Constrained Nonlinear Optimisation

Georgy Gimel'farb

COMPSCI 369 Computational Science



Outline

@ Equality Constraints
® Newton-Raphson Methods for Nonlinear Systems
© Inequality Constraints (optional)

@ Quadratic Programming (optional)
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Outline

Learning Outcomes on Nonlinear Optimisation

Be familiar with unconstrained and constrained optimisation:

Recognise discrete and continuous optimisation problems.

Understand the method of Lagrange for optimising a function
of many variables subject to a system of equality constraints.

Be able to implement a simple search for the maximum (or
minimum) of a function of one variable.

Understand unconstrained gradient optimisation.

Understand dynamic programming (DP) and be familiar with
DP solution of the edit-distance problem.

Understand that heuristic optimisation strategies must be
used when no good exact algorithm is known.

Understand how a wide range of scientific questions can be
answered by combining optimisation and other numerical methods.



Equality Constraints

Constrained Optimisation: The Method of Lagrange

e Developed by French mathematician Lagrange in 1761!
e Equality constraints ¢;(x) = 0; j = 1,...,m to define X
e Example: Quadratic function with a linear constraint:

Maximise f(z1,72) = 25 — a1z} — asx3 subject to 1 — 29 = 1

Lagrangian F(z1,22,\) = 25 — alx% - agm% — A (1 —x2—1)
— max F(z1,22,\) = VF(x1,22,A) =0

1,22
L _ S =X % _ _ 2ajay
oxy 221 = A=0 1= 20 A" = ajtaz

Y
% = —2a029+A=0 = To = Faz = QTT = aﬁﬁaz
_ D S S P = — i
_1‘1 + x2 + 1 - 0 2(11 2a2 - 1 x2 aj+az
H o * k) * o0k V) _ _ai1a2
Stationary point f(z7,23) = F(z7, 23, \") = 25 — 12




Equality Constraints

Constrained Optimisation: The Method of Lagrange

Example (cont): a; = 1; a3 = 16 = f(x1,22) = 25 — 22 — 1623
= max f(z1,7) = 25 — 2 — 1623 subject to 21 —x3 = 1

x1,T2

T2

] —x2 =1
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Equality Constraints

Constrained Optimisation: The Method of Lagrange

e Maximise f(x) subject to a system of equality constraints

p1(x) 0
p(x) =0 : =1
Pm(x) 0
e Lagrangian F(x,A) = f(x) — AT¢(x) where
X =[A1,...,A\n]" is a vector of Lagrange multipliers
e |ts stationary points correspond to solutions of the system of
nonlinear equations VF(x,A) =0, i.e. ‘g—f: =0 and ‘g—i =0:
gai: 0; 1=1,...,n
%: —(p](X):O, j:17"'am

6/32



Equality Constraints

Geometric Interpretation

r2 —
Isolines f(z1,z2) = const; e Local maxima of f(x) subject to
Ck < Ch—1 < .. <O ¢(x) = 0 are only at points X
where the isolines f(x) = const are
tangent to the curve p(x) =0

® Otherwise the value of f(x) could
have been inreased by moving
along the curve p(x) =0

e Thus, at the points of local maxima
the gradients of the functions f
and ¢ lie along the same straight
line: Vf(X) = Vp(X)

e Lagrangian f(x) — A\p(x) yields

just the same condition in this

example



Equality Constraints

Interpreting the Lagrangian: Duality

Primal problem: Maximise f(x) subject to the system of
constraints (x) = 0 < maxx{f(x)|p(x) = 0}

e Let the system VF(x,A) = Vf(x) — ATV¢(x) = 0 have a unique
solution for any X in the vicinity of A*

e Then the maximiser in x can be considered as a function of A:

max F(x,A) = F(X,A) = h(A) = h(A*) = F(x",\") = f(x¥)

X

e |t can be proven that the Lagrangian F'(x, ) has a relative
minimum in X* if x is defined for each A by the constraints
Vix)— A Ve(x)=0

Dual problem: Minimise F'(x,A) in X subject to the system of
constraints Vf(x) — ATV (x) =0
e Thus, f(x*) = m}in max F'(x,A), and the maximiser x* solves
X

a minimax problem



Equality Constraints

Duality of the Lagrangian: An Example

max f(z1,z9) = 25 — alw% — LLQ.’L'% subject to 1 —x9 =1

T1,72
e Lagrangian F(z1,79,\) = 25 — a12? — ag23 — ANz — 12 — 1)
T = -
e VF(z1,29,A) =0 = X as a function of A 1 ¢ __ 231
Tro = E

o h(\) = F(31,72, )
= Bomdy —ady A (-2 -2 1)

1a? 92742 2a1 ~ 2a3

= 254 \Zautaz 4 )

4aiasz

)\* = arg m/\in {25 + M)@ + )\} = )\* - _ 2a1a9

4daiaz ai+az

* ay
aitaz 2 a1+a2




Equality Constraints

Using the Method of Lagrange

System VF(x,A) = 0 is well determined:
e n + m equations with n + m unknowns x = (x1,...,z,) and
A=Ay )
e As long as these equations are independent, any constrained
stationary point x* of f(x) produces a unique set of values A*

e At such a point,
Vi F(x*,A%) = Vf(x) — (A)TVep(x) =0

ie. VI(x) =21 A\ Vpj(x) =0, and p(x*) =0
Individual components \; are called sensitivity coefficients

e The coefficients specify the rate of changes of the optimum
value F'(x*, A*) when the constraints ¢(x*) are perturbed
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Equality Constraints

Using the Method of Lagrange

Although the system VF(x,A) = 0 is well determined, it is
non-linear (in x)
e In general case it may not be easy to solve this system
although this may be possible in simple cases

Even if the system can be solved analytically, the solution could be
found also using a numerical search
e The numerical search might be easier to use than attempt to
find the analytical solution

e Because no second-order information is taken into account,
the system VF'(x, ) = 0 is satisfied at a constrained
minimiser, maximiser, or saddle point
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Newton Methods

Nonlinear Systems of Equations

e Linear models such as Ku = f or Mu” + Ku = 0 are
excellent approximations in many problems

e But many more applied problems result in nonlinear equations

e The basic nonlinear model of v equations in v unknowns:
gl(ul,...,ul,) =0
g(u)=0 & ¢
gv(ug,...,uy) =0

To obtain a solution of g(u) =0

e Start from an initial guess ul”

e At each iteration ¢: improve ul*~1 to ulf being closer to the
solution u* such that g(u*) =0
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Newton Methods

Newton's (or Newton—Raphson) Method

If the Jacobian v x v matrix of the first derivatives is known:

2] 0
o) ... g (u)
J(u) = : S
dgv 9gv
gee() ... ge(u)
then linear approximation to g(u) around ul? = (u[lo], e ,ul[,o]) is:

g(u) = gapo(u) = g(ul) + I(u) (u - ul)
) = g(u[o]) + J(u[o]) (um _ u[O}) -0

Each iteration t = 1,2, ... chooses ul**!l such that g, (ult+1) = 0:

J(ulf) (u[t+1] _ u[t]) — <u[ﬂ)
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Newton Methods

Newton's and Modified Newton Method

U[O]

Example (g(u) = u? — 9 with Jacobian J(u) = ¢’ = 2u)

The exact root u* = 3; ull = 3% so that JI0 = 62
Newton's method (NM) updates to JI* = 2ul¥] at each step

o1t (u[t+11 _ u[t]) _g_ (u[t])2
while the modified Newton method (MNM) stays with the

original J[0 = 24[°]:

9,10 (u[t+11 _ u[t]) _g9_ (um)2

NM: Error [ull — u*|

MNM: Error [ul — u*|

0.33333333333333
0.01666666666667
0.00004604051565
0.00000000035328
0.00000000000000

A WDN R O+

0.33333333333333
0.01666666666667
0.00162500000000
0.00016210390625
0.00001620644897




Newton Methods

Newton's and Modified Newton Method

Major difficulties:
e It may be impractical to compute exactly each J(u[t]) and
each Aultl = ultt1 — yltl
e The full Newton step Aul) may be dangerously large
e The modified method is simpler (as the Jacobian is computed
only once) but converges slower and diverges more frequently

g(u) TQ(U) Tg(u)

divergence convergence

wl2l | wll]
modified

1,121 ,[11,,[0]

full Newton modified

15/32



Newton Methods

Fixed Point lterations

Newton's and modified Newton methods can be represented as a
fixed point iteration
ultl = H(ult)

e Iteration for Newton's method is H(u) = u — J~!(u)g(u)

o lteration for the modified NM is H(u) = u — J ' (ul)g(u)
Fixed point when the values ult! approach a limit u*:

u* = H(u")
e |t can be proven that the modified NM has linear convergence
e The new error eltt1l = u* — ult*! multiplies the old error e!*!
by a constant factor ¢: eltt1] ~ celtl
e The full Newton's method has thus the quadratic convergence
rate because this factor is zero
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Newton Methods

Quadratic Model for Deriving the Newton's Method

Unconditional minimisation of a function f(x) of n variables

e Quadratic model: from a truncated Taylor series expansion
of f(x) about x:

P+ 8) ~ i(8) = FxY) + g7+ L6THLS
where § = x — x!tl,
g: = Vf(xM1) is the gradient of f at point x[*l, and
H, is the Hessian of f (i.e. the Jacobian of g) in that point
e Newton’s method: Iterate x['+1] = x[t] 4 §,
where d; is the minimiser of ¢;(§): §; = arg m&in q(6)
e The method is only well defined if H; is positive definite since

g+ (0) has a unique minimiser only in these circumstances

e In this case d; is defined by the condition V¢ (d:) =0, i.e.
g +H;6, =0, or H;d, = —g;
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Newton Methods

Quadratic Model for Deriving the Newton's Method

e Therefore, the iteration ¢ of Newton's method can be written
(a) Solve H;6 = —g; for § = 4,
(b) Set x[t+1 = x4 §,

e Step (a): Solving the n x n system of linear equations

e Most convenient solution: by factoring H, = LDLT

e This allows also for checking the positive definite condition

o Computational complexity: O(n3) multiplications per iteration

e Quasi-Newton methods: only first derivatives required

e The inverse matrix H{l is approximated by a symmetric
positive definite matrix Gy

e |t is always positive definite whereas H; may be indefinite

e The matrix Gy is calculated from Gy using the second
derivative information gained on the iteration ¢

o Computational complexity: O(n?) multiplications per iteration
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Inequality Constraints

Optimisation with Inequality Constraints

Maximise f(x) subject to a system of inequality constraints
pi(x)<0;j=1,...,m
¢ Adding nonnegative slack variables s;: ¢;(x) 4+ s; = 0;
sj > 0; j=1,...,m, to transform to equality constraints

e Forming the Lagrangian F(x, ) = f(x) — Z Aj (@j(x) + s5)

* ); gives the rate 5~ L of change of f w.r.t. v i =1,.

e If pj(x) <0is changed to ¢;(x) < e (here, € > 0 is a small
nonnegative number) then:
e The set of feasible solutions for the original problem is no
smaller (as the constraints are relaxed)
e Thus the optimal solution f(x*) is no lesser than for the
original problem, hence \; > 0
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Inequality Constraints

Changes of an Inequality Constraint: ¢;(x) < e

max { f(21,x2) = 25 — 27 — 1623} subject to z1 — 22 — 1 <0

Z1,T2

T2 x1 —x2—1<0,

z1 — 29 — 1 < 0.1 relaxes the constraint, so that the set of feasible
solutions is no smaller



Inequality Constraints

Optimisation with Inequality Constraints

e Inactive constraint ¢; (i.e. s; > 0):
o Constrained stationary point lies in the region ¢;(x) <0
e Thus, the constraint plays no role, so in the stationary
condition A\; =0
e Active constraint ¢; (i.e. s; =0):
o Constrained stationary point lies in the boundary ¢;(x) =0
e This case is analogous to the equality constraint — with A £ 0
e The sign of the multiplier is crucial because f will only be at a
maximum if the rate of change A\; > 0
e In both the cases: \jp;(x)=0;j=1,...,m
e These intuitive and nonrigorous considerations are formalised
in the Kuhn-Tucker theory being instrumental for optimisation
with inequality constraints
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Inequality Constraints

Inactive Constraint

max x1,x2) —25—3: — 1622} subject to 1 — x93 — 1 <0
{f ) 1 2 )

T1,T2

T2 1 —x2—1<0

Solution: =7 = x5 =0; f* = f(a],25) =25, \* =0

N
N
w
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Inequality Constraints

Active Constraint

max{f(xl,xg) =25 — 22 — 16:1:%} subject to —x1 + 22 +1<0

T1,T2

T2 x1 —x2—1<0

H Lok 16 ook 1 o .
Solution: z] = 17~ 0.94; x5 = —5- ~ 0.06;

f* = flat,a5) =25 — 18 ~ 24.06; \* = 32 ~ 1.88



Inequality Constraints

Karush-Kuhn-Tucker (KKT) Theorem: Maximisation

Theorem (KKT — a nonrigorous outline)

A local maximum x* of f(x) subject to constraints ¢;(x) < 0;
j=1,...,m, where f and all ¢; have continuous first derivatives
and the constraints form a well-behaved boundary, meets the

following necessary conditions: V f(x*) — > A\iVy;(x*) = 0 and
j=1

pi(x*) < 0; j=1,....m
(

Api(x*) = 0; j=1,...,m
/\;f > 0, 7=1,....m
for some set of real numbers (\},..., \¥)

The boundary of the region X formed by the constraints ¢(x) is well-behaved
if from any point x € X one can travel along a continuous differentiable
curve for a positive distance and remain in this region



Inequality Constraints

KKT Theorem: Minimisation

Theorem (KKT — a nonrigorous outline)

A local minimum x* of f(x) subject to constraints ¢;(x) < 0;
j=1,...,m, where f and all p; have continuous first derivatives
and the constraints form a well-behaved boundary, meets the

following necessary conditions: V f(x*) — > A\;Vy;(x*) = 0 and
j=1

Npi(x*) = 0; j=1,...,m
)\;f < 0, j=1,...,m
for some set of real numbers (\},..., \¥)

® The KKT conditions are also sufficient if the feasible region X defined by the
constraints ¢(x) < 0 is convex, i.e. when functions ¢;(x) are convex for all
j=1,....,m



Quadratic Programming

Quadratic Programming: Primal Problem

Maximisation of a quadratic function subject to linear inequality
constraints

Primal problem:

1
max f(x) = §XTAX +b'x  subjectto (x)=Cx+d<0

A — a symmetric negative definite n x n matrix (f is strictly
concave)

x and b — column vectors of n components each
e C — an arbitrary m x n matrix

e d — a column vector of m components
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Quadratic Programming

Quadratic Programming: Equivalent Minimax Problem

Equivalent minimax solution (by the Kuhn-Tucker theory):

Vector x* of n components is a maximiser of
1
f(x) = §XTAX +b'x  subject to p(x)=Cx+d<0

if and only if x* and some vector A* of m components solve the
minimax problem

X

1
m}%n max {F(x, A) = EXTAX +b'x - AT (Cx + d)}

subject to A* > 0
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Quadratic Programming

Minimax solution

For any A, the maximiser X equates the partial derivatives to zero:

XA — Ax+b—-CTA=0 = x=A"1(CTA-D)
Fx,A) =iAT (-CATICT) A+ (bTAT'CT—d") A - 1bTA b

G gl

Thus the primal maximisation problem and its minimax equivalent
are solved using the much simpler dual problem:

1
min {1/;()\) — §>\TG>\ + gTA} subject to A > 0

e The minimiser A* = the maximiser x* = A~! (CT}\* — b)
e For a unique solution of the primal problem, A must be a

symmetric negative definite matrix of rank n so that the
matrix G is symmetric positive definite
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Quadratic Programming

Hildreth—-D’'Ezopo QP Algorithm

One-at-a-time search (by alternating variables)
Stept=1,2,...
The new approximation A™! is found from the current A
by changing a single component i =1+ ((¢ — 1) mod m):
)\Etﬂ] = max {0, uyﬂ]} where

1 = Gz ZGU)\““] n Z Gy + g
Jj=i+1

e The iterations provably converge to the minimum of ¥(\)

° uEtH] is the value of \; that sets % = 0 when the preceding and

subsequent components have values in AU and Al respectively

t+1]

e Termination: when changes between Al and A" are very small
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Quadratic Programming

Quadratic Programming: An Example

Maximise f(z1,22) =8 — (71 + 2)? — 4(z2 — 1)? subject to x1 > 0,
zo > 0and z1 + a9 > 2

/o8

Minimax representation with x = [z1,22]T; A = [A1, A2, A3]T: F(x,A) =

-1 -1 2

%XT[_g _g}xjth[_g}—)\T -1 0 |x+ |0
0 -1 0

—_——
A b ) 1C M
1 = £

-Al[_g ?] :»i{f 2 ”A[ f]

-1 1o 1 _

8 8
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Quadratic Programming

Quadratic Programming: An Example (cont.)

5
8
1
2
1
8

e Initialisation: Al =0 = x[0 = [ 7? }; f(X[O]) =38

e lteration 1: Al =48 0 0]T:
)\[11] — maX{O,—% (%~O+%~O—3)} = max{0,4.8} =4.8
)\[21] = maX{O,—% (% . % +0-0— 2)} = max{0,-0.8} =0
M= max{0,-3 (-2 40.0+1)} = max{0,-128} =0

O W= N=
o= o )=

o lteration 2(halt): APV = Alll: A* =48 0 0]T = x* =[04 1.6]T
— f(x) = 0.8

e One active constraint (i.e. with \; > 0): z1 + 29 > 2
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Quadratic Programming

Common Types of Optimisation Problems (by M. J. Dinneen)

f:R* =R, g; : R*" = R, h; : R" = R - general functions of x € R"

Opimisation: Minimise f(x) subject to

9i(x) > 0; 1 <4 < p (inequality constraints) and
hj(x) =0; 1 < j < ¢ (equality constraints)

Hierarchy of optimization problems:
@ nonlinear programming; no constraints on functions
@ convex programming; f is convex, g; concave and h; linear
© linear programming; f, g; and h; linear

@ integer programming; f, g; and h; linear and integer valued

Nonlinear Programs (hard) flow/ hi
//nw matching (easy)

Convex Programs et i Py 1
SiiieasErodramns (B Integer Programs (N P-complete)

|
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