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2D / 3D Geometry and
2D Edge Representation by Lines



Homogeneous coordinates of a 1D
point

e In inhomogeneous 1D (cartesian) coordinates,
a point is represented by a single value (for
example, x=1).

e In homogeneous coordinates, a 1D point is

/ !
represented by a 2D vector ( gyg, ) or ( yl’ )

which defines a ray:

1 1
{J or k{J fork =0
‘ Y' {2] {2]
or k fork =0
1 1
Ray 1 Ray 2

1D inhomogeneous coordinate: x
1D homogeneous coordinate: (x',y)7



2D Homogeneous coordinates

In inhomogeneous 2D (cartesian) coordinates, a
point is represented by a 2D vector (z,y)!. In

homogeneous coordinates, it is viewed as a 3D
/
/

vector | ¢/ or multiple of the vector y_:
Z 7

2D inhomogeneous coordinates: (x,y) T
2D homogeneous coordinates: (xX.y'.z)7




Translation of a 2D point

Y p
-------------- o 2
5 \ p2=p1+A or
S
X

e In homogeneous coordinates:

yo | =1 0 1 9y Y1
1 O 0 1 1



Translation of a 3D point

Y p2=p1+A or
X2:Xl+6x
¥ y2:y1+6v
:2::l+8,
e In homogeneous coordinates:
o 1 0 0 dg x1
y2 | _ | 0 1 0 4 Y1
2o O 0 1 §, z1
1 O 00 1 1



Rotation of a 2D point
around the origin

P, =R,p,
cosfd -—sind

sitné cos@

0 — a rotation angle; Rg— a rotation matrix

x, = X, 08—y, sind

vy, =X,siIn0+y,cosl

e In homogeneous coordinates:

o L1

cosfd —sinf O

Y2 = sinf@ cosfd O. Y1
0 0 1

1 1



Rotation of a 2D point
around a given center

from point.pdf from point.pdf from point.pdf
from point.pdf from point.pdf from point.pdf

P,= Pyt Ry(p=py)

cos O —sin 0
R9=

snb cos6

X

0 — a rotation angle; R,- a rotation matrix

X, =Xyt (x;— xp) cos 0= (y, — ) sin 6

e In homogeneous coordinates:

o cosf —sinf [xo(1l — cosO) x1
+yo Sin 0]
y2 | = | sind cosé [—20Sin 6 Y1

+y0(1 — cos9)]
1 0 0 1 1



Rotation of a 3D point around the
origin

cosk -sink 0
R_=| sink cosk 0 ‘ Rotation ( swing ) matrix :
: 0 0 I rotation around ;-axis
= X cos ¢ 0 sind
R, = 0 1 0 Rotation ( pan ) matrix :
: Lsin ¢ 0 cosd rotation around y-axis
1 0 0
R, = 0 cosw -sinw ’ Rotation (tilf ) matrix:
0 sinw cosw rotation around x-axis

m Three axes (x, y, 2) to rotate about, so three different matrices

m Let C =cos 6 and S = sin 0, then the matrices for positive (right
handed) rotation are: 1 0 0

; . 0 C -S
Rotation about x-axis: R = -
0

Note on 3 x 3 rotation
matrices:

Row and column corresponding
to axis of rotationare as for
identity I

=]

Rotation about y-axis: R, = diagonal, + S off diagonal, so

thatR=1 if 6 =0.

o N o @0

e
|
%]

S o = O

Sign of S can be inferred from
the fact that rotation aroundx.y.z
by 6=90° transforms y—>z , z—>x,
x—>y, respectively.

|
%]

Rotation about z-axis: r_ -

0
0
0
1
0
0 Other elements are C on
0
1
0
0
0
1

S o ) o
o o 6
= = k=

13



3D rotation in homogeneous
coordinates

In the general case, the 3D rotation is
decomposed to three rotations around the
coordinate axes x,y,z. The rotation matrix

Ry 6w = Rz(8)Ry(¢)Ra(w)

and in homogeneous coordinates the rotation
is as follows:

L2

Y2

<2
1

_ || Regw

O 0 O

L]
Y1
<1

1

= OOO

The resulting matrix Ry 4 -

COS@®COSK | SInNwSIiN ¢ COSKk— | COSw SiN ¢ COS K+
COSwSin kK Sinwsin k

COS¢Sink | Sinwsingsin k+ | COSwSIiN ¢ SiN kK—
COSw COS K Sin w COS Kk
—Sin ¢ Sin w COS ¢ COS w COS ¢




Scaling of a 2D point

¥
p2=Sp1 or
Sty | : X,= S8, X
------- . : il %]
.............. LI
N I — _
Yo = Sy
s. 0
— l L ] [ ]
S = — a scaling matrix
0 s,

e In homogeneous coordinates:

T2 sz O O Tq

y2 | =11 0 sy O Y1
1 O 0 1 1



Scaling of a 3D point

Yy
s— p2= S pl oY
p
........... szlpl s x2: S.)C xl
| Y27 %y N
= .
. i

s.0 0 1
8= (10 5y 0 — a scaling matrix

0 0 s,

e In homogeneous coordinates:

o s; 0O 0O O 1
y2 | _ | O sy O O Y1
Zo O O sz O Z1

1 O 0O O 1 1



Representation of 2D lines
and straight-line segments

YA » 1(dB)=xsinB—ycosB+d=0
.0‘ X—Xl :y_yl

Py xy;-x; Yy

p=p,Tt(p,—p,) - the
- parametric form
Vs

n=(sin0, —cosO) —a unit normal
vector
) d ——(xjcos©® —y,snb) - the signed
distance to the origin in the
direction of the normal wvector

e Interior line points: 0<t<1

e ENnd points: t=0and t=1

e EXxterior line points: t<Oand ¢t > 1



Representation of 3D lines
and straight-line segments

Ay
..’ X*xl_y*yl_Z*:l
TR T R ECh
P,
o
%
p=p,tt(p,~p,) - the
P, parametric form

L
*

e Interior line points: 0<t<1

e ENnd points: t=0and t=1

e EXxterior line points: t<Oand ¢t > 1



Distance to a 2D or 3D segment

N\
N\
N\

&1.*:0 +fb r=1
e ——_ L

P, Py o 5

: pc gpb
™ .

— the orthogonal projection of P,

pb OT
‘Pl onto the line p=p, 1P, P

P,— ) (P>—Pp))
®,~p) ' (®,— D)
) 0= X )+ 0= 057

(xz_xl )2 + (}}2_}21 )2

: 2
f, = arg n}mIpb— (p,+1(py— pl))l -

in 2D case or

(o, =2 ) o =x )+ 0y =0) 0, =)+ (E—2) (57 2)

(g )2 13, ¥e.r (:2—:1)2

in 3D case. The projection onto the segment p, p,:

P, if 7,<0
P~ P, "1, (P, P) if 0 < f, <1
& P> if #,> 1



Intersection of two 2D lines

----------
L
-

Ie,-p,.p,-pllt;=p-p,
P, (2 X 2 matrixV
1l x 2 vector

The intersection exists if the matrix
is not singular

"y,

Interior and exterior intersections
of straight-line segments



Intersection of two 3D lines

min|p + 7 (p,~p) Py ~1,@, Pl ——

112:134
—~atll—
T T T
Ay By DAl [ E2 —A3 Ay
T T - T
AV RAVERUAVEVARE] | MV FE A3 Ay;
where A;=P;~ P,
T T =~ =T
o Ay Ay=A A ASERAYY
| i T
L3 A 1Az A gsA gl VA3 Ags

Exercise: derive the explicit formulae for tq1o
and tg4q for the closest intersection point.



