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The project consists in developing a large part of AIT using the natural
complexity ∇ [2, 3] instead of the prefix complexity H [4, 1].

All strings are binary and the set of strings is denoted by Σ∗. The length
of x is denoted by |x|. The logarithms are binary too. Let N = {1, 2, . . .}
and let bin : N→ Σ∗ be the computable bijection which associates to every
n ≥ 1 its binary expansion without the leading 1,

n n2 bin(n) |bin(n)|
1 1 λ 0
2 10 0 1
3 11 1 1
4 100 00 2
...

...
...

...

One works with prefix-free Turing machines M which processes strings
into strings. The domain of M , dom(M), is the set of strings on which M
halts (is defined).

The natural complexity of the string x ∈ Σ∗ (with respect to M) is
∇M (x) = min{n ≥ 1 |M(bin(n)) = x} (see [3]).

The Invariance Theorem states that we can effectively construct a ma-
chine U (called universal) such that for every machine M , there is a con-
stant ε > 0 (depending upon U and M) such that ∇U (x) ≤ ε · ∇M (x), for
all strings x.

For example, if U(0i1x) = Mi(x) (where (Mi) is an effective enumer-
ation of all Turing machines), then ∇U (x) ≤ (2i+1 + 1) · ∇Mi(x), because
0i1bin(m) = bin(2i+1+blog(m)c +m), for all m ≥ 1.

In what follows we will fix a universal prefix-free Turing machine U and
we will write ∇ instead of ∇U . There are some advantages in working with
the complexity∇ instead of the classical complexity H (see [1]); for example,
for every N > 0, the inequality #{x ∈ Σ∗ : ∇(x) < N} ≤ N is obvious.
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