Quadratic Programming Vs. Concurrent Correlation
Matching under Non-Uniform Image Contrast and Offset

G. Gimel’farb, P. Delmas, A. Shorin, J. Morris

Computer Science, University of Auckland, New Zealand.
Email: {ggim001,pdel016,al, jmor159}@cs.auckland.ac.nz

Abstract

Recognition of objects-of-interest by similarity of prototypes (templates) to sensed images of natural scenes
is important in computer vision, digital photogrammetry and multimedia data retrieval. However, accurate
template matching in the presence of non-uniform nuisance contrast and offset deviations remains a
challenging problem. Uniform deviations leading to cross-correlation matching scores have been studied for
decades, but non-uniform ones have been little explored - mostly, only computationally intensive gradient-
based matching for low order polynomial deviation model. This paper presents two computationally simpler
alternative approaches: (i) an analytical least-squares template matching for polynomial deviation models
of an arbitrary order using a bank of concurrent cross-correlation scores and (ii) a fast numerical quadratic
programming based matching for a new general model of loosely constrained non-uniform contrast and
offset deviations. Ezxperiments confirm that these approaches hold great promise in practice.
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1 Introduction

Robust template matching is a basic part of any
image processing, computer vision, photogrammet-
ric and multimedia system that has to detect, clas-
sify or retrieve objects on the basis of sensed 1D
signals or 2D images of natural scenes. Typical
matching frameworks assume that the sensed data
mostly follow probability models that account for
varying environments and sensing or imaging con-
ditions. The most popular cross-correlation match-
ing assumes uniform contrast deviations of a tem-
plate in the presence of an additive, independent,
central-symmetric and random noise [1, 2]. How-
ever, in practice, these assumptions frequently do
not hold and non-uniform contrast deviations that
exist even in a controlled real world environment
(e.g. due to changing illumination) often make the
correlation rather useless.

A polynomial model of non-uniform contrast in-
troduced by Lai [3] stimulated a number of sub-
sequent efforts [4, 5, 6]. Instead of the more con-
ventional but not robust least squares estimator,
Lai’s matching uses the robust M-estimator [7] and
thus a computationally complex numerical gradi-
ent search for the best match in the parameter
space of both geometric transformation and poly-
nomial coefficients. This high dimensional space is
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difficult to explore extensively, so various simplifi-
cations were made such as a heuristic feature sam-
pling with manual changes of selection parameters
for different recognition tasks [6] or matching only
contour images after edge detection [5]. Thus the
approach was practical with only a small number of
polynomial coefficients and failed with non-smooth
contrast changes and even shadows [3]. Low or-
der polynomial contrast deviations tend to have
a rather unnatural visual appearance (Fig. 1(c)):
even small movements of light sources lead to large
jumps in intensity (due to shadows and reflections)
which cannot be adequately modelled with sim-
ple polynomial functions. Fig. 2(c) shows contrast
deviations for a small (15°) rotation of the light
source.

We show that the least-squares framework allows
us to reduce matching based on an arbitrary order

(b) Polynomial (c) Deviation

(a) Template

Figure 1: (a) Template from the MIT database [§],
(b) (synthetic) example of scaled parabolic contrast
factors, and (c) contrast deviations using this model.
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Figure 2: Contrast variations with small change in
source position: (a) frontal illumination, (b) illumina-
tion from 15°, (c) scaled contrast deviations between
(a) and (b).

polynomial contrast and offset model to a sim-
ple concurrent cross-correlation matching with a
bank of specific co-registered templates. This re-
duction simplifies the elimination of nuisance de-
viations from a similarity score between an image
and its template. Also, a new general model of
loosely constrained non-uniform contrast and off-
set deviations from a template that preserve its
visual appearance as well as a computationally fea-
sible numerical least-squares matching framework
based on quadratic programming (QP) are pro-
posed. Both QP-matching and concurrent correla-
tion matching can be made robust in the presence
of outliers that violate the underlying probabil-
ity model of central-symmetric noise, much as the
conventional least-squares correlation in previous
work [9, 10].

The paper is organised as follows: concurrent cor-
relation matching for polynomial deviation models
is described in Section 2. Section 3 introduces
a new model of general constrained non-uniform
contrast and offset deviations that more closely
fits natural images than polynomial models. This
model leads to QP-based matching and a fast nu-
merical implementation. Experimental results and
conclusions are presented in Section 4.

2 Concurrent Correlation under
Polynomial Deviations

Let R =[(z,y) :2=0,...,.X—-1;4y=0,...,Y —1]
be a finite arithmetic lattice of XY pixels support-
ing images, and @ = {0,1,...,Q—1} be a finite set
of grey levels. Let g : R — Q denote a greyscale
digital image, t : R — Q, a template image to
be matched to g, and a : R — Q, an ‘image’ of
admissible contrast and offset deviations from t.
The images as vectors of the size XY are boldfaced

(g, t,a).

The n'* order polynomial model of non-uniform
contrast and offset deviations from ¢ is:

n kn
Qpy = > (Qijtay + Bij) 2’y =Y vepld, (1)
i,j=0 k=1
i+j<n

Figure 3: Bank of six eigen-templates for the 15 order

polynomial model of the template in Fig. 1(a)

specifies a vector space A(t; F) of the admissible
transformed templates a where FE denotes a k-
dimensional space of the real-valued coefficients v,
(i.e. ay; and Bi5), e.g. k1 = 6 for the first order
model (n = 1) with the coeflicients y1 = o, 72 =
Qa1g, -- ., and vg = Bo1; ko = 12, etc. Note that the
offset term, @, is not considered by Lai[3]. Each
image a in Eq. (1) is a linear combination of the &,
component images: pl*! = [z'yit,, : (z,y) € R] if
Vi = @ij and pig = [2°y7 : (2,y) € R] if v, = Biy-
Thus the image space A(t; E) is a linear manifold
of the maximal cardinality specified by the number
of orthonormal vectors in it. As Fig. 1(c) suggests,
a majority of the coefficient vectors « in F produce
unnatural distorted images a € A(t; E).

With admissible deviations defined by Eq. (1), the
least-squares matching of a sensed image g to the
template ¢ reduces to estimation of the k;,, minimis-
ers, 7, i.e. a;; and f3;;, of the Cartesian distance
between g and a € A(t; E):

Z (Qzy — gac,y)2 (2)

(z,y)ER

15) = i,

This least-squares matching is equivalent to max-
imising the variance of the projection of g on the
manifold A(t; E). Tt is easily shown that the max-
imiser ~ is obtained by solving a system of linear
equations vB = b with the k,, x k, matrix B and
the k,-vector b:

B = [Bu=Y sl o0 1%
Kl (z,y)eR Pz yPzy .

K,l=1
T

= [b,.€ = Z(z,y)eRpgngx,y ck=1,...k,

The solution is simplified after replacing the k,
component images p/®! with an orthogonal basis
of the manifold A(t; E') being built from the com-
ponent images by using the tractable PCA [11].
The eigenvectors with non-zero eigenvalues (called
the eigen-templates below) lead to a bank of k,
orthonormal eigen-templates e;; [ = 1,...,k, for
the concurrent cross-correlation matching. Then
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Figure 4: Bank of 12 eigen-templates for the 2°¢ order
polynomial model of the template in Fig. 1(a)

the minimisers are v, = elg; k = 1,... k,: the
matching score is d(g,t|E) = g'g — 21,211 72 and
the closest to g transformed template a is a =
Zﬁll Yx€r. Figures 3 and 4 show the six and
twelve grey-coded eigen-images for the first and
second order polynomial deviation model, respec-
tively, of the template t in Fig. 1(a). Note that the
number of eigen-templates for the i*" order model
grows as (i+1)(i4+2), i.e. 20 and 30 eigen-templates
for the 3" and 4*" order models, respectively.

3 QP-Based Matching for Gen-
eral Non-Uniform Deviations

Limitations of low-order polynomial models can
be overcome with a more general non-parametric
model of spatially variant image contrast and off-
set. Let 6gh:z,y = Yz;y — Gz—15y and 6gv:z,y =
9z,y — 9x,y—1 denote grey level differences in the
image g between the nearest horizontal and vertical
neighbours, respectively (with the like notation for
t and a: Othizy = teyy — ta—1yys O0hiw,y = Qayy —
Qz—1;y, 6tv:a),y = t;v,y - ta:,yfla and 6av:a;,y =g,y —
agz.y—1). The admissible contrast and offset devi-
ations of a from ¢ are specified with a fixed range
E = [emin, €max); 0 < €min < €maz, of factors
constraining the corresponding differences:

Ah:a:,y < 6ahz7y < Zh:a:,y
Dvy = Gty S Beay  ©)
0 < hx;y < Q-1
where
. eminOth:g,y 1f  Othigy >0
FhEy T emaxOtniz,y  otherwise
A . emaxOthizy 1f  Othgy >0
hwy = epintng,, otherwise
é . _ emin(stv:z,y if 6tV2.l’vy >0 (4)
viz,y €maxOty.z,y Otherwise
Z _ emax(stv:z,y lf 6tV2l’vy > 0
ViE,Y emin0lv:z,y Otherwise

Let A(t; E) denote the set of all the images a hav-
ing the admissible deviations of Eq. (3) from the
template ¢t. For this general contrast and offset
model, the least-squares matching of g to ¢ reduces
to the quadratic programming (QP) minimisation
of the Cartesian distance between g and a comply-
ing with the linear constraints of Eq. (3):

Z (azy — gz;y)2 (5)

(z,y)ER

g 1E) = i,

Due to large sparse matrices involved, the QP prob-
lem of Egs. (5) and (3) may be solved conveniently
with the Hildreth - D’Esopo algorithm [12, 13, 14]
that reduces the original QP problem to a simple
dual problem. Let us rewrite the original prob-
lem substituting fzy = @z y — g,y and using the

Lagrangian
6
Z fiy+ Z Uiz y Vi y (6)
(z,y)ER i=1
where u;.4y > 0; 4 =1,...,6, are the nonnegative

Lagrange multipliers for the constraints v;., , < 0:

wl:x,y = fac,y - fx—l,y - Ah:ac,y + 59h:x,y

¢2:x,y = _fx,y + fx—l,y “‘_Ah;x7y - 59h:x,y
7;[}3::1:,11 = fa:,y - f;v,yfl - Av:ar:,y + 6gv:z,y (7)
¢4:w,y = _f:v,y + f;v,yfl + év:z,y - 6gv:z;y
'¢5:x,y = fac,y - Q +1+ Gy

¢6:x,y = _fx,y — Gzyy

For brevity, the multipliers u; = 0 if the coordi-
nates x — 1 or y — 1 are outside their ranges in R.
Let &;.», > 0 be nonnegative variables such that
Uiz,y€iizy = 0. Then the Karush-Kuhn-Tucker
conditions for the QP problem of Egs. (6) and (7)
have the following form assuming that (z,y) € R,
(x—1,y) € R, and (z,y — 1) € R, respectively:

_fac,y + fx—l,l - gl:x,y = _Ah:x,y + 59h:x,y

f;v,y - f;vfl,y - fZ:z,y = Ah;w - 6gh:z,y

_fa:,y + fw,yfl - gS:w,y = _Av:a:,y + 6gv:a:,y (8)
fx,y - fx,y—l - é4:x,y = év;z,y - 6gv:x;y

~foy = Eswy = —Q+ 1+ guyy

fx,y - éﬁ:x,y = —Y9z;y
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and

2f;c,y FULpy — U2izy — Ulizt1,y T U2iz+1,y
+u3:z;y — U4,y — U3iz,y+1 + U4, y+1 (9)
tusey — Usey = 0

so that for all (z,y) € R

fx;y = - (ulzz,y —U2:iz,y — Ul:iz+1,y + U2:x+1,y
FU3zyy — Udiz,y — Uiz y+1 T Udiz y+1
FUsiz,y — Ubsz,y) /2
(10)
where 4.0y =0if i =1,2and z =0 and i = 3,4
and y = 0. The conditions of Eq. (8) lead to the
the dual QP problem [14]:

min{ATu+u'Gu | u>0}

where the vectors A represent the constraints of
Eq. (3) and u the corresponding Lagrange multi-
pliers and G is the sparse matrix such that the
equalities 2Gu— & = — A obtained by substituting
Eq. (10) into Eq. (8) have the following form for
all (z,y) € R (due to the limited space, only 3 out
of the 6 equations are shown below):

Ul:g,y — U2:z,y + % (_ulzerl,y + U2:z41,y
—Ul:z—1,y + U2:z:—1,y + U3:z,y — Ui,y

—U3ip y+1 T Udipy+1 — Uiw—1,y T Udiz—1,y (11)
FU3z—1,y+1 — Udiz—1,y+1

+u5:;z,y - uﬁi,y —Us:z—1,y + uG:xfl,y)

_Elzx,y = _Ah:z,y + §gh:x,y

—Ul:z,y + U2:z,y + % (ulzerl,y — U2:z+1,y
+u1:x71,y —U2:iz—1,y — U3:z,y + U4,y

+u3:x,y+1 — U4z y+1 + U3:x—1,y — Udiz—1,y (12)
—U3:x—1,y+1 + Ug:z—1,y+1

—U5:z;y + U6: 25y + Us:x—1,y — uG:zfl,y)

_52:x,y = éh;x,y - 5gh:z,y

1

B) (_ulzz,y + U2:z,y + Ul:zp41,y — U2:z4+1,y

—U3:z,y + Ug:z,y + U3:z,y+1 — Udiz,y+1 (13)
—U5:z,y T U6:;c,y) - gﬁzx,y = —Gz,y

The linear system of inequalities (11)—(13) under
the conditions & > 0; u > 0, and u'¢ = 0 is
solved by an iterative process similar to the Gauss-
Seidel coordinate relaxation process for systems
of linear equations [12, 13, 14]. For the lattice
R with M N pixels, the vector u has (M — 1)N
components 1.5, and (M —1)N components 4.5
fore=1,.... M—landy=0,...,N—1; M(N —
1) components us.5,, and M(N — 1) components
Udig,y forz =0,..., M —landy=1,...,N — 1,
and M N components us., , and M N components
Ugiz,y for x =0,...,. M —1landy =0,...,N —
1. An individual iteration replaces each successive
component with a new value, v = max{0,w._},
computed using the fixed current values of all other
components, e.g.

Wisw,y = (_Zh:x,y + 5gh:z;y) + U2z ,y
—1(—u1.p41,y + [other terms from Eq. (11)])

(14)
W2:z,y = (éh:z,y - 6‘911!377’!/) + Ut:z,y (15)
—3(U1:041,y — [other terms from Eq. (12)])
We:x;y = _29:8,3/ + Us:z,y (16)

—[other terms from Eq. (13)]

After this process converges to the final u-values,
the transformed template a that provides the mini-
mum matching score d(g, t|E) of Eq. (5) is obtained
using Eq. (10): agy = fo.y + Gy

In geometric terms, the solution of the dual QP
problem starts outside the constrained domain of
Eq. (8) and converges to the solution (Eq. (5)).
Convergence is reached when the maximum viola-
tions of the constraints

€1 = maxy y{0an.ay — Angy, 0}

€2 = maXxvy{_éah!%’y téh:x,y 0}

€3 = maxx,y{(sav:z,y - Av:aL’,yv O} (17)
€4 = maxx,y{_(sav:x,y + Av;x,ya 0}

€5 = maxgy{as,—Q+1,0}

€6 = maxy ,{—az,,0}

are below a fixed threshold.

4 Experiments and Conclusions

Our experiments used the MIT face database [8]
containing 36 face images for each of ten persons.
Ilumination directions vary from 0° to 75° ver-
tically and from 15° to 90° horizontally with in-
crements of 15°. The image with almost frontal
illumination (0°,15°) was selected as the proto-
type, t, for matching to other images. Figure 5
shows a subset of images of the same face from
this database.

Table 1: Average absolute pixel-wise squared distance,
s = /(5 D(g,t|E)) between the image g and the
closest transformed template, a, for 36 faces “MIT-
00004” from the MIT database (a and 3 — the vertical
and horizontal illumination angles, respectively); C; —
concurrent correlation matching with i** order polyno-
mial model, and Q — QP-based matching.

o |0 45 75
B | 15 45 75 90 15 45 75 90 15 45 75 90

Ci| 078 12 14 12 11 12 13 12 12 12 12
Cy| 078 12 13 10 11 12 12 12 12 11 11
Cs| O71 10 12 10 11 12 12 12 12 11 11
Cy| 065 10 11 10 10 11 11 12 11 11 11

Q 015 3247 28294147 47474849

Transformations of the template by concurrent cor-
relation matching to the other images using the
first and second order polynomial contrast and off-
set models are shown in Figs. 6 and 7, respectively.
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Figure 5: Face “MIT-00004" [8] with varying vertical Figure 7: Concurrent correlation: template (0°;15°)
(0°-75°) and horizontal (15°-90°) illumination direc-  transformed under the second order polynomial model
tions. to match images in Fig. 5.

0

Figure 6: Concurrent correlation: template (0°;15°) Figure 8: QP matching: template (0°;15°) trans-
transformed under the first order polynomial model to formed in the local range F = [0.25..4.0] to match
match the images in Fig. 5. images in Fig. 5.

Results for QP-matching are given in Fig. 8. Ta-  database showed that the proposed general model
ble 1 shows the average residual absolute distances  and QP matching allow us to account better for
between the matched image, g, and the closest  natural non-uniform contrast and offset deviations

transformed template, a, in Eq. (5). The QP itera-  due to varying illumination than up to 4*® order
tions were terminated after the maximum violation polynomial models.

of the constraints in Eq. (17) became less than 1 -
from 85 to 780 iterations in Fig. 8. These and sim-
ilar experiments with other images from the same

Table 2 compares QP-matching to Lai’s matching
algorithm with the quadratic polynomial contrast
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model on the MIT database [8] by showing the
mean (Dp,), standard deviation (op), minimum
(Dmin), and maximum (Dyyay ) values of the match-
ing scores D(g,t|E) in Eq. (5). These experiments
involved 30 template-target image pairs such that
different images of each person are matched only to
their own template (0°,15°) and the test targets g
are either synthetic (namely, the template ¢ trans-
formed by arbitrary uniform contrast and offset
changes or quadratic contrast variations shown in
Fig. 1(b)), or natural MIT database images with
large illumination differences with respect to the
templates.

Table 2: Distributions of the matching scores for the
QP-matching and Lai’s approach (within the brackets)
under synthetic uniform (SU); synthetic quadratic
(SQ), and (NNU) natural non-uniform contrast and

offset deviations.

Test Dmn oD Dmin Dmax
SU 1.7 23] 0.4[3.7] 0.4[15] 7.1 29]
SQ 64[6.1] 1.6[7.6] 49[0.8] 85 [28]

NNU 4.4[62] 0.6[39] 0.2[39] 11 [150]

Excepting the global quadratic contrast variations,
our QP-based matching for the general non-uniform
contrast and offset model outperformed Lai’s ap-
proach based on the polynomial model. The latter
matching works better in these experiments for the
quadratic contrast changes only because our gen-
eral model (Eq. (3)) forbids sign changes in local
signal differences in a template to preserve better
the natural appearance of the transformed images
whereas the quadratic contrast factors allow sign
changes. Due to relatively simple repetitive com-
putations at each step, QP-based matching offers
good prospects of specialised hardware implemen-
tation.
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