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@ Approximations with Taylor Series
® Computing Roots of Equations
© Review of Linear Algebra

O Solving Systems of Linear Equations

Learning outcomes:

e Be familiar with basics of numerical analysis (scientific computing)
® Be familiar with methods for finding roots of equations
® Understand methods for solving systems of linear equations

® Understand that searching for roots of equations and solving linear
systems appear in a wide range of scientific and engineering tasks

Notation
f'(z) = 2L f(x) — the 1** derivative of a function f(z), e.g. (2°) =2z
f'(z) = j—f(a:) — the 2" derivative of a function f(z), e.g. (z%)” =2
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Taylor Series

Taylor Series — Foundation of Numerical Methods

Representing a function f : R — R in neighbourhood of point z = a
(called a centre) by the values of the function and derivatives at a:

F(@) = f(a) + (x — a)f'(a) + S5 pr(a) 4 - 4 CZO pE) (g)

e For a = 0, the Taylor series is often called the McLaurin series
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(called a centre) by the values of the function and derivatives at a:
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e For a = 0, the Taylor series is often called the McLaurin series

Taylor polynomial of degree n:

Fulw;a) =

n

k=0

% (a)

k!

(x —a)*

e The higher the degree, the more accurate the approximation of f(x)

e The polynomial fn(x;a) converges to f(z) if n — oo

e Often — only for certain values of x within the radius of
convergence around the centre
e Approximations in practical applications — for = close to a



Taylor Series

At a = 0, all the derivatives e(¥)(a) = %ef =¥ _,=1:
=0
- xz a2 s n ok
P =1+ e T Y
k=0

e This power series converges to e” everywhere: lim €,(z) = e”

n— o0
n 1 2 3 4 ... | truee®
én(m =1; 0) 2.000000 2.500000 2.666667 2.708333 ... | 2.718282
Relative error; % 26 8.0 1.9 0.37
En(x = 2; 0) 3.000000 5.000000 6.333333 7.000000 ... | 7.389056
Relative error; % 59 32 14 5.3




Taylor Series

Example: Taylor Approximations of f(z) = sinxz

f(z) = sinz and Taylor approximations fn(az;O) forn=1,3,5,7,9,11, and 13

As the degree n rises, the Taylor polynomial approaches the correct function



Taylor Series

Taylor Series Example (by H. Schilly)

order 1

f(z) = e*sin(z)
f'(:r;O) = z+ O(z?)
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Taylor Series

Taylor Series Example (by H. Schilly)

order 5

f(z) = esin(z)
}(5’50) = 1}~x3+0(x3)
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Taylor Series

Taylor Series Example (by H. Schilly)

order 3

)f(:ﬂ) = e "sin(z)

5 w2 3 4

f(z:;0) zg—z + %5 +0(z°)
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Taylor Series

Taylor Series Example (by H. Schilly)

order 4

)f(:ﬂ) = e "sin(z)

5 3 5
f(z:;0) zg—z + % +0(z°)
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Taylor Series

Taylor Series Example (by H. Schilly)

order 5

f(z) = e*sin(z)
}(95;0) =gzg—zl+ %‘ — %%4“0(3“)
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Taylor Series

Taylor Series Example (by H. Schilly)

order ( 6

f(z) = esin(z)
f(z;0) = xﬂr—w% £ 42 4 O(z)
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Taylor Series

Taylor Series Example (by H. Schilly)

order 7

f(z) = esin(z)

= 5 3 5 6 7 g
Azl = e—2 +% — 5+ 55—+ 0(2°)
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Taylor Series

Taylor Series Example (by H. Schilly)

order 8

f(z) = esin(z)

= 5 3 5 6 7
fz:0) =e—a2?+5 - L+ 5 — & +0(2
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Taylor Series

Taylor Series Example (by H. Schilly)

order 9

f(z) = esin(z)

“ 5 ] 5 6 i o
Fz:0) = e—a?+5 - L+ 5 — &+ 555 + O(29)

0.5F

0.25F

0.25F

0.5

6/32



Taylor Series

Taylor Series Example (by H. Schilly)

order 10

)f(:ﬂ) = g* sin(m)
f(z;0) = z—=2* +*“§ﬁ+;u*bsu+ ubauwiﬁiﬁﬁ‘*‘o{wn)
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Taylor Series

Taylor Series Example (by H. Schilly)

order 11

f(z) = esin(z)

” ) _ g 28 z* z5 27 = 1 21t 12
f(:r,O) =x—2 +53 —3+og " 530 " 32680 113100 T 1347400 +O(z )
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Taylor Series

Taylor Series Example (by H. Schilly)

order 12

f(z) = esin(z)

B _ w2 oz z* z* z' z z! zt! 13
f(:r,O) =x—2 +53 —3+og " 530 " 32680 113100 T 1347400 +O(z )
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Taylor Series

Convergence of a Sequence (an optional math info)

e Sequence x1,xs,Ts3,... of real numbers converges to the number z
if and only if for every real € > 0, there exists an integer N such
that |z, — 2| < € for every n > N

® The limit z of the sequence {z,} (if exists) is considered as the exact

solution of an iterative process producing z,; n =1,2....



Taylor Series

Convergence of a Sequence (an optional math info)

e Sequence x1,xs,Ts3,... of real numbers converges to the number z
if and only if for every real € > 0, there exists an integer N such
that |z, — 2| < € for every n > N

® The limit z of the sequence {z,} (if exists) is considered as the exact

solution of an iterative process producing z,; n =1,2....

e Linear convergence to z, if there exists a number A such that
lim Zxt=el A g <A <1

n—oo [en—z]

® The number X is called the rate of convergence
® Superlinear convergence if A = 0; sublinear convergence if A =1



Taylor Series

Convergence of a Sequence (an optional math info)

e Sequence x1,xs,Ts3,... of real numbers converges to the number z
if and only if for every real € > 0, there exists an integer N such
that |z, — 2| < € for every n > N

® The limit z of the sequence {z,} (if exists) is considered as the exact

solution of an iterative process producing z,; n =1,2....

e Linear convergence to z, if there exists a number A such that
lim =l — N0 <A< 1
n—soo |Tn—l|
® The number X is called the rate of convergence
® Superlinear convergence if A = 0; sublinear convergence if A =1

Tn4

e Convergence with order a to z, if lim Imflglil =A>0fora>1

n— o0

® Quadratic convergence — with order 2; cubic convergence — with order 3
® More extended definitions of convergence exist, too



Roots of Equations

Numerical Root-Finding Algorithms

Root-finding algorithm — searching for an argument (root) z of a
function f : R — R, such that the function equals zero: f(z) =0

e Finding a root of h(x) = f(x) — g(z) is the same as solving the
equation f(x) = g(z), i.e. finding z, such that f(z) = g(x)
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http://news.bbc.co.uk/nol /shared/spl/hi/programmes/the_day_britain_stopped /missed_approach /img/4_400.gif



Roots of Equations

Root-Finder: Bisection of a Continuous Function f(z)

e Initialisation: two guesses, a and b, such that signf(a) # signf(b)
(i.e. f(a) and f(b) have opposite signs)
e lterative search until the absolute difference |f(a) — f(b)| = 0
e Bisection: c =a+ 17_7“ = “TH’
e If signf(a) = signf(c), then a + ¢; otherwise b + ¢

e Reliable, but slow convergence
A

f(x)

T c




Roots of Equations

Example: Bisection Method on f(x) = cos(z) — z

1.25

0.75

0.5

0.25

/1.

G e

-0.25
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Initial

After

1
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guesses: a =0; f(0)=1

b=1; f(1)=cos(l)—

10 iterations:

/

1=-0.4597

root ¢ = 0.7392578; £(0.7392578) = —0.0002890091 . ..
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Roots of Equations

Newton's Method: f(z,) + (z,11 — x) f'(x,) =0

e Based on the linear Taylor series expansion (first two terms):
f(@) ~ f(zo) + (z — z0) f'(z0) = 0

e Next approximation (with quadratic convergence o = 2):

Af(x)
A n)—0
flay) = [se=4&f — Jam0
Tarl = T i)

Tp+1 = Tn — gnxn , 1.e.
Ty 1
Troot Tn+1 Tn

In+1 = g T g,

11/32



Roots of Equations

Example: Newton's Method on f(z) = 2% — 2

1.5
5 iterations! x,,41 =
1_
0.5
1.5 2
_05 A
Ty 0.5 — 225 — 1569444 — 1.421890 — 1.414234

f(zn) | —=1.75 3.065 0.463154 0.0217711 0.00005861552
True root value: w00 = 1.41421356237 . ..
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Roots of Equations

A Few Other Common Root Finders (optional)

Secant method (http://en.wikipedia.org/wiki/Secant_method):
e Newton's method with a finite difference instead of the derivative
e Neither computation, nor existence of a derivative is required

e However, the convergence is slower (approximately, o = 1.6)

13 /32
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A Few Other Common Root Finders (optional)

Secant method (nttp://en.wikipedia.org/wiki/Secant_method):
e Newton's method with a finite difference instead of the derivative
e Neither computation, nor existence of a derivative is required
e However, the convergence is slower (approximately, o = 1.6)
False position method (http://en wikipedia.org/wiki/False_position_method)
e Always retains one point on either side of the root

e Faster than the bisection and more robust than the secant method
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Roots of Equations

A Few Other Common Root Finders (optional)

Secant method (nttp://en.wikipedia.org/wiki/Secant_method):
e Newton's method with a finite difference instead of the derivative
e Neither computation, nor existence of a derivative is required
e However, the convergence is slower (approximately, o = 1.6)
False position method (http://en wikipedia.org/wiki/False_position_method)
e Always retains one point on either side of the root
e Faster than the bisection and more robust than the secant method
Muller's method ( http://en.wikipedia.org/wiki/Miiller's.method):
e Quadratic (instead of linear) interpolations
e Faster convergence than with the secant method

e Roots may be complex (in addition to reals)
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Linear Algebra

Numerical Linear Algebra in Science and Engineering

Numerical linear algebra is fundamental to all fields of science and

engineering

Most memory usage and computation time in optimization
methods is spent on numerical linear algebra
— Prof. S. Boyd, Standford University

The field of numerical linear algebra is more beautiful, and
more fundamental, than its rather dull name may suggest.
... It is ... really applied linear algebra ... with the emphasis
on practical algorithmic ideas rather than mathematical
technicalities. ... If any other mathematical topic is as
fundamental to the mathematical sciences as calculus and
differential equations, it is numerical linear algebra.

— Lloyd N. Trefethen and David Bau: Numerical Linear Algebra, SIAM, 1997

14 /32



Linear Algebra

Numerical Linear Algebra in Science and Engineering

Economics, chemistry, physics, industry, biotechnology, nanotechnology: systems of
discretised differential equations are solved using these tools
e . e SIS

Air traffic control (collision avoidance); analysis of cellular materials; bioinformatics
http://www.uni-due.de/imperia/md/images/css/niti_klein.jpg
http://www.mia.uni-saarland.de/Images/cell-small.jpg
http://www.p3air.com/wp-content/uploads/2011/02/plane_collision_1711510c.jpg
http://www.airlinetickets.org/wp-content/uploads/2010/11/near-collission.jpg
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Linear Algebra

Numerical Linear Algebra in Science and Engineering

Google: the search engine computes with a monstrous sparse matrix of
size n = 4 billion (see http://introcs.cs.princeton.edu/95linear/)

Military applications: missile guidance, autonomous navigation, ...

Target
B E “steE2 s e S-300 Complex (Russia)
S .

VHF

Tracking

Beam

~. D
", Missile
.. Midcourse
~.. Uplink
48NSE2 SAM
Engagement Fadar :
30NSE Flap Ligll ]
e u
5PasDU TEL
Target Precision Track B C} Network £ T
Tk 5P85DU TEL
(A) 1L118 Nebo SVU AESA Performs 60 deg Sector Search in VHF Band i e f
(B) 1L118 Nebo SVU AESA Performs Precision Target Track in VHF Band bl
(C) Target Track Data Networked to 30NSE Flap Lid Engagement Radar ™ - -
{D) 30N6E Flap Lid Relays Track Data via X-band Uplink to 48N6E2 Missile _ Target Acquisition Radar #
{E) 48NSE SAM Goes Active Once Target in Safe Acquistion Box 1L119 Nebo SVU
s5PasDU TEL

http://imgl75.imageshack.us/img175/8173/s300pmu2batteryintegrat.png
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Linear Algebra

Review of Linear Algebra (optional)

a b1
Inner (dot) product of vectorsa= | : | andb= | : [ isthe
an b,
n
scalarc=aeb=a'b =Y ab;
i=1
1 2 2
-3 |ef 1 =1 -37]1
7 1 |1
a —_——
a b b

= 1-2-3-147-1=2-34+7=6

ayby+azbz+azbs

Dot product is also called multiplication of vectors

17 /32



Linear Algebra

Review of Linear Algebra, continued

Product of an m X n matrix A = : 5 and an
| Aml Amn
1
n X 1 (n-dimensional) vector x = | : | is the m-dimensional
Tn
- m
vector y = Ax with the elements y; = ) A;jx;
Jj=1

Apirz1+Araza+AizTs

2 -1 2 ?7
1 33 -
—_——

2.2-1-142-1
1-24+3-1+3-1

atl

A SN—— A21m1+Az2w2+ A2z

y

18 /32



Linear Algebra

Review of Linear Algebra, continued

Product of a kK x m matrix A and an m X n matrix B is the k x n
m

matrix C = AB with the elements Cj; = > A; B
a=1

A11B11+A412B21+A4138B31  A11B12+A12B22+A13B32

2 -1 2 ;) ;L . 2:-1-1-3-2-4 2-4—-1-242-1
1 3 3 41 B 1-1+3-3-3-4 1-44+43-243-1
Ao N—— A21B11+A22B21+A23B31 A1 Bi12+A22B22+A423832
= B
A1 A2 Ais Bi1 Bis Cc— Ci1 Ci2
A1 Azo Ass By Bas Ca1 Ca2
Bs1 Bsz

19/32



Linear Algebra

Review of Linear Algebra, continued

Determinant of an n x n matrix A:

n

det(4) = [A] = 3 (1™ ] Au,

oES, i=1

e S, — the set of all the n! permutations of the numbers {1,2,...,n}
e The sum over all the permutations o = (01,...,0,) €S,

e inv(o) — the number of inversions in o (recall COMPSCI 220)

A A Asgs A11As0As3 — Aj1A3Asz
Agr Axy Aoz | = + ApAxzAsi — AjpAgiAss
Asg1 Asy Ass + A3A421A43 — A3AxA3

inv(1,2,3) = 0; inv(1, 3,2) =inv(2,1,3) = 1;
inv(2,3,1) =inv(3,1,2) = 2; inv(3,2,1) =3

20 /32



Linear Algebra

Review of Linear Algebra, continued

The determinant can be used to find eigenvalues of a square matrix A

e The eigenvalues are the roots of the characteristic polynomial
p(A) = det(A — AI) where I is the identity matrix of the same
dimension as A

e Example for a 2 x 2 matrix A:

An—X A

det(A 1) = | ! P

= p(\) =A% — (A1 + Ag2) A+ A1 Agg — A1p Az =0

e An eigenvector Ae = \e

e Transformation of the eigenvector e by multiplying (on the left)
the matrix A simply scales this vector, Ae, by the eigenvalue A
e Note: AFe = \e

21/32



Linear Algebra

Review of Linear Algebra, continued

e An m x m matrix A has m orthogonal eigen-vectors eq, ..., e,,:
— Mutual orthogonality: e; @e; =0if i # j; 4,5 € {1,2,...,m}
— Normalised eigenvectors: e; e e; = 1

m
e Eigen-vector representation of the matrix: A = > \; e;e]
— e

i=1
U;
OUi:eZ—eiT—themematrix: U,e; =0

Example for the 3 x 3 matrix:

0 1 1 —-A 1 1

1 0 1|= 1 =X L =pA)=X-31-2=0= )\ =2;
1 1 0 1 1 =X

1 1 -1

)\22)\32—1:‘01:% 1 ;922% (1) ;632% %

22 /32



Linear Algebra

Review of Linear Algebra, continued

Outer product of an m-dimensional column vector a with an
n-dimensional row vector b (i.e. the transposed column vector):

ay a1b1 albg . albn

BT a2 [ b b . ] asby  asbs ... asb,
a = ) 1 2 P n ==

Am, ambi  ambs ... anb,

e |t is a simple example of the matrix-matrix product
e The m x 1 matrix a is the m-dimensional vector-column

e The 1 x n matrix b is the n-dimensional vector-row

23 /32



Linear Algebra

Review of Linear Algebra, continued

e Range, range(A), or span of an m X n matrix A

e The set of vectors y such that y = Ax for some x € R”
e The column space of A

® The space of all linear combinations of the columns of A
e Nullspace, null(A), of an m x n matrix A
e The set of vectors x, such that Ax =0 ¢ R™

e Rank, rank(A), of an m x n matrix A — the dimension of the
range, or column space, of A

e The column and row spaces of A are of the same dimension
rank(A)

e rank(A) < min{m,n}

o A full rank A with m > n has n linearly independent columns,
which form a basis for range(A)

24 /32



Systems of Linear Equations

Systems of Linear Equations

41 4+ xo + 23 = 24 r1 =3

201 — To — 2x3 = —6 — To =2

—x1 + 2z — r3 = —4 r3=2>5
Given m x n matrix A and m-vector b, find unknown n-vector x
satisfying Ax = b J

e Components of solution x: coefficients of linear combination of
columns of A representing b

e m x m (or square) matrix A (m equations with m unknowns)

o Underdetermined linear system: m > n (less equations, than
unknowns)

e Overdetermined linear system: m < n (more equations, than
unknowns)

25 /32



Systems of Linear Equations

Systems of Linear Equations, continued

(i) inverse matrix A~! exists; or
(i) det(A) # 0; or

(iii) rank(A) = m, or

(

(

e Nonsingular matrix A:

iv) Ax # 0 for any vector x # 0, or
v) range(A) =R™, o

(vi) null(A) = {0}

e Nonsingular A and arbitrary b — one unique solution x
2 3 Iy o 8 21’1+31’2:8 1’1:1
[5 4][952}_[13] 7 obry dwy =13 [m2:2]
e Singular A - infinitely many or none solutions, depending on b

[421 2“2]{471}[é]:»x[3(27_7)]foranyrea|q/

no solution if b ¢ range(A) infinitely many solutions if b € range(A)
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Systems of Linear Equations

Forming a Simpler System with the Same Solution

e Premultiplying (from left) both sides of Ax = b by any nonsingular
matrix M does not affect solution:

MAx =Mb = x=(MA) 'Mb=A"'"M"'Mb=A"'b

e Gaussian elimination — transforming general system sequentially
into upper triangular form using linear combinations of rows

A x b
—_———
3 2 1 2 1 4
6 6 3 5 w2 | _ | 5|
3 0 3 5 T3 5
9 2 7 8 T4 10
[ 1 0 0 0 3 2 1 2 z1 1 0 0 0 4
-2 1 0 0 6 6 3 5 T2 _ -2 1 0 O 5
-1 0 1 0 3 0 3 5 T3 - -1 0 1 0 5
-3 0 0 1 9 2 7 8 T4 -3 0 0 1 10
— ——
Eliminating the first column: M A x M1b
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Systems of Linear Equations

Gaussian Elimination

Elimination for the first column (assuming A1 # 0) — zero components of the first
column of the transformed matrix B = M A, except of B11 = A11:

M
A
r 1 0 0 0
_A21 1 o .. 0 A Az Az .. Al
ﬁu A1 Agg  Agz ... Ao,
7A—51"} 0o 1 ... © A3y Aszs Az ... Az, B
_Am 0 6 1 An1 An2  Apz ... Apn
L — A,
B=M; A
[ A1l A1z A1s Aln
A
A11 LA 4+ 421 =0 A11 L Ajg 4 Agp A11 LAz + Az ... 21 T Aln + A2n
A A A
*Tfi A1+ A3 =0 *T?i A2 + Asz2 411 L Ai3 4 Ass 3} Aln + Aszn
: N : N :
L A11 LA+ 401 =0 *T’fllAlz + An2 A11 LAz + An3 7T71111A17L + Ann
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Systems of Linear Equations

M3MoMq b

M3MgMj Ax

|

4
-3
-2
—4

|

T
T2
z3
T4

]

2
1
4
—4

1
1
3
0



Systems of Linear Equations

Gaussian Elimination: Pivot Selection

*
¥
+
*
*

PR s

EEE * ® & = # = % = o % * % x & ok * % & ok
¥4 & E I ¥ % = ¥ ¥ ¥ % ¥ % K
od ok | = LR = + = o | = L
ERE ® ¥ ® ¥ L * & *
* * % * * * = ® * * * *

Gaussian elimination as described in previous slides assumes
that each current pivot A; # 0 at eachstepi=1,...,n

If A;; =0, the remaining bottom rows j =4+ 1,...,n have
to be permuted in order to get the non-zero pivot

. 0-x1 + 322 = 6
[Example by R. Sedgewick] Can the system { 521+ 0.-29 = 5 be

solved by Gaussian elimination without permuting the rows?
For a non-singular matrix A such a permutation always exists

The permutations have to be traced in order to restore at the
end the initial order of the solution components.

o e
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Systems of Linear Equations

Back-Substitution for Gaussian Elimination

To solve the resulting upper triangular system Cx = c:
Mn,1 N MQMlAX = Mn,1 N Mngb

C c

— loop backwards, from n to 1:

R
1 .5 =
€Ty = Cii (Ci 701'77;4_11‘1'_;'_1 — ... 707;7”1‘”), 1T=n — 1,...,1

For the example with n = 4 in Slides 27, 28, and 29:

= = = 1
3 = $(-2-4-1) = -2
T2 = 1(-3-1-(-2)-1-1) = -1
r1 = $(4-2-(-1)—-1-(-2)—-2-1) = 2

31/32



Systems of Linear Equations

How to write numerical linear algebra software?

Don’t !

Whenever possible, rely on existing, mature software libraries, e.g.
LAPACK/LINPACK, BLAS, ATLAS, Boost uBlas, ...

e You can focus on the higher-level algorithm

e Your code will be more portable, less buggy, and will run
faster — sometimes much faster!

32/32



	Approximations with Taylor Series
	Computing Roots of Equations
	Review of Linear Algebra
	Solving Systems of Linear Equations

