saying that, in
general, {X;, t € R} cannot be recovered from X, and we only can estimate
the structure of the initial information source from the observed discretization
process.

4.2. Pure jump sources

We now consider the case of a finite alphabet 4 = {1,...,s} and time T =
[0,00). Let {X;, ¢ > 0} be the outcome of the Markov source (47, #", ) and
let us assume that the transition probabilities

p(jli) = Pr(Xo, = jl1 X, =)

are independent of s and continuous at every ¢, including ¢ = 0.
Suppose the following limits exist and are finite:
pUID=0; .

qij = IIEI(} — ;0 LJ

3 (6)

where ¢;; is Kronecker’s symbol. Then the process {X;, t > 0} is called a
Markov pure-jump process, with the infinitesimal generator Q = ||g;]|

ij=l1,...s"
Let us put
qi = —qi, (7)
assume ¢; > 0 for every i = 1,...,s, and notice that
Zq,'j:q[, i:l,...,s. (8)
Jj#i

We also assume that p,(j|i) > 0 for all i,j € 4 and all # > 0. Then the sta-
tionary distribution of the process {;, j € A} exists, and satisfies the following
relations:

lim p,(j|i) ==n; >0 for every i€ 4,

t—00 '

an: 1, Zni-pt(j\i) = n; for all ¢.

JjeA ic4
The source broadcasting has the following constructive development:
e At ¢t = 0 the source broadcasts the signal i with probability 7.

o The emission time of this first signal is a random variable 7; with probability
density
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Jn (1) = qi exp(—qit), 1> 0.
o At time ¢t = 7 the signal j (j # i) is broadcast with probability g;;/q;.
e The random emission time of j is 7; with probability density

Jr (1) = q; exp(—q;t), 1> 0.
e Attime? = Tj + T; the process jumps to the signal k (k # j) with probability
qx/q;, and so on.
Let {Zy,Z;,...} be the successive states the system passes through. The bi-
variate discrete time process {(Z,, T,), n = 0,1,...} is a Markov process (called
the embedded process) with the state space 4 x [0, c0) initial probabilities

Pr(Zy =i, Ty > t) = m; exp(—q;t)

and transition probabilities

Pr(Zuot = jo Ton > 112, =i, T, = u) = {(()q”/q’) P jii

Let us suppose that the emission of the source is observed during a fixed
interval of time [0,#] and let us denote by v = ((zp,%), ..., (Zs—1,2:-1),2,) the
recorded trajectory of the embedded process. The probability density corre-
sponding to this sample is

Tz eXp(fqz[)[) if v= (20)7
- -1 . n—1
ft(v) = Tz, H;l:o qzjzj41 exp[_(qu - q2n)tj - qznt] if Z;:O <t
0 otherwise.

Let n,(i, /) be the total number of jumps from i to j during [0, ] and let r,(i)
be the total time during which signal i is broadcast. Then

) =K T (@) ] exp(=g: - n(i)),

ijed, i#j icA

where K is a positive constant, independent of the elements of Q.
We define the Boltzmann entropy for the observation interval [0, ] by

b=~ [ £1(6) og £0) duto
and the entropy rate of the source by

h=lim —
t—oo
By direct calculation one can obtain the expression of 74, (see [15]):

o= toe KL S g togas L Y0,

t
1,jEA, i#] P i€d
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where Q" be the (i, i) cofactor of the matrix Q and p be the product of the non-
zero eigenvalues of Q.

Theorem 4.2. Let us consider the Markov source (AT, A T ou) with A=
{1,...,s}, T =1[0,00) and the infinitesimal generator Q given by the relations
(6)-(8). Let Q" be the (i,i) cofactor of Q and p be the product of the non-zero
eigenvalues of Q. Then the entropy rate of the source exists and is given by

_ 1 .
h = ; Z Q”qij(l — log qu)

i,jeA

5. Entropy and complexity

In this section, we explore some connections between program-size com-
plexity, algorithmic probability and entropy of information sources with a
binary ! alphabet and discrete time.

5.1. Discrete Markov sources

Consider a discrete Markov binary information source, i.c., a finite ergodic
Markov chain (see [21] with alphabet (states) 4 = {s1,s2,...,5,} with the
following property: for every 1< j<m, there exist two states s,,s; such that
the transition probability from s; to s;9 is p;, the transition probability from s,
to s; is 1 — p;, and the transition probability from s; to any s with & # {0, i1 is
0. We assume that each p; is a computable real, i.e., there is an algorithm which
when presented a non-negative integer / produces the first / digits of the binary
expansion of that number. Transitions from s; to s, are labelled by 0 and
transitions from s; to s; are labelled by 1. The source generates a binary string
by starting in some arbitrary fixed state, and producing the labels of transitions
it takes. We denote by Pr the probability distribution of strings generated by
the source. According to Proposition 3.2, the entropy is defined by

m

—Za,-(p,- log p; + (1 — pi) log(1 — p1)).

i=1

H

The next result was proven in [22]:

Theorem 5.1. Let U be a universal machine. Then

_ |
H = V}Lrg . ZHU(X) Pr(x).

|x|=n

U All results actually hold for an arbitrary finite alphabet, cf. [3].
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To understand better the phenomenon let us consider a special case of
Markov information sources, namely, a Bernoulli source. To this aim consider
the set of all binary strings of length n and assign a probability to each digit
0,1: Pr(0) =Ry, Pr(l) =P, B+ P =1, 0< PR, P, <1. The alphabet is 4 =
{0,1} and the probability of a string x = aja, - - - a, is [[_, Pr(a;). Shannon’s
entropy of the source becomes H = —P, log Py — P, log P;. Let x1,x,..., X0
be all strings of length n arranged in the order of decreasing probability,
r e (1/2,1), and let k(n) be the least integer such that Zf‘i’? Pr(x;) > r.

The intuition, expressed in [2], is that “the most likely strings have a com-
plexity asymptotically equal to the entropy”. The precise form was conjectured
in [2] and proven in [18].

Theorem 5.2. Let U be a universal machine. Then

o1
B = lm o ;HU(X’)'

In fact a stronger result is true (note that both Theorems 5.1 and 5.2 have
been stated in terms of blank end-marker complexity K; however, they can be
re-phrased in terms of program-size complexity due to the observation stated in
[26] that on average it does not matter which complexity we use as
|Hy(x) — Ky (x)| < o(n) for all strings on length n).

Theorem 5.3. Let U be a universal machine. For every ¢ > 0 let

) _ H _
Ji”;:{xelsz/*||x|:n,H—s< U(x)<H+8}.
n
Then
lim Pr (in) = 0.

5.2. Entropy of computable semi-distributions

A function P: 4" — [0,1] such that ) _,. P(x)<1 is called a semi-distri-
bution over the strings. In case ) P(x) = 1, P is a distribution. Any distribu-
tion P can be extended to a probability distribution u, defined on the o-field
generated by cylinders.

A semi-distribution P is semi-computable from below (above) in case the set
{(x,r)|x€ed*, re, Px) >r} ({(x,r)|xe€d*, reQ, Plx)<r}) is ce. A
semi-distribution P is computable if it is semi-computable from below and
from above. For example, the algorithmic probability P, defined by (1) is a
semi-distribution semi-computable from below. If M = U is a universal ma-
chine, then Q, =) _,. Py(x) is a c.e. and random real, a Chaitin’s Omega
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number [4]. The function P(x) =272¥-! is a computable distribution. Com-
putability is preserved via the extension u of P; see, for example, [3,5].

A prefix-code (instantaneous code) for strings is an one—one function
C:D — A4*, D C A" such that C(D) is prefix-free. For example, C : 4" — A*
given by C(x) = x is a prefix-code. Another example: for every surjective ma-
chine M, Cy/(x) = x}, is a prefix-code (here x}, = min{u|M (u) = x}, where the
minimum is taken according to the quasi-lexicographical ordering of strings);
universal machines are surjective.

To motivate the next result we re-phrase Shannon-Fano theorem (see [19];
compare also with Theorem 5.3) in terms of stationary Markov sources. Con-
sider a stationary Markov information source with a finite alphabet
(4N, ™, 1) and denote by Pr(x) the probability corresponding to the distri-
bution u of the source. The average length of the prefix-code C : 4” — A4* is the
number

chr = Z Pr(x)

xeA"

Theorem 5.4. Let (AN, 4™, 1) be a stationary Markov information source with a
finite alphabet A. For every positive number ¢ > 0 there exists ny such that for
every positive integer n = ny there exists a prefix-code C : A" — A* such that

Lcpe

H—-¢< < H+e.

Consider now prefix-codes C : 4* — A*. The average code-string length of a
prefix-code C with respect to a semi-distribution P is the number

Lep =) P(x)

xeAd*
The minimal average code-string length with respect to a semi-distribution P is
Lp = inf{Lcp|C prefixcode}.

The entropy of a semi-distribution P is

ZP -log P(x)

XEA*

Shannon’s classical argument [24] (see more in [13]) can be expressed for
semi-distributions as follows:

Theorem 5.5. The following inequalities hold true for every semi-distribution P:
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If P is a distribution, then log(>" P(x)) =0, so we get the classical in-
equality #p > Lp. However, this inequality is not true for every semi-distri-
bution. For example, take P(x) = 272M=3, C(x) = xx; - - - x,x,01, and note that
Lp<Lcp=Hp —411-

Under which conditions given a semi-distribution P can we find a (universal)
machine M such that Hy,(x) is equal, up to an additive constant, to — log P(x)?
In what follows we will assume that P(x) > 0, for every x. The main technical
result was obtained in [6].

Theorem 5.6. Assume that P is a semi-distribution and there exist a c.e. set
S CA* x N and a constant ¢ = 0 such that the following two conditions are
satisfied for every x € A*:

(1) Z(x,n)es 27” g P(x);
(ii) if P(x) > 27", then (x,m) € S for some m <n+c.
Then there exists a machine M (depending upon S) such that for all x
—log P(x) < Hy(x) <(1+c) — log P(x).

Specializing P in Theorem 5.6 we deduce that minimal programs are almost
optimal for P.

Proposition 5.7. Assume that P is a semi-distribution semi-computable from
below. Then there exists a machine M (depending upon P) such that for all x

—log P(x) < Hy(x) <2 — log P(x). 9)
Consequently, minimal programs for M are almost optimal: the code Cy; satisfies
the inequalities:

0<Leyp—Hp<2.

Minimal programs of universal machines are almost optimal for every semi-
computable semi-distribution P.

Theorem 5.8. Let P be a semi-distribution semi-computable from below, and U a
universal machine. Then there exists a constant cp (depending upon P) such that

0<Leyp—Hp<1+cp.
Theorem 5.8 generalizes a result in [12] proven for computable distributions;

see also [23]. The result is important only for semi-distributions for which the
entropy is infinite. For example, the entropy of the semi-distribution

2=kl
(¢l +2) log(fx| +2)

P(x) =

1s infinite.
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5.3. Algorithmic coding theorem

A deep relation between entropy and program-size complexity appears in
the algorithmic coding theorem of Chaitin and Gacs (see [3,7,8,10,17]):

Theorem 5.9. There exists a constant ¢ =0 such that for all strings x,
|Hy (x) + log Py(x)| < 1 + ¢ (equivalently, Hy(x) = —log Py(x) + O(1)).

The uncertainty given by the unknown, additive, computer-dependent,
constant appearing in Theorem 5.9 is a serious issue of concern for a physical
theory, so various attempts have been made to eliminate it (see, for example,
[23]). In [6] one characterizes all machines satisfying Theorem 5.9 and one
constructs a class of (universal) machines for which the inequality is satisfied
with constant ¢ = 0, i.e., Hy(x) = —log Py(x).

Proposition 5.10. Let M be a machine and ¢ = 0. Then the following statements
are equivalent:

(a) for all x, Hy(x) < (1 +¢) — log Py (x);

(b) for all non-negative n, if Py(x) > 27", then Hy(x) <n+c.

For any machine M satisfying one of the equivalent conditions in Propo-
sition 5.10, Theorem 5.9 holds:

|Hy(x) + log Py (x)| <1+, (10)

and in fact, a machine M satisfies (10) if and only if (b) is satisfied. Every
universal machine U satisfies condition (b), but not all machines satisfy this
condition.
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