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Abstract

This thesis introduces Triage Polygonization, a new fast polygonization method for
quasi-convolutionally smoothed polyhedra. The polygonization method exploits the
property that quasi-convolutionally smoothed polyhedra usually have predominantly
planar surfaces with only edges and corners rounded.

A quasi-convolutionally smoothed polyhedron is represented implicitly as a den-
sity field iso-surface. Triage Polygonization subdivides the density field in a BSP-like
manner and classifies the resulting cells as inside, outside, or intersected by the iso-
surface. Planar surface areas usually lie on the boundary of cells and are extracted
directly from the subdivided density field with minimal fragmentation. For cells
intersected by the iso-surface a more general polygonization is performed. For quasi-
convolutionally smoothed scenes with a small rounding radius Triage Polygonization
is 20-30 times faster and outputs only 1-2% of the polygons of the Marching Cubes
algorithm without compromising the approximation. The approach taken for Triage
Polygonization can be extended to related problems. Currently research is underway
to extend Triage Polygonization to handle truly convolutionally smoothed scenes.
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CHAPTER 1

Introduction

Polygonization is the process of approximating a surface by a set of polygons. Poly-
gons are an important geometric entity in Computer Graphics. Many algorithms
have been developed to manipulate and render polygons and polygonal scenes. The
available algorithms stretch from finite element analysis, computer-aided manufac-
turing to image rendering. Furthermore todays graphic machines have many of these
algorithms hardware implemented. This makes polygonal scenes a popular choice
in Computer Graphics, especially if speed and simplicity are important.

This master thesis introduces first quasi-convolutional smoothing, a method to
model smoothed polyhedral scenes developed by Richard Lobb [Lob95]. We then
present a new polygonization scheme called Triage Polygonization. The method
was primarily designed for quasi-convolutionally smoothed polyhedral scenes but
currently research is underway to extend Triage Polygonization to related problems.

1.1 Quasi-convolutional Smoothing

Quasi-convolutional smoothing was developed from the observation that a large
proportion of computer graphics scenes are modeled with polyhedra. However, nat-
ural polyhedra usually have smoothed edges and corners connecting adjacent planes.
Many methods exist to replace sharp edges and corners with rounded surfaces. How-
ever, most prove computationally difficult or are clumsy to handle. A solution to
this problem is quasi-convolutional smoothing.

Lobb [Lob95] restricts the scene description to polyhedra. Polyhedral objects
are represented by CSG-like structures with arithmetic operators as internal nodes
rather then set membership operators. An object is rounded by approximating the
process of true convolutionally filtering. The smoothed object’s surface is defined as
iso-surface in the resulting density field.

Quasi-convolutionally smoothed objects have some special properties. The most
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important is that they usually consist of large planar surfaces connected by relatively
small parts of smooth and curved surfaces.

In the original work by Richard Lobb these scenes are rendered by ray-tracing.
The results are good but may easily need several hours computation time. Especially
during the modeling process this is not acceptable. A solution is to polygonize the
scene. The existing polygonization algorithms, however, do not exploit the special
properties of a quasi-convolutionally smoothed scene and hence lead to fragmenta-
tion and an unnecessary long computation time.

1.2 Triage Polygonization

Triage Polygonization is a fast, high-quality polygonization method especially de-
signed for quasi-convolutionally smoothed objects. It first generates a special BSP-
like space subdivision of the object. Potential regions of curvature are identified
and most planar regions of the rounded object are extracted in a subsequent step.
A subspace polygonization process polygonizes the remaining parts of the object
surface.

Triage Polygonization is fast, produces arbitrary convex polygons, and results in
only a small fragmentation of the surface. Triage Polygonization is guaranteed to
find rounded edges and corners of an objects. For small rounding radii the resulting
polygonizations are equivalent.

1.3 Why “Triage” ?

triage n. 1 the act of sorting according to quality. 2 the assignment
of degrees of urgency to decide the order of treatment of wounds,
illnesses, etc. [F f. trier: cf. TRY]

The concise Ozford dictionary of current English [Al190]

“Triage Polygonization” is named after its two main principles: first note that Triage
Polygonization partitions the space into regions of three different classes: regions
which lie outside the object, regions inside the object, and regions which contain
the surface of the object. The number “three” is reflected in the syllable “tri” [tri-,
three or three times, L & Gk f. L tres, Gk treis three].

Secondly the word “triage” reflects that Triage Polygonization subdivides the
surface into areas of different qualities and “urgency”. Planar surface patches are
polygonized immediately, whereas curved surface patches are polygonized in a later
subspace polygonization step.
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1.4 Guide to this Thesis

This thesis is divided into three parts. The first part encompasses chapters 2—4 and
introduces concepts, data structures, and includes a literature review. The second
part presents Triage Polygonization in chapter 5 and select implementation details
in the following chapter. The third and final part of this thesis gives a performance
analysis of Triage Polygonization in chapter 7 and concludes with a summary of this
thesis and the achievements. For easier reading we give here a short preview of the
following chapters:

Chapter 2 introduces the concepts of CSG objects and quasi-convolutionally
smoothed polyhedra, the object model used in this thesis. The chapter concludes
with a presentation of the corresponding data structures and some example scenes
which we use for testing. A scene is composed from quasi-convolutionally smoothed
and unsmoothed polyhedra.

Chapter 3 introduces BSP trees. We also present two b-rep algorithms and ana-
lyze their time complexity. The reader familiar with the concept of BSP trees may
want to skip this chapter altogether. The first time reader can skip the complexity
analysis (section 3.6) and the mathematical derivations (subsection 3.3.3). The im-
plementation details (section 3.5) are only interesting for the actual implementation.

Chapter 4 gives an overview of existing polygonization methods. We present
four methods in detail and extract some common features from them. Some details
of the polygonization methods occur in similar form in Triage Polygonization. The
first time reader might skip the overview of existing polygonization methods (subsec-
tions 4.2.1 — 4.2.4). We recommend however reading the analysis of polygonization
methods (section 4.3) and the list of quality criteria (section 4.4) because they form
the motivation for Triage Polygonization.

Chapter 5 presents Triage Polygonization. Some refinements contained in sec-
tions 5.5 — 5.7 are interesting but maybe cumbersome to read. It is not essential to
understand every detail in these sections.

Chapter 6 gives some implementation details. We describe numerical problems
and their solution and deal with the aspect of continuity of the polygonized surface.
Also two extensions to the object model are presented. Though interesting these
issues are not important for the understanding of Triage Polygonization and the first
time reader can leave them out.

Chapter 7 gives statistical results and analyzes the performance of the algorithm.
Some results are only important for a deeper understanding of the different steps
of Triage Polygonization. The complexity analysis builds on results obtained for
b-reps (see sections 3.6 — 3.7) and might be hard to understand without reading the
latter sections. The reader with short time on hand can immediately proceed to the
conclusion where the main results are summarized.

Chapter 8 summarizes Triage Polygonization and the results we obtained. We
suggest some improvements and mention areas of future research.

This thesis contains many mathematical details and proofs. Though they prove
useful for an exact understanding of some concepts used in this thesis they are often
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cumbersome to read. Most of the ideas are also intuitively clear. The reader might
want to read the theorems in appendix A but can skip the proofs, which provide
little additional insight.

Appendix B summarizes the data structures introduced in this thesis. It also
defines some library functions frequently used in the algorithms given.

Appendix C contains a brief glossary and appendix D gives color images of some
example scenes.



CHAPTER 2
The Object Model

This thesis presents a new polygonization method called Triage Polygonization. The
method is specifically designed for quasi-convolutionally smoothed objects. We refer
to the data structure for quasi-convolutionally smoothed polyhedra as the object
model. Basic knowledge of the object model is necessary to understand Triage Poly-
gonization.

This chapter introduces the object model by first presenting a polyhedral model
defined as a CSG object. Many computer graphic scenes are modeled with polyhe-
dra. However, natural polyhedra usually have rounded edges and corners. Richard
Lobb [Lob95| suggests as solution a global rounding method called quasi-convolu-
tional smoothing. The smoothing process transforms the polyhedral object to an
arithmetic tree representing a density field. The surface of the smoothed object is
given as an iso-surface of the density field.

The first section of this chapter introduces the concept of CSG objects. The
quasi-convolutional smoothing process is presented next. We then mention restric-
tions and extensions to the object model. The chapter concludes with the general
scene description, the data types used, and a presentation of some example scenes
used as test data.

2.1 CSG Objects

Constructive Solid Geometry (CSG) objects are a popular model in CAD/CAM
technology. They are represented as trees whose internal nodes represent set opera-
tions and whose leaves represent primitive solids. The object is defined by applying
the set operations recursively to the child objects.

Example 2.1 Figure 2.1 shows a table modeled as union of a table top and four
legs. The top and legs are cuboids and are defined as primitive objects.
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Figure 2.1. A table as union a of five cuboids.

In our object model the primitive objects are convex polyhedra. In the following
paragraphs we introduce a sound mathematical concept for CSG objects which is
necessary for understanding the algorithms presented later.

First realize that not all subsets of IR® are acceptable idealizations for the shape
of physical (real world) objects. Requicha has proposed a set of properties and
conditions that characterize the notion of “real-world solidity” [Req80].

He observed that a physical solid is homogeneously three dimensional; that is,
every part of it has a volume. A solid object has no dangling vertices, faces, or
edges, and no infinitely thin holes or cracks; it has a bounded volume and occupies a
finite portion of space. The boundary of a solid object is a 2-manifold and separates
its inside from its outside. Requicha proposes regularized sets (r-sets) as suitable
models for solids.

For a set A denote its boundary by 0A, its (open) interior by int(A), its closure
by A, and its complement by A°.

Definition 2.1 (R-Set) An r-set is a bounded, closed regular, semi-analytic set
(see appendiz C for definitions).

The closed regularity reflects the property that the boundary of an object sepa-
rates its inside from its environment. For example the objects in figure 2.3 are not
closed regular because of the dangling edges and hence are not r-sets. Half-spaces
are not valid r-sets because they are not bounded. Fractal objects are excluded from
r-sets because they are not semi-analytic.

The intuitive mathematical operators for combining r-sets into more complex
objects are the standard set operations union, intersection, set difference and com-
plement. However the result of applying a standard set operation to two r-sets may
not be an r-set.
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Figure 2.3. Not closed regular sets.

Example 2.2 Figure 2.4 shows two rectangles sharing an edge. Their intersection
is the shared edge which is not closed regular and hence not an r-set.

Modified versions of these operators, that preserve closed regularity and semi-
analyticity are given by regularized set operations [Req80, TR80].

Definition 2.2 (Regularized Set Operations) The regularized union (U*), reg-
ularized intersection (N*), regularized set difference (\*) of two sets X and Y, and
the regularized complement (c*) of a set X are defined as

XUY = inf(X U7
XY = inf(X A7)
X\'Y =int(X \Y)
X = int(X<)

Note that

nt(X) C X = X UdX (2.1)

and

d(int(X)) = d(int(X)) C 0X (2.2)

Hence a regularized set is only a subset of the union with its boundary and the
boundary of a regularized set is only a subset of its original boundary. With these
mathematical basics and noting that we choose convex polyhedra as primitive objects
a CSG object is defined in definition 2.3.

e Rl
N _ | |
L - _ J_ _1

Figure 2.4. Standard set operations form non-reqular sets.
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Definition 2.3 (CSG object?®) A set X is a CSG object if
X=P
where P s a convex polyhedron, or
X =Y®*Z, (& € {U,n*\"})

where Y and Z are CSG objects

2This definition is restricted to our application. The general definition allows a greater
variety of set operations and primitive objects.

In the following chapters, if not noted differently, we change freely between the
expressions “set”, “regularized set” and “CSG object”.

The object model at this stage is a polyhedral CSG object. The following section
explains how the model is globally smoothed.

2.2 Quasi-Convolutional Smoothing

The previous section introduced the initial object model as a polyhedral CSG object.
This section extends a CSG object with a rounding attribute and shows how to define
a quasi-convolutionally smoothed object.

We will first give an overview of popular general smoothing methods. Their
inherent complexity is overcome by a scheme called convolutional smoothing. From
this we derive quasi-convolutional smoothing. The quasi-convolutionally smoothed
objects represent the object model used in this thesis.

2.2.1 Blending Techniques

Natural objects usually have rounded edges and corners. If a polyhedral natural
object is modeled it is often found that its rounded surfaces are functionally not
important for the model. In CAD/CAM technology these surfaces are called blends.
The principle difficulty is to shape and position blends so as to achieve tangency to
primary (unrounded) surfaces.

Blends can be defined as implicit or parametric surfaces. Implicit blends are
usually given as algebraic surfaces. In general they are easier to derive but offer less
shape control than parametric blends. Also the rendering of an implicitly defined
surface proves more complex. Parametric blends are usually given as free-form
surfaces. They offer various design parameters, but are usually harder to define. A
polynomial parametric surface is of a higher degree than the corresponding algebraic
surface.
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Blending methods are either local or global. A local blending method is restricted
to a bounded area, usually a single edge or corner. In contrast a global blending
method smoothes a whole object at once. Blending methods can be grouped into
three concepts.

The most general concept is surface blending, which creates a new piece of surface
by smoothly joining two existing surfaces. Algebraic surface blends are described in
[HH87, Kos91, War89, MS85, Sed85|. Koparkar designs a parametric blend between
two parametrically defined surfaces [Kop91la, Kop91b|. Chiyokura et al. devise free-
form surfaces to interpolate over irregular meshes [CTKH91].

Volumetric blending is based on a solid model (usually represented as CSG object
or b-rep). The blending operation is just one operation of the modeler. Rockwood
and Owen [RO8T] establish a pattern to devise implicitly described blending surfaces
in solid modeling and describe super elliptic blends. Middleditch and Sears [MS85]
use spherical blends. Varady et al. define parametric blending for a b-rep modeler.
Rossignac and Requicha [RR84] extend the CSG concept by constant radius blends
defined in terms of offset solids.

Polyhedral blending involves generating free-form surfaces from polyhedra. This
reduces complex calculations and improves reliability. Catmull and Clark [CC78|
describe a recursive subdivision scheme. The method has been extended by vari-
ous authors to local rounding operations for integrated solid modeling. Chiyokura
[Chi87] replaces edges by Gregory patches, whose tangent planes are continuous
on the bounds of the meshes generated. Beeker [Bee86] uses Bernstein patches,
whereas Fjallstrom [Fja86] uses a generalization of the Brown square [BBK78]. Fi-
nally Hoschek and Hartmann [HH91] introduce implicit blends which can be inter-
preted as G"~! functional splines.

All methods described above perform local blending and allow a variety of design
parameters. Though this is preferable for the designer, it makes the method hard
to understand and requires user interaction. Additionally the above methods are
all computationally expensive. A good overview of blending methods is given by
Woodwark [Woo87].

An alternative approach is described by Blinn [Bli82]. He smoothly blends ar-
ticulated models by using implicit functions defined by the summation of point
potentials. Wyvill et al. [WMW86b, WMW86a, WWMS87] and Bloomenthal et al.
[Blo88, BW90, BS91] extend the approach to potentials of skeletons and present
fast rendering schemes. These models are generally known as Soft Objects or Blobby
Models (see also [Mur91]). The blending method is local and does not perform
optimally for smoothed polyhedral objects.

A simple global blending method is described in the next subsection.

2.2.2  Convolutional Smoothing

The previous subsection gave an overview of popular local blending methods. We
mentioned that they are hard to understand, and often require user interaction.
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Furthermore they have practical limitations when more than three surfaces influence
the shape of the blend at any given point. Colburn [Col90] states that this limitation
is related to the model complexity. He presents a solution by introducing a spherical
test volume with a radius equal to the desired blend radius. The surface of the
smoothed object is defined as all points such that when a sphere of the specified
radius is positioned at the point, exactly half of the volume of the sphere is inside
the polyhedron and half is outside. Figure 2.5 shows a polygon and its smoothed
version in two dimensions.

a Polygon
D Convolutionally smoothed polygon

(_} Smoothing filter

Figure 2.5. Convolutionally smoothed polygon.

Note that now the shape of the blend at any given point is only influenced by
the portion of the unblended model that falls inside the sphere.

The process can be understood as a low pass filtering with a spherical filter of
radius r and is mathematically expressed by a convolution.

Definition 2.4 (Convolutional Smoothing) Given a smoothing filter of radius
r, a set (object) Obj C IR®, and a density field poy; : IR* — {0,1} such that the
density has a value of 1 inside the set Obj and a value of 0 outside it, define a
density field poy,; as

1
pe ///po(,j(u,v,w) h(z —u,y — v,z — w) du dvdw (2.3)

ﬁTObj(fL"ay,Z) = Ar

where the integral is over all space, and

0 m2 _|_y2 +Z2 < ,’,,2
h(x,y, Z) - { 1 otherwise

The convolutionally smoothed object O/\bjr 1s then defined as

Obj" = {p € IR® | oy(p) > 0.5} (2.4)

and its surface is all points (z,y,2) € R® for which

ﬁgbj(xaya Z) =0.5 (25)
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In this definition the function h : IR* — {0, 1} represents the spherical filter of
radius r. The factor before the integral normalizes the result of the convolution. If
the spherical filter is completely inside the object the right hand side of equation 2.3
equals one.

Though the smoothing process is easy to understand and mathematically simple,
it is computationally expensive to solve equation 2.5. To render or to polygonize the
smoothed object a large number of solutions must be found. Also for a non-convex
object the surface of the smoothed volume can lie outside the volume. This makes
it difficult to know where to search for solutions of equation 2.5.

Lobb addresses these problems with an approximation to convolutional smooth-
ing called quasi-convolutional smoothing. The method is presented in the following
section.

2.2.3 Quasi-convolutional Smoothing

The preceding subsection presented convolutional smoothing as a simple solution to
the global blending problem. The solution to equation 2.5, though, proves compu-
tationally complicated because of the convolution integral.

Lobb [Lob95| introduces quasi-convolutional smoothing as a computationally
easy approximation. Recall that the object model is a CSG object with convex
polyhedral primitives and a rounding attribute specifying a global rounding radius
r. Lobb represents convex polyhedra by (bounded) intersections of half-spaces (see
figure 2.6).

He then defines the smoothed object similarly to Colburn’s description but re-
places the density field p¢,; of the convolutionally smoothed CSG object Objr with
an approximation pp,;. Instead of convolving the CSG object Obj with a spherical
filter Lobb replaces the set operations union, intersection, and set difference by the
arithmetic operations addition, multiplication, and subtraction. He then convolves
only the half-spaces with a spherical filter of radius r.

The density field of a smoothed half-space H" can be described exactly by com-
putation of the convolution integral with the density field pg. The result of the
convolution is equivalent to the volume of a sphere intersected with a half-space, for
which the answer is

0 a>1
pu(p) =4 1 a< -1 (2.6)
(1—a)?*(2+a)/4 otherwise

where o =

S

and d is the distance of point p to the half-space H. Figure 2.7 shows the resulting
density distribution.
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CSG Object CSG Object

v v

INTERSECTION

_—

Figure 2.6. Primitive objects are convex polyhedra which are represented as intersections
of half-spaces.

density

1

X
-15 -1 -0.5 0.5 1 15

Figure 2.7. Density distribution for a smoothed half-space.
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We can now define a quasi-convolutionally smoothed object as:

Definition 2.5 (Quasi-convolutional smoothing) Given a smoothing filter of
radius v, a CSG object Obj C IR* with intersections of half-spaces as primitives
(i.e., convex polyhedra), and density fields py : IR* — {0,1} such that the density
has a value of 1 inside a half-space H and a value of 0 outside it, define a density

field poy; as

0 a>1
pu(z) = 1 a< -1 (2.7)
(1—a)?)(2+«a)/4 otherwise
Paus(x) = pa(z) + pp() (2.8)
Panp(x) = pa(z)* pp(x) 2.9
Pas(E) = palz) = pp(z) (2.10)

where a = dJr, d =< z,fig > is the distance of point x to the plane of the half-
space H, fig is H'’s surface normal, < .,. > is the dot product (inner product) of
two vectors, and A and B are CSG objects.

Then the quasi-convolutionally smoothed object Obj" is defined as

Obj" = {z € IR’ | py(z) > 0.5}

and its surface is all points x € R® for which
Pob; () = 0.5

Since the integral is a linear operator the approximation ppy,; is identical to ppy,
for the union and set difference operation. For the intersection operation, though,
the density field ppy,; of a truly convolutionally smoothed object is generally different
from p,;. We only mention that the density field is also correct for a quasi-convolu-
tionally smoothed intersection of two orthogonal half-spaces. For a further discussion
on the properties of quasi-convolutional smoothing see the original paper [Lob95].

2.3 Restrictions and Extensions to the Object Model

In this section we mention restrictions and extensions of the object model. We
introduced the object model as a CSG object with polyhedral primitives and a
global rounding attribute. In the original paper Lobb assumes bounded primitives.
For simplicity we do the same.

An important restriction is that for a smoothed CSG object Obj all density
values of the density field pp,; must lie in the intervall [0, 1]. A necessary condition
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for this is that all unions are disjoint and that for the set difference A\ B of two
sets A and B the condition A O B is valid.

Note that above conditions are not sufficient to guarantee density values in the
interval [0,1]. Even if all density values for the unsmoothed object are between 0
and 1, the smoothed object may have arbitrary high/low density values.

P1: 0.25 density 2: 2.0 density

Figure 2.8. Quasi-convolutional smoothing generates unbounded density values.

Example 2.3 This effect is seen in figure 2.8, where a square is defined as the
union of eight disjoint triangles. If the square is quasi-convolutionally smoothed,
the density value at the square’s centre is the sum of the density values at the
corresponding vertices of the eight smoothed triangles (see equation 2.8). Assuming
the rounding radius is sufficiently small, each vertex is formed as the intersection of
two half-spaces. Equation 2.9 shows that the density value for a triangle vertex is
0.25. This results in a density value of 2 at the square’s centre.

We also assume that the object is smooth. This is not as trivial as it sounds, since
it is possible to construct a smoothed object which has arbitrary many intersections
with a straight line. Also it is not clear that the variation diminishing property holds.
However, since the density field is an arithmetic tree with smooth leaf functions, the
maximum gradient of the density field at any point is bounded. The density field
fulfills a Lipschitz property.

A final assumption is that the rounding radius of a quasi-convolutionally smooth-
ed polyhedron is in general small to the size of the object. Then the object’s surface
is predominantly planar and most of the curved surfaces of the quasi-convolutionally
smoothed object are simple, i.e., either rounded edges or corners. These properties
are crucial for the efficiency of Triage Polygonization.

In the current form the modeling capabilities for our object model are quite
restricted. Here we give a preview of two extensions which we have implemented for
our polygonization method (see section 6.6). First recall that a polyhedral primitive
is represented as an intersection of half-spaces. In definition 2.5 we smooth a CSG
object by smoothing all half-spaces of its primitive objects with spherical filters of
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identical radius. Subsection 6.6.2 suggests that it can be desirable to apply filter
with different radii to different half-spaces. Some of the resulting effects are also
described in [Lob95]. Modeling capabilities are further improved by the introduction
of clipping planes (see subsection 6.6.1). They allow the design of objects with both
rounded and sharp corners and edges.

2.4 Scene Definition and Data Types

The preceding sections presented the object model used in this thesis. All that
remains is to define the scene and to introduce the data types used.

The type descriptions are given in the language CLEAN [PvE93, PvE95] and are
all summarized in appendix B. The syntax is similar to modern functional languages
such as Haskell [HJP*92] or Miranda [Tur85], but with a few explanatory comments
it should be understandable for the inexperienced reader, too.

Scene :== CSGObject

Radius :== REAL

Plane :== (Vector,REAL) // (normal,distance)
CSGObject

= Union CSGObject CSGObject

| Intersection CSGObject CSGObject
| SetDifference CSGObject CSGObject
| Rounded Radius CSGObject

|

Primitive PolyhedralPrimitive

PolyhedralPrimitive
= Intersection [HalfSpace]

HalfSpace :== Plane

Figure 2.9. Data types of scene definition.

The scene description is given in figure 2.9. The type definitions, which are
indicated by a double colon, specify that a scene is just a CSG object with polyhedral
or rounded primitives. We assume that a rounded object does not consist of other
rounded objects'. A polyhedral primitive is given as the intersection of a list of
half-spaces. A half-space is defined by a plane with an outwards pointing normal.

!The actual implementation allows a rounded object as a child object of a rounded object.
The interpretation is that in the CSG tree the rounding attribute of a child object overrides any
rounding attribute higher up defined in the tree. This extension to the object model is presented
in section 6.6.2.
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A polyhedral primitive is given internally as a list of its boundary faces:
PolyhedralPrimitive = Polyhedron [Facel
and a face is a polygon? defined as a list of points:

Face :== Polygon
Polygon :== [Point]

Applying quasi-convolutional smoothing with a spherical filter of radius r trans-
forms a CSG object with rounding attribute into an arithmetic tree representing a
density field. The corresponding data type is shown in figure 2.10.

DensityField = Sum DensityField DensityField
| Product DensityField DensityField
| Difference DensityField DensityField
| DensityFieldOfHalfSpace Radius HalfSpace

Figure 2.10. Data type of a density field.

A density field is either the sum, product or difference of two density fields or is
the density field of a half-space convolutionally smoothed with a specified radius.

With the help of equation 2.7 the density field can be evaluated in an arbitrary
point. Figure 2.11 shows the functional code for the density evaluation in CLEAN
syntax. We use this notation partly because the prototype implementation is in
CLEAN, but mainly because it offers a much more compact and precise definition
than normal pseudocode.

The function Density takes as input a point and a density field and returns a real
value representing the density value in the given point. The function is defined by a
set of rules, exactly one of which should “pattern match” any particular invocation.
For example, if the arithmetic tree defining the density field is constructed as the
sum of two density fields then the function Density returns the sum of the density
values of the given point in both density fields.

We use the CLEAN syntax for all algorithms except for high-level algorithms.
From time to time we use library functions which have no equivalent in imperative
languages. The library functions are explained in appendix B.

2.5 Example Scenes

This section briefly describes a few example scenes we refer to throughout the thesis
as a basis for discussion. Also they are used in chapter 3 and chapter 7 as test data
for a b-rep algorithm and Triage Polygonization, respectively.

2In the implementation we add the face plane to the data structure. This increases numeric
stability if testing two faces for coplanarity.
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Density :: Point DensityField -> Real
Density P (Sum fieldl field2)

= (Density p fieldl) + (Density p field2)
Density P (Product fieldl field2)

= (Density p fieldl) * (Density p field2)
Density P (Difference fieldl field2)

= (Density p fieldl) - (Density p field2)
Density P (DensityField0fHalfSpace r plane)

| distance > r = 0.0

| distance < -r = 1.0

| otherwise = truncatedSphereVolume
where
distance = Distance0OfPointFromPlane p plane
truncatedSphereVolume = (1-— 002 *(2 +—a)/4
o} = distance / r

Figure 2.11. Algorithm to evaluate a density field.

Cube A unit cube smoothed with a spherical filter of radius 0.1 represents a simple
test object for quasi-convolutional smoothing.

Cube In Cube A simple case for a complex object combining a rounded and an
unrounded object. The rounded object is given as a set difference of a big
cube and a small cube and is pictured in figure D.1. The full scene has a small
unrounded cube inside the hole of the rounded object. This scene proved useful
for debugging.

Stapler Complex real world object with many clipping planes. Figure D.3 shows a
color image of the scene.

CSG Example Shows the effects of applying set operations and rounding opera-
tions in different order. Figure D.5 shows a color image of the scene.

Variable Radius Shows the effects of increasing the rounding radius for a smooth-
ed object. A color image of the scene is given in figure D.6.

Hole Punch Very complex real world object which uses all set operations and
applies smoothing to non-primitive objects. Some objects (the metal pins) are
smoothed with varying rounding radii. The figure D.2 shows a color image of
the scene.

Many Stapler 24 Stapler form our most complex example scene.

n3 Blended Cubes Rounded union of n® cubes such that the cubes are blended
together. A color image of 3% blended cubes is shown in figure D.4.
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The “n® Blended Cubes” scene, if not smoothed, is just an array of cubes and is
in this case referred to as “n3 cubes”.

To evaluate the complexity of the later presented algorithms it is useful to have
some statistical information about the example scenes. Table 2.1 gives for each
scene the number of primitive objects, half-spaces, clipping planes and set operations
necessary to construct the scene.

Scene # objects | # half- | # clipping | # (U*) | # (%) | # (\")
spaces planes
Cube 1 6 0 0 0 0
Cube In Cube 3 18 0 1 0 1
Stapler 7 47 6 6 0 0
CSG Example 12 72 1 7 0 4
Variable Radius 12 72 0 5 0 6
Hole Punch 33 203 32 28 2 2
Many Staplers 168 1128 144 167 0 0
n® Blended Cubes n? 6n° 0| n¥—-1 0 0

Table 2.1. Exzample Scenes.






CHAPTER 3

Binary Space Partitioning and
Boundary Representation

This chapter introduces the concept of Binary Space Partitioning (BSP) trees and
presents two boundary representation (b-rep) algorithms based on the data structure
of BSP trees. The b-rep of a polyhedral CSG object represents a polygonization of
the object surface.

3.1 Introduction

We are interested in the boundary representation of a CSG object, because the object
model for Triage Polygonization is a rounded CSG object. Since by assumption the
rounding radius is small in comparison to the object the unrounded CSG object
represents a first approximation to the rounded object. This implies the following
lemma:

Lemma 3.1 The b-rep of an unrounded CSG object approximates the polygonization
of a rounded CSG object.

Lemma 3.1 forms the motivation for Triage Polygonization introduced in chapter 5.
The concepts of binary space partitioning and boundary extraction are essential for
the polygonization. The b-rep algorithm is also used to improve the efficiency of
Triage Polygonization in the actual implementation (section 6.1).

Input of a b-rep algorithms is a polyhedral CSG object. The b-rep is represented
explicitly as an augmented BSP tree. The first b-rep algorithm is called the lazy
b-rep algorithm because the faces representing the object boundary are extracted
only in a post-processing step. The second algorithm extracts the object boundary
by merging BSP trees and is called the merged b-rep algorithm.

21
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After presenting the b-rep algorithms some implementation details common to
both algorithms follow. The chapter concludes with a complexity analysis and a
presentation of the results achieved with our implementation of the algorithms.

3.2 BSP Trees

Historically the methodology underlying b-reps is that of the direct representation
of the topology of a surface. The topological approach requires the decomposition
of a 3-space polytope (may be generalized for d-space) into all dimensions 3,2,1,0,
i.e., into polytopes, faces, edges, and points. Then the b-rep explicitly encodes the
connectivity/incidence among these components.

This representation, while widely used, possesses a number of inherent limitations
as is pointed out in [NAT90]. For example sets whose boundary is unbounded can
not be represented. Algorithmically performing set operations with b-reps requires
explicit detection of the coincidence of all combinations of the variously dimensioned
elements (e.g., face-face, face-edge, edge-vertex) along with some appropriate action
for each [RV85].

Also efficiency considerations demand some kind of spatial search structure. Typ-
ically an axis-aligned spatial decomposition is chosen. This, however, does not trans-
form with the representation and must be reconstructed after each transformation.

An increasingly popular alternative is the binary space partitioning (BSP) tree
[SBGS69, SSS74, FKB80, Nay81| . The fundamental methodology underlying BSP
trees is spatial partitioning. Hyper-planes are used to recursively subdivide d-space
to create a disjoint set of d-dimensional cells. Each cell is then designated as either
interior or exterior to the set. The boundary need not be represented explicitly as
it is derivable from the cells.

In this thesis we use only BSP trees in three dimensions. The hyper-planes
forming the spatial partitioning are then ordinary planes. The best way to explain
a BSP tree is through the process that constructs one, as illustrated in figure 3.1.
One begins with a region of space R, chooses some plane h that intersects R, and
then uses h to induce a binary partitioning of R. If H;, and H,,; denote the inside
and outside open half-spaces of A two new regions are derived:

Rout =RnN Hout

Each of these unpartitioned children can in turn be partitioned, and so on, to
produce a binary tree of regions. We make the convention that R;, and R,,; always
are the left and right child (IN t¢ree and OUT tree), respectively, of the current node.

Each polyhedral object can be represented as a union of regions of a BSP tree.
The regions inside and outside the object are called IN cells and OUT cells, respec-
tively. Figure 3.2 shows a polyhedral object and a possible BSP tree representation.
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Figure 3.1. Constructing a BSP tree.
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Figure 3.2. A polyhedral object (a) and the corresponding BSP tree (b).
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Since BSP trees ignore the topological properties of a set no distinction is made
between convex and non-convex sets. Thus the entire representational domain is
treated uniformly, providing a considerable improvement in the simplicity of the
algorithm. In addition, the spatial search structure is intrinsic to the representation
and so transforms with it. Also note that a BSP tree solves the hidden surface
problem. The linearity of both planes and viewing rays means that if a ray intersects
a plane it does so at only one point. Hence the ray is divided into a near and far
section. This permits inducing a visibility priority ordering on the three subspaces
formed by the plane: near half-space, plane, and far half-space. Given a BSP tree 7,
determining this ordering at every node of the tree in a recursive manner provides a
total ordering of the elements of the region partitioned by 7 (e.g., [SSS74, Nay81]).

For computational reasons it is often desired to represent the boundary of an
object explicitly in the BSP tree structure. This is achieved by augmenting each
BSP node with the boundary faces lying in its plane (e.g., [SBGS69, FKB80]). We
allow instead to augment a BSP node with an arbitrary set of faces lying in its plane.
This is done for computational reasons and becomes clear in the following section.
With these remarks a BSP tree is defined formally as

Definition 3.1 BSP tree

A BSP tree T7(A), defining an object A, is recursively defined as
T(A) = (h, facesh, T(Ah,in)7T(Ah,out)) | IN | ouT

where
h is a partitioning plane,
facesy is a set of faces lying in the partitioning plane h,
Apin and Ap oyt are the parts of object A lying inside and outside
the partitioning plane h, respectively,
T(An,in) and 7(Apout) are the IN tree and OUT tree, respectively,
IN and OUT represent an IN cell and an OUT cell, respectively.

We denote with faces(7(A)) the set of all faces augmenting the BSP tree 7(A).

Definition 3.2 Boundary BSP tree

A BSP tree T(A) contains explicitly the boundary representation of an object A if
faces(T(A)) = OA. In this case the BSP tree is called a “boundary BSP tree” and
is denoted by B(A).

The latter interpretation of the BSP structure corresponds to the classical one
[NAT90] that a BSP tree represents a set of boundary points with neighborhood
information. In our case the neighborhood information is given by classifying the
BSP cells into IN and OUT. So it corresponds to the direct representation of b-reps
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IN | OUT
BSPNode Plane [Face]l BSPTree BSPTree | BSPLeaf LeafClass

LeafClass
BSPTree

Figure 3.3. Data type of a BSP tree.

[RV85]. The data structure for a BSP tree in CLEAN reflects directly definition 3.1
and is given in figure 3.3.

In the following sections we introduce two b-rep algorithms. The derivation will
show that it is easier to construct a BSP tree for a non-regularized object than for a
regularized object. This does not seem to be of much help because with section 2.1
a CSG object is always defined as a regularized object. However, with equations 2.1
and 2.2 we know

v"4v’7—(14n0n—regularized)EIT(14r'egularized) . T(Aregularized) - T(Anon—regularized) (31)

i.e., for every polyhedral CSG object A there is always a BSP tree 7(Arequiarized)
equal to the BSP tree 7(Apnon_reguiarizea) Of the corresponding not-regularized object
A. This result allows us to compute the b-rep of a CSG object A with a BSP tree
for the corresponding non-regularized object.

Figure 3.4 shows the BSP partition for an object A before and after regulariza-
tion. Clearly, the BSP partition for Ay, on—reguiarized 18 valid for Ayeguigrized ,t00. Note
though, that the opposite is not true, since there is no partitioning plane for the
dangling face.

out
a) out
out in
out
out
out
b)
out in out
out

Figure 3.4. BSP partition for a non-reqularized (a) and a regularized object (b).
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3.3 Lazy B-rep Algorithm

This section introduces a b-rep algorithm popular in contemporary literature. The
following b-rep algorithm was first introduced by Thibault and Naylor [TN87]. The
central idea is to separate the problem of computing the boundary of an object
and the problem of transforming a CSG object into a BSP tree. In the original
paper the boundary is represented implicitly in the BSP tree. It can be extracted
in a post-processing step. However, implementational advantages (see note 2 on
page 45) suggest representing the b-rep explicitly in the BSP tree.

We first compute a BSP tree 7(A) representing a CSG object A. During com-
putation a superset faces(7(A)) of the object’s boundary 9A is produced. The
superset forms a candidate set from which the boundary representation is extracted
in a post-processing step.

The algorithm transforming the CSG object A into a BSP tree 7(A) is called
the lazy BSP tree algorithm. The lazy BSP tree algorithm together with the post-
processing step of extracting the actual boundary faces yields a boundary BSP tree
explicitly containing the b-rep. The resulting algorithm is called the lazy b-rep
algorithm and is summarized in figure 3.5

BRep_lazy :: CSGObject -> BSPTree

BRep_lazy csglObject = (BoundaryBSPTree o BSPTree_lazy) csgObject

Figure 3.5. Lazy b-rep algorithm.

The function BSPTree lazy, introduced in the next section and given in figure 3.7,
implements the lazy BSP tree algorithm. The post-processing step of extracting the
object boundary is implemented by the function BoundaryBSPTree, which is derived
in section 3.3.4 and defined in figure 3.12. The final BSP tree contains explicitly
the boundary faces and is hence a boundary BSP tree. The symbol “o” denotes
functional composition.

3.3.1 Lazy BSP Tree Algorithm

The lazy BSP tree for a CSG object A, denoted by 74, (A), is a BSP tree such that
faces(Tiazy(A)) D OA. The corresponding lazy BSP tree algorithm is developed by
induction and makes use of equation 3.1. This means the lazy BSP tree algorithm
constructs a BSP tree for a non-regularized version of the CSG object A. The
resulting BSP tree is always a valid (but usually not minimal) BSP tree for the
regularized CSG object A.

The induction basis is given for the primitive objects of a CSG object, which are
convex polyhedra, each represented by a list of faces. A BSP tree for a primitive
object is therefore given by the BSP tree for a convex polyhedron, which is a linear
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tree formed by the face planes of the polyhedron (see figure 3.6). Each BSP node
of the linear tree is augmented with the face of the polyhedron lying on the corre-
sponding partitioning plane. The resulting BSP tree fulfills 7,,,(P) = B3(P), i.e., it
is a boundary BSP tree (see definition 3.2).

out

out out
out
out out
out
in  out

out

out

Figure 3.6. A convez set and its BSP tree.

For the induction step assume it is known how to compute a BSP tree 7,, for a
CSG object A such that faces(7iq.y(A)) D OA. Suppose we are given a non-primitive
CSG object A1®*As (& € {U,N,\}). To compute 74, (A1B*A,) insert the CSG
object A, into the BSP tree 7y,,, (A1) according to the corresponding set operation
@®. The insertion operation can be considered as a (non-regularized) set operation
between a BSP tree and a CSG object yielding a BSP tree. We call the operation
a lazy set operation because it does not yield a regularized object and denote it by
the subscript “lazy”. The lazy set operations must fulfill faces(7qzy (A1) Bigzy A2) 2
O0(A1©*Ay) and are described in the next subsection. Figure 3.7 summarizes the
lazy BSP tree algorithm.

BSPTree lazy :: CSGObject -> BSPTree

BSPTree_lazy (Union objl obj2) = Union lazy (BSPTree_lazy objl) obj2

BSPTree_lazy (Intersection objl obj2) = Intersection_lazy (BSPTree_lazy objl) obj2
BSPTree_lazy (SetDifference objl obj2) = SetDiff lazy (BSPTree_lazy objl) obj2
BSPTree_lazy (Primitive (Polyhedron faces)) = LinearBSPTree faces

LinearBSPTree :: [Face] -> BSPTree
LinearBSPTree [face:faces]

= BSPNode (PlaneOf face) (LinearBSPTree faces) (BSPLeaf 0OUT)
LinearBSPTree [] = BSPLeaf IN

Figure 3.7. Lazy BSP tree algorithm.



28 Binary Space Partitioning and Boundary Representation

3.3.2 Lazy Set Operations

It remains to define the lazy set operations. We present only the lazy union oper-
ator Uy, referred to as Union_lazy in figure 3.7. The lazy intersection and lazy set
difference are defined similarly. This subsection introduces the lazy union opera-
tion rather informally. For a better understanding the next subsection presents a
mathematical derivation, which can be skipped at a first reading.

For any two polyhedral CSG objects A and B the lazy union operator must yield
a BSP tree 7jq.y(AU*B) = 7142y (A) Ulazy B. Two conditions are sufficient:

1. Tiazy(AU*B) is a BSP tree for AU B
2. faces(Tiay(AU*B)) D 0(AU*B)

To fulfill these conditions we develop the algorithm for the lazy union operation
in two steps. First build a BSP tree 7,,,(AU*B) by inserting the CSG object B into
the BSP tree 74,(A). Then augment the BSP tree 7,,,(AU*B) with a superset of
0(AU*B).

We define the insertion of B into the BSP tree 7,,,(A) by induction on the BSP
tree structure. For the base case assume 7y,,,(A) is a cell and B lies completely inside
the cell. If 7,,,(A) is an IN cell, i.e., completely inside the represented object, then
the union with object B does not change the classification of the cell. Conversely,
if 7142y (A) is an OUT cell, i.e., completely outside the represented object, then the
union with object B is given by the BSP tree representing B.

For the induction step take a BSP node with partitioning plane h and child trees
Tiazy (Ahin) and Tiazy (Ap out). Splitting the CSG object B on the partitioning plane h
yields the two CSG objects By, i, and Bp, . The resulting parts are inserted in the
corresponding child BSP trees on either side of the partitioning plane by recursively
applying the lazy union operation:

Tlazy(Ah,inU*Bh,in) - Tlazy(Ah,in) Ulazy Bh,in

*
7—la.zy(félh,oul‘,u Bh,out) - Tlazy(Ah,out) Ulazy Bh,out

Forming a new tree with 7j4,,(Ap inU*Bhin) and Tigzy(An,out U Bhout) as the IN
and OUT tree, respectively, yields the desired result 7j4,y(AU*B) = T2y (A) Ujazy B-

It remains to find a superset faces(7,.,(AU*B)) of 9(AU*B). Such a superset is
given by taking all faces of the lazy BSP tree for object A, denoted faces(7i.y(A)),
and all faces of all primitive polyhedra of object B. The set has the desired property
because faces(Tigy(A)) O OA by definition of a lazy BSP tree and because the
boundary of a CSG object is a subset of the boundary of all its primitives. Figure 3.8
gives the complete algorithm for the lazy union operation in functional code.

The algorithm is simplified by computing the superset of the boundary faces
during the BSP tree construction. This is achieved by guaranteeing condition 2 (on
page 28) for each partitioning plane h separately. Condition 2 is rewritten as
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Union_lazy :: BSPTree CSGObject -> BSPTree
Union_lazy (BSPNode plane facesOnPlane inTree outTree) csgObj

= BSPNode plane newFacesOnPlane newInTree newOutTree

where
newInTree = Union_lazy inTree inCSG
newOutTree = Union_lazy outTree outCSG
(inCSG, outCSG) = SplitCSGObj plane csgObj
objectFacesOnPlane = Intersection plane csgObj
newFacesOnPlane = facesOnPlane ++ objectFacesOnPlane
Union lazy (BSPLeaf IN) csgObj = BSPLeaf IN

Union_lazy (BSPLeaf OUT) csgObj = BSPTree_lazy csgObj

Figure 3.8. Lazy union of a BSP tree and a CSG object.

2'. Vh: facesp(Tigzy(AU*B)) D 0(AU*B) N h

where facesy(Tiqa.y(AU*B)) denotes the faces of the BSP tree 7y,,, (AU*B) which lie
on the partitioning plane h. The faces are given by the faces of the BSP tree 7j4,,(A)
lying on the partitioning plane h and by all boundary faces of the primitive objects
of the CSG object B lying on the partitioning plane h.

The lazy union algorithm in figure 3.8 refers to the faces of the BSP tree on the
partitioning plane as facesOnPlane and to the boundary faces of the primitive objects
of the CSG object, which lie on the partitioning plane, as objectFacesOnPlane. In the
actual implementation the latter set of faces is efficiently determined during splitting
the CSG object B with the partitioning plane h (see subsection 3.5.1).

Example 3.1 Figure 3.9 shows the union of a BSP Tree with a CSG object (a
polyhedron). After inserting the polyhedron in the tree only that portion of its
boundary shown in bold remains. These boundary faces are inserted in the OUT cell
and subdivide it as shown. The algorithmic details of the subdivision are discussed
in subsection 3.5.2.

3.3.3 Mathematical Derivation of the Lazy Union Operation

The lazy union operator introduced in the previous subsection can be be derived
formally by observing that both BSP trees and CSG objects represent mathematical
sets. Since this subsection is a little bit cumbersome to read we recommend to skip
it at first reading.

Let A and B be two sets with domain 2, and h a plane with inside and outside
half-spaces H;, and H,y, respectively. Let A, and Ay 4 give the intersection of
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Figure 3.9. Inserting a CSG object into an OUT cell according to an union operation.

the set A with the half-spaces H;, and H,y, respectively, and analogously for Bj;,
and By, oue. The symbol U denotes a disjoint union. Standard algebra' yields

AUB = (AUB)N (HpUHgy)
(A U B) N Hm)U((A U B) N Hout)

(
(
(AN Hy,) U (BN Hip))U((AN Hyye) U (BN Heye))
(

= Ah,in U Bh,in)U(Ah,out U Bh,out) (32)

and
uUB = B (3.3)
QUB = Q (3.4)

Equations 3.2 — 3.4 can be combined as

Q ifA=0Q
AUB={B if A=0 (3.5)
(Ah,in U Bh,in)U(Ah,out U Bh,out) if A= Ah,inUAh,out

where

Bh,in =BnN Hzn
Bh,out =BnN Hout

The recursive definition of the union operation in equation 3.5 provides a basis
for the lazy union operation. Before giving a more detailed explanation we want to
compute a superset of the boundary of AU*B. Again A denotes a set and faces(A)
is a superset of its boundary.

!Equality with respect to a set of Lebesgue measure zero.
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Assume the set B is defined by applying set operations to a set of basic sets P
(e.g., B is a CSG object) and note that

0(B1 & B,) C 9B, U 9B; (® e {u,N\})
Let B; and Bs be components of B and define a function d,; recursively by
Out(B1 ® By) = 0OauB1 U 0By (@ e {u,nN\})
0a”P = OP

Then 9, B is the set of all boundaries of all basic sets from which B is composed.

We obtain
J(AU*B) C 0AUOB
C faces(A)U o B

and for an arbitrary plane h

O(AU*B)N h C (faces(A) N h) U (OaquB N h) (3.6)
Now let any set A be equivalent to the corresponding BSP tree 7,.,(A), i.e.,
A = Tigy(A)
Ah,m = T lazy(Ah,in)
Apout = T lazy(Ah,out)
0 = ourT
Q = IN

and replace faces(A) N h with faces,(7(A)). Especially note that because of above
equivalence and equation 3.1

AUB= Tlazy(A U B) = Tlazy(AU*B)

Then equation 3.5 and 3.6 can be combined to form the following recursive algorithm:

Algorithm 3.1 (Lazy union algorithm)
IN if Tiasy(A) = IN
Tlazy(A)UlazyB - Tlazy(B) Zf Tlazy(A) =0ouT
7—lazy (AU*B) Zf 7—lazy (A) = (h; facesh, 7—la.zy (Ah,in)7 7—lazy(félh,out))

where
Tlazy(AU*B) = (h, facesh U (8allB N ]’L), Tin Tout)

Tin = Tlazy(Ah,in) Ulazy Bh,in
Tout = 7—lazy("élh,out) Ulazy Bh,out
Bh,in = BnN Hzn

Bh,out = Bn Hout

This is exactly the lazy union algorithm given in figure 3.8. Especially 0,;B N h
denotes all faces of the primitive polyhedra of CSG object B which lie on the par-
titioning plane h.
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3.3.4 Boundary Extraction

To complete the lazy b-rep algorithm in figure 3.5 it remains to define the function
BoundaryBSPTree. Assume as input a BSP tree 7,,,(A) augmented with a superset
faces(Tiazy(A)) of the boundary 0A. As result of the boundary extraction we want
a BSP tree 3(A) augmented with the boundary faces of object A, i.e., a boundary
BSP tree.

Observe that the boundary of a regularized set (a “real world solid”) separates
its inside from its outside. Hence a face is part of the object boundary, if and only
if, it separates IN cells from OUT cells. Subsection 3.5.3 shows that we can ensure
additionally that any face of faces(7iq.y(A)) which is a boundary face of A has an
outward pointing normal. With these preconditions the following Lemma gives the
solution to the problem of boundary extraction:

Lemma 3.2 Let A be a polyhedral CSG object, Tia.y(A) the corresponding lazy BSP
tree, and f € faces(Tiay(A)) having an outwards pointing normal if f € 0A.

Then f is a boundary face of A, if and only if, in the BSP tree T, (A) the face
f faces only IN cells on its inside and only OUT cells on its outside.

The boundary faces are found by traversing the BSP tree. For every BSP node
with partitioning plane h, IN tree 74,y (Apin), OUT tree 7ig.y(Anout) and a set of
faces facesp(Tiqzy(A)) on the plane h perform the following process:

Insert every face f € facesp(7q.y(A)) into the IN tree of the corresponding BSP
node and split it on all partitioning planes. The parts of the face f which lie at the
end of this process in an IN cell are exactly the parts which face an IN cell on their
inside. Insert only these faces in the tree on the outside of face f and collect the
parts which lie in an OUT cell. These parts are exactly the parts of the input faces
with an OUT cell on their outside. Hence with lemma 3.2 the resulting parts of the
original face f lie on the object boundary. The algorithm is described in functional
code in figure 3.12. Before explaining the code we want to clarify the algorithm with
two examples.

Note first that the algorithm can be understood as a double filtering process:
first remove all parts of face f that do not face an IN cell at the inside, and from
the remaining parts remove all parts that do not face an OUT cell at the outside.

Example 3.2 Figure 3.10 clarifies the double filtering process. Part (a) of the figure
shows a CSG object defined as Object = (Object1\*Object2)U*Object3. In (b) the
corresponding BSP tree is pictured. Consider the face labeled Face. To extract
parts from it lying on the boundary the face is first filtered down the subtree on its
inside. In this case this is the IN tree since the face and the partitioning plane h;
have the same orientation. Figure 3.10 (c) shows that the part labeled Face; ends
in an IN cell and the part labeled Face, ends in an OUT cell. Hence only Face;
is used for the second filtering step. Now Flace; is inserted into the subtree on its
outside (here the OUT tree) and the face is divided into three parts. Only two of
them end in an OUT cell, namely Face;; and Face;s. Indeed, these are exactly
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Figure 3.10. Extracting part of the object boundary from a face.
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the fragments of the original face, which lie on the boundary of Object as lemma 3.2
claimed.

Example 3.3 Figure 3.11 illustrates the boundary extraction step for a face with
normal orientation opposite to the partitioning plane. Then the OUT tree of the
corresponding BSP node lies inside the face and the IN tree outside the face. Hence
the face fragments on the object boundary are those parts which face an IN cell in
the OUT tree and an OUT cell in the IN tree.

OUT tree IN tree
a) b)
hy
ouT = ouT
ouT IN <-EFacel N | ouT
ouT
Face
- ~§Face;,
ouT

Figure 3.11. Extracting part of the object boundary from a face with normal orientation
opposite to the partitioning plane normal.

Figure 3.12 summarizes the algorithm for boundary extraction. It is implemented
by the function BoundaryBSPTree which traverses the BSP tree in in-order. For each
BSP node the superset faces of the boundary faces is split into two sets faces-
SameNormal and facesOpNormal of faces with normal orientation equal and opposite,
respectively, to the plane normal. The function SingleSideExtractBoundary deter-
mines then for all faces of these sets the fragments lying on the object boundary.

Input to the function SingleSideExtractBoundary are a list of coplanar faces with
identical normal orientation and two BSP trees lying on the inside and outside of the
faces, respectively. The result of the function are all parts of the input faces which
lie on the object boundary. The function SingleSideExtractBoundary filters first all
faces down the BSP tree on their inside and retains the face fragments reaching an
IN cell. This is done by the function InsertInCells with the leaf class 1N as first
argument. The remaining parts of the face are then filtered down the BSP tree on
their outside (function InsertInCells with first argument ouT) and the face fragments
landing in OUT cells are returned.

The straightforward function InsertInCells is defined in figure 3.13. Insert a
list of faces into a BSP tree by splitting them with the partitioning planes of the
BSP tree. The parts of the faces lying inside and outside the partitioning plane are
inserted recursively into the corresponding IN tree and OUT tree, respectively. If a
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BoundaryBSPTree :: BSPTree -> BSPTree

BoundaryBSPTree (BSPLeaf class) = BSPLeaf class
BoundaryBSPTree (BSPNode plane faces inTree outTree)
= BSPNode plane (boundsSameNormal ++ boundsOpNormal) newInTree newOutTree

where

SameNormal plane face (PlaneNormal plane) == (FaceNormal face)
(facesSameNormal,facesOpNormal) = SplitListWith (SameNormal plane) faces

boundsSameNormal = SingleSideExtractBoundary inTree outTree facesSameNormal

boundsOpNormal = SingleSideExtractBoundary outTree inTree facesOpNormal
newInTree = BoundaryBSPTree inTree
newOutTree = BoundaryBSPTree outTree

SingleSideExtractBoundary :: BSPTree BSPTree [Face]l -> [Facel

SingleSideExtractBoundary insideTree outsideTree faces = facesOnBoundary
where
facesInIN Cells = InsertInCells IN insideTree faces
// Face fragments which lie in IN cell of insideTree
facesOnBoundary = InsertInCells OUT outsideTree facesInIN Cells
// Face fragments which lie in OUT cell of outsideTree

Figure 3.12. Extracting a boundary BSP tree from a BSP tree augmented with a candidate
set of the boundary.

InsertInCells :: LeafClass BSPTree [Face]l -> [Facel
InsertInCells _ _ [] = [] // no face reaches this (sub)tree
InsertInCells wantedClass (BSPLeaf class) faces

| class == wantedClass = faces

=[]

InsertInCells wantedClass (BSPNode plane _ inTree outTree) faces
= faceFragmentsInside ++ faceFragmentsOutside

where
(facesInside,facesOutside) = UnZipWith (SplitFace plane) faces
faceFragementsInside = InsertInCells wantedClass inTree facesInside

faceFragmentsOutside = InsertInCells wantedClass outTree facesOutside

Figure 3.13. Inserting a set of faces into a BSP tree and returning fragments which reach
a cell of the specified leaf class.
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subtree is not reached by any face the recursion stops. The faces reaching a cell of
the specified leaf class are returned.

3.4 Merging B-rep Algorithm

A second approach for transforming a CSG object A = A;®*A, into a boundary
BSP tree 3(A) is to generate recursively BSP trees from the child objects A; and
As and to merge them with the set operation &*.

Naylor, Amanatides, and Thibault [NAT90] describe an algorithm to merge two
BSP trees 7(A;) and 7(Ay) by inserting the tree 7(As) into the tree 7(A;). Binary
partitioning the tree 7(Asz) in turn involves inserting the binary partitioners of 7(A;)
into 7(Ay). The algorithm is efficient but fairly complex.

We present here a simpler though less efficient solution. An optimal solution is
not necessary, since Triage Polygonization itself does not merge BSP trees to polygo-
nize a quasi-convolutionally smoothed object, but uses the more efficient lazy b-rep
algorithm instead. However, the merging of BSP trees is necessary to polygonize
the example scenes from section 2.5.

A straightforward solution to the problem of merging BSP trees is achieved by
recognizing that a BSP tree 7(A) represents the object A as a union of its IN cells.
Furthermore each IN cell is a (convex) polyhedral object. Hence with our model a
BSP tree is a CSG object formed as a union of primitive convex polyhedra.

The merging operations are handled by the lazy set operations. The union of two
BSP trees, e.g., is computed with the lazy union operation as shown in figure 3.14.

Union merged‘ :: BSPTree BSPTree -> BSPTree

Union merged‘ treel tree2 = foldl Union_lazy treel (GetInCells tree2).

Figure 3.14. Inefficient union of two BSP trees.

Here we assume that the function GetInCells returns all IN cells of a BSP tree as
polyhedra (i.e., primitive CSG objects). The foldl function iterates the lazy union
operator Union lazy with the initial BSP tree treet over a list of CSG objects. In
that way all IN cells of the second BSP tree are inserted in the first BSP tree yielding
the union of both BSP trees.

However, we recognized that a complex CSG object usually gets heavily frag-
mented into IN cells if represented as a BSP tree. Recall that the lazy union opera-
tion inserts every face of a primitive polyhedral object into the tree as a candidate
face for the boundary of the represented object. Therefore the resulting BSP tree is
augmented with a disproportional large superset of the boundary of the represented
object. We obtain a more efficient algorithm by merging the BSP trees without
explicitly representing faces. Instead a candidate set for the object boundary is
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inserted in the tree in a post-processing step. Finally the boundary BSP tree is
produced by extracting all boundary faces. The resulting merged b-rep algorithm is
given in figure 3.15.

BRepmerged :: CSGObject -> BSPTree

BRep_merged csglObject
= (BoundaryBSPTree o InsertCandidateFaces o BSPTree merged) csgObject

Figure 3.15. Merged b-rep algorithm.

BSPTree merged :: CSGObject -> BSPTree

BSPTree merged (Union objl obj2)

= Unionmerged (BSPTree merged objl) (BSPTreemerged obj2)
BSPTree merged (Intersection objl obj2)

= Intersectionmerged (BSPTreemerged objl) (BSPTreemerged obj2)
BSPTree merged (SetDifference objl obj2)

= SetDiff merged (BSPTreemerged objl) (BSPTreemerged obj2)

BSPTree merged (Primitive (Polyhedron faces)) = LinearBSPTree faces

Figure 3.16. Merged BSP tree algorithm.

Here the function BSPTree merged, given in figure 3.16, computes an unaugmented
BSP tree. The set operations Union merged, Intersection merged, and SetDiff merged
on BSP trees are defined analogously to the merged union in figure 3.14 except
that they use lazy set operations producing unaugmented BSP trees. The function
LinearBSPTree was already given in figure 3.7.

Lazy set operations producing unaugmented BSP trees are easily achieved by
taking the corresponding lazy set operation (e.g., the lazy union operation in fig-
ure 3.8) without defining the list newFaces0OnPlane of boundary faces for the new tree.
The parts of the algorithm computing the superset of boundary faces are then not
anymore needed.

It remains to define the function InsertCandidateFaces, which computes a candi-
date set of boundary faces for the boundary extraction. Note that every boundary
face must lie on a partitioning plane and every CSG object is bounded. We get
all possible boundary faces of a CSG object by pushing its bounding box (a poly-
hedron) down the tree. Every time the polyhedron is intersected by a partitioning
plane the intersection forms a candidate face for the boundary. The parts of the
split polyhedron inside and outside the partitioning plane are inserted recursively
into the left and right subtree, respectively. The recursion ends if the bounding box
reaches a leaf in the tree. Figure 3.17 gives the algorithm in functional code.
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InsertCandidateFaces :: BSPTree Polyhedron -> BSPTree

InsertCandidateFaces leaf=:(BSPLeaf _) _ = leaf

InsertCandidateFaces (BSPNode plane _ inTree outTree) polyhedron
= BSPNode plane [newFace] newInTree newOutTree

where

(inPolyhedron,outPolyhedron) = SplitPolyhedron plane polyhedron

newFace = Intersection plane polyhedron
newlnTree = InsertCandidateFaces inTree inPolyhedron
newOutTree = InsertCandidateFaces outTree outPolyhedron

Figure 3.17. Producing candidate faces for the boundary representation.

As a final remark note that even though all IN cells of a BSP tree are disjoint,
it is not trivial to form a new BSP tree from a subset of them.

a ] in | b) [in]

Figure 3.18. Forming a BSP tree from a subset of its IN cells may lead to additional
fragmentation.

Example 3.4 Figure 3.18 (a) shows a union of three cubes and the corresponding
BSP tree. In (b) only a subset of two cubes is taken. If their union is represented
as BSP tree the rightmost square is fragmented into two IN cells. Hence taking a
subset of a CSG object may yield a different binary space partitioning for the subset
than if taking the object as a whole.

3.5 Implementation

The previous sections introduced two b-rep algorithms. For a better understanding
of the actual algorithms we have postponed the definition of the various splitting
algorithms used to this section. We also give some additional implementation details.
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3.5.1 Splitting a CSG Object

A common operation of the b-rep algorithm is the splitting of a CSG object with a
partitioning plane. To recognize the subtleties of the splitting operation note that it
corresponds to the intersection of an object with the inside and outside half-spaces
of the partitioning plane. Also recall that all objects are “real-world solids”. This
means that for example an object which only touches the partitioning plane must
not be split into two objects. To produce regularized results the splitting operation
must correspond to a regularized intersection with a half-space.

b)

C
Objectqyyt ) Objectqyt

Objectj, Objectjy

a)
Object

>

h

Hin Hout

Figure 3.19. Splitting an object with a partitioning plane implemented as a non-
reqularized operation (b) and as a regularized operation (c).

Example 3.5 Figure 3.19 (a) shows an object Object and a partitioning plane
h with inside and outside half-spaces H;, and H,,; respectively. The object is
split into two parts Object;, and Object,,; lying inside and outside the partitioning
plane, respectively. In (b) the splitting operation is performed according to a non-
regularized intersection with H;, and H,,;. As result Object,,; has a dangling face.
This error is corrected in (c) by using a regularized intersection instead.

The splitting operation for a CSG object can be reduced to splitting its primitive
objects. As example consider a set B = B;N*By and a partitioning plane h with
inside and outside half-spaces H;, and H,,;, respectively. Define B;, = BN*H;,,
B, in = BiN*H;y,, and By ;,, = BoN*H;,. Basic set algebra yields

By, = BN"Hy,
= (BiN*By)N*Hy,
= (BiN*Hy,)N*(B2N*Hyy,)
= By in*Ban

0 if Bl,in =0V B2,in =0
B ,inM* By i, otherwise

Hence B;,, the part of object B inside the partitioning plane, is found by splitting
B’s child objects B; and B on the partitioning plane. If either of them lies outside
the partitioning plane then B lies outside the partitioning plane as well. In this case
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B, is void. Otherwise B;, is the intersection of the inside the partitioning plane
lying parts of the child objects. B,,; is determined in the same manner. Figure 3.20
uses above equation to give an algorithm for splitting an intersection of two CSG
objects.

SplitCSGObject :: Plane CSGObject -> (CSGObject,CSGObject)

SplitCSGObject plane (Intersection bitl bit2)
= (inBit,outBit)

where
(inBit1,outBitl)
(inBit2,outBit2)

SplitCSGObject plane bitl
SplitCSGObject plane bit2

inBit = if ((IsVoid inBitl1) || (IsVoid inBit2)) VoidObject
(Intersection inBitl inBit2)
outBit = if ((IsVoid outBitl) || (IsVoid outBit2)) VoidObject

(Intersection outBitl outBit2)

Figure 3.20. Splitting an intersection of two CSG objects.

The splitting of a union or set difference of CSG objects is performed similarly.
The problem of splitting a CSG object is therefore reduced to that of splitting its
primitive objects. In our object model these are convex polyhedra.

Section 2.4 mentioned that the internal representation of a polyhedral primitive
is a list of its boundary faces. If all of its faces lie on one side of the partitioning
plane the polyhedron is not split. The same is valid if one of the polyhedron’s faces
lies on the partitioning plane (since a polyhedral primitive is convex). Otherwise
the polyhedron is split by partitioning all its faces. A new boundary face for the two
bits of the split polyhedron is formed by the intersection of the partitioning plane
with the polyhedron. The corresponding algorithm is shown in figure 3.21.

The algorithm for splitting a (convex) polyhedron first classifies all faces with
the partitioning plane. A face is either inside, outside, or on the plane or it is inter-
sected by the plane. All faces intersected by the plane are split into inside fragments
(inBits) and outside fragments (outBits). The intersection of the polyhedron with
the partitioning plane (newFace) is calculated by intersecting all the polyhedron’s
edges with the plane. The resulting new face is a boundary face of both the in-
Polyhedron (the other faces of which are all the inside faces and inside fragments)
and the outPolyhedron (the other faces of which are all the outside faces and outside
fragments).

We conclude with a remark: In subsection 3.3.2 we claimed that the boundary
faces of all primitive objects of a CSG object lying on a partitioning plane can be
determined during splitting the CSG object. This is indeed the case. Inspecting fig-
ure 3.21 reveals that the desired faces are given as onF. In the actual implementation
the function SplitPolyhedron returns additionally these faces.
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SplitPolyhedron :: Plane Polyhedron -> (Polyhedron,Polyhedron)

SplitPolyhedron plane polyhedron=: (Polyhedron faces)
| IsEmpty insideF = (VoidPolyhedron,polyhedron)

| IsEmpty outsideF = (polyhedron,VoidPolyhedron)
= (inPolyhedron,outPolyhedron)
where
(insideF,outsideF,onF,intersectedF) = ClassifyWith plane faces

(inBits,outBits) = UnZipWith (SplitFace plane) intersectedF

newFace = Intersection plane polyhedron
inPolyhedron = Polyhedron [newFace:(inBits ++ insideF)]
outPolyhedron = Polyhedron [FlippedFace newFace: (outBits ++ outsideF)]

Figure 3.21. Splitting a polyhedron.

3.5.2 Inserting a CSG Object into a BSP tree

The heart of the b-rep algorithms introduced in this chapter is the insertion of a
CSG object into a BSP tree according to a set operation. Figure 3.8 gives as an
example the lazy union operation. A crucial part of the insertion operation is to
retain and classify the boundary information of the inserted CSG object. We explain
why it is necessary to retain and classify boundary information and show how this
is achieved in our implementation.

A CSG object inserted in a BSP tree is split with partitioning planes. In this
section we often consider only one of the resulting fragments and say the polyhedron
is clipped with the partitioning plane. Depending whether we choose the fragment
inside or outside the partitioning plane, clipping corresponds to the regularized
intersection with the inside or outside half-space, respectively.

To see the importance of retaining and classifying the boundary information of a
CSG object, insert it into a BSP tree. Once the CSG object reaches a cell, dependent
on the cell type and the set operation, the cell is partitioned with the boundary faces
of the object. This means the boundary faces completely inside the cell must be
known (see figure 3.9). However, the remaining boundary information of the CSG
object must not be forgotten. This fact is illustrated in figure 3.22, which shows a
polyhedron clipped with all partitioning planes defining a cell. In the first case (a)
the polyhedron encloses the cell and in the second case (b) it is disjoint from the cell.
However, in both cases all its boundary faces are clipped off. If a polyhedron is only
represented by its boundary faces these two cases can not be differentiated. Hence
the result of a set operation between the object and the cell can not be determined.

The solution is to define with each clipping operation a new boundary face lying
on the partitioning plane. These new boundary faces must be distinctive from the
original boundary faces since they are not used to partition a cell. Hence an object
with two types of boundary faces is required. The boundary faces of the clipped
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Boundaries of polyhedron

Polyhedron after insertion in cell
a)
Cell —_—>
Boundaries of polyhedron
Polyhedron after insertion in cell
b)
9

Figure 3.22. Inserting a polyhedron into a cell (without defining domain boundaries). In
(a) the polyhedron encloses the cell, in (b) it is disjoint from the cell. In both cases all its
boundary faces are clipped off during insertion.

object which lie on the partitioning plane are called domain boundaries. The original
boundary faces are called object boundaries. Since a CSG object is composed from
convex polyhedra it is enough to change the data type for a polyhedron accordingly.

We call a polyhedron with the above two types of boundary faces a restricted
polyhedron, since it is restricted to a domain specified by a set of partitioning planes.
The corresponding data structure is:

RPolyhedron = RPolyh [Face] [Facel

// RPolyh objectBoundaries domainBoundaries

With theorem A.8 the boundary of the inside fragment of a polyhedron P split
with a partitioning plane A is given as all boundary faces lying inside the correspond-
ing half-space H,,, the part of the partitioning plane A lying inside the polyhedron,
and those faces of the polyhedron lying on the partitioning plane h with the same
normal orientation as h. Figure 3.23 gives two examples how object and domain
boundaries are affected by this result.

It can be seen that the type of domain boundaries does not change by splitting.
However, figure 3.23 (b) shows that an object boundary lying on the partitioning
plane becomes a domain boundary. The intersection of the partitioning plane with
the interior of the polyhedron (in part (a) of the figure) is always a domain boundary.
These results are translated into an algorithm to split a restricted polyhedron shown
in figure 3.24.

Similar to the algorithm for splitting a polyhedron (see figure 3.21) we classify
first all boundary faces of a restricted polyhedron (i.e., object and domain bound-
aries). If there are no boundaries on the outside of the partitioning plane the whole
polyhedron lies inside of it. Boundary faces on the partitioning plane (on0B) become
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Figure 3.23. Splitting a restricted polyhedron with a partitioning plane. The intersection
of the partitioning plane with the polyhedron forms a domain boundary for the resulting
fragments (a). If an object boundary of the polyhedron lies on the partitioning plane it
becomes a domain boundary (b).

domain boundaries (see figure 3.23 (b) for an example). A similar case arises if there
are no boundary faces inside the partitioning plane.

In the remaining case the polyhedron is split on the partitioning plane. We
split all its boundary faces and form with them two new polyhedra. The object
boundaries of the polyhedron inside the partitioning plane are given by the object
boundaries inside0B completely inside the plane and the bits inBits0B of the split
object boundaries. The same is valid for the domain boundaries. An additional
domain boundary newFace is formed from the intersection of the partitioning plane
with the polyhedron. The outside bit of the split polyhedron is defined in a similar
manner.

3.5.3 Surface Normals

Subsection 3.3.4 presented an algorithm to extract the boundary 0A of an object
A from a BSP tree 7j,,,(A) augmented with a superset faces(7iq.y(A)) of 9A. The
algorithm assumed that all surface normals of boundary faces point to the outside
of the object. Here we explain briefly how this is achieved.

The lazy BSP tree 7,,,(A) is constructed with lazy set operations (see figure 3.5).
This means that for example for the union of two objects A; and A a superset
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SplitRPolyhedron :: Plane RPolyhedron -> (RPolyhedron,RPolyhedron)

SplitRPolyhedron plane rPolyhedron=:(RPolyhedron objBounds domBounds)
| IsEmpty (outsideOB ++ outsideDB) = (RPolyhedronOnInside,VoidRPolyhedron)
| IsEmpty (inside0OB ++ insideDB) = (VoidRPolyhedron,RPolyhedronOnQutside)
= (inRPolyhedron,outRPolyhedron)

where
(insideOB,outside0B,on0B,intersected0B)
(insideDB,outsideDB,onDB,intersectedDB) = ClassifyWith plane domBounds
(inBits0B,outBits0B) = UnZipWith (SplitFace plane) intersected0OB
(inBitsDB,outBitsDB) = UnZipWith (SplitFace plane) intersectedDB
RPolyhedronOnInside = RPolyhedron inside0B (onOB ++ domBounds)
RPolyhedronOnOutside = RPolyhedron outsideOB (onOB ++ domBounds)

ClassifyWith plane objBounds

Intersection plane rPolyhedron
RPolyhedron (insideOB ++ inBits0B)
[newFace: (insideDB ++ inBitsDB)]
outRPolyhedron= RPolyhedron (outsideOB ++ outBitsOB)
[FlippedFace newFace: (outsideDB ++ outBitsDB)]

newFace

inRPolyhedron

Figure 3.24. Splitting a restricted polyhedron.

faces(Tiazy(A1U*Az)) of its boundary 0(A;U*A,) is constructed as the union of the
supersets faces(Tiq.y(A1)) and 9, Az of the boundaries 0A; and 9dA,, respectively.
The following result applies:

Theorem 3.1 Let A; and A, be two polyhedral objects and f a face on the boundary
of AyU*Ay with surface normal 7if.

Then there is an i, © € 1,2, such that f is on the boundary of A; and f has an
outward normal with respect to the object A1U*As, if and only if, it has an outward
normal with respect to the object A;.

A similar result is valid for the regularized intersection of two sets. For the
regularized set difference A;\*A, above result is valid if all faces on the boundary
of A, are flipped.

Theorem 3.1 can be proven analytically for arbitrary sets with a 2-manifold
boundary (given for polyhedral objects). However, it is easier to illustrate it with a
simple example.

Example 3.6 Figure 3.25 (a) shows two CSG objects A; and A, and their boundary
faces with surface normals. In (b) their regularized union A;U*A, is pictured. All
boundary faces of the regularized union are boundary faces of either of the two
child objects. Their surface normals do not change. Figure 3.25 (c) shows the set
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Figure 3.25. Two CSG objects with boundary faces and surface normals (a), their regu-
larized union (b) and their regqularized set difference (c).

difference of the CSG objects A; and A, from (a). All boundary faces of the set
difference A;\* A, belong to either A; or A;. However, the normal orientation of the
boundary faces of A;\*Ay which belong to A, is now reversed.

With the above theorem, and assuming that the surface normals of the primitive
objects of a CSG object A are outward normals, all normals of the CSG object itself
are outward normals as well.

We conclude with the following notes:

NotTE 1. For most algorithms it is computationally advantageous to know the ori-
entation of a face with respect to the partitioning plane it lies on (e.g., the function
BoundaryBSPTree in figure 3.12). This is achieved by either providing each face with
a tag specifying its orientation or using two different face lists for faces parallel or
anti-parallel to the partitioning plane.

NotEe 2. If different boundary faces of a CSG object can have different surface
properties, the boundary faces must be stored explicitly and retained during BSP
operations. The merged b-rep algorithm does not fulfill this condition. Hence it is
only suited for objects with constant surface properties.

NoTE 3. The lazy set operations define duplicate faces for common boundaries and
do not remove faces that after a set operation no longer belong to the boundary.
This is illustrated in figure 3.26

3.6 Complexity Analysis

The previous sections introduced two b-rep algorithms for CSG objects. This section
estimates their expected running time. We derive formulas for the best and average
case running time of the lazy b-rep algorithm (figure 3.5) and a lower bound for its
worst case running time. Since the merged b-rep algorithm (figure 3.15) is essentially
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Figure 3.26. BSP tree faces generated by lazy union.

based on the lazyb-rep algorithm we expect for it a similar asymptotic behavior. We
denote with n the size of a CSG object, i.e., n gives the number of half-spaces (faces)
defining the polyhedral primitives of the CSG object. The size of a BSP tree is given
by the number m of partitioning planes of the BSP tree. Note that the number of
partitioning planes of a BSP tree is both proportional to the number of cells and
the total number of nodes of the tree.

Best Case Running Time

The best case running time for the lazy b-rep algorithm is given for a scene which
leads to a balanced BSP tree. Furthermore partitioning a CSG object must not
occur (since partitioning leads to fragmentation and increases complexity). We
assume here and in the following cases that all faces have constant complexity. The
splitting algorithm for a CSG object of size n tests all faces of the objects’s primitives
against the partitioning plane (see section 3.5.1 on page 39). This takes ©(n) time
irrespective of whether the object is split or not?.

The lazy set operations (see figure 3.8 for the lazy union operation as an example)
between a BSP tree of size m and a CSG object of size n are computed by inserting
the CSG object into the BSP tree. The CSG object is split with the partitioning
plane of a BSP node and the resulting bits are recursively inserted into the subtrees.
Since we assume a balanced tree the subtrees are half the size of the original tree.

If an inserted CSG object reaches a cell we compute for the object a BSP tree
representation with the lazy BSP tree algorithm. The complexity of a lazy set
operation in the best case is hence given by the recurrence relation

m
Cgeest%p_lazy(ma n) = ngsé[lp_lazy(ga n) +n (3'7)
Cgeesé(.]p_lazy(lv n) = C]gessngree_lazy(n)

which solves with theorem A.5 to

best o best
CSetOp_lazy(ma n) =n 10g2 m + CBSPTree_lazy(n)

’In case the object is not split the running time of the splitting algorithm can be improved to
©(1) in most cases by defining a bounding box for each CSG object and testing the bounding box
against the partitioning plane.
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The lazy BSP tree algorithm (figure 3.7) transforms a CSG object A = A;P* A,
(@ € {U,n,\}) into a BSP tree by transforming the CSG object A; into a BSP tree
and inserting the CSG object A, according to the set operation @. In the best case
A; and A, are equal-size and the complexity of the lazy BSP tree algorithm is given
by the recurrence relation

n nmn
CgeSsIgTree_lazy(n) = CgesslgTree_lazy(E) + ngsifOp_lazy(Ev 5) (3'8)
CgesslgTree_lazy(l) = ¢

Inserting equation 3.7 into equation 3.8 yields

n n n
CgesslgTree_lazy(n) = 2C§%s$Tree_lazy(§) + 5 10g2(§)

which solves with theorem A.6 to

CgeSsIgTree_lazy(n) = 0(n 10g2 n) (3.9)

A similar argument shows that using a splitting operation which needs ©(1) time
to recognize that an object not intersected by the partitioning plane improves the
best case time complexity of the lazy BSP tree algorithm to ©(nlogn).

It remains to compute the complexity of the post-processing step for boundary
extraction. For the best case we assume that the number of faces stored in the aug-
mented BSP tree does not change. Also assume that all faces are equally distributed
on the partitioning planes. This means each partitioning plane is augmented with
O(1) faces.

In the best case a face inserted in a tree is not split. Since a tree of size m has a
height of logm the function InsertInCells (see figure 3.13) needs ©(nlogm) time to
insert a list of n faces in a BSP tree of size m. The function SingleSideExtractBoundary
with two given BSP trees of size m (a tree is balanced in the best case) and a face
list of size n has then the same time complexity.

The boundary extraction algorithm BoundaryBSPTree (figure 3.12) calls the func-
tion SingleSideExtractBoundary two times with two BSP trees of half the original size
m and a list with a constant number of faces. The recurrence relation

ngsltindaryBSPTree(m) - 2C§%slindaryBSPTree(%) +2 log(%)

best _
CBoundaryBSPTree(l) = c

gives the best case time complexity of the boundary extraction algorithm and solves
with theorem A.6 to

Cg%slindaryBSPTree(m) = ©(m) (3.10)
The lazy b-rep algorithm (figure 3.5) is formed as the composition of the lazy BSP

tree algorithm and the boundary extraction algorithm. Adding the complexities of
equation 3.9 and equation 3.10 and noting that the size m of a BSP tree is equal
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to the size n of the corresponding CSG object (since no face splitting takes place)
gives for the lazy b-rep algorithm a best case time complexity of

Cg%.sép_lazy(n) =0(n 10g2 n) (3.11)

Worst Case Running Time

A tight upper bound for the worst case time complexity of the lazy b-rep algorithm
proves to be difficult to find. However, a lower bound for the worst case time
and space complexity of any b-rep algorithm is constructed by considering three
orthogonal sets of n parallel flat cuboids. Taking the symmetric difference® of the
union of each of the three sets of parallel cuboids results in a checkerboard pattern
with cells alternately inside and outside the resulting object (see figure 3.27). The
BSP tree for the resulting object has ©(n?) faces and cells. Therefore a lower bound
for the worst case time and space complexity of the lazy b-rep algorithm is given by

Q(n?).

2 T~ b)

[J N cell with object boundaries

Figure 3.27. A lower bound for the worst case time complexity of a b-rep algorithm is
given for the symmetric difference of 3 orthogonal sets of n flat cuboids (a). The resulting
BSP tree has ©(n®) faces and cells (b).

Average Case Running Time

For the average case analysis assume that whenever a CSG object is split it is divided
into equal-size parts. This means especially that the resulting BSP tree is balanced.
This assumption is motivated from binary search trees. Knuth [Knu73] shows that
the search of a binary search tree with N keys, inserted in a random order, will

3Note that for two sets A and B the symmetric difference is defined as AAB = A\ BU B\ A4,
i.e., we can represent a symmetric difference with our model.
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require only about 2In N comparisons. Hence well-balanced trees are common and
degenerate trees are very rare.

First consider a lazy set operation between a BSP tree of size m and a CSG
object of size n. An example is given by the lazy union operation in figure 3.8. To
perform a union operation a CSG object is split with the partitioning plane of the
BSP tree and the resulting parts are inserted into the child trees of the BSP tree.
Splitting a CSG object takes ©(n) time. We suggest that in average the size of a
CSG object increases at each split by an ad hoc factor? of 1 < v < 2, i.e., the child
objects resulting from a splitting operation have an average size of 3v. If a CSG
object reaches a cell, we assume it has a constant size. Then the time complexity of
a lazy set operation is described by the recurrence relation

m n
C(SIZ%:OP_lazy(Tm n) = 2ngi0p_lazy(57 5'7) +n
ng!{:OP_lazy(lv n) = C
which solves with theorem A.5 to
ngthp_lazy(ma n) = @(m + nmlos: ’Y)

The lazy BSP tree algorithm (figure 3.7) transforms a CSG object A = A;®* A,
(@ € {U,n,\}) into a BSP tree by transforming the CSG object A; into a BSP tree
and inserting the CSG object A, according to the set operation . In the average
case A; and A, are approximately equal-size and the complexity of the lazy BSP
tree algorithm is given by the recurrence relation

n nn
ng%TreeJazy(n) = ngél?’Tree_lazy(E) + C(SlleJ%:Op_lazy(§7 5)

avg n n\ log2 7+1
= CBSPTree_lazy(E) + (5)

CEISJ%Tree_lazy(l) = ¢

which forms a geometric series and solves to

Ch$hrree 1azy(n) = O(n'5 ") (3.12)

It remains to compute the average time complexity of the post-processing step
for boundary extraction. We give here only an upper bound for the time complexity.
First note that the size of a CSG object inserted in a BSP tree increases by a factor
v in each step (we consider here the total size of all resulting fragments). If the
CSG object is inserted in a BSP tree of size m (and height log, m) the number of
faces of the CSG object increases therefore by a factor of °62™. Hence the lazy
BSP tree for a CSG object of size n is augmented with at most ny'°92" faces. We
assume that most of the new faces define partitioning planes if reaching a cell of the

4If an object is split the total number of faces of both parts is at least two greater than the
number of faces of the original object. Therefore we assume v > 1. On the other hand usually not
all faces of an object are split and therefore v < 2.
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BSP tree. Then the resulting BSP tree has a size of m = n!°627*! and, assuming the
faces are equally distributed over the tree, each partitioning plane is augmented with
a constant number of faces. We insert these faces with the function InsertInCell
into the BSP tree of size m. At each step the number of faces is again increased
by a factor of 4. The time complexity of the insertion step® with n' faces on each
partitioning plane is given by

!
m n
;;%ertInCell(mv n,) = 2C§;gsertInCell(5’ 57) + n,
C%ggsertInTree(l) = ¢
which solves with theorem A.5 to
C%flgsertInTree(m’ n,) = ®(m + nlmlog2 7) (3'13)

Let n be the number of faces of the initial CSG object. The function SingleSideEx-
tractBoundary inserts for each partitioning plane of a BSP tree a constant number of
n' = ¢ faces in the IN tree and the resulting faces in the OUT tree. With a similar
argument as for the size of the BSP tree the number of faces increases by splitting
to at most n” = nl°¢27. Using equation 3.13 the average case time complexity of
the function SingleSideExtractBoundary for a BSP tree of size m and n' = ¢ inserted
faces is bounded to above by O(m + n"m!°827) = O(m). For the latter equality we
use the fact that the initial BSP tree has the size m = n'°627*! and that 1 < y < 2
and therefore log v < log, vy < 1.

The boundary extraction step evaluates the function SingleSideExtractBoundary
twice for each node of a BSP tree and calls itself recursively for both subtrees of the
node. The recurrence relation

m
avg - avg
CBoundaryBSPTree(m) - 2CBoundaryBSPTree(E) +m
avg _
CBoundaryBSPTree(l) = c

gives an upper bound for the average case time complexity of the boundary extrac-
tion algorithm and solves with theorem A.2 to

Ca (m) = O(mlog,m)

oundaryBSPTree
O(n'°827*! log, n) (3.14)

The lazy b-rep algorithm (figure 3.5) is formed as the composition of the lazy BSP
tree algorithm and the boundary extraction algorithm. Combining equation 3.12 and
equation 3.14 gives

CRep 1azy (1) = Q(n'*827F) (3.15)

5The given time complexity is again only an upper bound since it does not consider the case
where the insertion stops before a cell of the BSP tree is reached. This case occurs if the list of
inserted faces is empty.
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as a tight lower bound for the average time complexity of the lazy b-rep algorithm
and

CBRep 1azy(n) = O(n°® 7" log, n) (3.16)

as an upper bound for the average time complexity. Since the upper bound is
not tight and since the factor log, n in the upper bound is small compared to the
polynomial factor we suggest ©(n'°627+1) as average time complexity of the lazy
b-rep algorithm.

3.7 Results

This section examines the performance of the lazy b-rep algorithms presented in this
chapter. The merged b-rep algorithm is with our implementation based on the lazy
b-rep algorithm and exhibits therefore a similar behavior. The main performance
measure is the running time. We give evidence that the asymptotic running time
is polynomial sub-quadratic as suggested in the complexity analysis in the previous
section. Additionally results of interest are the form and quality of the generated
BSP tree and of the boundary representation.

We implemented both algorithms in CLEAN 1.0. The following statistical results
were obtained on an APPLE MACINTOSH QUADRA 700 with 8 MByte heap space
and 1 MByte stack space.

The test data are the example scenes described in section 2.5. Recall that we
deal in this section only with unrounded polyhedral objects and we therefore refer
to the “n® Blended Cubes” as “n® Cubes”. We examine results for these scenes
separately since their geometry is more regular than that of the complex scenes.

Lazy B-rep Algorithm

Table 3.1 summarizes the statistical results obtained with the lazy b-rep algorithm.
For each scene the algorithm generates a BSP tree. The table gives the number of
half-spaces in the scene and for the generated BSP tree both its height, and the
number boundary faces, IN cells, and OUT cells. It also shows the execution time
of the lazy b-rep algorithm.

An interesting problem is the dependence of the running time of the b-rep al-
gorithm on the size (number of half-spaces) of a scene. Figure 3.28 gives a scatter
chart with the execution time plotted over the number of half-spaces of the scene.
In the plot we use a double logarithmic scale because of the large size differences
of the scenes. This means a straight line with slope n corresponds to function of
the form f(n) = n*. Note that the plots for the “CSG Example” scene and the
“Variable Radius” scene fall on the same point. We omit the plot for the “Cube”
scene because it is a primitive object and hence not representative for a complex
scene.
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Complex Scenes | #half- | Height | #boundary | #IN | #0UT | t.secution

spaces faces cells | cells | (in secs)
Cube 6 6 6 1 6 0.10
Cube In Cube 18 16 44 7 15 0.23
Stapler 47 13 109 19 52 0.81
CSG Example 72 13 118 24 37 0.58
Variable Radius 72 14 132 30 31 0.58
Hole Punch 203 32 460 92 161 4.18
Many Staplers 1128 30 3158 | 627 1193 30.53

Cube Scenes #half- | Height | #boundary | #IN | #0UT | t.seccution

spaces faces cells | cells | (in secs)
1 Cube 6 6 6 1 6 0.10
8 Cubes 48 9 48 8 31 0.35
27 Cubes 162 15 162 27 42 1.31
64 Cubes 384 15 384 64 119 2.93
125 Cubes 750 21 750 | 125 202 7.35
216 Cubes 1296 27 1296 | 216 261 16.16

Table 3.1. BSP tree statistics for the lazy b-rep algorithm.

Execution tine vs. nunber of half-spaces
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Figure 3.28. Ezxecution time for the lazy b-rep algorithm vs. number of half-spaces in the
scene.
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For easier interpretation we insert for each data set a line with slope one ob-
tained by a least square fit. This line corresponds to a linear function. The plot
gives evidence that both data sets rise slightly faster than linear. According to the
complexity analysis in the previous section we try to fit a function of the form

C : #half-spaces — toxecution
C(n) =an* +

with a least square fit to the plot. The best fitting curve, is the one with the smallest
average squared prediction error es,. An optimal solution is found for £ = 1.1 as
the exponent of the complexity function. This suggests that the time complexity of
the lazy b-rep algorithm for complex scenes is ©(n!!). Comparing this result with
the time complexity ©(n'°627%1) obtained with the complexity analysis yields the
splitting factor v = 1.07.

Another derivation of vy is obtained by extending the argument given for the
boundary extraction step of the average case analysis. This gives n; = 731°62" ag
an upper bound for the number of faces in the BSP tree for a CSG object of size n.
Using this result computes (a lower bound for) the splitting factor v = n}/(?’lo& ),

For the example scenes in table 3.1 the number of boundary faces ny in the final
BSP tree is given as “#boundary faces”. The corresponding results for v in the
example scenes are given in figure 3.29.
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Figure 3.29. A lower bound for the splitting factor .

The figure suggests that during execution of the lazy b-rep algorithm the total
size of a face increases by at least v = 1.03 with each split. In other words, the
probability that a face is actually split with a partitioning plane seems to be at least
3%. The splitting factor v does not seem to depend on the size of the scene.

For the cube scenes no splitting of faces occurs. We performed a least square fit
to the plot for the cube scenes in figure 3.28. Both a function with complexity class
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O(nlog®n) and a function with asymptotic complexity ©(n'1°) yielded a good least

square fit. Note that the former function corresponds to the result of our best case
analysis. The latter function suggests a wrong splitting factor v = 1.14 (recall that
no face splitting occurs and hence y must be one). Possible reasons for this result
are the regular (non-random) structure of the cube scenes and the evaluation order
of the CSG object (see next subsection). Also is possible to give an example where
the lazy b-rep algorithm has a time complexity of ©(n?) even though no splitting of
faces occurs.
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Figure 3.30. BSP tree statistics for the lazy b-rep algorithm.

Another interesting problem is the form and quality of the BSP tree produced
with the lazy b-rep algorithm. Figure 3.30 gives for each scene the height of the
generated BSP tree and the number of its boundary faces, IN cells, and OUT cells.
The x-axis is given by the size (number of half-spaces) of the scene. Note that we
use again a double logarithmic scale. The plot gives strong evidence that the height
of the BSP tree increases less than linearly, possibly logarithmically, in the size of
the scene. For the complex scenes the number of boundary faces, IN cells, and OUT
cells seems to increase slightly faster than linearly in the size of the scene. For the
cube scenes the behavior is linear, and the number of OUT cells grows less than
linearly.

Merged B-rep Algorithm

The results for the merged b-rep algorithm are similar to that for the lazy b-rep
algorithm. Since the merged b-rep algorithm makes rather inefficient use of the lazy
b-rep algorithm we expect that it is at least by a constant factor slower. We found
this to be generally true, though for some scenes the merged b-rep algorithm proved
to be faster. This behavior can be explained by noticing that the algorithms evaluate
the CSG object in different orders. The next subsection explains this phenomenon
in more detail.
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Order of Evaluation

The last results presented in this section concern the evaluation order of a CSG
object by a b-rep algorithm.

Many CSG objects are modeled as a union of a large number of component
objects. The b-rep algorithms introduced in this chapter first transform one of these
components into a BSP tree and then insert the other component objects. Clearly
the form of the BSP tree depends on the order of transformation and insertion, i.e.,
on the order of evaluation.

We give results only for the lazy b-rep algorithm and the “Hole Punch” scene.
This scene is a good example since it is modeled from components of different scales.
A simplified description of the “Hole Punch” scene is given in figure 3.31.

The “Hole Punch” is built from four main components:

1. Base Two large convex polyhedra.

[

. Top three large thin convex polyhedra.

w

. Hinges Two large non convex polyhedra.

4. Metal Pins Several small polyhedra of different shapes. Some constructed by
intersection and set difference operations.

The order in which the lazy b-rep algorithm evaluates these components influences
the performance of the algorithm. Table 3.2 shows the statistics for the final bound-
ary BSP tree for different evaluation orders of the components 1-4.

The symbol “1-4-2-3” gives the evaluation order of the components. In this
case the b-rep algorithm transforms the base first into a BSP tree and then inserts
the metal pins, the top, and the hinges in this order into the tree. Though 16
permutations are possible we give only 6 evaluation sequences containing the extreme
cases.

Evaluation | Height | #boundary | #IN | #0UT | tczecution
order faces cells | cells (in s)
1-2-3-4 32 459 92 161 4.23
4-3-2-1 20 462 80 195 3.3
4-2-3-1 20 453 86 193 3.33
1-3-2-4 29 430 76 155 3.78
3-2-1-4 22 381 56 131 3.00
4-1-2-3 23 490 | 100 208 3.78

Table 3.2. BSP tree statistics for the “Hole Punch” scene with different evaluation orders.
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Figure 3.31. Simplified description of the Hole Punch scene.
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The first table entry gives the tree for the evaluation order “1-2-3-4”. This is
the order of the original scene definition. The evaluation starts with the big objects
first, from the bottom to the top. The small metal pins are inserted last. Though
this order seems intuitively efficient, it results in the highest tree and the slowest
evaluation. The reversed order evaluates the smallest objects first and yields the
shallowest tree but the highest fragmentation. The fastest evaluation and lowest
fragmentation is given for the order “3-2-1-4”. Since the variation of the data is
fairly small few conclusions can be drawn. However, we notice the tendencies that
inserting the smallest objects last leads to a small fragmentation but also a generally
slower evaluation. In above examples this is due to the fact that evaluating the big
objects first gives generally a high and unbalanced tree. If we evaluate the big objects
first and still can achieve a balanced tree (e.g., order “4-2-3-1”) a fast execution is
likely. Starting with the smallest objects leads to high fragmentation but seems to
achieve in that way also a better balancing of the tree and hence a fast evaluation
of the algorithm.

3.8 Conclusion

This chapter presented two b-rep algorithms, which were used to compute the bound-
ary representation of a polyhedral CSG object. The algorithms compute a BSP tree
for the CSG object and augment it with a superset of its boundary. The object
boundary is then extracted in a post-processing step leaving a BSP tree augmented
with an explicit boundary representation of the CSG object.

As a by-product we developed set operations between two BSP trees and between
a BSP tree and a CSG object. The latter set operation is performed by inserting
the CSG object in the BSP tree and splitting it on its way down the tree with the
partitioning planes.

Both a complexity analysis and test results suggested a polynomial sub-quadratic
time complexity for the lazy b-rep algorithm which is dependent on the frequency
of the splitting operations. We tested several example scenes and detected that in
average the probability that a face is split on a partitioning plane is only about
3-7%. This resulted in a time complexity of about ©(n''). Similar results are valid
for the number of faces of the resulting b-rep, i.e., for the space complexity of the
lazy b-rep algorithm. We showed, though, that in the worst case at least a cubic
time and space complexity must be expected.

As performance enhancing improvements we suggested to compute for each CSG
object and its child objects a bounding box. Then, if the CSG object is inserted into
a BSP tree, the existence of an intersection with a partitioning plane can be tested
in constant time. With a look ahead we mention another improvement suggested in
chapter 6. Here fragmentation of the BSP tree is reduced by inserting the bounding
box of a CSG object prior to the insertion of the object itself.






CHAPTER 4

Polygonization of Implicit Surfaces

This chapter reviews popular polygonization methods for implicitly defined surfaces.
To get a basis for discussion we first introduce some notations. We then briefly
review the literature before presenting and explaining four specific methods, which
demonstrate useful principles in more detail. We discover a common framework for
a general polygonization method for implicitly defined surfaces, which proves helpful
in the development of Triage Polygonization in chapter 5. A final section lists some
general quality criteria and reviews how the presented methods relate to them.

4.1 Notations & Definitions

An implicit surface is given as all points z € IR® such that p(z) = ¢ for a function
p:IR*~ > IR and a constant ¢ € IR. The resulting surface is called a ¢ iso-surface.
A polygonization method approximates an implicit surface with a mesh of polygons.
The following sections reveal that all polygonization methods reviewed by us take
data samples in the volume of interest and compute or approximate from them points
on the iso-surface which are connected to form a polygon mesh. To avoid confusion
we introduce here a set of notations that we use throughout the chapter. A data
sample is referred to as a vozel. A convex polyhedral region bounded by voxels is
called a computational cell, and voxels at the cell’s corners are called vertices.

The iso-surface is implicitly specified by an underlying scalar function of three
variables and a threshold value. For consistency with our polygonization problem in
chapter 2 we take 0.5 as the threshold value and call the underlying scalar function
p a density field. For simplicity we assume the function is continuous.

Generation of the iso-surface involves sampling of the density field and the defini-
tion of computational cells. For each cell determine whether the underlying function
takes on the threshold value within the cell, and if so, approximate where the iso-
surface lies. We shall call a vertex value high if its value is greater than or equal to

39
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the threshold, and low if not.

An intersection point is the point at which the iso-surface is estimated to cross
the edge connecting two adjacent cell vertices that have different classification with
respect to the threshold. Such intersection points become vertices of one or more
topological polygons. These polygons specify the topology of the approximated sur-
face but are usually not planar.

If a face F' has np vertices vy ...v,, we define its center as the facial average

F

Z?:Fl (%

ng

centrep =

Analog we define the center of a cell.
If a face F' has mp intersection points p; . ..pm, of its edges with the iso-surface
we define its centroid as the average of the intersection points
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Analog we define the centroid of a cell.
We use the word cell edge for an edge of a polyhedral cell, and polygon edge for
an edge of a polygonal approximation of the iso-surface.

4.2 Literature Review

Many published methods exist for finding a polygonal approximation to an implicitly
defined surface. Though often written with a specific application in mind all methods
that we review here solve the polygonizing problem as defined by us.

The methods of Lorenson and Cline [LC87] and Wyvill et al. [WMW86b| involve
creating an array of cubes and evaluating the density field at each vertex. For
each cube that exhibits differently classified vertices the method constructs a linear
approximation to the surface.

Lorenson and Cline polygonize each cell based on a precomputed table of 15
topologically distinct high-low patterns of cell vertices. This table lookup method
is devised for speed, at the occasional expense of a correct topology. In the original
implementation the authors did not recognize ambiguities. Diiurst [Diiu88| showed
that this could yield a discontinuity between cells.

Wyvill et al. [WMW86b| recognize ambiguities, and disambiguate by the fa-
cial average value; the vertices that agree with the central estimate are considered
connected.

Ambiguities can be resolved implicitly by decomposition into simplices. This
approach is taken by Koide et al. [KDK86] and Doi and Koide [DK91]. They de-
compose a cell into tetrahedra and interpolate linearly on each tetrahedral edge.
Bloomenthal [Blo88, BW90] extends this method to an adaptive subdivision based
on cubes.
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Allgower and Gnutzman [AG87] give a more theoretical approach and yield error
bounds based on the mesh size.

Petersen, Piper and Worsey [PPW87] use a tetrahedral mesh in conjunction with
a Bernstein/Bezier representation. Hall and Warren [HW90] extend their method
using an adaptive subdivision technique which maintains a tetrahedral honeycomb
at all times.

Finally Gelder and Wilhelms [vGW94| give a thorough discussion of design-
objectives of iso-surface algorithms, iso-surface generation and solving of ambigui-
ties.

In the following subsections we present four selected algorithms in more detail.
First we choose the Marching Cube method because it is popular and fast. Its
implementation will serve as a benchmark for Triage Polygonization introduced in
chapter 5.

Next we analyze the Soft Object method from Wyvill et al. [WMW86b]. This
method is fast and eliminates the ambiguities of the Marching Cube method.

Hall’s and Warren’s algorithm [HW90] and Bloomenthal’s method [Blo88] are
good examples for adaptive solutions. The former algorithm performs a tetrahedral
subdivision of space, whereas the latter one is interesting because it uses an octree
representation.

4.2.1 Marching Cubes: A High Resolution 3D Surface Con-
struction Algorithm

The Marching Cubes algorithm combines simplicity with high speed. Because of its
popularity we chose it as a benchmark program for Triage Polygonization. We first
describe the algorithm and then make a few comments about our own implementa-
tion.

The algorithm processes 3D data in scan-line order and builds a logical array of
cubes. Each cube is created from eight voxels; four each from two adjacent slices.
The algorithm determines how the surface intersects this cube, then moves to the
next cube.

The iso-surface intersection is determined by first classifying the density values in
the cube’s vertices as high and low. Each edge with one high and one low vertex value
is assumed to intersect the iso-surface once. The intersection point is approximated
by linearly interpolating the density values in the vertices.

Since there are eight vertices in each cube and two values, high and low, there are
28 = 256 ways the surface can intersect the cube. Lorenson and Cline use symmetries
to reduce the number of patterns to 15 which are shown in figure 4.1

The algorithm can be summarized as

!The cases 12 and 15 are reflective with respect to the xy-plane. This leaves 14 topologically
distinct patterns (22 without inversed patterns) [LVG80].
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Figure 4.1. Triangulated Cubes.

e Scan two adjacent slices and create a cube from any four neighbors on each
slice.

e Calculate an 8-bit index for the cube by classifying the eight density values at
the cube vertices with respect to the iso-surface density.

e Using the index, look up the list of edges forming triangles from a precalculated
table.

e Using the densities at each edge vertex linearly interpolate the iso-surface
intersection.

The main disadvantage of the algorithm is that some patterns in figure 4.1
are topologically ambiguous as noted by van Gelder and Wilhelms [vGW94, pages
343 — 344]. This may produce a surface with a hole as pointed out by Diiurst
[Diiu88]. Van Gelder and Wilhelms [vGW94, page 340] cite Baker [Bak89] and
Kalvin [Kal91] for modifications that ensure continuity.

To simplify the algorithm in our implementation we only eliminate from the
original 256 patterns those with high and low vertices swapped. This leaves us a
table with 163 entries, where each pattern has at most four high values. Table 4.1
shows the number of remaining patterns.

We use the Marching Cubes algorithm to polygonize the surface of a quasi-con-
volutionally smoothed object. In our implementation we chose as cube size half the
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Number of high vertices |0 | 1| 2| 3| 4
Number of patterns 118 (28|56 |70

Table 4.1. Number of patterns with less than 5 high vertices.

rounding radius of the density object under consideration. This produces about the
same detail as our Triage Polygonization method presented in the next chapter. Note
that the rounding radius is the minimum resolution necessary to distinct between a
rounded and unrounded corner of 90° angle.

To polygonize a scene we first polygonize the density objects with the marching
cube algorithm. The polygonized objects and the primitive unrounded objects are
then transformed into BSP trees. The scene is formed by merging the BSP trees
according to the underlying set operations defined by the CSG object. Figure D.6
(b) gives as example a cube smoothed with varying rounding radii. More statistical
results for the Marching Cubes algorithm are given in subsection 7.5.1 for comparison
with Triage Polygonization.

4.2.2 Data Structure for Soft Objects

Wyvill, McPheeters and Wyvill report a polygonization method designed for soft
objects [WMW86b, WMW86a, WWMS87, BW90] but which can be readily applied
to our problem.

The authors construct a polygon mesh in two distinct stages. In a first step they
partition the space occupied by the iso-surface with a three dimensional cubic grid.
To find the cubes intersected by the surface without scanning the whole the authors
start with a set of seed cubes, at least one for every disconnected component?.
Starting at the seed cubes, they track the surface by cell propagation. If a cube
is intersected by the iso-surface the process continuous for each cube neighboring
an intersected face. A hash table is used to prevent cells being revisited during
recursion.

In the second stage the authors only deal with cubes which are intersected by
the surface. They construct a local polygonal approximation to the iso-surface by
linearly interpolating the intersection points of the iso-surface with the edges of the
cube. The intersection points on a face are connected to polygon edges. Ambiguities
are resolved by considering the center point of a face. Figure 4.2 illustrates the seven
possible cases.

This calculation is consistent across adjacent cubes with shared edges. By trac-
ing the natural successors of each polygon edge the authors construct topological
polygons. Since the resulting topological polygons are in general not planar the

2This is easily achieved for the Soft Object data structure. For our problem a sufficient set of
seed cubes can be constructed from the primitive objects of the scene.
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Figure 4.2. Seven different cases for connecting intersection points.

authors divide them into triangles by connecting each polygon vertex to the central
average of the topological polygon.

4.2.3 Adaptive Polygonization of Implicitly Defined Surfaces

Hall and Warren [HW90] report an adaptive polygonization method that performs a
tetrahedral subdivision of space. The authors maintain a tetrahedral honeycomb of
space at all time. A polyhedral subdivision of space forms a honeycomb if every face
is shared by at most two polyhedra. Because the recursive subdivision of a single
tetrahedron might cause the honeycomb property to be lost, the method partially
subdivides the neighbors of that tetrahedron to maintain the property. The adaptive
subdivision algorithm decides independently for each tetrahedron in the honeycomb
whether it should be recursively subdivided. The algorithm defers processing of
tetrahedra not recursively subdivided until it has considered all tetrahedra. It then
makes a second pass through the list of unsubdivided tetrahedra. For each tetrahe-
dron, the algorithm checks each edge to see if it must be subdivided. The faces and
polyhedra are then split according to the number of subdivided edges of each face.

The subspace polygonization algorithm takes as input a set of tetrahedra that
forms a honeycomb for the volume of interest. For each edge the authors determine
the intersection points with the iso-surface by successive linear interpolation. The
resulting intersection points are connected by one or two triangles. To ensure con-
tinuity the authors compute the edge intersections once and store them into a hash
table.
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4.2.4 Polygonization of Implicit Surfaces

Bloomenthal [Blo88] introduces a numerical technique to approximate an implicit
surface with a polygonal representation. The implicit function is adaptively sampled
as it is surrounded by a spatial partitioning. The partitioning is represented by an
octree, which may either converge to the surface or track it. A piecewise polygonal
representation is derived from the octree. Bloomenthal reports three steps:

e Spatial partitioning: Bloomenthal considers two methods for sampling the im-
plicit surface. The first method represents the implicit surface as an octree,
which is a hierarchical partitioning of space formed by subdivision of cubes,
beginning with a cube that bounds the surface. The octree converges to the
surface by subdivision of those cubes that intersect the surface. A disadvan-
tage is that small surface details may be missed by a large cube, resulting
in a premature termination in the subdivision of the cube. This drawback is
overcome by the second method which tracks the surface by cell propagation.
This is the same technique as used by Wyvill et al. (see subsection 4.2.2).

In both cases, the author evaluates the density function p at each of the cell’s
vertices. Only those cells that intersect the surface are retained in the par-
titioning. Bloomenthal determines the intersection points of the cell’s edges
with the iso-surface by root search. To ensure continuity between polygons
Bloomenthal refers to Wyvill’s method of storing the intersection points in a
hash table. Alternatively he suggests keeping for each cell eight pointers to its
vertices. As new cells are created, they must point correctly to shared vertices.

e Adaptive refinement of the octree: Bloomenthal improves the estimation of
the surface by subdividing those cubes containing elements of high curvature.

e Polygonization of the octree nodes: The final surface approximation is obtained
by polygonizing the octree nodes (final subdivision cells). For each cube to be
processed, the intersection points are ordered, forming a convex polygon whose
sides are each embedded in a cube face [WMWS86b]; the process is local to each
cube. Bloomenthal introduces a simple algorithm, illustrated in figure 4.3 to
perform the three-dimensional ordering of intersection points. The ordering
begins with any intersection point on the cube and proceeds towards the high
vertex and then clockwise about the face to the right until another intersection
point is reached.

The (topological) polygons resulting from this method are decomposed into tri-
angles. Note that the adaptive subdivision may destroy the honeycomb property of
the spatial partition. Bloomenthal ensures continuity between subspace polygons,
by tracking the edges of the topological polygon along the more highly divided face
(the light grey vertices in figure 4.4). He resolves ambiguities by taking the central
average as additional sample.
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Figure 4.3. Algorithm to order vertices.
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Figure 4.4. To guarantee continuity Bloomenthal forms polygon edges by always tracking
along the more highly divided face.
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4.3  Analysis of Polygonization Algorithms

In this section we analyze the above presented methods and extract a common
framework. This will prove helpful for the development of an improved solution for
our polygonization problem.

Comparing reviewed polygonization methods it can be seen that they all involve
three aspects:

1. Polyhedral subdivision of space
2. Subspace polygonization (approximate iso-surface inside a cell)

3. Ensuring continuity

4.3.1 Space Subdivision

During subdivision of space most methods maintain a honeycomb, the 3D analog
of a tessellation. The honeycomb guarantees that linear functions defined over a
polyhedron form a continuous surface.

The simplest honeycomb used is an array of cubes. As noted by Bloomenthal
[Blo88] vertex locations and face planes are computed more simply if the cells are
identical and similarly oriented. In three dimensions, the only such cell that fills
space is the cube. Also it enjoys a number of rotational symmetries, and divides into
eight similarly oriented cubes. Note though, that a honeycomb can be maintained
only by dividing all cubes of the array. An additional disadvantage is that the high
and low vertices of a cubic cell can not be separated by a single plane. This may
lead to ambiguities during the second stage of the corresponding polygonization
algorithm and may ultimately result in discontinuities for the polygonized surface
(see subsection 4.2.1).

In contrast, the vertices of a tetrahedron can always be separated by a single
plane, thereby avoiding ambiguities during the polygonization. Also a tetrahedron
can be subdivided into tetrahedra without subdividing its faces. This allows for a
local subdivision of a tetrahedral honeycomb. The topic of tetrahedral subdivision
for an adaptive polygonization is discussed in [HW90]. Tetrahedral subdivision in
n-space is commonly called Dirichlet tessellation. Bowyer [Bow81] gives an efficient
solution. A comprehensive bibliography of Voronoi diagrams, the dual of Dirichlet
tessellation, and related structures is given by Aurenhammer [Aur91].

It is interesting that the existing literature never mentions the use of a space
subdivision with general polyhedra. General polyhedra have the advantage that
every polyhedral partition of space can easily be transformed in a honeycomb. The
transformation is done by subdividing each face that faces more than one polyhedral
face. After the subdivision of the face the resulting object is still a polyhedron, apart
from that it has several coplanar faces. Figure 4.5 gives an example.
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Figure 4.5. Transforming a polyhedral subdivision into a honeycomb.

4.3.2 Subspace Polygonization

Two different methods of subspace polygonization are used by the reviewed algo-
rithms. Lorenson and Cline use a binary classification of the cells’ vertex values to
index a precomputed table yielding a set of polygons for the cell. The polygon ver-
tices are given by the intersection points of the cell’s edges with the iso-surface. The
other methods first precompute these intersection points and use them to determine
the iso-surface intersection with each face. By tracing the resulting edges topological
polygons are formed. In a final step these are divided into planar polygons.

The iso-surface intersections of the edges can be determined by interpolation or
by a root finder. Linear interpolation has the advantage that it is symmetric, which
means neighboring cells, sharing the same edge, share the same intersection point.
Omitting this condition leads to discontinuities of the resulting surface approxima-
tion. However, we can always achieve the condition by computing each intersection
point only once and then referring to it by pointers or by a hash table.

4.3.3 Ensuring Continuity

The third aspect of a polygonization algorithm is to guarantee surface continuity.
We identify three aspects: Ensure continuity on shared edges, on shared faces and
inside a cell.

All reviewed algorithms proceed by ensuring the following sufficient conditions
in this sequence:

1. Cells that meet at a common edge share a common intersection point.
2. Cells that meet along a common face share common polygon edges.

3. The subspace polygonization inside a cell is continuous, i.e., every polygon
edge inside a cell is shared by a neighbored polygon.

The first condition can always be fulfilled (for a honeycomb) by computing the
edge intersections by linear interpolation (subsection 4.2.1). Another approach,
taken by the other three presented algorithms, is to precompute all edge intersections
once and use them for all cells sharing that edge.
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Given condition one the second condition is trivially fulfilled for a tetrahedral
honeycomb (subsection 4.2.3). For a non-tetrahedral honeycomb there may be more
than two intersection points leading to ambiguities. Wyvill et al. (subsection 4.2.2)
solve the ambiguities explicitly by taking the facial average values (see figure 4.2
case 6 and 7). Lorenson and Cline omitted that point in their original implementa-
tion which resulted in possible discontinuities.

Bloomenthal (subsection 4.2.4) offers a different solution. His subdivision does
not have the honeycomb property. However, he knows that two faces facing each
other are either the same or one is the subdivision of the other. By always computing
the iso-surface intersection for the more highly divided face he gains continuity.

At this point all reviewed algorithms result in a set of contours lying on the
cell faces. Condition one guarantees that they form closed topological polygons.
Above algorithms conclude by dividing the topological polygons into planar polygons
(triangles), maintaining the third continuity condition.

The properties of the reviewed algorithms are summarized in table 4.2.

Lorenson & Cline Wyvill et al. Hall & Warren Bloomenthal

(subsection 4.2.1) (subsection 4.2.2) | (subsection 4.2.3) | (subsection 4.2.4)

Type of cells Cubes Cubes Tetrahedra Cubes

Honeycomb Yes Yes Yes No

Adaptive subdivision No No Yes Yes

Type of polygons Triangles Triangles Triangles Triangles

Ambiguities Yes No No No

Continuous surface No Yes Yes Yes

Computation of linear linear root search root search
intersection points interpolation interpolation (regula falsi)

Continuity at Interpolates Compute edge Compute edge Compute edge

shared edge edge intersection intersections intersections intersections

linearly only once only once only once

Continuity at (no continuity) | Has honeycomb and Has tetrahedral Computes face

shared face resolves ambiguities honeycomb intersections

only once

Disambiguation (not resolved) facial average (no ambiguities) central average

Table 4.2. Comparison of the reviewed polygonization algorithms.

We conclude this section with a some remarks regarding adaptive subdivision.
Adaptive subdivision results from the desire to approximate the iso-surface both
accurately and efficiently. This means the polygonization method must sample the
function closely. In the process the algorithm may sample heavily in areas where the
function is nearly linear. The solution is to sample adaptively, i.e., sampling more
closely near highly curved portions of the surface. This is achieved by recursively
subdividing the partition of space. Subdivision criteria are:

e terminate subdivision if polyhedron does not contain iso-surface

e terminate subdivision if iso-surface lies within some user-defined tolerance of
a linear approximation.

The first criterion terminates refinement away from the iso-surface. The second
criterion produces an adaptive surface tessellation based on the curvature of the
iso-surface.
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4.4 Quality Criteria

Quality criteria for polygonization algorithms are usually dependent on the applica-
tion. However, van Gelder and Wilhelms [vGW94] suggest a set of desirable features
of a general-purpose polygonization method. We will repeat them here because it
is interesting to see how our analyzed algorithms fulfill them. Also the quality cri-
teria are relevant to the development of our polygonization algorithm. The quality
criteria from van Gelder and Wilhelms are:

6.

. The algorithm should yield a continuous surface. Each polygon edge should be

shared by exactly two polygons or lie in an external face of the entire volume.

The iso-surface should be a continuous function of the input data. A small
change in the threshold value or some data value should produce a small change
in the iso-surface.

The iso-surface should be topologically correct when the underlying function
is “smooth enough”.

. The iso-surface produced should be neutral with respect to positive and nega-

tive sample data values (relative to threshold). Multiplying the samples (and
threshold) by —1 should not alter the surface.

The algorithm should not create artifacts not implied by the data, such as
bums and holes.

The algorithm should be fast.

Table 4.3 shows which quality criteria the presented algorithms fulfill.

Quality Lorenson & Cline Wiyvill et al. Hall & Warren Bloomenthal
criteria (subsection 4.2.1) | (subsection 4.2.2) | (subsection 4.2.3) | (subsection 4.2.4)
Continuous No Yes Yes Yes
surface

2. Continuity No No?® (unknown) No

3. Topologically Yes Yes Yes Yes
correct?

4. Neutral to No° Yes (unknown)?
sample values

5.  Free from No Yes Yes Yes
artifacts
Speed Van Gelder and Wilhelms [vGW94] (unknown) (unknown)

report similar speed

%Take an ambiguous case and change facial average value continuously from high to low.
bBut what is “smooth enough”?

€Case 12 in figure 4.1.

d4With some extra, effort this property can be achieved.

Table 4.3. Quality criteria of the reviewed polygonization algorithms.



CHAPTER 5

Triage Polygonization

5.1 Introduction

This chapter presents Triage Polygonization a new polygonization method designed
for quasi-convolutionally smoothed objects. Triage Polygonization outperforms con-
ventional implicit surface polygonization methods by increased speed and reduced
fragmentation.

Quasi-convolutionally smoothed objects are constructed from CSG objects with
polyhedral primitives by approximating a convolution with a spherical filter. A
smoothed object is then defined by the 0.5 iso-surface of a density field given as
an arithmetic tree. Triage Polygonization exploits the property that quasi-convolu-
tionally smoothed polyhedra usually have predominantly planar surfaces with only
edges and corners rounded.

The polygonization is defined in three steps. First the density field defining the
quasi-convolutionally smoothed object is partitioned in a BSP-like manner into low
and high cells (regions completely outside and inside the iso-surface, respectively).
Faces separating a low from a high cell are part of the iso-surface and hence of the
polygonal approximation. They are extracted in a second step. The tree defining
the partition of the density field is called density BSP tree (DBSP tree) and the
polygons separating low and high cells are called tree polygons.

Some cells can not be classified, i.e., they have points lying both outside and
inside the iso-surface. The third and last step of Triage Polygonization performs
a subspace polygonization for these cells and approximates the iso-surface inside
them. The resulting polygons are called subspace polygons. Algorithm 5.1 gives a
high-level description of Triage Polygonization.

Triage Polygonization reflects most of the concepts introduced in the previous
chapters. The next section summarizes therefore the key ideas and motivates from
them Triage Polygonization. We then describe in detail the three steps of the poly-
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Algorithm 5.1 (Triage Polygonization)

INPUT: Quasi-convolutionally smoothed object
(defined as iso-surface in a density field)
OUTPUT: List of faces (defined as convex polygons)

1. Polyhedral subdivision of the density field in a BSP-like manner.
Identify cells completely inside or outside the iso-surface and
cells (possibly) intersected by the iso-surface.

2. Extract polygons separating a cell inside the iso-surface
from a cell outside the iso-surface.

3. Perform a subspace polygonization for cells intersected
by the iso-surface.

gonization method. Some necessary refinements are described next. We go on with
the introduction of a simplified local description of a density field and use this to im-
prove the polygonization scheme. The chapter concludes with a summary of Triage
Polygonization.

5.2 Review & Motivation

In this section we summarize the key ideas from the previous chapters and motivate
from them Triage Polygonization.

This thesis introduced first quasi-convolutional smoothing, which approximates
convolutional smoothing. The primitive objects of a quasi-convolutionally smoothed
CSG object are polyhedra modeled as intersection of half-spaces. We assume that
quasi-convolutionally smoothed polyhedra usually have predominantly planar sur-
faces with only edges and corners rounded. Hence large areas of the object’s surface
are identical to the surface of the unrounded object. These parts of the surface of
a quasi-convolutionally smoothed object are called unsmoothed or unrounded. Un-
smoothed areas of the object’s surface are planar and form a subset of all boundary
faces of the object’s primitive polyhedra. This fact can be recognized by reviewing
the b-rep algorithms introduced in chapter 3.

Chapter 3 introduced BSP trees and two b-rep algorithms to extract the bound-
ary of a CSG object. A b-rep algorithm transforms a CSG object into a BSP tree
by defining partitioning planes from the half-spaces of the CSG object’s primitive
polyhedra. The b-rep of a CSG object is defined either implicitly as the faces sepa-
rating the IN and OUT cells of a BSP tree or explicitly by using an augmented BSP
tree with the boundary faces stored in the nodes of the tree.
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Finally chapter 4 presented four general polygonization methods with three com-
mon aspects:

1. Polyhedral subdivision of space.
2. Subspace polygonization.
3. Ensuring continuity.

Before developing an improved polygonization method for quasi-convolutionally
smoothed objects it is useful to analyze why the conventional methods mentioned in
the literature review (section 4.2) are not optimal for our polygonization problem.

First note that conventional polygonization methods assume little or no infor-
mation about the function underlying the surface. They must produce a minimum
resolution grid to find essential details. This leads to heavy fragmentation of planar
surface areas. The effect can be reduced by using an adaptive method. However,
we discovered that quasi-convolutionally smoothed objects may have regions of ar-
bitrarily high curvature. Even with adaptive sampling the minimum resolution of
the polyhedral subdivision must be rather high.

If we can identify unsmoothed areas of the iso-surface and can determine regions
of curvature (and possibly estimate the curvature), we can expect to produce fewer
polygons and a better surface approximation.

Note that conventional polygonization methods only produce an approximation
to the implicitly defined surface. Chapter 3 introduced two b-rep algorithms to
extract the exact boundary of an unrounded CSG object. The unsmoothed part
of a quasi-convolutionally smoothed object is unaffected by the rounding operation
and hence, if extracted, approximates the 0.5 iso-surface in that area exactly.

Additionally we found that most curved surfaces of a quasi-convolutionally
smoothed object are extremely simple, i.e., either smoothed edges or corners of
polyhedra. Identifying these regions gives the possibility of directly computing an
optimal solution.

The goals in the design of Triage Polygonization hence are

1. Fast speed.
2. Minimize the number of produced polygons!.
3. Where possible polygonize the surface exactly.

Also keep the general quality criteria from section 4.4 on page 70 in mind.

! Minimizing the number of polygons becomes especially important if performing set operations
between rounded (and hence polygonized) objects. Note however, that this might differ with the
application. For example Hall and Warren [HW90] report that for finite element analysis a small
aspect ratio of the polygonal elements is more important than minimizing their number.
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5.3 Polyhedral Subdivision of Space

This section presents the first step of the Triage Polygonization algorithm. We
subdivide the density field defining the quasi-convolutionally smoothed object into
polyhedral cells and classify the resulting cells. Cells completely inside or outside
the 0.5 iso-surface, and cells intersected by the 0.5 iso-surface are identified.

5.3.1 Introduction & Motivation

The previous chapter introduced BSP trees as a useful concept to extract the sur-
face of an unsmoothed CSG object. This suggests using a BSP-like partition as a
polyhedral subdivision of the density field defining a quasi-convolutionally smooth-
ed object. Instead of classifying the cells of the partition into IN and OUT cells,
we classify them as inside, outside, or intersected by the iso-surface. To facilitate
discussion we define:

Definition 5.1 A density value smaller than 0.5 is called “low”, a density value
greater than or equal to 0.5 is called “high”. A subset S of the density field with all
its points having a low (high) density value is called a “low (high) region”. Similarly
a region of constant density zero or one s called a “zero region” or “one region”,
respectively. A region which can not be classified as one of the above classes is called
“unclassified”. The expressions “zero”, “low”, “unclassified”, “high”, and “one”
represent “density classes”.

Note that the surface of a quasi-convolutionally smoothed object (the 0.5 iso-
surface in the corresponding density field) is for all natural objects defined as those
points separating low from high regions. This yields the lemma:

Lemma 5.1 The surface of a quasi-convolutionally smoothed object separates low
and high regions. A partitioning of the density field into low and high regions defines
implicitly the surface of the quasi-convolutionally smoothed object.

Hence an approximation to the correct partition of the density field into low and
high regions defines an approximation to the surface of the quasi-convolutionally
smoothed object. To implement this idea recall the definition of a quasi-convolu-
tionally smoothed object:

Let Obj be a CSG object with polyhedral primitives (defined as intersections of
half-spaces). Define a density field pop; which is one for all points on or inside the
object and zero for all points outside the object. Then

Obj = {p € R? | povj(p) = 1}

A quasi-convolutionally smoothed object is defined by smoothing the density
field pop; of the unsmoothed polyhedral CSG object with a spherical filter of ra-
dius r. The new density field ppy; : IR®> — IR is given as an arithmetic tree by
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convolutionally smoothing the half-spaces of Ob;j and replacing the set operations
union, intersection, and set difference by the arithmetic operations addition, multi-
plication, and subtraction (see definition 2.5). The surface of a quasi-convolutionally
smoothed object is defined as all points p € IR® with Pow;(p) = 0.5.

To facilitate the following discussion we introduce a few additional notations.

Definition 5.2 The plane defining a half-space is called a “half-space plane” (hs-
plane). If the half-space is rounded by a spherical filter of radius r we call the
hs-plane orthogonally displaced to the inside by the radius r the “r-inner half-space
plane” (r-ihs-plane) and denote it by h_,.. Similarly we call the hs-plane orthogonally
displaced to the outside by r the “r-outer half-space plane” (r-ohs-plane) and denote
it by h,..

Figure 5.1. A quasi-convolutionally smoothed half-space partitions the euclidean space
into four regions.

Figure 5.1 shows that the density field p}, partitions IR® into four parts. Outside
the r-ohs-plane h, the density field is constant zero. Similarly inside h_, the density
field is constant one. Between the two planes are a low region and a high region
separated by the half-space plane h. Note that all points on h_, have a density
value of one, all points on h, have a density value of zero, and all points on h have
a density value of 0.5.

Figure 5.2 shows the density field of two half-spaces combined with a set opera-
tion. The two intersecting half-spaces H; and H, are smoothed with rounding radii
r1 and ry, respectively?.

2For better illustration of the method we have chosen two different rounding radii for the half-
spaces. Note though that with the original definition the CSG object is smoothed with a constant
rounding radius. This restriction is relaxed in section 6.6.
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Figure 5.2. Intersection of two half-spaces.

According to equation 2.9 the resulting density field is the product of the density
fields of the half-spaces. As example consider the points p; and p,. The density
value in p; is computed as

pHinH, (P1) = PTI}I (p1) * Prli (p1) =05%1=05

since p; lies both on the planes h; and hy _,,. Similarly

P, (P2) = P, (p2) * P, (p2) =1%0.5=0.5

since p lies both on the planes hy and hq _,,.

5.3.2 Density Classification

The previous section showed how to classify any point of a density field. Similarly a
whole region of the density field is classified. Consider again figure 5.2. The planes
hi and h, and the corresponding inner and outer half-space planes partition the IR?
into 16 regions. By using interval arithmetic [Duf92, Sny92] it is possible to compute
the density values for a whole region of the density field. As example take region R;
bounded by the planes hi, hy,,, ho, and hy .

Since R; is bounded by the planes h; and h;,, the contribution of the density
field of Hi' to this region varies between zero and 0.5. We express this as

i, (Br) = (0.0,0.5)
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Similarly, since R; is bounded by hy and hy _,,, we have
i, (By) = (0.5,1.0)
and obtain

prinHE (R1) = p, (Ry) *7 pH, (Ry) = (0.0,0.5) *; (0.5,1.0) = (0.0,0.5)

where x| is the multiplication operator for two intervals. Hence all density values in
the region R; lie in the (open) interval (0.0,0.5). The same computation yields for
the region R,

prinH (R2) = P, (R2) *p P, (R2) = (0.0,0.5) x; (0.0,0.5) = (0.0, 0.25) (5.1)
and for the region R;
pHinH (R3) = i, (Rs) * pH,(Rs) = (0.5,1.0) *; (0.5,1.0) = (0.25,1.0)

The intervals of density values for both R; and R, have only values smaller then
0.5. Hence both these regions lie outside the 0.5 iso-surface. However, the interval
of density values for R3 contains the value 0.5. This result and similar computations
for the other regions reveal that Rj is the only region in figure 5.2 that may contain
the 0.5 iso-surface. Indeed, as indicated by the bold line the iso-surface intersects
only R3. The remaining parts of the iso-surface lie on the planes h; and hs.

In section 2.3 we assumed that the density field of a quasi-convolutionally
smoothed object has values only between zero and one. This fact can be used to
define special operators opp 1), (op € {+, —, *,/}) for interval arithmetic restricting
the result to the [0.0, 1.0] interval.

Liopp,lo = (Iioppl2) N [0,1],  (op € {+,—,%,/})
An empty interval as result of the interval operation opjo ;) indicates that the

result of the unrestricted interval operation lies outside the [0.0,1.0] interval and
hence shows that a modeling error exists.

Example 5.1 Consider the set difference of two regions R; and R, with density
values p(R;) = (0.0,0.5) and p(Rs) = (0.5,1.0). We want to compute the density
field p(Ry \ Rz2) = p(R1) — p(R2). With the restricted interval operation the result
is an empty interval.

(0.0,0.5) —0,1 (0.5,1.0) = ]
Using the non-restricted interval operator yields
(0.0,0.5) — (0.5,1.0) = (—1.0,0.0)

That means all values in the resulting density field are negative in contradiction to
the assumption that the density values lie between zero and one.
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Note that the restricted interval operator only detects an error in a density field
if all density values of a region are outside the [0.0, 1.0] interval.

The above computations can be simplified by replacing intervals with density
classes. Analog to the definition of a point value denote with low any subinterval of
the half-open interval [0.0,0.5) and with high any subinterval of the closed interval
[0.5,1.0]. All other intervals are called unclassified. An unclassified interval is a
subinterval of [0.0,1.0]. For computational efficiency we introduce a zero interval
[0.0,0.0] and a one interval [1.0, 1.0].

| *pq [ [0.0,0.00 | [0.0,0.5) | [0.0,1.0] | [0.5,1.0] | [1.0,1.0] |

[
[

[ ]
[0.0,0.0] [[ [0.0,0.0] | [0.0,0.0] | [0.0,0.0] | [0.0,0.0] | [0.0,0.0]
[0.0,0.5) [[ [0.0,0.0] | [0.0,0.25) | [0.0,0.5) | [0.0,0.5) | [0.0,0.5)
[0.0,1.0] [ [0.0,0.0] | [0.0,0.5) | [0.0,1.0] | [0.0,1.0] | [0.0,1.0]
[0.5,1.0] [ [0.0,0.0] | [0.0,0.5) | [0.0,1.0] | [0.25,1.0] | [0.5,1.0]
[1.0,1.0] [[]0.0,0.0] | [0.0,0.5) | [0.0,1.0] | [0.5,1.0] | [1.0,1.0]

Table 5.1. Multiplication of intervals.

Table 5.1 shows the results of interval multiplication for zero, low, unclassified,
high, and one intervals. Replacing the intervals with the density classes zero, low,
high, one, and unclassified yields table 5.2.

| * | zero | low | unclassified | high | one |
zero Zero | zero zero zero zero
low zero | low low low low
unclassified || zero | low | unclassified | unclassified | unclassified
high zero | low | unclassified | unclassified high
one zero | low | unclassified high one

Table 5.2. Multiplication of density classes.

Note that by replacing the intervals with density classes information is lost. As
example consider again the computation for region Ry (equation 5.1):

P, (R2) = pu, (R2) * p, (R2) = low * low = low

Instead of the exact answer (0.0,0.25) the result is only classified as a low interval,
i.e., a subinterval of [0.0,0.5). Initial tests, however, showed that this information
loss makes little difference for the final result, the detection of low, high, and un-
classified regions. This justifies using this simple and fast approach.

Similarly we can define tables for addition and subtraction (table 5.3 and 5.4).
Prohibited results (empty intervals) are marked with a dash. Additionally we assume
that the 0.5 iso-surface is a zero set in IR?, i.e., it is indeed a surface and not a volume.
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The table results are then correct with respect to a set of Lebesgue measure zero.
The only affected result is the subtraction of a high density class from a high density
class, which with a standard equality would be unclassified, but now is a low density
class.

| + H Zero ‘ low | unclassified ‘ high | one |
zZero zZero low | unclassified | high | one
low low | unclassified | unclassified | high | one
unclassified || unclassified | unclassified | unclassified | high | one
high high high high | one -
one one one one - -

Table 5.3. Addition of density classes.

| — H Zero ‘ low | unclassified ‘ high ‘ one |
zero zero zero zero - -
low low low low - -
unclassified || unclassified | unclassified | unclassified | low | zero
high high | unclassified | unclassified | low | zero
one one high | unclassified | low | zero

Table 5.4. Subtraction of density classes.

Figure 5.3 shows the complete classification for our example partition. Note that
all faces separating low and high regions are part of the 0.5 iso-surface.

We have shown now how to classify density values in any region of the density
field. The next subsection presents a polyhedral subdivision of the density field.

5.3.3 Polyhedral Subdivision

A polyhedral subdivision suitable for the polygonization process must identify pla-
nar and curved regions of the surface. Figure 5.1 gave an example how such a
subdivision is achieved for the quasi-convolutionally smoothed intersection of two
half-spaces. The process can be generalized for an arbitrary quasi-convolutionally
smoothed object.

To do this we introduce first a BSP-like data structure to partition and classify
a density field into density classes. The data structure is called a density BSP tree
(DBSP tree) and is defined as follows:
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Figure 5.3. Partitioning and classification of the density field of two intersecting half-
spaces.

Definition 5.3 DBSP tree

A DBSP tree 1,(A) for an object A, quasi-convolutionally smoothed with a spherical
filter of radius r and defined by a density field p’y, is recursively defined as

TP(A) = (han(Ah,in)an(Ah,out))
| zero | low | unclassified | high | one

where
h is a hs-plane, r-ihs-plane, or r-ohs-plane of A,
Apin and Ap our 1S the part of object A lying inside and outside
the partitioning plane h, respectively,
T,(Ap,in) and 7,(Apout) are DBSP trees inside and outside of h, respectively,
zero, low, unclassified, high, and one are the density classes of the cells
in the density field p'.

The polyhedral subdivision algorithm transforms the density field of a quasi-
convolutionally smoothed CSG object into a DBSP tree. Chapter 3 introduced two
algorithms to transform a CSG object into a BSP tree. One of them was the lazy
BSP-tree algorithm. It builds a BSP tree by inserting the CSG object step by step
into an initially empty BSP tree.
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DCSG Objects

To define a similar algorithm for DBSP trees, first convert a quasi-convolution-
ally smoothed CSG object into a CSG-like structure. This is done by replacing the
primitive objects of the unrounded object by convex polyhedral cells classifying their
density fields. Since the density field of the primitive objects is zero except for a
bounded region we identify only cells with a density class different from zero. The
resulting object is called a density CSG object (DCSG object). The data types for
a DCSG object and a DBSP tree are summarized in figure 5.4.

DCSGObject = DUnion DCSGObject DCSGObject
| DIntersection DCSGObject DCSGObject
| DSetDifference DCSGObject DCSGObject

| DPrimitive Polyhedron DensityClass
DBSPTree = DBSPNode Plane DBSPTree DBSPTree | DBSPLeaf DensityClass

DensityClass = Zero | Low | Unclassified | High | One

Figure 5.4. Data types of a DCSG object and a DBSP tree.

Example 5.2 Figure 5.5 (a) shows a quasi-convolutionally smoothed object. The
object is given as a rounded set difference of two cuboids and is pictured in (b).
Both cubic primitives define a density field. The DCSG object in (c) is defined by
partitioning and classifying the density fields of the cuboids.

To define the partition recall that a primitive object P is modeled as an in-
tersection of half-spaces. Let the object be quasi-convolutionally smoothed with a
spherical filter of radius r. Then its density field p} is the product of the density
fields of the smoothed half-spaces. Hence p% is zero outside any r-ohs-plane (a half-
space plane displaced orthogonally outwards by the rounding radius r). The region
inside all r-ohs-planes is partitioned with all hs-planes and r-ihs-planes. The density
class of the resulting cells is determined by classifying them against each half-space
and repeatedly applying the multiplication operator for density classes defined by
table 5.2.

The algorithm to transform a quasi-convolutionally smoothed CSG object into a
DCSG object is most easily formulated in functional code and is given in figure 5.6.

The polyhedron enclosing the non-zero density field is called outerPolyhedron. It
lies inside all r-ohs-planes. The outerPolyhedron is partitioned with all hs-planes and
r-ihs-planes. The resulting cells are classified by the function ClassifiedCell, which
computes the density class of the center of the cell with respect to the density field
of each smoothed half-space. The partition guarantees that the density class of the
centre is the density class of the entire cell.
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Figure 5.5. A quasi-convolutionally smoothed object (a) is defined by a CSG object (b).
The CSG object is transformed into a DCSG object (c) by partitioning and classifying the
density fields of the primitive objects.

The density field of the cell is the product of the density fields of the half-spaces.
Hence its density class is the product of the density classes of the parts of the half-
spaces intersected by the cell. The product of the density classes is computed with
table 5.2.

Example 5.3 The partitioning of a primitive object is described in figure 5.7. Part
(a) shows a quasi-convolutionally smoothed primitive object and the corresponding
unrounded object. The density field of the primitive object is partitioned with the
object’s hs-planes, r-ihs-panes, and r-ohs-planes (b). The resulting cells with non-
zero density class are given in (c).

Building a DBSP Tree
