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Constrained Optimisation: The Method of Lagrange

Example 8.1: Minimise f(x,y,z) = 2% + 2y* + 322 subject to 2z + 4y + 62 = 12.

Each stationary point (z*,3*,2*) of the Lagrangian F(x,y,z,\) = x? + 2y + 32% —
A2z + 4y + 6z — 1) is the root of its gradient, VF(z,y, z,A\) = 0, i.e.

2 — 2\ 0 xr = A
dy — 4\ _ 0 or y = A
6z — 6 01’ z = A
—2r — 4y — 62+ 12 0 —12\x = 0
or \* = 1, and z* = y* = 2* = 1. The Lagrangian for this quadratic function

with a linear constraint has one stationary point: F(1,1,1) = 6, corresponding to the
constrained minimum f(1,1) = 6.

Example 8.2: Minimize f(z,y,2) = 2 + 2y + 322 subject to 2z + 4y + 62 = 12 and

rT—Yy—2z=0=c

The Lagrangian F(x,y, 2, A, \o) = 2?+2y*+32% =\ (20+4y+62—12) = Ay (z—y—2—6).
yields the system of equations for the roots of its gradient, VF(z,y, z, A1, A2) = O:

r = )\14‘)\2 )\T = 3

yo= M—h 12) — 8\, = 12 A =3

Z = Al — Ay oOr M 43N = 6 , or ¥ = 6

2r + 4y + 62 = 12 ! S v o= 0
r—y—2z = 6 2 = 0

Therefore, the Lagrangian for this quadratic function with two linear constraints has
one stationary point: F'(6,0,0,3,3) = 36, corresponding to the constrained minimum
f(6,0,0) = 36.

Question 8.1: Minimise f(z,y) = x* + y* subject to 2%y* = 1.

Question 8.2: State and solve the dual (to Question 8.1) optimisation problem.



Nonlinear Systems of Equations

Example 8.3: Search for a fixed point of the nonlinear system g(u) of two equations with
two unknowns u = [z, y|":

(u) = v(r,y) = 2’ +ay+2°—4 =0
s = w(r,y) = 202 =3zy+3y*—2 = 0

with the Newton-Raphson method that starts from the point ug = [z, yo] T

Linear approximation of this system around u, = [x,,y,|" involves the Jacobian 2 x 2

matrix of the first derivatives:
%U(mna yn> = 2%p + Yn aiv(xnu yn) = Tp + 4yn
J(HN) = [é)
Setting, at each iteration n = 0,1, ..., this linear approximation to zero (see lecture
notes C3369-) ptimisation-2.pdf, Slide 13) results in the following sequence of steps
towards the goal solution:

[x,ﬁl } = u,—J }(u,)g(u,) = [

xn]_{%ﬁyn T + 4y, }{(y)}
Yn+1

Yn 4z, — 3y, —3x, + 6y, W (T, Yn)

Answers
To Question 8.1: Lagrangian F(z,y, \) = z* +y* — \(2%y* — 1) yields the system of equa-
tions for the roots of the gradient VF(x,y,\) = 0:

4o — 2 zy? = 0
4y — 2 xy? = 0
%2 = 1

Because under this constraint, the goal = and y are non-zero, x # 0 and y # 0, the two
above equations are reduced to 222 = A\y? and 2y? = \2?, so that \* = 2; 2%t = +1,
y* = =£1, and f(£1,+1) = F(£1,+1,2) = 2.

To Question 8.2: The dual to Question 8.1 problem is as follows: Minimise the function
F(I,y, )‘) = I4 + y4 - )\($2y2 - ]‘)
by A, subject to the system of constraints: x # 0, y # 0, and

423 — 2 \xy? = 0;
493 — 2 2%y =0

These constraints yield A* = 2 and x* = y*. Then the root of the first derivative,

d * * _ *\ 2 *\ 2 _

results in x* = y* = +1.



