News

e Office Hours change:
— From Thu 12 pm -2 pm
—ToThul pm-3pm



Parametric Curves

* Using matrices to write parametric curves
p(t)=p1+t(p:—p)=0—-1t) p1+tp;

p©) = D(; C o) ()

M G
Check:
=M R
p®)=(—t+D c+0)(;})

G



Parametric Curves

* T =power basis, contains the powers of the
parameter t

M = basis matrix, contains the coefficients
that relate the basis to each control point

* G = geometric constraint vector, contains the
control points and other constraints
— Note, G would have 3 points if the curve have 3

control points, regardless of the points being 2D
or 3D



General Form

P1
p(t) =(? ¢t 1)(M:3x%3) (Pz)
P3

- S

.
p
pe/

p)=0{3 t2 t 1)(M:4x4)




Continuity

* No continuity

ot S

Change curve symbol to c to
avoid confusion with point p;.
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Continuity

* GY: 0t order geometric

— End points match ¢, () c2(t)
* ¢1(1) = ¢,(0)
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Continuity

o G!: 1%t order geometric
— End points match M
* ¢1(1) = ¢3(0)

— Gradient in same direction (up to scale k)

dcq . &
- (1) =k +—=(0)
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Continuity

o (1. qst i
C': 1%t order parametric o (6)
— End points match c1(t)
* ¢1(1) = ¢2(0)

— Gradient exactly same

dcq . %
— (1) =—=(0)
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Continuity

e C2: 2" order parametric
— End points match
* ¢1(1) = ¢3(0)
— Gradient exactly same
+ 22(1) =22(0)
— Second derivative same

6201
-4 (1) = 22 (o)

62C2




Example

We have two 2D curves defined by (t € [0, 1]):

—1 4+t )

Cl(t) — ((1 _ t)z_l
o (t) = (tz t_ 1)

Doing the mat

c1(

NS.

D= (6211_11) B (—01) They are GO

c,(0) = (_01) continuous.



Example

continuous.



Example

aZ
5 = ()

0%2c, 0~  continuous.
5 = (3)




Hermite Curves

e Start/End

* 2 Tangents .

@ > 1
p(t)
2 =2 1 1 P1
-3 3 =2 -1 P4
— 3 2
@ ¢t Dy o 1 o lln
1 0 0 0 Ty

=Q2t3-3t*+1) p;+(—2¢t3+3t%)p,
+ @3 -2t2+)r+ (> —t)r,



Bezier Curves

P4

e Start/End ®
e 2 Control Points
Pl" ‘Pz
p(t)
-1 3 -3 1 P1
3 —6 3 0 P2
— (+3 42
(t3 t2 t 1) 2 3 0o ollps
1 0 0 O Pa

=(1-t)3p;+3t(1—¢t)?p, +3t*(1—1¢t)ps
+t3p
4



Matrix M from Constraints

e Given constraints, we can find the matrix M.

 Example: Hermite curve constraints
e Start pointis pl
- p1 =p(0)
* End point is p4
—ps =p(1)
e Start tangentisrl
-r, =p'(0)
* End tangentis r4
- =p'(1)



Matrix M from Constraints

* Tangent of curve
(£) = d(TMG)
PN =t

d
E(tS t2 t 1)MG

=(3t2 2t 1 0OMG




Matrix M from Constraints

* Constraint 1: p; = p(0)
pr =TMG witht =0
P1
(.3 .2 Pa
p=0 ¢ t VM|,
Ty
P1
Pa
5
Ty

=0 0 0 1)M



Matrix M from Constraints

* Constraint 2: p, = p(1)
p, =TMG witht =1
P1
(.3 .2 Pa
pa=@* ¢ t VM|
Ty
P1
Pa
5
Ty

=1 1 1 1)M



Matrix M from Constraints

* Constraint 3: 7, = p'(0)
ry =T MG witht=20

P1
_ 5 P4
n=0Bt 2t 1 OM|
Ty
P1
_ P4
=0 0 1 oM r,

Ty



Matrix M from Constraints

* Constraint4: 1, = p'(1)
rn=T'MG witht =1

P1
_ 5 P4
n=0¢ 2t 1 OM|
Ty
P1
_ P4
=3 2 1 0O)M r,

Ty



Matrix M from Constraints

e Write all 4 constraints as rows of matrix:

P1
P4
4]
Ty

\

/

0O 0 0 1
1 1 1 1
0 0 1 O
3 2 1 0/

M

P1
P4
ry
Ty

\
/

e We know from the rules of matrices that

a=Iaand A 14 =1.

» Therefore, our matrix here must be M~ 1.



Matrix M from Constraints
0 0 1\ %
ALl

0
1
0O 0 1 0
\3 2 1 of
/2 -2 1 1
-3 3 -2 -1
0 0 1 0
0 0 0/

S
]




Hermite to Bezier

* Transform Hermite curve to Bezier curve

PH1 Pp1
PHa PB2
ﬁ
TH1 PR3
TH4 PB4

* Constraints:

* Pu1 = PB1
* P4 = PB4
* 141 = 3 (P2 — Pp1) OF Py = Pp1 +  H/3

* Tya = 3 (P4 — PB3) OF Pp3 = P4 — TH4/3



Hermite to Bezier

Pu1 1 0 O0 O PB1
PH4\ _ 0O 0 O 1\ pBZ\
TH1 -3 3 0 0 PB3
¥TH4/J \NO 0 -3 3/J¥PB4/J
Gy Myp Gp
p=TMyGy
=T My Myp Gp



Bezier Surface Patches

* Use one variable as the control points of the
other.

e Review 1 variable:
P1
Pz\

p(t) =3 t2 t 1)Mgpg D,
'P4/
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Bezier Surface Patches

M\ M\
‘ X (% (% .
P1 P2 P3 P4
t
0, >
p(t)
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Bezier Surface Patches

e 2 variables:

/pl(t)\

P, (t)

Nore
(D141
\01 s/

p(,t)=(3 2 1)MB

P1a(t) =3 t2 t 1) Mg




Bezier Surface Patches

o O O o

O O O O
p(s,t)

O O O O



Bezier Surface Patches
e 1 variable expanded form:

p(x)=(1-x)°p+3x(A—x)° p,+3x*(1—x) p3+ zfj D4
B1(x) B, (x) B3(x) B,(x)

= 24: B;(x) p;
i=1

B;(x) are the (cubic)
Bernstein polynomials
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Bezier Surface Patches

* Writing 2 variables in expanded form:

p(s,t) = ! p1(t) +
= B pi0)
=1

4
pi() =) B(0)
j=1

:p<,t>=iBi<>iB,-<t)

i=1 j=1
4 4
=> > BOBO

i=1j=1

2012-05-07

p,(t) +
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P3(t) + s p4(t)

30



Bezier Surface Patches

* Normals
— Same idea as parametric surfaces
— Do the partial derivatives per variable
— Take cross product

d \ 0B;
p(s 2 ZZB(S) a]t(t) Di j

11]

ap(s,t) ‘ ‘aBi(S)
ds :ZZ ds Bj(t) Pij

i=1 j=1




Bezier Surface Patches

* E.g.
B,(x) = 3x (1 — x)*
= (3x) (x* = 2x+ 1)
= 3x3 — 6x°% + 3x
0B, (x)

= Ox% —12x+ 3
dx




Bezier Surface Patches

* Code suggestion
* Define the following functions:

— float Bernstein(int i, float x) // i is the order: 1 -> 4

— float dBernstein(int i, float x) // for derivatives



