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ABSTRACT

Relying on optimally distinguishable distributions (ODD), it was de-
fined very recently a new framework for the composite hypothesis
testing. We resort to the linear model to investigate the performances
of the ODD detector and to compare it with the widely used Gener-
alized Likelihood Ratio Test (GLRT). As the ODD concept is very
new, its application to models with nuisance parameters was not dis-
cussed in the previous literature. The present study attempts to fill
the gap by proposing a modified ODD criterion to accommodate the
practical case of unknown noise variance.

Index Terms— Composite hypothesis testing, optimally distin-
guishable distributions, linear model, Kolmogorov structure func-
tion, Generalized Likelihood Ratio Test.

1. INTRODUCTION AND PRELIMINARIES

The most recent developments in methods of inference based on
the Minimum Description Length (MDL) principle emerge from a
happy union between the algorithmic complexity theory and the cod-
ing theory [1],[2]. As the central notions from the algorithmic com-
plexity theory [3], namely Kolmogorov complexity, universal dis-
tribution and the structure function are non-computable, their use
in practical applications poses troubles. To circumvent such diffi-
culties, Rissanen extends all these notions to statistical models by
replacing the set of programs from the algebraic theory of complex-
ity with classes of parametric models {f(x;0) : 6 € O}, where
x = [20,...,xn—1]" is the vector of observations and © is a
bounded closed subset of ¥ [2]. With the understanding that each
model class is a likelihood function, the role of the universal model
is played by the Normalized Maximum Likelihood (NML) density
function [4]:

£(x:0(x))

J69 = Jyogyeo F (i 0())dy’

(M

where 6 (x) denotes the maximum likelihood (ML) estimate. When-
ever it is clear from the context which measurements are used for
estimation, the simpler notation 0 is preferred to 6(x). Our interest
is confined to models for which f(x; @) can be factored as [4]

f(x;0) = f(x]0)g(0;0), )

where g(é; 0) is the marginal density of 6. The conditional density
f(x | 8) does not depend on the unknown parameter vector . Fur-
thermore the Kolmogorov complexity is replaced by the stochastic
complexity (SC) whose expression is given by In(1/f(x)).
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To construct the Kolmogorov structure function, the parameter
space O is partitioned into rectangles such that the Kullback-Leibler
(KL) distance between any two adjacent models is constant [2]. We
outline the steps of the construction as they are given in [2]. Let

1 0% 1n f(x;0)
In®) =-xF [ 90007
(FIM), and J(0) = A}Enoo Jn(0). The limit is finite for most of
the models in signal processing, but not for all of them; for exam-
ple, the limit is not finite in the case of sinusoidal regression model
with unknown frequency [5]. In the following derivations, we pre-
fer to use Jn(60), with the supplementary assumption that none of
its singular points are included in ©. For an arbitrary @ € ©, con-
sider the hyper-ellipsoid (8 — )" In(0)(8 — @) = d/N, where
d is a parameter whose optimal value we will find next. We take
the largest rectangle within this hyper-ellipsoid, and then we con-
tinue the procedure until defining a complete set of M4,y disjoint
rectangles whose reunion is the entire parameter space ©. With the
conventions from [2], we dub B4, (j) the j-th rectangle within this
set, and we denote 87 its center. Forall j € {0, ..., Na/n — 1}, the

probability distribution f (x | 67) is defined by
fx|6) = { g(x;é(x))/Qd/N(j): 0(x) € Ba/n(j) 3)

, otherwise

} be the Fisher information matrix

/ 9(6:6)d6, @
6€B, /N (1)

where g(é; ) is the same as in (2). The key point is that the newly
introduced distributions are perfectly distinguishable, and here the
sense of distinguishability is borrowed from the differential geom-
etry [6]. In [7], Rissanen proposes an index to measure the distin-
guishability, and this allows to prove that f(x | %) are optimally
distinguishable distributions (ODD).

The KL distance D(f(x | 67) || f(x;6)) between the “artifi-
cial” model f(x | 67) and the “natural” model f(x;6) depends on
the parameter d for all j € {0,...,M4/n — 1}. If the Central Limit
Theorem is verified, then there exists a unique d that minimizes this
distance, and asymptotically d =3k [2].

These findings can be applied almost straightforward for com-
posite hypothesis testing and, more importantly, they define a totally
new framework for this problem. We explain briefly the ODD test-
ing between the hypotheses specified by Mo = {f(x;80) : = 6°}
and My, = {f(x;0) : & # 0°}. It is evident in this case that, for
partitioning the parameter space, we first demarcate the rectangle
centered at the point ° and denoted B / ~(0), second we fix the
centers of its neighbors, and then we continue the construction until
the complete set of rectangles is settled. The ODD criterion selects

Qayn (1)
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the model class M, whenever 8(x) € B, n(0), where 6(x) is the
ML estimate for the model class M [2].

Remark that it is not necessary to resort to the maximization
of the probability of detection (Pp) for a given probability of false
alarm (PF ) as it is done in the traditional Neyman-Pearson method-
ology [8]. However, the performances of the ODD procedure are as-
sessed by calculating two indices [7]: E1 = 1—FPyo and E2 = P;
for j # 0. We note that, for an arbitrary pair (4,5), P;; is the
probability mass of By, (i) induced by the model f(x;@7). The
significance of E'1 and E2 will be clarified in the next Section.

The approach based on the ODD testing is very promising, but
so far it was applied only in the following examples [1],[2],[7]: (i)
for the model class M, the observed variable X is Gaussian with
mean 0 and variance 1, whereas for M1, X is Gaussian with non-
zero mean and non-unitary variance; (i) X € {0, 1} is Bernoulli
distributed for both Mo and M, and under the null hypothesis,
X = 0 with probability % Moreover, the ODD criterion for models
with nuisance parameters was not introduced in the previous litera-
ture. Also it was not yet investigated the relation between Pp and
Pr 4 when the parameter space partition is constructed with d.

In this study, we provide answers to the unsolved problems con-
nected with the ODD testing by considering the linear model (LM).
The motivation of our choice is twofold: (i) the most important re-
sults obtained in [2] by resorting to asymptotic approximations turns
out to be non-asymptotic for the LM; (ii) LM has many applications
in signal processing [8].

The rest of the paper is focused on the detection of a determin-
istic signal with unknown linear parameters in zero-mean Gaussian
noise. In Section 2 we derive the ODD detector and evaluate its per-
formances assuming the noise is white with known variance. The
case of the unknown noise variance is treated in Section 3.

2. LINEAR MODEL:WHITE GAUSSIAN NOISE WITH
KNOWN VARIANCE

The main results and definitions from the previous Section lead to
the Theorem below. For writing the equations within the Theorem
more compactly, we resort to the formula of the right-tail probability:
Qx) = [* \/% exp (—3y?) dy for an arbitrary z € R [8]. We
also use the notation | x| for the largest integer less than or equal to
the real-valued argument x.

Theorem 2.1. For the data sequence X = |[zo,..., :CN,ﬂT, we
consider the Gaussian density function with zero mean and known
variance T,

o 1 IR
F0:60) = s o (-5 I~ HOJR ).

where H is a known N X k matrix of rank k, 0 is a k x 1 vector
of parameters (N > k + 1), and || - || denotes the Euclidean norm.
For the ODD testing between the hypotheses specified by the model
classes Mo = {f(x;60) : @ = 0} and M1 = {f(x;0) : 0 # 0},
we have the following results:

a) For 8° = 0, D(f(x | 6°) || f(x; 00)) is a convex function that
attains its minimum £ In wfor d = 3k.

b) After observing x, Select M 1if

®)

max(|z1|,4_.,\zk|)>\/§, (6)
VT Tx 5
where z; = % Vi € {1,...,k}, with the conven-

tion that 01, ..., L are the eigenvalues of the matrix HH, and
Vi,..., Vi are the corresponding eigenvectors.
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¢) When the condition (6) is verified, we are wrong in accepting the
null hypothesis with probability E1 =1 — (1 — 2(@(\/§))k ~1-—
0.917%, otherwise, we are wrong in rejecting the null hypothesis with

probability E2 = H L(Q((2my — 1)V3) —Q((2m; + 1)V3))
ZﬁfJ vie{l,... k}

where m; = \‘

Sketch of the proof. Note for the model class M; that Jn(0) =
ﬁHTH [9], hence FIM does not depend on the values of the para-
meters 8. We denote it Jn. The proof for a) is similar with the one
from [2], with the remarkable difference that we do not use asymp-
totic approximations. Condition (6) is readily obtained with a chain
of equivalent inequalities. Because FIM does not depend on 8, the
parameter space is partitioned into congruent rectangles. Addition-
ally, we have for all j: P;; = Pyjo and Py; = Pjjo. The identities
are instrumental in the proof of c). O

To gain more insight, we show below the relation between the
ODD criterion and the widely used Generalized Likelihood Ratio
Test (GLRT). Assuming the hypotheses from Theorem 2.1, GLRT as

AT ~
. , 6 H'HO
well as Rao and Wald test decide M if T'(x) = ——— > 7,
T
where 0 is the ML estimate of @ for the model class M and the
threshold - is selected based on Pr 4 [8]. As it is easy to check that
T(x) = Z] L 22, we have:

Proposition 2.1. a) For k = 1, the ODD detector is equivalent with
the GLRT for which v = 3.

b) For k > 1, it does not exist any y such that the ODD detector is
equivalent with the GLRT. Supplementarily, GLRT with v = 3 will
select M1 whenever ODD detector selects M.

It is customary to asses the performances of a detector by eval-
uating Pr 4 and Pp. For the detection rule (6), we get immediately:

Ppa=Eland Pp=1-TT'_, (Q(—v3-¢) — QW3- (),

T
where ¢; = 22 Qf:/EVj € {1,...,k} and & = @ for the model
class M. Now we can notice the major difference between evalu-
ating the performances in terms of £1 and E2 instead of Pr4 and
Pp. The calculation of Pp assumes that data was generated by M
with a particular parameter vector 8. Such an assumption is not nec-
essary when computlng E1 and E2 because they depend only on the
ML estimate 6. More precisely, if 8 € B; /N (4), then E'1 and E2
depend on the equivalence class defined by the rectangle B ; / ~ ().
Therefore, for each rectangle we have a different conﬁdence index
that it is calculated with the E'1 formula when @ falls into B, /n(0),
and with E2 formula for all other rectangles.

For illustration, we consider in Figure 1 the LM with k = 2
parameters, and we draw in the (21, 22) plan the squares obtained
from the original rectangles within the (éh 92) plan after applying
the rotation and the scaling required by the condition (6). Thus there
exists a bijection from the original B, ~ (0) to the central square in
Figure 1, where it is written the value of E'1, the error probability
of accepting Mo when 6 € B(i/N(O). Note that E'1 approaches 1
when k, the number of parameters, is large. Similar bijections exist
also for the squares around the central one and for which we indicate
the value of E2. Observe that the larger is the distance from the
center of the square to the null hypothesis, the smaller is £2, hence
the greater is the confidence in rejecting M. We mention that E2 is
smaller than 10~7 for all the squares that are situated faraway from
the null hypothesis, and which are not drawn in Figure 1.

>



0.0017 0.0382 0.0017

0.0382 0.0382 |z,
0.1596

0.0017 0.0382 | 0.0017

Fig. 1. LM with 2 parameters: values of E'1 (central square) and F£2
(all other squares). The edge length of each square is 21/3.

Example: sinusoidal detection We consider as usual

| T

: : , where the frequency w €
[ cos (w(N — 1)) sin (w(N —1)) J
(0, 7) is known, and we utilize the asymptotic approximation H" H ~
(N/2)Is. For My, the parameters are 6; = Acos¢ and 62 =
—Asin ¢, with the convention that A > 0 is the unknown ampli-
tude and ¢ € [—, 7) is the unknown phase. Obviously 8 = 0 for
M. For sake of comparison with the performances of the GLRT,
we extend the results of Theorem 2.1 for an arbitrary d: the condi-
tion (6) becomes max (|z1], ..., |zx|) > 1/d/2. With the modified

H =

ODD condition, we can choose d = 2 Q=1 ( 12V -Fra V127PFA

such that to satisfy the constraint on Pr 4. Once d is found, we cal-
culate Pp = 1 =TT, (Q=v/d/2 - &) = Q(v/d2 - &) for
a fixed pair (A, ¢), where &1 = /fcos¢, & = —,/nsin¢g and
n= NT"T‘Z. Observe that 7 is the signal energy-to-noise ratio (ENR)
[8]. For a given Pra, Pp of the ODD detector depends on both n
and ¢. To clarify the dependence on ¢, we remark for fixed n and
Pr 4 that Pp is maximized when |¢| € {0, 7,7} and it is mini-
mized when |¢| € {Z, 3T}

In Figure 2, we plot the maximum and the minimum of Pp com-
puted for the ODD criterion when d is chosen to be optimal, namely
d = 6 as in Theorem 2.1 a). In this case, we have Pra ~ 0.16,
and this is used to get Pp of the GLRT detector for various ENR
values. The evaluation of the GLRT performances rely on the results
from [8], and we emphasize that Pp of GLRT is independent of ¢.
For d = 6, it is easy to note from Figure 2 that ¢ has a marginal
influence on the Pp of ODD, and the performances of ODD and
GLRT detectors are very similar. The main drawback is that Pra
has a value considered to be too large in most of the practical ap-
plications. To investigate the case of low Pr4, we find d ~ 32.90
when Ppa = 107* and d ~ 59.43 when Pra = 10~7. For both
cases we plot the performances of ODD and GLRT in Figure 2. Re-
mark that ¢ has an important influence on the Pp of ODD, and this
makes the maximum Pp of ODD to be superior to GLRT, but the
minimum Pp of ODD is clearly inferior to GLRT. This outcome
can be better understood if we mention additionally that the KL dis-
tance between the “artificial” and the “natural” models in the ODD
settings is about 0.35 for the optimum d = 6, but becomes as large
as 3.13 and 6.97 for the values of d that correspond to Pra = 104
and Pra = 10*7, respectively. It is evident that the constraints on
Pr 4 are not in agreement with the ODD methodology.
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Fig. 2. Performances for sinusoidal detection: GLRT (solid line),

best results of ODD (dashed line), worst results of ODD (dashdot

line).

3. LINEAR MODEL:WHITE GAUSSIAN NOISE WITH
UNKNOWN VARIANCE

Without loss of generality we make the following assumption on the
noise variance: 71 < T < T2, where 71 and 72 are arbitrary, and they
do not have any influence on the ODD decision. We use the nota-
tion Qq, (x) for the right-tail probability of a Student ¢-distribution
with v degrees of freedom [10]. Analogously Qy/ (5 () is the right-
tail probability of a noncentral Student ¢-distribution with v degrees
of freedom and noncentrality parameter §. The next result extends
Theorem 2.1:

Theorem 3.1. For the data sequence x = [xo, . .. ,£CN_1]T, con-
sider the ODD testing between the hypotheses specified by the model
classes Mo = {f(x;0,7) : 0 = 0,71 < 7 < T2} and M1 =
{f(x;0,7) : 0 £ 0,71 <7 < 72}. The normal density function
f(x;0,71) is given in (5), where H is a known N X k matrix of rank
k and 0 is a k x 1 vector of parameters (N > k+2). Then we have:
a) The optimum value of the d parameter is d = 3k.

b) Select M if

max(|t1|,.._,\tk|) > \/§7 7

vIiH x £ ~
wheret; = %Vj e{l,...,k} o=
l1, ..., Ly are the eigenvalues of the matrix H'H, and Vi,
are the corresponding eigenvectors.
¢) When the condition (7) is verified, we are wrong in accepting the
null hypothesis with probability E1 = 1 — (1 — 2@tN7k(\/§))k,
otherwise, we are wrong in rejecting the null hypothesis with proba-

bility B2 = H§:1 (@tg\_k(zmjﬁ) (_\/g) - Qt’ka(zm]ﬂ) (\/g))

where m; = VJ;:/%@J vie{l,... k}

y Vi

Proof. We revisit briefly some well-known results [10],[11]. For the
model class M, the ML estimates are: § = (H'H) 'H ' x and
# = %|lx — HO|]?. Similarly 70 = +||x||* for Mo. The func-
tion g(+; ), involved in the factorization based on sufficient statis-
tics (2), has the expression g(@7 70,7) =g (é, 0)g2(7;7), where

~ Typl/2 ~ .
9:(8:0) = LHES exp (— - [[H(O - 0)]?) and ga(7i7) =

x (I, —HH"H) " 'H )x
,



(/) (N=k)/2

T((N—k)/2)
Gamma function.

In the proof of Theorem 2.1, it was straightforward to consider

as “natural” model the unique density function that belongs to M.
Here we take as “natural” model for M the universal model given
by the NML function (1): fo(x) = f(x;8°,70)/Co, where 8° = 0.
The interested reader can find in [12] details on the computation of
Cy = B2 2]5xp( N/2) 72

(2"

Lexp (—%Z). T(-) denotes the usual

Like in the proof of Theorem 2.1, we consider the hyper-ellipsoid
centered at 8° = 0 and defined by (0 0T IN(6 —6° =d/N,
where d is the parameter whose optimal value we will find next.
Let By/n (0) be the largest rectangle within this hyper-ellipsoid. Its

1/2
volume is |By/n (0)] = 2F H] 1 1y [2], where p; = (ﬁ&)

and A\; = ¢;/(NT) is the j-th eigenvalue of the matrix Jn. Be-
Jn 0

0o 1/ (272)} ’
for 7 are the same for both Mo and M, we choose Bj,y(0) =
{(6,7): 6 € Byn(0), 7 € (11, 72)} to be the rectangle associated
to the model class M. Therefore the density function f(x | 6°)
defined in (3) is zero outside B,y (0), and inside By, (0) equals
f(x]86% = f(x;6, 7)/Qa,n(0). The expression of the normal-
ization factor (4) is obtained after some calculations: Qj,x(0) =

k72 (2.\k/2 (N/2)(N=k)/2 exp(— N/2) T
(;m) T((N—k)/2) 1

We introduce two more notations: XJ = {x : (8(x),7(x)) €
B n(0)} and My/n(0) = [0, ] x x [0, pr]. With these
preparations, we are ready to compute the KL distance,

D(f(x|6°) || fo(x))
/XT f(x; 8,

CO
vi] T 6 leads to:

cause FIM for the class M is [ and the constraints

1
Qyyn(0)

| f(x;6,7) d

+ 7)In 706, 6°. 70)

=1In
Qi/n(0)
The change of variables p = [v1

f(x;0,7)

x:0,7)In 0 gx =
XT f( ) f(X, 007%0)
T2 k ~2
NhH,N,k 2k Zj:l pJZJ ~
2 / R/ / = (1 TN )

71 M /N (0)

|H T HV2(N/2) N B2 exp(— N/2)
(2m)k/2D((N—k)/2) - Asd < N,
we employ next the approximation ln(l —|— en) = en + O(e%),

~2
k Pjej d
i=1 ~# < Z] 1 ~

5.
J f(x; é, 7)1n 7’[(""%’%) dx
X F(x:0° 70)

where hy, N =

Then we have

where ey = > NT

~
~

2Q7 /n(0), and combining with

the previous results we get D(f(x | 8°) || fo(x)) = Emir 444
/2PN ) .
In (W) It is clear that D(f(x | 90) | fo(x)) is

minimized for d = 3k. Moreover, if we apply the Stirling approxi-

mation, the last term becomes
1/2 an k\ —k/2

1 : k
() (0 ) ™) e (). v
an,k = (N — k)/k. With this approximative formula, it is obvious
that the last term is zero when N — oo and k is fixed, hence the
minimum of the KL distance between the “artificial” model and the
“natural” model is asymptotically the same as in the case of known
noise variance.

aNk
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T,

To prove the rest of the results, we apply similar techniques as in
the proof of Theorem 2.1, with the main difference that 7 is replaced
with the unbiased estimate o [8]. O

Without difficulties, we can show for the detection rule (7) that

Ppa=Eland Pp = 1-T]}_,
v10./¢;

where (; = %ﬂVj e{1,..
we have: 0 = 0, 7 = 7.

We recall that the GLRT for testing if the j-th component of

92

6 hL ’
where h; is the j-th diagonal entry of the matrix (H"H) ™'
It is notorious that T'(x) is the square of the usual ¢-statistic [10].
When the matrix H' H is diagonal, t; becomes also identical with
the usual ¢-statistic, and the ODD condition (7) reduces to compare
with the threshold /3 the t-statistic computed for each component
0;, and to select M if at least one component is found to be non-
zero.

., k}, and for the model class M1

the parameter vector @ is zero relies on the statistic 7'(x) =

4. FINAL REMARKS

One of the constraints in utilizing the ODD criterion is the following:
FIM must be non-singular for the parameters that correspond to the
null hypothesis. The condition is not verified in sinusoidal detection
if the value of the frequency is not known a priori. This difficulty was
already noticed in connection with the Rao detector [8]. A solution
for such cases is the detection method based on the NML of the
competing models [12].

In the present study, we investigated the use of the ODD detector
for the LM model by emphasizing the strengths and the weaknesses
of the method. The confidence indices provided by ODD without
assuming knowledge on the true parameter values are an advantage.
For the GLRT, the complement set of the critical region is a solid
hyper-ellipsoid. ODD decision does not involve an hyper-ellipsoid,
but the largest rectangle within it, and this can reduce Pp for a given
Pr 4, as it was apparent from the comparisons with the GLRT.
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