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2D / 3D Geometry and
2D Edge Representation by Lines



Homogeneous coordinates of a 1D
point

• In inhomogeneous 1D (cartesian) coordinates,
a point is represented by a single value (for
example, x=1).

• In homogeneous coordinates, a 1D point is

represented by a 2D vector

(
x′

y′

)
or

 x′
y′

1

,

which defines a ray:



2D Homogeneous coordinates

In inhomogeneous 2D (cartesian) coordinates, a

point is represented by a 2D vector (x, y)T . In

homogeneous coordinates, it is viewed as a 3D

vector

 x′

y′

z′

 or multiple of the vector


x′
z′
y′
z′
1

.



Translation of a 2D point

• In homogeneous coordinates: x2
y2
1

 =

 1 0 δx
0 1 δy
0 0 1


 x1
y1
1





Translation of a 3D point

• In homogeneous coordinates:
x2
y2
z2
1

 =


1 0 0 δx
0 1 0 δy
0 0 1 δz
0 0 0 1



x1
y1
z1
1





Rotation of a 2D point
around the origin

• In homogeneous coordinates:
x2

y2

1

 =

 cos θ − sin θ 0
sin θ cos θ 0.

0 0 1




x1

y1

1





Rotation of a 2D point
around a given center
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• In homogeneous coordinates:
x2

y2

1

 =


cos θ − sin θ [x0(1− cos θ)

+y0 sin θ]
sin θ cos θ [−x0 sin θ

+y0(1− cos θ)]
0 0 1




x1

y1

1





Rotation of a 3D point around the
origin



3D rotation in homogeneous
coordinates

In the general case, the 3D rotation is

decomposed to three rotations around the

coordinate axes x, y, z. The rotation matrix

Rκ,φ,ω = Rz(κ)Ry(φ)Rx(ω)

and in homogeneous coordinates the rotation

is as follows:
x2
y2
z2
1

 =

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
Rκ,φ,ω

0
0
0

0 0 0 1

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣


x1
y1
z1
1



The resulting matrix Rκ,φ,ω:

cosφ cosκ sinω sinφ cosκ− cosω sinφ cosκ+
cosω sinκ sinω sinκ

cosφ sinκ sinω sinφ sinκ+ cosω sinφ sinκ−
cosω cosκ sinω cosκ

− sinφ sinω cosφ cosω cosφ



Scaling of a 2D point

• In homogeneous coordinates: x2
y2
1

 =

 sx 0 0
0 sy 0
0 0 1


 x1
y1
1





Scaling of a 3D point

• In homogeneous coordinates:
x2
y2
z2
1

 =


sx 0 0 0
0 sy 0 0
0 0 sz 0
0 0 0 1



x1
y1
z1
1





Representation of 2D lines
and straight-line segments

• Interior line points: 0 < t < 1

• End points: t = 0 and t = 1

• Exterior line points: t < 0 and t > 1



Representation of 3D lines
and straight-line segments

• Interior line points: 0 < t < 1

• End points: t = 0 and t = 1

• Exterior line points: t < 0 and t > 1



Distance to a 2D or 3D segment



Intersection of two 2D lines



Intersection of two 3D lines

Exercise: derive the explicit formulae for t12
and t34 for the closest intersection point.


