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Blum’s Papers on Complexity

[1 Blum, M.: A machine-independent theory of the
complexity of recursive functions. Journal of the ACM
14(2) (1967) 322 — 336

[1 Itis the foundation for the Theory of Computational
Complexity

[1 Blum, M.: On the size of machines, Information and
Control 11 (1967) 257-265
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complexity of recursive functions. Journal of the ACM
14(2) (1967) 322 — 336

[1 Itis the foundation for the Theory of Computational
Complexity

[1 Blum, M.: On the size of machines, Information and
Control 11 (1967) 257-265
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machines, |i| being called the size of M, if and only if:

0 there exist at most a finite number of machines of
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[0 there exists an affective procedure for deciding, for
any y, which machines are of size y."[2]
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0 “l-|:N— Nis called a measure of the size of
machines, |i| being called the size of M, if and only if:

0 there exist at most a finite number of machines of
any given size and

[0 there exists an affective procedure for deciding, for
any y, which machines are of size y."[2]

[1 “These are all so fantastically weak that any reasonable
model of a computer and any reasonable definition of
size and step satisfies them” [2]
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Known Facts

[1 Many results for these complexities are exactly the same

[J Many proofs are almost identical

[ Some proofs must take into consideration the fact
that the input must have a particular form.

[1 There are instances where we have to produce new
proofs for each of the two complexities.
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[1 Some results hold for the prefix-free complexity, and do
not for plain complexity.

[ Example: the case of infinite sequences.
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Burgin’s Work

[1 Generalized Kolmogorov complexity and other dual
complexity measures, Translated from Kibernetica 4
(1990) 21-29. Original article submitted June 19 (1986)

[1 Algorithmic complexity of recursive and inductive
algorithms, Theoretical Computer Science 317 (2004)
31-60

[1 Algorithmic complexity as a criterion of unsolvability,
Theoretical Computer Science 383 (2007) 244-259
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Burgin’s Conclusion on Randomness

[] “...an attempt to define in this setting an appropriate
concept of randomness was unsuccessful. It turned out
that the original definition of Kolmogorov complexity was
not relevant for that goal. To get a correct definition of a
random infinite sequence, it was necessary to restrict
the class of utilized algorithms.”
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Plain and Prefix-free 2

Complexity A (direct) complexity measure is a function m : I — N such
that:

00 Burgin’s Work

0 Burgin’ . . .

Conclusion on 1. (Computational axiom) m is computable;

Randomness

Considered by 2. (Re-computational Axiom) the set {j | m(j) = n} is
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Burgin

A Follow-up of
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3. (Cofinitness Axiom) #{j | m(j) =n} < .

Total Defined

Functions
BUSC Spaces 4. (Re-constructibility Axiom) For any number n, it is
What's Next possible to build all algorithms A from G for which
m(A) = n.
5. (Compositional Axiom) If A C B, then m(A) < m(B).
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Dual Complexity Measures

Given a complexity measure m : I — N and ¢y € G, the
dual to m with respect to ¢ is

my,(z) = min{m(y) | y € 1,9 (y) = =}.

If indexes y are over an alphabet with p letters A,, we
may consider as string~!(y) € N instead of y ¢ A* ,
because string(n) is a one to one function.

The length function on A}, m(y) = |y| induces the dual
to length complexity measure.

What's Next
Plain and prefix-free complexity measures are dual to
length complexity measures. [3]
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CY(z) =

welyel

inf {m(i) +m(y) [ i(y) = z}.

Cy(x) = nf{m(y) | ¥(y) = =},

yel

(1)

(2)

[0 In case v is an universal algorithm for G (¢ € G), then

C(z) = Cylz) + O(1).
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String Functions

O T = ((m)er) is a set of total functions over A7, and
<,

- > Is a pairing function

U Theorem 1. If

1. for every T € 7, there exists a function B, such that

7(zy)| < |7(x)] + Br(lyl),

2. forevery M > 0, thereis: € I and x such that

7i(2)] > 2| - M,

then there is no universal function for 7 in 7.
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Examples/Remarks

e Functions that are realized by functional transducers

satisfy the above theorem.

Theorem 9 in [7] is a corollary of Theorem 1.

e The proof of Theorem 1 do not require that all functions

of family 7 to be total functions, however, we assume

that if 7(zy) is defined, then 7(z) is also defined.
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Computable Complexities

[1 Forany r; € 7, we have that:

C(x) < Cr(x) +m(i).

[1 If identity function can be encoded by 7, then the

complexity C' is computable.
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Encoding Families of Functions

[1 E and e are computable functions, £ as above.

L Definition 4. We say that the family G = (1;);c is an

(e, E)-encoding of the family H = (u;);c7, if for every

1 € I and all x € N, we have that:

1. pi(x) = Yeiy (E(2,1)), foralli € I and z € N,
2. if;(z) ==x,thene(i) =j and E(i,y) = 2, for some

€ ITand y € N.

[1 A Blum Universal Static Complexity space is a BSC

space with an universal algorithm.
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Results on Finite Transducer Complexity ...

Blum’s Axioms

[1 Minimum complexity increases much slower than linear.
For example:

Plain and Prefix-free
Complexity

Unified Approach

A Follow-up of 1. the complexity of letters is 7
Burgin’s Work

s 2. the minimum complexity of strings of length 10 is 13
Funetons 3. the minimum complexity of strings of length 13 is 17
BUSC Spaces
4. the minimum complexity of strings of length 16 is 16
Finite Tranaducer 5. the minimum complexity of strings of length 17 is 19
Complexity
0 Results on Finite
Tensducer [ We could find 16 words of length 32 with complexity 16
Taneducer 0 We could find 1388 words of length 34 with complexity
Complexity ...
0 Fuure ork (@in 24
Japeee e Gl 0 We could find 16 words of length 36 with complexity 21
0 References and 32 strings of length 55 with complexity 25.
0 References
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Future Work (in Progress) and Open
Problems

[]

[]

If two encodings of a BUSC differ by a constant, then the
complexities “are equivalent”.

For two encodings of a BUSC where the size of one of
them increases “much faster” than the other one, we
have a strict inclusion for the set of random strings.

Define randomness of infinite strings for an arbitrary
BUSC space.

Does it make sense to define randomness for an
arbitrary BSC space?

Give other conditions for encodings, such that the
“*known” results can still be proved.

Is there a necessary condition for the (un)computability
of a complexity measure?
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