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ABSTRACT

The use of the normalized maximum likelihood (NML) for model selection in Gaussian
linear regression poses troubles because the normalization coefficient is not finite.
The most elegant solution has been proposed by Rissanen and consists in applying
a particular constraint for the data space. In this paper, we demonstrate that the
methodology can be generalized, and we discuss two particular cases, namely the
rhomboidal and the ellipsoidal constraints. The new findings are used to derive
four NML-based criteria. For three of them which have been already introduced in
the previous literature, we provide a rigorous analysis. We also compare them
against five state-of-the-art selection rules by conducting Monte Carlo simulations for
families of models commonly used in signal processing. Additionally, for the eight
criteria which are tested, we report results on their predictive capabilities for real life
data sets.
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1. Introductory remarks and problem formulation

One of the fundamental research topics addressed in
signal processing is the linear least-squares regression
problem. Let the measurements y € R™! be modeled by

y=Xp+s, 1)

where X e R™™ is the regressor matrix having more rows
than columns (n>m), p € R™! is the vector of unknown
parameters, and the entries of ¢ € R™! are samples from
an independent and identically distributed (i.i.d.) Gaussian
process of zero-mean and variance 7. Hereafter, we denote
vectors by boldface lowercase letters and matrices by
boldface uppercase letters. The identity matrix of appro-
priate dimension is denoted by I, while 0 denotes a null
vector/matrix of appropriate dimension.

Because in most of the practical applications, not all
the parameters f,...,5,, are equally important in mod-
eling y, one wants to eliminate those that are deemed to
be irrelevant. This reduces to choose a subset of the
regressor variables indexed by y = {1, ...,m}. It is custom-
ary to select y by using either the Akaike Information
Criterion (AIC) [1], or the Bayesian Information Criterion
(BIC) [29]. Both AIC and BIC can be seen like particular
cases of a more general class of asymptotic criteria which
are expressed as the sum of two terms: the first one is
given by the minus maximum log-likelihood, and the
second one is a penalty coefficient that depends on the
number of parameters and, in some cases, on the sample
size [36, Appendix C].

It is widely recognized that BIC is equivalent with an
information theoretic criterion called MDL (minimum
description length) [23]. However, MDL is not only a
simple formula, but it is a principle [8].

To show how the most recent MDL-based develop-
ments can be applied to the linear regression problem, we
focus on the computation of the stochastic complexity
(SC) [25,26]. Let B, € R*! be the vector of the unknown
regression coefficients within the y-subset. We denote the
cardinality of y by k, and we make the assumption that k
is strictly positive. The case k=0 will be treated sepa-
rately. The matrix X, is given by the columns of X that
correspond to the y-subset. Similarly with (1), we have

y=X;B,+¢,, )

where the entries of g, are Gaussian distributed with
zero-mean and unknown variance t,. Under the hypoth-
esis that X, has full-rank, the maximum likelihood (ML)
estimates are [31]: ﬁv,(y):(X/TX,)”X,Ty and %,(y)=
ly—X,B,1I>/n, where the superscripts ()" and (-)~" denote
the transpose and the matrix inverse, respectively. The
operator | - Il is employed for the Euclidean norm. When-
ever it is clear from the context which measurements are
used for estimation, the simpler notation [3/ will be
preferred to ﬁy(y). The same applies for the use of %,
instead of 7,(y). To evaluate the SC for the data vectory,

................................................. 1689
................................................. 1690
................................................. 1692
given the y-structure, we have to compute
SCy; ) =Ly; »+La,b)+ gln(nn), 3)
_ n—k .k _IXB,I? n—k k
L(y, /)— T]nf«l:‘F iln n —InI’ <T> —InI" <i>,
“4)
b
L(a,b) = 2Inln o 5)

where In(-) denotes the natural logarithm and I'(-) is the
Euler integral of the second kind. Additionally, the real-
valued hyper-parameters a and b satisfy the condition:
b>a.

The complete formula includes also the description
length for the y-structure, L(y), whose expression is given
in [26]. Because in many practical problems, the term L(y)
has a marginal effect, we will ignore it. Example 4 in
Section 4 will be the only case when we will consider the
contribution of this term. For clarifications on the role of
L(y), see [27].

The case k=0 is equivalent to y =0, and occurs when
the observations y are assumed to be pure Gaussian noise
with zero-mean and unknown variance. In this situation,
the stochastic complexity takes the particular form

SCY;0) =Ly 00+ 5 L@b)+ 5 In(rm), ©®
2
L(y; 0) = glnw—lnl“g) 7

where L(a,b) is defined in (5). In this work, we neglect the
terms given by L(a,b). We refer to [7,26, Section 9.3] for a
more elaborated discussion on the conditions when
2InIn(b/a) and Inln(b/a) can be dropped from (3) and (6),
respectively.

In line with the MDL principle, selection of the best
structure amounts to evaluate SC(y; y) forall y = {1, ...,m},
and then to pick-up the subset that minimizes the
stochastic complexity. Another information theoretic cri-
terion which is akin to formulas in (3)-(5) and (6)-(7) has
been derived in [9,10] by using a universal mixture model.
More interestingly, Kay has proposed in [16] a selection
rule based on exponentially embedded families (EEF) of
probability density functions, and which is similar to the
one introduced by Rissanen in [25]. A comparison of the
criteria from [10,16,25], for the case when the noise
variance is assumed to be known, can be found in
[6, Section 3.3]. The minimum message length (MML)
principle was recently used in [28] to yield two new
model selection criteria, and it turned out that both of
them are closely related to SC.

The fact that formulas which are almost the same
with the expression of SC can be obtained by various
approaches is indeed an indicator for the practitioner that
the use of SC might be the right choice. However, for the
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work presented in this paper, the most important is not
the SC formula, but the methodology applied by Rissanen
for its derivation. The central role is played by the
normalized maximum likelihood (NML) density function:

Fy: B,¥). 5,y

fy:n= 0 ,

®)

o= [ fo:B,w.5,00 . ©

where f(y; ﬁ},(y),%.,(y)) is the ML. In the equation above,
the domain of integration is the entire space of observa-
tions. Note also that (9) gives the definition of the
parametric complexity. It was shown in [25,26] that NML
has two important optimality properties which recom-
mend it to be used in the evaluation of SC. More precisely,
SC is computed as the code length associated with NML:
SC(y;y) = flan(y;y). The key point is that the parametric
complexity in the linear regression case is not finite, or
equivalently, the integral in (9) is not finite. To circum-
vent this difficulty, Rissanen proposed in [25] to constrain
the integration domain in the space of observations such
that the integral becomes finite, and this led to the
criterion given by the formulas in (3)-(5) and (6)-(7).

We note in passing that, according to Scopus, Ref. [25]
has been cited more than 50 times. Hence, the
SC-criterion is widely used, and one of the reasons is the
following. The criterion is independent of arbitrarily
selected hyper-parameters if the terms that involve
L(a,b) are neglected. Surprisingly, for about one decade,
it was totally ignored the important fact that the closed-
form expression of the criterion depends on the particular
constraint which has been involved in its derivation. Only
recently, it was shown in [18] that two other criteria can
be obtained by employing constraints which are different
of the one used in [25].

The most recent findings lead to the conclusion that
novel NML-based criteria can be devised by enforcing
various constraints. However, in the previous literature, it
was not investigated how the selection of the constraint
influences the performance of the resulting criterion. To
fill the gap, this paper provides the following results:

(i) We demonstrate in Section 2 that the methodology

introduced by Rissanen can be applied in a more

general framework, and not only for the ellipsoidal

constraints which have been considered in [18,25].

In the same section, we study the particular case of

rhomboidal constraint.

In Section 3, we conduct a rigorous analysis of the

relationship between Rissanen criterion and the two

criteria that have been introduced in [18].

(iii) Section 4 is devoted to numerical examples which
compare the capabilities of the NML-based selection
rules against other criteria. The experiments are
performed with simulated data as well as real life
data sets.

(ii

~—

Conclusions are outlined in Section 5, where we also give
some guidance on the use of various criteria in model
selection.

2. Parametric complexity with constraints
2.1. General case

To simplify the notations, we drop the index y when
discussing the general case. Let us define Y,(R,79) =
y: p(ﬂ) <R,T > 1o}, where R and t¢ are strictly positive.
The mapping p : R* >R is chosen such that, for all R> 0,
the set Bp(R)z{ﬁ : p(ii)gR} is convex and its volume
Vo(R) = pr(R) dp has the expression

V,(R) = nR. (10

The constant # is strictly positive and, in some cases, it
might depend on the regressor matrix X. Additionally, the
constant { is also assumed to be strictly positive.

Hence, the definition of NML from (8)-(9) is trans-
formed to

fy: bWty (11)

fp(y; Rv‘CO) = Cp(R,T())

C(RTo) = /y L JwBw ) ay (12)

p(R,To

It is well known that the numerator in (11) is given by [31]
Fy: Bt (y) = [2ntexp()] . (13)
For the denominator, we prove in Appendix A that

Cp(R,T0) = QAnk/k)Ty R, (14)

where

n/2
\XTXP/2 <2exr1'3(1))

YT () 4

The operator | - | denotes the determinant of the matrix in
the argument.

Remark in (14) that the normalizing constant C,(R,7o)
becomes smaller when R decreases. Because we want
to minimize the code length given by —lnf,,(y, R,79) =
—Inf(y; B(y), 7(y))+InCy(R, ro) we a551gr1 to R the smallest
possible value, namely R =R, where R = p(/f) We choose
79 =71 like in [26], and the expression from (11) becomes

f: B2y ‘

‘REg)=
fp(y TO) Cp(R,‘C())

(16)

Then we perform the second normalization step. Let
V(Ry,R2,71,72) ={¥ : Ry < p(B(¥) < R,71 <T(Y) < 72},
where R; > R; >0 and 75 > 71 > 0. By using (16), we have

A foy:R 7o) BW).EW)/CoR T
Fo= 1" o _fiy B).2(¥)/Cp( 0 7
Cp(R1,R2,T1,T2) Cy(R1.R2,71,72)
The normalizing constant is given by
ColRiRotr.ez) = | Fov:R70) dy, (18)
Y(R1,R2,71,72)
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and after some calculations which are outlined in
Appendix A, we obtain

Lk?

CoRiRy 11 T2) = 5-In 22 721, R2

R] ’

We collect the results from (13), (14), (17) and (19) to
get the expression of the negative logarithm of NML,
when the mapping p(-) is used to define the constraint
for the evaluation of the parametric complexity:

—Inf ,(y) = —Inf(y: B.2)+InC,(p(B).#)+InC,(R1 Ry, 71,72)

— A _ Ty1/2
= nTkln%+Cklnp(ﬁ)—lnF(n21> n|lk M}

(19)

)k/Z

n T2, R
+ i1n(nn)+ln (lnalnR—]) (20)

It is obvious that, in the equations above, we have T =1,
B= ﬁ3 and X =X,. Conventionally we take 11 =R; =a and
T, =Ry =b, where b>a=> 0. So,

—Inf ,(¥) = Ly(y; D)+ L(@,b)+ 5 In(nm), @1

—k n—k . HIX/TX;'IUZ
Ly(y: y)_—lnr +Cklnp([}) lnF( 5 >+ln{ W

(22)

where L(a,b) is the same as in (5).
For the sake of completeness, we consider also an appro-
ximate formula for the negative logarithm of NML [24]:

—Inf(y) = ~Infy: .6+ S o [ b0 apderor,
(23)
where
Joo(ﬁvr) = ’}Lrgjn(ﬁvr)v (24)
X'X)/nr) 0
Jn(ﬁvf) = 0 ]/(21.2):| . (25)

Remark in (23)-(25) that we have dropped the index ). In
(25), we have used the expression (see, for example, [14]) of
the Fisher information matrix (FIM) for the linear model in
(2). Note that, for many models used in signal processing, the
right-hand side of (24) has a finite limit [36, Appendix C]. On
contrary, the value of the integral in (23) is not finite if the
domain of integration is the entire parameter space. This
problem is well known and some of the proposed solutions
involve arbitrarily chosen restrictions for the ranges of the
parameters. A comprehensive discussion on this issue can be
found in [11]. We demonstrate in Appendix A how the
difficulty can be circumvented by applying constraints simi-
lar with those employed to get (20).

2.2. Rissanen formula

The constraint used by Rissanen is pl([f.y.) <R, where
pl([i,/) = I\X»,[?,/,Hz/n [26]. This makes the volume V), (R) to
be given by (10) with 1= (nm)*/?/[(k/2)I"(k/2)IX] X,['/?]
and {=1/2. It is a simple exercise to show that, for
the particular case when p(ﬁ.l,):pl(ﬁ,/,), the formula

in (21)-(22) is identical with the one from (3)-(5). The
expression of SC can be further simplified by operating
the following modifications: (i) neglect the constant term
(n/2)In(nm) and the term L(a,b); (ii) use the Stirling
approximation (see Appendix A and [26,27])

InI'(z) = (z—1)Inz—z+1In2m), (26)

and then discard all terms which do not depend on the
y-structure; (iii) multiply by two the resulting criterion.
This leads to

ux,/},.uz/n
SCy, (Vs ’i

k +Inlk(n—k)]. (27)

The above form of SC is the one which appeared most
frequently in the literature after it was introduced in [25].

2.3. Rhomboidal constraint

Consider the constraint po(ﬁ},) <R, where po([f.y.) is
given by the 1-norm of ﬁ.l,, and we write po(/}y): Hﬁyl\].
The region defined by the constraint is a diamond when

k=2, and it becomes a rhomboid when k> 2 [12]. The
volume V, (R) can be computed by observing that

. N
Vﬂn(R)=2 X//’n» By =0 dﬁ

By+o B <R

because of the symmetry. Then we get V, (R)= (2R)¥ /k1.
The result is easily verified for k € {1,2} and is proven for
any k > 2 by mathematical induction. More importantly,
the formula which gives the volume V, (R) can be

obtained from the one in (10) by choosing # = 2"/k! and
{=1. Hence, we can get a new NML-based criterion by
using in (21)-(22) the definition of py(-). For writing more
compactly the new selection rule, we multiply by two
the expression in (21), and we ignore the sum
2L(a,b)+nln(nm). Some elementary calculations lead to

12
SCp, (¥:7) = (n—k)Int, +kin [f 71 2ln F(n2k> —2InI'(k)

44XTX, |
HHT'

We modify the formula above by applying the Stirling
approximation from (26), and by discarding the sum
(n—2)In2 +n-2In(27), which was also neglected in (27).
Thus, we have

1B, 13 /n
k
+1In2X] X, ). (28)

SCpy(¥:7) = (n—k)ln " +kIn +Ink(n—k)]

2exp(1)
nk

From (27) and (28), it is obvious that the goodness-of-
fit term is the same for both SC,, (y;y) and SC,,(y; 7). We
want to check which is the relationship between the
penalty terms of the two criteria. For ease of comparison,
we assume that the columns of X, are the first k columns
of the n x n identity matrix, which implies

+kln

PEN,, (y;7)—PEN, (y:7) =kIn

2
2exp(1)7:os (oty) 42, (29)
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where coso, = Hﬂ Hl/(f\lﬂ I). Equivalently, o, is the
angle between the vector [|/31| |/3,<|]T which is
given by the magnitudes of the estimates and the vector
[1,...,1]". Remark in (29) that PEN, (y;7)—PEN,, (y;7)>0
if and only if «,<arccos(Thy), where Thy=
(I/exp(1)](1/2V%11 2, For all k>1, the inequality
Th, € (0,1) is satisfied, and for k>1, we have
arccos(Thy) ~ (2m)/9.

To gain more insight, we assume that y~ N(B,TI),
where N(u,R) denotes the multivariate Gaussian distribu-
tion with mean pu and covariance matrix R. The vector § is
chosen such that to have k entries equal to a non-zero
constant f, and all other entries are zeros. Additionally,
k < n, and the value of T is selected to guarantee a certain
signal-to-noise ratio. Let yq), ...,yn) be the measurements
sorted in the decreasing order of their magnitudes.
For each ke ({1,...,n-2}, we define the structure y, =
{(1),...,(k)} such that g =Way --- Yl and Ty, =(1/m)
Si— k1Y When k> k, if k increases, then the angle Oy,
increases also, and PEN, (y;7y,) becomes smaller than
PEN,, (y;7,). Hence, the criterion SC, penalizes less than
SC,, when k is large, which makes to be more likely that
SC,, selects a sparser solution, and not SC,,.

This outcome is surprising because it is known from
the previous literature [12, Chapter 3] that the selection
rules which have as penalty term the 1-norm of the vector
of estimates are prone to pick-up the sparse solutions.

The formulas derived with the general methodology
described in Section 2.1 must be used with caution in
practice, and only after their properties are carefully
investigated. Next, we focus on two other NML-based
criteria, which have been introduced in [18] to cope with
the presence of collinearity.

3. Ellipsoidal constraint
3.1. Formulas from [18]

The solution proposed in [18] for the computation of
the parametric con}glexjty relies on the following ellip-
soidal constraint: (B, QB,)/n <R, where the matrix Q is
chosen to be symmetric and positive definite. By applying
the formula for the volume of an ellipsoid [30], it is easy
to verify for p([ﬁ,) ﬁ QB that V,(R) is a particular case
of (10) for which #=(nm)*2/[(k/2)[(k/2)|Q|"/?] and
{=1/2. By employing in (21)-(22) the expressions of
and ¢, we have

AT
—inf ) = " ¥int 1+§1n”""3 " In r(”zk)

k 1 |X«Txy|
—Inl’(5)+=sIn— , 30
<2> 2"Q] G0

which coincides with [18, Eq. (16)]. Remark in (30) that we
have neglected the terms L(a,b) and (n /2)ln(nn)

When Q =X X,, the ellipsoidal constraint ([f Q[i] )/n<R
is identical with the constraint used by Rlssanen namely
p1([37) <R. Other two possible ways of selecting the
matrix Q have been considered in [18]: Q=I and Q =
(XTX )2. In the case when Q =1, the e111p501da1 constraint
becomes pz(ﬂ ) <R, where pz([f )= Hﬂ I2 /n. By operating

in (30) the same type of modifications which allowed to
transform (3)-(5) into (27), we get

Hﬁ ” / +Infk(n—k)] +1n|X] X, |.

€)0)

Similarly, for Q = (XTX )2, the ellnpsondal constraint takes
the form p;(B, ) <R with p(B,) = ﬂ}, (XT ,)?B,1/n, and
the correspondmg model selectlon crlterlon is

B, X X,)B,)/n
k

SCp, (¥:7) = (n— k)ln +I<ln

SCp, (¥;

+1n[k(n k)] In|X] X, |. (32)

After discarding the term —nlnn from the formulas in
(27), (31) and (32), we can re-write them as follows. For
ie{1,2,3},

n—k

SCp,(¥: 7) = (n—K)InS? + kInD,(y: Q) +lnlk =

(33)
YX (X X,) QX X)Xy
1Qil/1X; X, )/
where $? = (nt,)/(n—k), Q; =X, X, Q, =Iand Q; = (X] X,)*.
It is evident that all three selection rules have the same

goodness-of-fit term, and only D, (y; Q;) makes their pen-
alty terms to be different.

D,(v:Q) = : (34)

3.2. Penalty terms

For better understanding the relationship between the
three criteria, we give the following result.

Proposition 3.1.

(a) The equalities
Dy (y; Q1) =D;(y;Q2) =Dy (y; Q3) (35
hold true for all y e R"™\{0} if and only if there exists
q > 0 such that

Q;=qlL (36)

(b) If the condition in (36) is not satisfied, then for each pair
(i, j) with the property that 1 <i<j <3, the sign of the
difference

Dy(y: Qy)—Dy(y:; Q])

is not the same for all y € R™\{0}.
(c) For all y € R™\{0}, we have

max{D,(y; Q,),D;(¥; Q3)} = D;y(y; Q). (37

Proof is deferred to Appendix B.

From the proposition above, we see that the criteria
SCp, (¥: 1), SCp,(y; ) and SC,, (y;y) are identical only when
the columns of the matrix X, are orthogonal and the
2-norm is the same for all of them. In general, it is not
possible to claim that one criterion has a penalty term
which is stronger than the penalty terms of the others.
However, the inequality in (37) guarantees that at least
one of the criteria SC,(y;y) and SC,,(y;y) has a penalty
term which is stronger than the penalty term of the
Rissanen criterion.
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Next we investigate the behavior of the three selection
rules for the case when the matrix X, is rank deficient. Let
us use the notation X instead of X,. Furthermore, we
partition the matrix into two blocks: X, =[X;.; X,]. Note
that X;._; contains the first k—1 columns of X;. We assume
that X,_; has full-rank, and the source of rank deficiency
for X is the fact that the linear subspaces <(X;.;> and
{X; » are “very close” to each other. For a full-rank matrix
M having more rows than columns, (M) is the column
space of M.

To measure the “closeness”, we employ the principal
angle o € [0,7/2] between <X,.;> and <x;)> [3]. If the
columns of U,_; form a unitary basis for {(X;_; > and uy is
a unitary basis for {(x; ), then cosa is the singular value
of U}_;uy. Eq. (13) from [3] guarantees that there exists
w e R™! with Ilwll =1 such that

Py X; = sin(o)l1x; /lw, (38)

where Py, =1-P;; and Py ; = X1 (X} Xi.1)"'X;.; is the
orthogonal projection matrix onto the linear subspace
{Xk-1>. The following proposition clarifies which is the
effect of «— 0 on the penalty terms.

Proposition 3.2. [f rank(X;.;) =k—
y € R"\{0}, then:

1, IXgll#£0, k>1 and

(@) lim, oDy (y; Q1) < .

(b) limy_oD,(y;Q,) =00 when w'y=0. Note that w is
defined in (38).

(c) lim,_,oDy(y; Q3) = co when X y+#0.

See Appendix B for the proof.

Remark that, under the assumptions from Proposition 3.2,
SC,, and SC,, penalize the collinearity more severely than
SC,,. The result has to be understood in connection with the
fact that variable selection aims to discard those columns of
X which are nearly collinear, and then to use the retained
columns for explaining the variation in y [19, Section 6.7].
This can be nicely formalized by using the coefficient of
determinations whose definitions are given below.

Definition 3.1. Assume that the sum of the entries of y is
zero and llyll = 1. Additionally, each column of X is zero-
mean and has unitary Euclidean norm. For an arbitrary
y-structure with cardinality k > 0, we define

Rix, = IP,yl2, 39)

where P, is the orthogonal projection matrix onto the
linear subspace <X, ». Moreover, fori € {2, ...,k}, we have
RE i1y = IPix;l?, (40)

where P;_; denotes the orthogonal projection matrix onto
the linear subspace determined by the first (i—1) columns
of X, and x; is the i-th column of X,,.

It is clear that (39) and (40) are just particular cases of
the general definition that can be found in [19, Section 6.5.2;
31, p. 111]. We emphasize that R is a measure of how
much the variance of X, [3 represents from the total
variance of the datay. A similar interpretation can be given
for (40).

In the next proposition, we show how the dependence
of y on X,, as well as the interdependence between the
columns of X,, affect the terms D,(y;Q,), D,(¥;Q,) and

D*/(yl Q).

Proposition 3.3. When X, and y satisfy the conditions from
Definition3.1, the following identities hold true:

D,(y; Q1) =Ryx . (41)
k
D,(y;Q,) = Z a;(y, Xy)bi(Xy), (42)
i=1
El = 1
D«, N = N 43
/(y Q3) k 2[1 R '(ii‘l)]l/k ( )
where

ai(yvxy) = Rlzl.x,/‘ *Rsz,.x/, W’

’.‘*1[ ik
bi(X,) = =2 q;);m ..... “G-1)

k k
=Ry el
Js 1<j<i,
ci)=1J+1, i<j<k (44)
i, i=k

and r;, is the correlation between the i-th column of X, and y.

See Appendix B for the proof.

Eq. (41) confirms that the interdependence between
the columns of X, does not have any impact on D,(y; Q).
This is not the case with D,(y; Q,), where the factors b;(X,)
measure the linear dependence between the columns
of X,, and they are not affected by the relationship
between y and X,. Whenever X; is a linear combination
of some of other columns from X,, the denominator of
bi(X,) becomes zero, whereas the numerator is strictly
positive. In this situation, the contribution of x; to
explaining the variance of y is marginal, which makes
a;(y,X,) to be also zero. From (43), it is evident how
multicollinearity affects D,(y;Q3): the denominator goes
to zero and the nominator remains strictly positive.

Propositions 3.1 and 3.2 reveal the relationship
between the three criteria when the angle o takes
extreme values: a=7n/2 and «—0. It remains open the
question on how SC,, and SC,, relate to SC, when
o € (0,m/2). In order to answer the question, we need to
make supplementary assumptions on the vector of obser-
vations y. This is why we consider next the case of two
nested models.

3.3. Comparison of the penalty terms when two nested
models are tested

Suppose that the model selection problem reduces to
deciding if the measurements y are outcomes from
N (Xy-1Br-1,7]) or from N (X fy,tl), where X, ; and X are
the same as in Proposition 3.2. The entries of f,; € R*!
and B, € R* are assumed to be non-zero, and 7 > 0. After
estimating B,_,, B, and the noise variance from the
available data, one can apply an NML-based criterion to
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select between the structure y,_; for which the regression
matrix is X1, and the structure y, for which the regres-
sion matrix is Xg.

We know from Proposition 3.1 that, disregarding the
machinery which has produced y, we have SC,, (y;7,_1) =
SCp, (¥: Yk_1) = SCp, (¥; Yk_1) if X1 X1 = L. Therefore, under
the hypothesis of orthonormality for the columns of X;_q,
D, (y;:Q)), i € {1,2,3}, is the only term which can poten-
tially make SC,,, SC,,,, SC,,, not to take the same decision
when choosing between y,_; and y,. To gain more insight,
we compute the expectation of D,, (y; Q) for i € {1,2,3}.

Lemma 3.1. Ify ~ N (X1 Bi-1,7D, Xp 1 Xi1 =L, Ixl = 1 and
k> 1, then

EID,, (¥; Q)] = I B I + Tk, (45)
EID;, (y; Q)] = [ B 1? + (k=2 + 200 Do/, (46)
EID;, (¥; Q3)] = [ Bcq 17 + 7k + (¢ Xicr B P10 V/%, (47)

where [E[] is the expectation operator and = sin® .

The proof of Lemma 3.1 can be found in Appendix C,
where we outline also the proof of the proposition below.
Proposition 3.4. Let (o) = 2(1—sin2a)/(1—sin~**o)—k,

@) = (2—sin*o)sin?*a—1  and  @,() =sin"?/¥
Under the hypotheses of Lemma 3.1, we have:

o—1.

(a) E[D,,(y;Q3)—D,, (y;Q)] s strictly positive if and only if
a<o*, where o* is the solution of the equation
Po(@) = 1By 1% /7.

(b) [E[Dy,((y§ Q3)-D,, (y:Qy)]
values. Additionally,

takes only non-negative

E[Dy, (¥V; Q3)—Dy, (v; Q)] < 1 B1 11 01 (00) +Thep, (00). (48)

In Proposition 3.4, the Rissanen formula (27) is con-
sidered to be a reference, and the other two criteria are
compared with it. We see that SC,, is likely to penalize
more than SC, the model with structure y, only when
the angle between <(X,.;> and <{X;) is smaller than a
threshold. The value of the threshold is mainly given by
the ratio IIf,_;1I> /7, which in our case equals the energy-
to-noise ratio (ENR) because [Xy.1f.Il=1f_l. Since
limy_oy() =00 and lim,_, ;¢ (x) =k, the solution o*
is guaranteed to exist when ENR > k. Moreover, if ENR is
larger than k, then E[D, (y;Q,)—D,, (y;Q,)] attains its
minimum when the principal angle takes value
Omin = arcsin(w:[{izn), where @i = 2(k—1) /(1B 12 /T +
(k—2)). The increase of ENR makes oy, to decrease and
o* to be closer to zero such that SC,, penalizes more
severely than SC, only when o~ 0.

On contrary, SC,, penalizes the y,-model more strin-
gently than SC,, for all o € (0,7/2). Observe in (48) that
®,(o) and ¢,(«) are monotonically decreasing functions,
and the upper bound for E[D, (y;Q3)—D, (¥:Q;)] goes
down from oo to zero when o increases from zero to n/2.

To complete the analysis, we provide the analogue of
Proposition 3.4 for the case when y ~ N (X, f,zI). Let us
assume that the eigenvalues of X; X, are 11, ...,4, and all
of them are strictly positive. To write more compactly the

results, we define: A;;(Z{»‘;lxl,‘)/k (arithmetic mean),
G, =([1¢_, 4)'/* (geometric mean) and H,; =k/>>¢_, 1!
(harmonic mean). The expressions of E[D, (y;Q;)] for i e
{1,2,3} are given in the lemma below.

Lemma 3.2. If y ~NXBi.7D), X| X1 =1, Xl =1 and
k> 1, then

EDy, (v: Q)] = Xy Bili* + Tk, (49)
EID, (v: Q)] = B> G, +Tk(G; /H,), (50)
EID;, (¥; Q)] = [Bx X Xi)* Bil/ G+ TR(A; /G- (51)

Proof. The results are easily obtained by applying
the formula of the expectation for quadratic forms
[30, p. 439]. O

Lemma 3.2 helps us to find bounds for E[D,,(y;Q;)—
D, (y:Qy)] and E[D, (y:Q3)—D,, (y:Q,)], which are similar
with those given in Proposition 3.4.

Proposition 3.5. Under the hypotheses of Lemma 3.2, we
have

a) Let (@) = sin®’*o—cosa—1, Y, (@) = sin®/*or+ coso—1
( 1 X
and y5() = sin®’* e /(1—cose)—1. Then

I B2y (o) < ED,, (¥ Q2) Dy, (v: Q)]
< IBI2 () + Tk (). (52)

(b) Let ,(c0) = —sin**/4,
Ws(et) = (1—cosa)? /sin®/¥ o+ coso—1,
Ye(et) = (14 cosa)® /sin®*o—cosa—1
and y;(o)=(1 +cosoc)/sin2/koc—l. For o € (0,1/2],
1B 4(e0) < EID, (¥: Q3)—Dy, (1: Q1. (53)

and for o € [r/3,7/2), the inequality becomes

I B2 4(er) < IBiP s (o) < E[Dy, (¥;Q3)—Dy, (¥ Q1)1 (54)
Additionally,

E[D,, (¥: Q3)—Dy, (v: Q)] < 1B 12 6(00) + Tk (00), (55)
for all o« € (0,7/2].

Proof is deferred to Appendix C.

Note in (52) that the span of E[D,, (y;Q2)—D,, (y;Q)]
is given by I, I°[,(c)—y;(®)] and tki3(e). The second
term is the dominant one when o is close to zero, as
we can see from lim,,_, o{ll B 12 [\, () =1 ()]} = 21112 < oo
and lim,_o{tky3(%)} =oco. To monitor the decrease of
the two terms when « varies from zero to w/2, we
define §, , (01,00) = (o(02)—h1(02)) /(P2 (01)—Y1(21)) and
&y, (01, O2) = Y3(0)/3(01), where 0 <oy < op < 7/2. For
example, when k=6, we get 8y, ., (/180,7/6) ~ 87%,
&h.l//z (n/6,m/3)~ 58% and 3’%_(/,2(7'5/3,7'5/2—71/180)%3%,
whereas g, (n/180,7/6)~ 0.3%, &, (n/6,7/3)~ 18% and
&y, (1/3,1/2—1/180) ~ 2%. Remark that the term given
by y5(-) diminishes significantly when o increases from
n/180 to m/6. Another significant reduction occurs for
both terms in the interval [/6,7/2—m/180]. An important
observation is that the upper bound in (52) increases
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monotonically with T when X and B, are fixed. Therefore,
when the ENR lowers, there exists a higher chance
that SC,, penalizes the y,-model more stringently than
SC,,. This finding is of special interest because, in
Proposition 3.5, the model with structure y, is assumed
to be the “true” one.

A similar analysis can be done for [E[D,, (y:Q3)—
D, (y:Qp)]. In the vicinity of zero, the span of
E[D,,(y:Q3)—D,,(y: Q)] is given by I I°[Ws(c)—h4(@0)]
and tky, (o). Since lim,_ o{ll B2 [Wg() =4 ()]} = lim,_q
{tky; (o)} = oo, the two terms are equally important, not
like in the case of E[D, (y;Q,)—D, (y;Qy)]. It is also
interesting to point out for k=6 that (yg(n /2—7/180 )—
Ws(m /2-1/180))/(W 6(11/3)—Y5(m/3) ~ Y7(m/ 2—-7/180)/
Y5(m/3)~ 3%, which is similar with the result found
previously for E[D,, (y; Q;)—D,, (¥; Q)]

4. Experimental results
4.1. Model selection criteria used in experiments

We illustrate the performance of SC,,, SC,, and SC,,
against other criteria. For ease of comparison, we employ
for all the model selection rules the same notations like
those from (3)-(4). As already told in Section 1, BIC is
among the most popular criteria, and this is why we
include it in our experiments. The well-known expression
of BIC is [29]

BIC(Y; ) = gln‘i’y+ 'zflnn. (56)

Another widely used criteria are AIC and its bias corrected
version which is called AIC. [13]. Recently, Seghouane has
applied bootstrap-type techniques to obtain AIC.3, a new
corrected version of AIC. The complete derivation can be
found in [32], where it was also shown experimentally that,
for small sample size, AIC.3 outperforms AIC. as well as two
other corrected criteria: AIC; [33] and KIC. [34]. Remark that
the small sample size case makes the difference between
various forms of AIC because asymptotically all of them are
equivalent. For the sake of comparison, we consider in our
simulations the criterion from [32]:

(k+D(n+k+2)  k

n, .
AlCs(y;y) = ilm.,-i- n—k—2 Kk

(37)
Following the suggestion of one of the reviewers, we
briefly discuss how SC,, relates to BIC and AIC. The aim of
the discussion is to provide support for the interpretation
of the experimental results presented in this section. Note
that the formula of SC,, from (27) can be re-written as
follows [7, Eq. (16)]:
%SC,,1 v;)) = glnﬁ, + l%lnFy + %ln#, (58)
where F, = (I\X?ﬁyHZ/(nk))/(%.,/(n—k)). It is evident that the
goodness-of-fit term is the same for all the criteria in
(56)-(58). The key difference is that F, from (58) depends
on the data vector y, while the penalty terms from (56) and
(57) depend only on n and k. Let us observe that F, coincides
with the F-statistic which is used to test the hypothesis that
each entry of ﬁy is zero [17, Section 5; 31, Chapter 4].

More importantly, by applying the settings from [4], it
was worked out in [10] an expression of F, which leads to
the conclusion that, asymptotically, SC,, combines the
strengths of both BIC and AIC. Similarly with BIC, SC,, is
consistent: if the “true model” is finite-dimensional and is
included in the set of candidates, then the probability that
this model is selected goes to one as the sample size
increases [8]. However, if the “true model” is not finite-
dimensional, then SC,, is asymptotically efficient in the
sense that selects the candidate model which minimizes
the one-step mean squared error of prediction. The same
property has been proved for AIC long time ago [35]. We
refer to [10] for the technical details concerning the
results outlined above.

The two-part MDL criterion, which is equivalent to BIC,
was refined in [22] such that its penalty term involves the
logarithm of determinant of the observed FIM. A similar
formula, which is not rooted in information theory, was
proposed by Kay [15]:

n—-k-2.  nt,

Y 1 T
3 ln ,+ 1n|X X;|+In

[m(n—k)|"~2
()
(59)

CME(y; y) =

The significance of the acronym CME is conditional model
estimator.

In addition to BIC, AIC.3 and CME, we include in our
tests the MMLg criterion from [28]:

n—k+2 nty
MML;(y; y) = 5 (ln k2 +1>

k=2, IX,B,12
2 Mmax(k—2.1}

+ %ln[(n—k)kz].

The formula above is applied whenever HXVBVHZ/ max
{k—2,1} > n1, /(n—k+2) and k > 0. Otherwise, it is used as
follows:

nt,
k+2

MMLg(y;0) = 5 (ln + ]) ~In(n-1)+ %
For completeness, we also consider a second criterion
from [28]:

MMLy(Y;7) = —1n(2n)+ n—k (ln nr}’ +1> —ln(nyTy)

k 1
—lnr<i +1> + 51n(k+1).

Remark that the expression above is for both k=0 and
k> 0.

Next we conduct experiments for simulated and real
life data sets.

4.2. Numerical examples

Example 1 illustrates the case of two nested models,
which is akin to the model selection problem discussed in
Section 3.3. We generate randomly k vectors zy, ...,z €
R™" such that z]z; =d;; for all ije {1,...,k}, with the
convention that J.. denotes the Kronecker operator. In our
settings, k=6 and n=50. Then we choose o € (0,7/2], and
define the matrices Xy =[2Z1---Z_1] and X, =[Xi.1 Xkl
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where X, = z;cos(a)+z,sin(«). It is evident that
Xi i X =1, (60)

1 Coso.
Xi X = - : (61)
coso 1

More importantly, o is the principal angle between the
subspaces <(X,_;)» and <{x;)>. Given o, we aim to test the
performance of various criteria in deciding if the observa-
tions are outcomes from N'(Xy._1 f;_1,7I) or from N (X, By, TD).
Therefore, we simulate the measurements as follows:

e In the first scenario, we take y = X;._; f.; ++/7d, where
Bii=[1...1]", t=(k—1)/n and d ~ N'(Q,]).

e In the second scenario, we have y = X, 8 ++/7d, where
Be=I[1...1]", T=(k+2cosx)/n and d has the same
significance as above.

Based on (60), the signal-to-noise ratio in the first case is
given by SNR = IX;_1 B, _;12/(nt) =B, ,I? /(nT) = 1. Simi-
larly, by using (61) for the second case, we get

_ k+2cosa

- 1. (62)

SNR = X B )12
nt

For each o € {n/180,27/180, ...,m/2}, we generate ran-
domly 500 different realizations of the matrix X, by apply-
ing the procedure described above. The first k—1 columns
of each Xy -matrix define the corresponding X,_;-matrix.
Furthermore, every X,.;-matrix is used to yield 500
y-vectors, according to the first scenario. Hence, for each
angle o, we have 25 x 10% data vectors which are outcomes
from N (X1 Bi.1,7I). Then we decide for each y if the best
model structure is y,_; or 7, by employing the eight criteria
whose performance is evaluated. In Fig. 1 is plotted the
empirical probability of correct estimation versus the angle
o. A similar experiment is done for 25 x 10* data vectors
simulated, for each ¢, according to the second scenario. The
estimation results are shown in Fig. 2.

In Figs. 1 and 2, we also plot the normalized condition
number for the matrix X,: ncond(a) = cond(o)/cond(cp),
where oy =7/180. For an arbitrary «, cond(x) denotes the
2-norm condition number of X, and it equals [Amax(®)/
Amin(@)]'/%, where Amax(c) and Apin(ct) are the maximum
and the minimum eigenvalues of the matrix X; X, [30, p. 78].
It is clear that, for o close to zero, X is badly conditioned
numerically. For instance, cond(o) ~ 115. However, cond(x)
becomes rapidly smaller when « increases, and we mark in
Figs. 1 and 2 the point that corresponds to the value 10 of the
2-norm condition number.

Observe in Fig. 1 that, for all &, SC,, selects the true
model with high probability. The fact that the perfor-
mance of SC,,, is not affected by the geometry of the linear
subspaces (Xj.;> and {(X;) is in line with the results
from Section 3.3 (see, for example, Eq. (45) in Lemma 3.1).
We remark also in Fig. 1 that the behavior of MML,,
MML,, BIC and AICcs is very similar with that of SCp,.

The relationship between the performance of SC,, and
SC,, can be understood better by recalling that, according
to Proposition 3.4, the difference of the expectations of
penalty terms, E[D,, (y; Q,)]—E[D,,(¥;Q,)], is positive only

for o € (0,0%), it decreases as long as o < oy, and then
increases when o € (min,7t/2). This is very well reflected
by the graphs within Fig. 1, where SC,, is slightly better
than SC,, when o =m/180, but its performance declines
when « increases and, after reaching a minimum point,
SC,, improves such that it becomes as good as SC,, when
a=m/2.

From the identities (49) and (62), we get E[D,, (y: Q)] =
(k+2coso)(1+k/n). So, we expect that, with our experi-
mental settings, the criterion SC, penalizes less the
7,-model when o increases. This theoretical result, which
is based on Lemma 3.2, agrees perfectly with the empirical
results shown in Fig. 2.

By looking simultaneously at Figs. 1 and 2, we note
that SC,, prefers the y,-model when the condition num-
ber takes large values, and this effect is undesirable. On
contrary, SC,, selects the y,_;-model whenever the con-
dition number is high, which shows that SC,, is prone to
choose the model whose explanatory variables are line-
arly independent, and not the “true” model. When
a=m/2, or equivalently the matrix X, is orthonormal,
the criteria SC,,, SC,, and SC,, reduce to one single
criterion, as we know from Proposition 3.1.

In Fig. 1, CME has the poorest results as it strongly
prefers the y,-model. This can be explained by noticing
in (59) that 1InX[;X,q| is a penalty term for the
Pe_1-model, and 1InX[X,| is a penalty term for the
y,-model. In our settings, %1n|X,LXk_1| =0, whereas
%ln|XZXk|a—oo when o —0. It is worth mentioning that
In|X; X,| is also a penalty term within SC,,-formula
in (31). However, the significant decrease of In|X;, X,| when
o—0 is compensated in SC,,-formula by the increase of the
term l<ln(|\ifkl\2/n/1<). More interestingly, CME has difficul-
ties in correctly identifying the y,_;-model even when o
takes values close to 7/2. The reason is that the logarithm
of determinant of the observed FIM is not guaranteed to be
a correct penalty term even if the columns of X are almost
orthogonal. We will investigate more carefully this aspect
in the next example.

Example 2 is taken from [16] and is focused on the
variable selection for the linear regression in (1), when
the matrix X has the particular form

cos(27fy) cos(27fg)

X=

cos[21tf;(N—1)] cos[27tfg(N—1)]
where f;=[0.10+(j—1)/100] for j e {1,...,8}. With the
notations from (1), n=N-1 and m=8. The vector of linear
parameters f contains the unknown amplitudes, and the
variance of the additive Gaussian noise is assumed to be
unknown. The competitors are eight nested models with
structures vy, ...,yg, where y, = {1, ...,k}. Equivalently, the
regressor matrix X,, for the model y,, k € {1, ...,8},is given
by the first k columns of X. For simplicity, we use the
notation X, instead of X,,, and f, instead of g, .

To mimic the experiments from [16], we simulate data
according to the structure y; by tacking f; =[1 1 1]7. In the
first experiment, the noise variance is T = 10 and the sample
size is varied by choosing N from the set {100,110,...,300}.
In the second experiment, the sample size is kept fixed
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Fig. 1. Example 1—the empirical probability of deciding correctly that the observations y € R" are outcomes from N(X.;B.,7I), and not from
N (XgBy.7D. With the convention that X, = [X,_; Xi], « denotes the principal angle between the linear subspaces <{X;_; > and {X; ). For an arbitrary o,
cond(x) denotes the 2-norm condition number of X,. The normalized condition number is ncond(x) = cond(x)/cond(cg), where o =7/180. For the

simulated data, n=50, k=6, and 7 is chosen such that SNR =0 dB.

(N=100), and the SNR is varied by modifying the noise
variance such that 1/t € {0.01,0.02,...,0.2}. The empirical
probabilities of selecting correctly the number of sinusoids
are plotted in Fig. 3 for the first experiment, and in Fig. 4 for
the second experiment. Note that the probabilities shown
in Fig. 3 are obtained, for each value of N, from 10* runs.

Similarly, in the second experiment, the number of runs for
each value of 1/7 is 10%

In both figures, the graphs for SC,, SC,, and SC,,
almost coincide. This is because [5,16,14]

Xi X ~m/2)1, Vke(2,....8), (63)
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Fig. 2. Example 1—the empirical probability of deciding correctly that the observations y € R" are outcomes from N(Xip,7I), and not from

N (X1 Biq,7D). All conventions are the same like in Fig. 1.

which makes the condition within point (a) of Proposition 3.1
to be satisfied. Additionally, MML; and MML, perform
similarly with SC,,, and they are both superior to SC,, only
when N > 200 as we can see in Fig. 3. We observe in the
same figure that AIC outperforms other criteria when
N < 150. The good estimation capabilities of AIC.; when
sample size is small can be noticed also in Fig. 4 where, for

N=100, AIC3 is superior to SC,, and BIC for almost all SNRs.
On contrary, when N > 200, the estimation results of AlCc
are modest, and BIC improves significantly. The reason is
simple: AIC.; has been designed especially for the small
sample case [32], whereas the use of BIC is recommended for
large samples because its derivation relies on asymptotic
approximations [29]. It is remarkable that SC,, is nearly as



1682

Noise variance: 1= 10

1171 T T T

——SGCy,
- - -SGy,

‘- SCp,

/A MMLg

[ MMLy

0.9

Probability of correct estimation

05 |

0.4
100 150 200 250

Sample size (N)

300

Probability of correct estimation

C.D. Giurcaneanu et al. / Signal Processing 91 (2011) 1671-1692

Noise variance: 1= 10

1 T T T T
—— 0,
—O—cmEe
09 -0 -BIC
e 0o° 09

03

0.1 i

I I I
200 250 300
Sample size (N)

0 -G-0-0=
1X0 150

Fig. 3. Example 2—the empirical probability of estimating correctly the number of sinusoids versus the sample size. Note that the range of values being

presented along the vertical axes is different for the two plots.

good as AIC.3 when N is small, and it is only marginally
inferior to BIC when N is large.

The performance of CME is again very modest, and it
can be explained by re-writing, in a more convenient
form, the expression from (59). We approximate
InI"((n—k)/2) by (26), and then we neglect the sum
(n/2)In2mnexp(1)]- 3 In(4nn?) which does not depend

on k. So, we obtain the following formula when the
structure is y,:

(n—k)/n XTX

2mexp(1)ty kK

N 1
CME(Y; yy) = glmﬁ— iln

- {lnfk+ ?ln(n—k)} . (64)
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Sample size: N=100
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Fig. 4. Example 2—the empirical probability of estimating correctly the number of sinusoids versus the inverse of the noise variance.

It is obvious that %, =II-Pyyl?/n, where P, is the
orthogonal projection matrix onto the linear subspace
{Xy>. By using (63), we notice that the second term within
(64) is given by PEN(y;y,) = (k/2)In[(n—k)/(4m exp(1)T)].
For small n, PEN(y; y,)does not increase fast enough when
the model order k becomes larger. For comparison, note in

(56) that the BIC penalty term is (k/2)Ilnn. The fact that the
penalty of CME is possibly incorrect for small sample size
has been already analyzed in the case when the variance of
the Gaussian noise is a priori known (see [16]). However,
we show in the next example that CME is rather good in
estimating the order of a polynomial model.
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Example 3 is also taken from [16], and this time the It is evident that n=N-1 and m=10. Similarly with the
regressor matrix is given by previous example, the number of competing nested mod-
els equals m and their structures are such that y, =

10 1! ... 1° {1,...,k} for all k € {1,...,m}. The variance of the additive

20 91 29 Gaussian noise is assumed to be unknown, and we use

X= . . . . . again the notation X, instead of X,,, and B, instead of ,, .

" T o The data are simulated according to the structure y; such
(N-1)" (N-1)' --- (N-1)

that the linear parameters are f; =[0 0.4 0.1]". Hence, the
Noise variance: t = 100 Noise variance: t = 100
T T T T T T T T T T T T T T T T T T

1+ . 1
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Fig. 5. Example 3—the empirical probability of estimating correctly the order of the polynomial model versus the sample size.
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observations represent a parabolic signal in noise. In the
first scenario, the noise variance is 7= 100 and the sample
size is varied by choosing N from the set {20,25,...,100}.
Based on 10* trials for each value of N, we evaluate the
empirical probabilities of selecting the y;-structure, and we
plot them in Fig. 5. Then the sample size is kept fixed
(N=40), and the SNR is varied by modifying the noise

Sample size: N = 40

0.8

o
o

Probability of correct estimation

o
~

0.2

0 | |
2 4 6 8 10

Inverse of noise variance (1/1) x 1073

1685

variance such that 1/t e {1/10%,2/10°,...,10/10%). The
number of runs for each value of 1/7 is 10% and the results
are shown in Fig. 6.

Remark in Fig. 5 that the results of SC, , SC,,, MML,
and MML, are very similar for all values of N, whereas
SC,, fails to estimate properly the structure when N < 40.
Moreover, for N=40, SC,, is inferior to SC,,, SC,, MMLg

Sample size: N = 40
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Fig. 6. Example 3—the empirical probability of estimating correctly the order of the polynomial model versus the inverse of the noise variance. Note that
the range of values being presented along the vertical axes is different for the two plots.
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and MML, for all values of SNR considered in Fig. 6. CME
performs extremely well in both figures, and SC,, is
almost as good as CME. AICs confirms in Fig. 5 what we
have already seen in the previous example: it outperforms
other criteria when the sample size is small (N < 30), but
for large sample size its estimation capabilities are mod-
est. The accuracy of the BIC estimate is better and better
when N increases, but even for N=100, BIC remains
inferior to CME. In Fig. 6, CME outperforms BIC for a large
span of SNR values.

The fact that, for the polynomial model, CME is super-
ior to BIC has been already pointed out in [15,16], and it
can be understood by resorting to the following asymp-
totic results from [5]:

2 k
NN N

X X~ | 2003 0 kb (65)
kK k+1 77 2k=1

X} Xg| = O(N®). (66)

Therefore, 1 In|X; X;| which is the penalty term of CME
can be written as [(k?/2)Inn+0(1)]. This shows immedi-
ately that (k/2)Inn, the penalty term of BIC, is not the
correct one (see [5] for a more detailed discussion). More
interestingly, by combining (34) with the approximations
from (65)-(66), we have

D, (v:Qy) = Br (X) X)Bi = ONZK1),

1B, I
D, (:Qy) = P _ o,

X X | 1%
D. ; Q3) — ﬁ;(xgxk)zﬁk — O(N3k—2)
X X'/
Table 1

According to (33), the penalty term of SC, (y;y,) is given
by kInD,, (y; Q;), where i € {1,2,3}. Thus, we can express as
follows the penalty terms of the criteria listed below:

SCy, : 2k*—k)lnn+0(1),
SCp, : k?Inn+0(1),
SCp, : (BK*—2k)nn+0(1).

Recall that the formula in (33) was multiplied by two for
writing the equations in a more compact form. Consequently,
the above results must be divided by two before comparing
them with the penalty term of CME. Note that only SC,,
penalizes the complexity of the model as CME does. SC,, is
the criterion that deviates the most from the recommended
penalty which is [(k? /2)Inn+O(1)], and this explains why, in
Figs. 5 and 6, the performance of SC,, is modest.

The experimental results obtained for Examples 1-3
lead to some guidance on the application of various model
selection criteria to the estimation problems which have
been investigated. We summarize the recommendations
in Table 1.

Example 4 is focused on the predictive capabilities of
the model selection criteria which are investigated. Given
a data set that contains, for n different instances, the
measurements of m input attributes along with the
measurements of the response variable, we randomly
choose ni samples to be the training set. Based on the
linear regression model, each criterion uses the training
set to choose the most relevant input attributes. The
model learned by each criterion is applied to the remain-
ing n—ny samples, which constitute the test set, and the
squared prediction error is computed.

The data sets used in our experiments are listed below.
For each of them, we indicate the values of n and m, as
well as the repository where they are publicly available:

1. Housing data set: n=506, m=13, http://archive.ics.uci.
edu/ml/datasets/Housing.

Guidance on the use of the eight criteria for the estimation problems in Examples 1-3: A—recommended; B—acceptable; C—unsatisfactory; D—not
recommended. For each example, the information about the experimental conditions (sample size and SNR) is provided with the conventions from

Figs. 1 to 6.
Experimental conditions SCy, SC,, SCp, MMLg MML, CME BIC AlC
Example 1—Select the variables which are linearly independent
n=50; SNR=0dB B C A B B D B B
Example 2—Estimate correctly the number of sinusoids embedded in Gaussian noise
N €[100,150); 7! =0.10 B B B B « D @ B
N €[150,200]; t~! =0.10 B B B B B D B B
N €(200,300]; ' =0.10 B B B A A D A C
N=100; t~! €[0.01,0.07] C C C C C D C C
N=100; t! € (0.07,0.10) C C C C C D C B
N=100; 7' €[0.10,0.12) B B B B C D C B
N=100; 7' €(0.12,0.20] B B B B B D B B
Example 3—Estimate correctly the order of a polynomial in Gaussian noise
N €[20,25]; T=' =0.01 C C D C C C C C
N € (25,40); t~' =0.01 B B B B B B B
N=40; =1 =0.01 A A C A A A C C
N € (40,100]; t=' =0.01 A A A A A A C D
N=40; 7' €[0.001,0.004) B B D B B B B B
N=40; 1~ €[0.004,0.01) A A D A A A C C
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2. Diabetes data set (standardized): n=442, m=10,
http://www-stat.stanford.edu/ ~ hastie/Papers/LARS.

3. Concrete compressive strength data set: n=1030, m=38,
http://archive.ics.uci.edu/ml/datasets/Concrete +
Compressive+ Strength.

At the addresses outlined above, the interested reader can
find the data tables, an accurate description of their content,
along with references to previous works where they have
been utilized. For instance, all three data sets have been also
used for the experimental part of [28]. We note that, in [28],
the Housing data set has been altered as follows: the
measurements corresponding to the attribute CHAS (Charles
River dummy variable) have been removed, the values of the
attribute NOX (nitric oxides concentration—parts per 10
million) have been multiplied by 100, and the y-vector for
the response variable has been transformed such that to have
zero-mean. Similarly, the vector for the response variable
within Concrete compressive strength data set has been
modified to have zero-mean. Because we want our settings
to be like in [28], we apply the same changes. Moreover, the
model selection during the training step is slightly different
than how it was performed in Examples 1-3:

e One modification is that we select the best model among
all y-structures which are subsets of {1,...,m}, including
the case y=0. Therefore, the tested models are not
nested, and we cannot any longer apply the recursive
least-squares algorithm [14, p. 237] to estimate the linear
parameters, as it was done in Examples 1-3. Like in [28],
we use the Moore-Penrose pseudoinverse.

e Another modification is that we do not neglect the
term L(y) which quantifies the complexity of the
structure. To be in line with [28], we do not apply
the formula from [26], but the following one:

L'(y)=In (7:) +In(m+1),

where k denotes the cardinality of . Obviously, 2L'(y)
is added to SC, , SC,,, SC,,, and L'(y) is added to the
other criteria.

Table 2

The predictive accuracy is evaluated for five different
values of ny, and the results are shown in Table 2. Note
that each entry within Table 2 is calculated as an average
of the prediction errors obtained from 10® random parti-
tions of the data sets into training/test subsets. The results
for MML; and MML, are identical with those from [28].
Because in [28], it was not used the Stirling approxima-
tion (26) when evaluating SC, , for this criterion, there
exist small differences between the results from Table 2
and the results reported in [28].

Based on the empirical evidence, it is not possible to
decide that one particular criterion has stronger predic-
tion capabilities than the others. It is interesting to
remark in Table 2 that it does not exist any combination
of experimental settings for which BIC yields the smallest
prediction error. The same is true for SC,, . Overall, SC,, is
slightly superior to SC,,. CME performs surprisingly well
for the Diabetes data set, but for the other two data sets,
its results are moderate.

5. Conclusions

In the case of the Gaussian linear regression, the para-
metric complexity is not finite and the only possibility for
obtaining NML-based selection rules is to constrain the data
space. Even if this was recognized long time ago, the
solutions proposed so far are only punctual results which
treat some particular constraints. In this paper, we have
introduced a general methodology for addressing the pro-
blem. Based on the new findings, we demonstrated how the
rhomboidal constraint yields a new NML-based formula.
Additionally, we used the ellipsoidal constraint to re-derive
three criteria that have been introduced in the previous
literature: SC,,, [25] and SC,, and SC,, [18]. They have been
compared against BIC [29], AIC.; [32], CME [15] and MML,
and MML, [28].

The theoretical analysis and the Monte Carlo simulations
led to the following outcomes: (a) SC,, has the strongest
tendency to select the variables which are linearly indepen-
dent; (b) SC,,, SC,, and SC,, reduce to one single criterion
when the regression matrix is orthonormal; (c) MML; and

Example 4—squared prediction errors obtained for real life measurements. For all data sets, it is written in bold the best result for each n;.

Data set Mo SCp, SC,, SC,, MML, MML, CME BIC AICs
Housing 25 69.976 52.529 53.249 61.922 71.509 85.282 70326 59.463
50 36.933 35.265 37.268 36.340 36.635 36.147 36.511 36.577
100 29.323 30.210 30.523 29.624 29.383 29.079 29.516 28.343
200 26.023 27.711 27.657 26.424 26.162 26.897 26.535 25.271
400 24315 25.998 26.225 24.304 24.299 24.645 24.365 24321
Diabetes 25 48243 4362.9 4553.0 44450 48192 5386.5 4647.5 4506.3
50 3855.3 3645.3 3902.0 3851.2 3843.8 372255 38195 3743.1
100 3355.2 3259.9 34101 3385.3 3364.2 3237.2 3368.4 3301.5
200 3165.9 3099.7 3210.7 3199.6 31733 3069.5 3195.4 3073.4
400 3046.9 3060.5 3053.4 3052.8 3052.7 3026.9 3055.7 3026.9
Concrete 25 225.18 257.71 245.86 221.2 227.41 279.27 235.07 245.40
50 148.67 148.57 147.11 147.46 149.25 162.36 150.06 14878
100 123.82 121.56 121.59 122.90 123.65 124.00 12329 124.11
200 11456 113.89 114.05 11437 11450 114.17 11431 114.89
400 111.67 111.12 111.46 11159 111.64 111.22 111.56 111.70
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MML, perform similarly with SC,, and they are superior to
SC,, for some particular experimental settings; (d) AICc is
very good when the sample size is small, but it has modest
results when the sample size is large; (e) BIC has a behavior
which is opposite to that of AIC, and the performance of
SC,, is an excellent compromise between BIC and AIC.3; (f)
CME poses troubles for some models, but in the case of the
polynomial model, it is ranked the first for a large range of
sample sizes; (g) SC,,, SCp,, MMLg and MML, are nearly as
good as CME for the polynomial model, while SC,, has
difficulties in this case.
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Appendix A. Evaluation of the normalized
maximum likelihood

The techniques that we apply in this section are very
similar with those used in [17,18,25-27].
Computation of Cy(R,7o). First we note that the esti-

AT . .
mated parameter vector [ £]" is a sufficient statistic,

and the density f(y; f,7) can be factored as follows:
fy: BO=fyIB.)gB.T: B, (A1)

wheref(y|[3,%) does not depend on the unknowns f and .

According to [31, Theorem 3.5], the estimates § and 7 are
statistically independent, and we have

gB.w B.A) =g1(B: B Og(E: T),

oo IXTX[12 IX(B—p)II2
gl(ﬂ»ﬂvf)—i X <_T ’

Qnrr)k/?
R nn—k;/2 2\ (-h/2 ¢ nt

£(T;1)= W (;) ?exp(— E)'

By employing (15), we obtain

g2 By = Ayt 2 (A2)

Then we define P(R,1¢) = {[/}T 1" : p(B) <R =10} and
Y(B.2)={y: B(y)=B.i(y)=1}. After these preparations,
we evaluate the integral in (12):
Cp(RTo) = / { _ fyit) dy}g(if.f;if,f) dp di
PR.0) LJV(B.2)
(A.3)

—Ank / 424 [ dp = @A /0T, R).
T B(R)

(A4)

Remark in (A.3) that the inner integral gives unity [26].
The use of (A.2) and some simple manipulations yield
(A.4). Additionally, (10) and (A.4) lead to (14).

Computation of f,,(Rl,Rz,r],rz). For evaluating the nor-
malizing constant in (18), we define P(R{,R2,71,72) =
B 4 :Ri<pB)<Rpti <t<75) and BRi.R)=(B:
Ri < p(B) <Ry}. So,

fp(Rl,Rz,‘L'l.‘lfz)=/ fy:R.0) dy
Y(R1,R2,71,72)
:/ f(YIﬁ,T)%(qrf;ﬁ‘T) dy (A5)
Y(R1,R,71,72) Co(R,T0)
B.t: B, o M
-/ SESBOI [ foip.e) dy] af di
P(R1,R2,71,72) C[,(R,‘Co) V(BT
(A.6)
~—k/2-1 .
-/ L X —T P (A7)
JPRRotrt) Ap 2 /K00 T2V, (R)
k=1 .. Ao paick 47
=5 e[ oyt ap (A8)
n T B(R1,Rz)
_ ko fmlR* !
= iln;/Rl 7R dR
= & n7:—2lnR—2

2 T1 R] ’

Note that in (A.5) we use again the factorization from (A.1).
Similarly with (A.3), the inner integral in (A.6) gives unity.
The identity in (A.7) is derived straightforwardly from (A.2),
(A4) and (A.6). For the calculation of the second integral in
(A.8), we apply the same technique as in [25,26] and, based
on (10), we take the element of volume to be

dv, = 11CI<R;’H dR. After some simple algebra, we get the
result in (19).

Evaluation of the approximate formula (23). Note that
the approximation from (23) can be applied for a much
more general class of models, and not only for the model
in (2). The proof given in [24] treats the general case and
is based on sophisticated mathematical derivations. How-
ever, it was already pointed out in [26, Section 5.2.2] that
the proof can be simplified if the analyzed model satisfies
a particular condition. With our notations, the condition is
as follows:

&B.1:B.7) _ A9)

im ~ =
n=o [n/m)] V2 ), (B, 1)
Observe that Eq. (25) leads to

nakeD2 L o
(E) Un(ﬁvf)P/z:An,kT k/2 1‘

A XXy
T em*hRyg
By using (15) and (A.2), we get
lim g(ﬂvr;ﬁvf),\ _ — lim /iqn.k
o /)Y, B IV 1o A
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o nkeb2yan
1m
R 2 exp () (1)
(1 _k)(k+l)/2
n

= T}LITOIO k/2 n/2 k
(1—m) exp(¥)

The identity in (A.10) was obtained by taking
z=(n—k)/2 in the well-known expression of the Gamma
function:

—1. (A.10)

I'(2) =2"""2exp(-2)exp[u(z)]v 27, (A11)

where p(z) =7i/(12z) and & € (0,1). Remark that the Stir-
ling approximation in (26) is a straightforward conse-
quence of (A.11).

Our approach is slightly different than the one from
[26, Section 5.2.2] where the condition (A.9) was employed
to prove (23). More precisely, we consider the following
asymptotic approximation:

(k+1)/2 A .
gBtp~(or) BB =AgE 2 A12)

where

. 1y &+D/2 (G 172
Aoo,k—(ﬁ) ( 2 ) ’

G- = limG;, (A13)
T
Gn= an. (A14)

Because we want to apply the same techniques like in
the evaluation of f ,(y), we use in (A.3) the approximation
from (A.12), which leads to

CTMR,70) = QA /K5 PV (R). (A15)

It is important to remark that the expression of
fp(Rl ,R2,71,72) remains unchanged when (A.5) is modified
as follows: (i) g([f.%; if,%) is replaced by the approximation
given in (A.12); (ii) Cy(R,Zo) is replaced by CIM(R,%o).
Consequently, the approximate formula of SC is

—Inf,"(y) = ~Inf(y: B.5)+InCT™ (p(B), )+ InC Ry Ra. 71,72).

Furthermore, we compare this result with the one
from (20):
Foy) Co(p(B).t) Ak
—In== =In Ff’M " =In %
fp W) GMpB).D) Ak

|Gn| , n—k— K\ 1 n
l Gl 5 nf—lnF T) §lr1(27z)—j
(A.16)
1. Gy n—k-1, n-k k
Nilanool_ 5 In n—--3. (A17)
Eq. (A.16) shows clearly that the difference [—lnf o W]-

[—lnf ;IM(y)] does not depend on the constraint p(-) which is
used for computing the integral. Moreover, based on (A.10),
(A.13), (A14), (A.17), it is easy to conclude that f »(¥) and

~FIM
f, (y) are the same when n is large. Note that the derivation
of (A.17) involves the Stirling approximation (26).

Appendix B. Proofs of the main results within Section 3.2

Proof of Proposition 3.1.

(a) We consider the singular value decomposition (SVD)
of the matrix X,. Let X, =[U Up]][A" 0"]"V", where
the matrix [U Ug] has orthonormal columns, U e R™¥
and Up e R™™ 9 The diagonal matrix A e R s
non-singular, and V e R is such that V-' = V7. For
i€{1,2,3}, we have Q; =VL?V" and

L2
. _yl 1y
D,(y;:Q)=y U|L12|I1/kM Uy,

where L; = A, L, =1, L3 = A? and M = A?/|A%|"/k. The
equalities in (35) can be re-written as

10TyI2 = IM~207yI2 = IM'/2UTyI?,

and they are satisfied for all y € R"\{0} if and only if

M =1 This is equivalent with the fact that A® has
one eigenvalue with multiplicity k. We denote g this
eigenvalue, and the condition in (36) is immediately
obtained.

(b) We use the notations introduced in the proof of the
point (a), and we focus on the properties of the matrix
M. Observe that the diagonal entries of M are strictly
positive, and their product is equal to one. If M1,
then some of the eigenvalues of M~! are larger than
one, while the others are smaller than one. Therefore,
the matrix I-M~! has both positive and negative
eigenvalues. This observation together with the iden-
tity D,(y; Q1)—Dy(y; Q) =y UI-M~HU"y show that,
depending on y, the difference D,(y;Q)—D;(y;Q;)
can be either positive or negative. The proof is similar
for Dy(y; Q2)—D,(y; Q3) and D, (y; Q)—D;(y; Q3).

@ 1tis easy to verify that D, (y;Q;) x Dy(y;Q3) = Hﬁyl\z X

IX]yl*> and D;,(y;Ql)zz[ﬁI(X;y)]z. The Cauchy-
Schwarz inequality [30, p. 258] written for the vectors

B, and X'y leads to D,(y:Qy) x D,(y:Q3) > Dy (y:Q, ),
which proves the inequality in (37). O

Proof of Proposition 3.2. The main idea is to write the
expressions of D,(y;Q,), i € {1,2,3}, in a form which allows
us to see immediately if, for & —0, the result is finite or
not. We introduce the following supplementary nota-
tions: g=Pg Xp, Pr=Xe(Xp X)) "X, Py, = XX/ 1%, 12
and P, =I-Py_. The symbol * is used for the Moore-
Penrose pseudoinverse.

(a) Some simple manipulations combined with the
identity from [14, Eq. (8.34)] lead to

2

o g g
Dy(y;Qy) = IIPyll H(Pk“L||g|\|\g|\>y

= (P +wWw )yli?. (B.1)
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(b) To compute D,(y;Q,), we use the formula [20,
Eq. (2.17)]:
Xy 1Py Xi1) ™!

X/ X)) ' =
( k k) FT (XEPt1Xk)’1

, (B2
where F=—X} X (X] Pi.;X;)~'. Simple calculations
produce the following outcome:

#
L
ka X1 )
T
Tigh gl

X X 1X{ = ( (B.3)
Then we employ the identity from [2, Eq. (17)] to get
(Py Xi1)" = (X Py Xi1) ' X Py,

= (Xi1 X)X P Xie) ™ X1 Py

=X P (=X (X] P X)X Py

_ X g’

= g (Hng—xk @>
The result above together with (B.3) show that

T

B 1 T
Xe(X] X)2X] = P (ngnl—xk l%) X )T

T T
xXi‘_](ngul—xki”)Jr 1 g8

igh) " g2 gl gl
(B.4)
Additionally, it is known that [16]
X Xl = g1 X X |- (B.5)
So,
. X X1 1 | ||y g\ |
Dy(y:Qy) = g0 X1 I\g\\lka@ y

()] e
gl [sin(or)lix, 1121 =170

X[IXE ; (sin(@)Ix I—x, Wyl +(wTy)2].
(B.6)

(c

~

It is obvious that D, (y; Q3) = IX{ yII?/|X; X¢|"/¥. Then
we apply (B.5) to get

1 X! yl2
D,(y:Q3) = 1g12% X ;Z]ll/k
B 1 Xy
 [sin()Ixgl PR X X V5

(B.7)

Proposition 3.2 is a straightforward consequence of
(B.1), (B.6) and (B.7). O

Proof of Proposition 3.3. The equality in (41) is readily
obtained from (34) and (39). We also have from (34) that

Dy(y:Qy) = I, 12 x |X] X, V¥, (B.8)

Let Bk be the last entry of the vector [3, With the
notations from the proof of Proposition 3.2, we have

2 (g7y)
Bi= (Ig2> (B.9)

_V'igg)/Ig’ly _ v Pi—Piy)y

B.10

g2 IPL X )12 ®.10)
Py IP P Ryx —Rix
O 1-IPex? T-RE

Note that (B.9) is obtained from (B.3), and (B.10) is based
on (B.1). The result can be extended to all entries of §,,
and we get

2 _R2
Ry'x‘/ Ry‘x',‘ (i) (B 11)
_R2 ! .
i:11 R;(k)-c(l) ,,,,, c(k=1)

IB, 1% =

where ¢(-) is defined in (44). Next we use recursively the
identity from (B.5) to obtain

k k
X)X, = [ 1P xil? = J[01-R% i) (B.12)
i=2 i=2

For an arbitrary i € {1,...,k—1}, we consider the matrix
)~(.,=[x1---x,»_1 Xiy1---Xg Xj], which is obtained by per-
muting the columns of X,. For computing |)~(.’T)~(.,|, we
apply the same technique like in (B.12). The fact that
X, X, | = X] X,/ leads to

k—1
XX =[1-R20.cty,..cte-1) [ 111 -Repccty,cgon) (B-13)
=2

The identity in (42) is proven by combining (B.8), (B.11)
and (B.13). We notice from (34) that D,(y:Q3) = IX]yII*/
IX; X,|'/¥, and by using (B.12), we get (43). O

Appendix C. Proofs of the main results within Section 3.3

Proof of Lemma 3.1. For ic {1,2,3}, we define M; =
Xe(Xg X' Qi(Xy X)X /(1Q1/1X; Xk '/, and by apply-
ing a well-known result [30, p. 439], we have
E[D;,(y; Q)] = Ely " IM; E[y]+ tTr{M;]
Tr{(X X' Q1]
= B XA MiXic1 B +7 : ,
e QX X ) R
(C1)
where Tr[-] denotes the trace operator. When Q =Q;, we
compute (C.1) by making use of techniques similar with
those employed to derive (B.1):
ED;, (y; Q)] = IP X1 By 1> +7Tr(l]
=Py + 0 Py XX Py ) Xgq By 1P + Tk
=B I” +k.
Hence, the identity in (45) is proven. Next we focus on
some results that will be useful when evaluating (C.1)
for Q=Q, and Q =Q;. First notice from (B.5) that
X} X| = . Moreover, we have from (B.2) that
Tr{(Xg X~ 1 = Tr{X 1 Py Xeet) "1+ (6 Picy Xe) ™!
=Tr{(X{ 1 Py Xe1) 1+ 0 ' =k=2+207"
(C2)
The identity above is deduced by taking into account that
the eigenvalues of (X, Py X;.1)~' are 1 and w~!. The
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eigenvalue 1 has multiplicity k—2, while the eigenvalue
w1 has multiplicity 1 [2, Eq. (25)]. These results together
with (C.1) and some algebra yield (46) and (47):

ED;, (¥: Q)] = [1X} X1 By 17 + TTH{Xy Xo) ™ TNIXG Xl
=[P +T(k—24 200 )%,

[E[D)r'k (y’ Q3 )] = [HX;(FXk_] ﬁk—l HZ +TTr[(X’IXk)]]|X;(er|*1/k
= (1B 12 4+ Tk + (X Xpeq By 2T /K. 0

Proof of Proposition 3.4.

(a) It follows from (45) and (46) that

E[D,, (¥;Q2)—D;,(v: Q1)]
=B P[0V —1]+1[k(w ¥ —1) =200 /%1 (w—1)]

wl/k-1
1B 112 1-w!
— ek k1 _
=T(w 1){ p {21_(0_]/1{ k} }

We can now infer the conclusion within point (a) of
Proposition 3.4 by noticing that w!/¥—1 <0 for o €
(0,m/2) and, additionally, 2(1-w~1)/(1—w~*)—kis a
decreasing function of .

(b) The identities in (45) and (47) prove that

E[D,, (¥:Q3)—D,,(¥: Q)]
= E[D,, (y; QN ¥ =1) + (X} Xjeq g )20 V¥
(C3)

— (@'*—1) 1Bt 1> k201 w-1
T

< (11 P+ k)@ VK=1)+ 1B, 1IP(1—w)r~ /K
(C4)
It is evident from (C.3) that E[D,, (y;Q3)—D,,(y; Q)]
cannot be negative because both E[D,, (y:Q;)]
(w*~1) and (X[ X1 Bi.1)?w~"/* are non-negative.
Note that (C.4) is obtained by applying the Cauchy-
Schwarz inequality [30, p. 258]:
7 X1 Br1)? < 13 X 1211 B 1 12 = (1— )l By 12

The inequality in (48) is a straightforward conse-
quence of (C4). O

Proof of Proposition 3.5. First we give three auxiliary
results which will be instrumental for the main proof.

e Result #1 [36, p. 348]. Let N ¢ R¥** be a symmetric

matrix whose eigenvalues are vi,...,v. Also, let
6 c RM\{0}. Then
Vninl101Z < 0TNO < vinax 1012, (C.5)

where Viin = ming < ;< V; and Vmax = Maxy < < Vi

e Result #2. The arithmetic-geometric—-harmonic mean
inequalities [21, p. 27] applied to the eigenvalues
of Xi Xy:
imin < H/l < g). < A). < /lmax, (C‘G)

where Ay, = ming - < 4; and Amax = Maxy < < k4.
e Result #3.1f X X1 =1, Ix, I =1 and « € (0,7/2] is the
principal angle between (Xj.;> and <{x;)», then the

eigenvalues of X; X, satisfy the inequalities
1—c0st < Amin < Amax < 1+ cosa. (C.7)

Proof: Let b=X;,x, and B=[% Bl The equality
B = X X;—I is evident, and it implies that the eigenvalues
of B are 41—-1,...,4k—1. For i e {1,...,k}, if v; is the
eigenvector of X; X associated with /;, then v; is also the
eigenvector of B associated with 2;—1. With the conven-

tion that b=1[by,...,b_;]" and v;=[vy;,...,V;]", we
have
bivy,i
0 b b e
21V = c— | Dr—1Vkii
( 1 )vl |:bT 0:|vl 1
> b
i=1

The identities Iv;I? =1 and IIblI> = cos? « together with
the Cauchy-Schwarz inequality [30, p. 258] yield

2
k-1
(4i—1)? =v,Ibl? + (Z bju,,,-)

j=1
k=1
< vR,IbI?+1bI% >~ v = cos®,
j=1
which implies 1-cosa<4;<1+cosa for all ie
1,....k. O
Main inequalities:
(a) From (49) and (50), we get

E[D,, (¥: Q2)—D,, (y: Q)] = By LBy +Tk(G; /H;—1),

where L=g;I-X;X,. Observe that the smallest
eigenvalue of L is

[min = gi*/ﬂbmax- (C-S)
and the largest eigenvalue of L is
{max = g/l_/lmim (C,Q)

By making use of (B.5), it is easy to check that
G, = sin®/*a. (C.10)

The steps of the proof for the inequalities in (52) are
outlined below. At each step, we indicate which
result is used in demonstration.

€6 -+
E[D,, (¥; Q2)—Dy, (¥; Q] = B LBy
(C.5) 2
> 1B 1% Emin
(Cis)”ﬁknz(g/l_)vmax)
LB, 12 (sin? o imax)
g 12(sin?*
> B lI“(sin”/"a—cosa—1),
€6) 7 )
EID;, (¥; Q2)—Dy, (¥: Q)] < By LB +7k(G;/ 2imin—1)
(C.5) )
< ”pkﬂzfmax+Tk(g2/Amin_])
) BI2(G; — Amin) + TR/ Amin—1)
(g)nﬁknz(g,;+cosa—l)+rk[ga/(l—COSOC)—U
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. 2/k
. in
(CQO)IIﬁkIIZ(smykoc +coso—1)+tk <1Scoso<§c 1> .

(b) By subtracting (49) from (51), we obtain
E[Dy, (V: Q3)—Dy, (v: Q)] = B MBy +Tk(A; /G, 1),
where M= (X, X;)?/G,—X; X;. Let us consider the
mapping ¢2) =z%>/G,—z, which is defined for
all ze R. The eigenvalues of M are u;= (L),
ie{1,...,k}. The inequalities in (C.7), together with
the well-known properties of ¢(-), guarantee that
Umax» the maximum eigenvalue of M, has the prop-
erty: fmax < max{¢(l—cosa),¢(1+cosn)}. Because
¢(1+cosa)—p(1—cosa) = 2cosoc(25in‘2/"oc—1) >0,
the following inequality holds true:
Hmax < ¢(1+4cosa). (C.11)

Since the parabola defined by ¢(-) attains its mini-
mum when z=g,;/2, it is obvious that p;,, the
minimum eigenvalue of M, cannot be smaller than
$(G;/2). So,

Himin = $(G;/2). (C.12)

The inequality above can be improved by observing for
o >7/3 that 1—cosa > G, /2 for all k > 2. In this case,

Himin = (b(] —COSX). (C-13)
Similarly with the chain of inequalities for
ED,,(¥; Q2)—Dy, (y;Q;)], we write
C€6) + €5

E[D,, (¥ Q3)—Dy, (¥; Q)] = B My = 1B 1° thppin-
From the inequality above we get (53) and (54) by
employing (C.12) and (C.13). Then we focus on the
proof of (55):
EID;, (¥: Q3)-Dy, (: QI = B MBy + Th(ima /G~ 1)

(g)nﬁkHz.umax+fk(;"max/g}h*1)

(C7) 2

< Bl tmax + TK[(1 4+ cos) /G, —1]

21 B2 p(1 +cosa)+Tk((1 +cos)/G, —1]

2
(C;O)Hﬂkuz (l-f—cosoc) +‘rk<1+cosafl). O

n?/o, sin?¥ o

—(1+cosa)
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