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Abstract

In this paper we offer an introduction to P Systems, a relatively new compu-
tational model inspired by biology. Our paper covers four of the more popular
state-capable systems and provides a brief explanation of each, including at least
one problem that each specific P System solves faster than a standard Turing
machine (some NP-Complete problems are solved in polynomial P Steps). After
determining common elements across the systems we go on to describe discovery
algorithms: a high level approach to solving topology problems within P Systems.
Our description includes a mapping from our generic or high level system to the
low level rule sets for each of the P Systems covered in this paper. We also include
some documentation on the usage of our approach with an example and some
implications of the model itself.

1 Discovery Algorithms and P Systems

P Systems (a field of Membrane Computing) are parallel or distributed computational
models inspired by living cells in biology which have been influenced by the needs of
Computer Science. P Systems were originally conceived as purely theoretical objects: a
recursive membrane or cell structure, i.e. each membrane had a set of ‘child’ membranes
(similar to a rooted tree) which could each have their own set of children in turn. In ad-
dition to the sub-membranes, each cell stores within it a multiset of objects. Membranes
or cells operate under a set of rules which govern their evolution, including communica-
tion which may be targeted (e.g. send-to-parent). Some P Systems also have dynamic
restructure rules which allow the system itself to change form relatively quickly during
the computation. But, arguably, the most powerful aspect of a P System is its paral-
lelism: individual cells work under an intra-parallel model (within the cell itself) and
cells interact with each other in an inter-parallel manner across the system (interact with
one another simultaneously). We note that a P System is a parallel computing model
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that does not require a problem be broken into independent sub-problems to be solved
(as in matrix multiplication).

Păun’s original system gained interest quickly as it solved SAT [11] in polynomial P
Steps [13]—the natural measure of time complexity for this computational model. Since
Păun’s original proposal of a very limited system, many more complex or specifically
defined systems have emerged. Some examples include the Simple P Module, Hyperdag
P System and the Neural-like Tissue P System. We intend to define discovery rules to
work within any of the models described in this paper, which will allow us to describe
discovery algorithms to determine the topology of a system.

Discovery algorithms refer to a form of computation that is performed on a P System.
They allow you to gain (topological) information about the P System in real time using
only local information. Such algorithms hold purpose both in theoretical approaches
(as a proof of concept) and foreseeable practical applications—since it means we can
alter a given P System to perform both its original task and the task described by our
discovery model. This will continue Dinneen, Kim and Nicolescu’s work towards practical
P Systems [16, 17].

In this paper we begin with preliminaries and then follow up with the motivations for
our work. We then present a discussion of our decision to work with state-based systems
and then offer a brief survey of the more popular systems to date. Our survey includes a
description for each system in a separate section along with relevant comments. We then
present our new model and a mapping from it to each of the P Systems mentioned in this
paper. Our general model is very basic, while maintaining Turing completeness, lacking
cell identifications (IDs) and only allowing for undirected communications. Solving a
problem within the general model will allow the problem to be solved on any of the
P System models described in this thesis which is advantageous for various reasons as
explored in Section 3. We conclude with the set of requirements for a discovery algorithm
to run within a P System which will be helpful when extending our work.

2 Preliminaries

We discuss some common elements across various P Systems here. This section is informal
and is intended to familiarise the reader with various concepts before continuing. For a
formal definition of any of the terms used in this section we refer the interested reader
to Păun’s introductory textbook [19]. However, complete formal definitions for each
individual P System that we cover are included in their relevant section.

All P System models we present are defined as tuples containing four key pieces of
information: the system’s alphabet, the set of membranes, the collection(s) of evolution
rules and the structural information. The system’s alphabet is a set of objects that
the P System uses to communicate or compute. The set of membranes may contain
additional information such as initial objects or state sets including each cell’s current
state. The collection of evolution rules is sometimes ordered to indicate some form of
priority. For some types of P System models this collection is distributed such that each
cell has its own. Finally, the structural information is given as a set of relations that
show which cells are adjacent to one another.
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The rules generally take the form of a ‘trigger’; the specification of what objects are
required for a rule to be performed, and the outcome. The rules may or may not involve a
corresponding state change. Cells can take on particular states, which will govern or limit
which rules may be applied at any given time during the computation. A computation on
a P System is the sequence of configurations, all the elements of the system as they are at
any given point in time, from the starting configuration to the halting configuration. The
complete definition of a P System (a tuple that contains all the information mentioned
above) provides a starting configuration. We can move to the next configuration of the
system by applying all rules which can be applied within the system, concurrently. This
move to the next configuration is considered a P Step. A P System’s computation is
complete when there is no next configuration (or the next and current configurations are
the same).

We note that membranes are the borders of cells, however when speaking about either
we refer to the structure itself so the terms are interchangeable. At times it is easier to
refer to communication across membranes and objects being received by cells. We refer
to the neighbourhood of a cell in a P System as the set of cells which are adjacent to it
in the structure, either as a parent or a child. When applying a rule within a particular
cell that rule must be in one of three forms: min, max or par. These terms hold different
meanings across various systems and will be explained when describing particular models.
In general a min rule is a rule that is only applied once regardless of how many times
it could be applied, a max rule is applied as many times as possible concurrently and a
par rule is some limited application that is not as broad as max. For example, suppose
we have a cell that contains within it five a objects, and three b objects. Also suppose
the cell has the rule R: take the pair ab and produce a c; if R were a min rule we would
expect the cell, after a single P Step, to contain four a objects, two b objects and a single
c object; however if R was a max rule, after one P Step the cell would contain two a
objects, no b objects and three c objects.

Some of the systems described have the ability to control which cells they send in-
formation to, i.e. specifically limiting information to parent(s) or children. We will use
the following notation when specifying ‘send-to’ upon directed graph structures: Let M
denote a multiset of objects:

◦ M↑ denotes a send to parent or encasing membrane, also referred to as Mout! (a
send to all external cells) in deterministic variations Păun’s original system [19].

◦ M↓ denotes a send to children or (immediately) contained membranes (or the root
of the child sub-tree), also referred to as Min! in deterministic variations of Păun’s
original system (a send to all internal cells) in [19].

◦ Ml denotes a send to both parents and children (or the neighbourhood of the cell
performing the send).

◦ M (or lack of direction) denotes objects that are created and kept by the cell
performing the task.

Our goal is to obtain a high level language that we can use to define generic rule
sets. These sets can then be used to determine the underlying topology of commonly
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Figure 1: A graph G = (V, E); V = {1, 2, 3, 4}; E = { {1, 2}, {1, 3}, {2, 3}, {3, 4} }.

used P Systems. To create our rule set we will assume a general set of capabilities for all
systems which will be altered (or limited) as we explore particular P Systems throughout
this paper. We will consider topologies as undirected graphs, an example of which is
shown in Figure 1, further understanding of graphs can be gained from an introductory
graph theory textbook [6].

3 Motivations

We examine four P Systems in this paper to determine similarities and define discovery
algorithms that can be implemented across all the systems we consider, including some we
do not (such as Dual P Systems [1] and Population P Systems [3]). Discovery algorithms
could be considered the equivalent of a high level programming language for P Systems
(we describe this notion clearly in Section 9.3). As with many high level languages
some efficiency may be lost when using them. Since discovery algorithms are high level,
they will allow for a generalised way of communicating ideas, and it will also mean that
algorithms can be presented in a standardised form that is more like pseudo-code than a
formal rule set. We believe working with a restricted set of rules to appease all systems
will help to show the power of each system in its own right. It may very well lead to
more formal classes of P Systems. By formalising the discovery approach we can also
learn some of the limitations of such an approach to solving problems.

In the past, P Systems have been considered only as theoretical concepts that expect
the author of any paper to define (or create) the specific system in which their rule set,
program in a sense, is to be run. This definition includes the topology so it may be difficult
to see the motivation for our work. To describe some of the motivations we will consider
the systems described thus far in two different groups: the first is the set of systems
which allow for real-time generation or dissolution of cells; the second are those that do
not. For the first group the motivation is clear. We may want to know the underlying
structure of the system we have created. Perhaps further research of the growth patterns
of P Systems will help us to better understand their problem solving power. For the
second group the motivation is not immediately clear, until we consider that P Systems
(while beautiful theoretical objects) have great practical potential. Nicolescu et al. have
already shown how their Hyperdag P System can be used as a tool to model network
hierarchies [16, 17]. Discovering the topology of a network in real-time when performing
a task is a better approach than assuming a network structure. This could lead to more
efficient implementations (for example, a broadcast would complete much faster if it was
performed from the centre of the network); knowing the topology and allowing your
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algorithm to work with delays or even faulty hardware will lead to more robust solutions.

4 State Based Systems

We work with P Systems that use cell-states: cells operate under a restricted rule set
(effectively) since triggers involve the cell being in a certain state, similar to if-statements.
We assume this is advantageous for two main reasons: firstly, because a state change
procedure could be viewed as a Turing machine configuration sequence (when defining
algorithms); secondly, because using systems with states ensures we do not accept an
obvious loss of efficiency when removing excess objects when we simulate states. A state
change procedure, (such as: when in state 1, produce some output and move to state 2,
then produce some output and move to state 3, etc.) can be likened to a standard Turing
machine algorithm that does action A, then moves to action B and then to action C,
etc.; thirdly, because state based systems imply an order of precedence upon the rule set.

Open Problem 1 Can states be simulated on all non-state-based P System models?

On first glance it may appear as though states can be simulated with objects. Simulating
states seems like a good idea, as it would allow discovery algorithms to work on more
P Systems and would also allow a cell to be in multiple states at once—allowing entire
algorithms to run concurrently. But the simulation of states is not attempted in this
thesis. We do not go so far as to deny the possibility of an object based state-simulated
system, but we do note the difficulties in creating one. Since we are simulating states with
objects, there are two approaches we can take: the first is to designate a single object as
a state-representing object and the second to designate a set of unique objects to denote
a set of different states. In the former case we encounter the problem of conflict, while
in the latter case we encounter a problem concerning efficiency or correctness.

If we were to designate a single object to denote states, then we would have to have
multiple copies of this state-object to denote different states, specifically: one state-object
implies state 1, two state-objects denotes state 2, and k state-objects denotes state k.
This leads to a conflict: suppose we have a cell in state 6 containing objects a and b which
has at least two evolution rules (where s is our state-object): s5a→ s6b and s6b→ s7b2;
as we are in state 6 we expect that the b will be consumed and the cell will switch to
state 7 to create a pair of b objects for itself. However, there is nothing to stop the state
5 rule from being applied as there are sufficient state-objects and an a object within the
cell. This conflict cannot be resolved deterministically in Păun’s original P System [19].

Alternatively we could simulate k states using k different objects instead of one object.
By doing this we lose the concept of applying rules with priority and the ability to run
max rules in a natural manner. Priority issues could lead to incorrectly functioning
procedures. State based P System models have built within them a priority on rules to
ensure that rules are applied correctly: if two rules can be applied and they result in
different states, one of the rules takes precedence, and is applied instead of the other.
When simulating states, there is no way to ensure precedence, so both rules are applied
which leads to contradicting state settings. It is possible that with wise design procedures
such cases could be avoided, so this merely introduces a difficulty.
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The main concern with simulating multiple states with distinct objects is that of
efficiency. In a state-based model, if we reach a certain state we can define a set of
rules that would remove every object within the cell, as these rules can be set to max
and applied concurrently it costs a single P step. However, in a simulated system we
only have a single state-object, so removing m objects will take m steps. We note that
duplicating state-objects before running the clean-up rules will allow max rules to be
applied in their natural sense. Nevertheless, by having multiple state-objects within a
cell, if the state changes we would need to ensure consistency. Ultimately, simulating
states is difficult and appears to introduce many problems we could avoid by working
with models that allow for states.

We note that state-like functionality can be implemented with the introduction of
promoters and inhibitors [2], inhibitors stop particular rules from being applied whereas
promoters encourage certain rules to be applied before others. However this functionality
is by design and is not formally written as a mapping or translation between a state-
based rule set to a promoter and inhibitors rule set without states. We put forward the
following conjecture.

Conjecture 2 There exists a rule set mapping from state-based models to non-state-
based models which allow for inhibitors and promoters.

It is important to note that proving Conjecture 2 will allow discovery algorithms to
be performed on non-state based systems that allow for inhibitors and promoters as well.
We assume state-based models when continuing with our work.

5 System Overviews

5.1 Păun’s Original System

Păun’s original system assumes one membrane that is recursive in nature. The outer-
most membrane (also known as the skin) contains other membranes which may con-
tain other membranes and so forth. Each membrane can only communicate with the
cells/membranes neighbouring it, i.e. children or its parent membrane. The membranes
communicate by sending objects. The original cells of the system have a unique identifier,
but this identifier may not remain unique through the computational process as cells can
be generated or dissolved in real-time. This model can is a rooted tree structure, where
the root of the tree is the outer-most membrane, with each embedded membrane as a
sub-tree (defined recursively on the structure). We note that a membrane without any
children is known as an elementary membrane (or a leaf in the tree structure).

The root of the tree, or skin membrane interacts with the environment, which might
also be considered as the output tape of the system. A mathematical definition follows
that is consistent with [16]:

Definition 3 A P System is a tuple Π = (Σ, δ, w1, . . . , wm, R1, . . . , Rm) of degree
(order) m, where:
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Figure 2: Păun’s original system: A membrane structure and its associated rooted
tree [20].

◦ Σ is a finite non-empty alphabet of objects; a subset T ⊆ Σ can be defined as an
output alphabet.

◦ δ is a membrane structure consisting of m membranes, with the membranes labelled
by the elements of the set {1, 2, . . . ,m}. This structure can be viewed as a rooted
tree with a set of parent-child relations.

◦ wi, 1 ≤ i ≤ m are multisets over Σ associated with the membranes 1, 2, . . . ,m of Π.

◦ Ri, 1 ≤ i ≤ m, are finite sets of evolution rules over Σ, each Ri is associated with
the region i of Π; Ri is ordered by a priority relation (on the rules of Ri). An
evolution rule is of the form u → v, where u is a string over Σ and v is a string
representing a multiset over {a, a↓, a↑ | a ∈ Σ∗}.

We note that a region is the term used to denote an outer membrane and all encased
membranes. On the tree-model a region is the entire subtree. However, when working
with rules which perform a send-to region, we send the objects to the root of the region
only. We do not have direct access to the child-membranes.

As mentioned earlier, Păun’s original P System has the ability to alter its structure
in real-time. These operations are included as rules within the system and require some
sort of ‘trigger’. Păun’s original system allows separate rules for each of the membranes;
a system in which all the rules are the same is known as a simple system. As our goal is
to produce the most general algorithms possible, we will assume the simple model when
performing our ‘mapping’ (it is clear that models that allow for individual rule sets can
be run with the initial configuration such that all the rules across cells are identical; the
converse is not possible).

The P System’s ability to reproduce cells was the fundamental part of Păun’s linear
P step solution to SAT [13]. The algorithm, basically, generates all 2n possible variable
assignments and has the original formula tested within each cell simultaneously. It takes
only linear steps to generate all 2n cells then the satisfiability-test is performed in a
single step. The appropriate result is then, sent to the root cell (or the environment) by
transmitting up the tree of height O(n).

Păun’s original system lacks the ability to bind cell IDs onto objects. This means
that it is impossible to specify ownership of an object using the object itself. This was
not necessary in Păun’s model because of the parent-child relations, but does impose
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a restriction on our generic algorithms when computing topologies. We also note that
Păun’s original system does not have states in the sense we use them, but the system does
allow for polarity which is better described in [20]; polarity allows a cell to be positive,
neutral or negative and depending on the polarity a certain subset of the full rule set is
applied, resulting in output for the cell (or neighbouring cells) and a possible polarity
change. We view this as a limited state based system, thus if our discovery algorithm
requires fewer than four states then we can run it on Păun’s original system, otherwise
we cannot without a way to simulate states which was discussed earlier.

Another alternative for simulating states might be the concept of inhibitors or pro-
moters [22]. This still does not account for the priorities built into a state based model,
but provides a strong indication that state simulation may be possible.

In all other aspects, Păun’s original system was the basis of what was described
in Section 2. So, Păun’s original system is capable of bi-directional communication,
performs all actions in parallel, and can generate objects as required.

5.2 Hyperdag P System

a b c d e f g h

Bus 1 Bus 2
Ethernet Ethernet a b c d e f g h

Cell
Wireless Bus 1

Ethernet
Bus 2

EthernetWireless Cell

Figure 3: A network as a directed acyclic graph, notice that c, d, e and f have two
parents [9].

The Hyperdag P System is hierarchical in nature and can be used to model a network
as shown in Figure 3 (or any other structure in which leaves receive information from
multiple parents).

Definition 4 A Hyperdag P System is a tuple Πh = (O, σ1, . . . , σm, δ, Iout), where:

◦ O is a finite non-empty alphabet of objects;

◦ σi, 1 ≤ i ≤ m are cells of the form σi = (Qi, si,0, wi,0, Pi), where:

• Qi is a finite set (of states),

• si,0 ∈ Qi is the initial state,

• wi,0 ∈ O∗ is the initial multiset of objects,

• Pi is a finite set of multiset rewrite rules of the form:
sx→ s′x′u↑v↓tlw↔ygozout,
where s, s′ ∈ Qi, x, x

′, u↑, v↓, tl, w↔, ygo, zout ∈ O∗, with the restriction that
zout = λ for all i ∈ {1, . . . ,m} \ Iout.
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◦ δ is a set of directed acyclic graph (DAG) parent-child arcs on {1, . . . ,m},
i.e, δ ⊆ {1, . . . ,m} × {1, . . . ,m}, where δ is a DAG, representing bidirectional
(symmetric) communication channels between cells;

◦ Iout ⊆ {1, . . . ,m} indicates the output cells, the only cells allowed to send objects
to the ‘environment’.

The rule definition is quite complex as it allows you to send directly to the environment
(denoted by zout). As this is specific to the Hyperdag P System and Tissue P System we
do not use either of these features.

The hierarchical structure allows the relatively easy determination of the number of
paths between any two cells in the system. This particular use has clear applications
to network design problems. The algorithm starts from some root vertex (or from all
root vertices depending on the starting configuration), then sends some object to all
descendants. When a descendant receives objects, it forwards a copy of each of those
objects to its descendants. The procedure stops when there are no new descendants. At
the end of the computation each of the cells in the system knows how many paths there
are from the starting cell to itself [18].

Hyperdag P Systems allow for the generation or dissolution of cells during a compu-
tation, provided that the newly created cell does not conflict with the DAG structure
of the system. The Hyperdag P System assumes duplex communication (the ability to
send data in both directions across the single parent-child relation), so our discovery al-
gorithms will perform correctly upon the system since the cell can immediately inform its
neighbours that it received information. The Hyperdag system also maintains the ability
to generate objects as required, is state-capable and all rules are applied in parallel.

5.3 Neural-like Tissue P System

The Tissue P System is a model in which the underlying structure of the system can
be considered as a directed graph. This is how the neural pathways are modelled in the
brain [12] and offer a more complex structure than Păun’s original system. Formally, we
define this as follows [15]:

Definition 5 A Tissue P System is a tuple Πt = (O, σ1, . . . , σm, syn, iout), where:

◦ O is a finite non-empty alphabet of objects;

◦ σi, 1 ≤ i ≤ m are cells, of the form
σi = (Qi, si,0, wi,0, Ri), 1 ≤ i ≤ m, where:

• Qi is a finite set (of states),

• si,0 ∈ Qi is the initial state,

• wi,0 ∈ O∗ is the initial multiset of objects of the cell,

• Ri is a finite set of rules of the form:
sw → s′xygozout, where s, s′ ∈ Qi, w, x ∈ O∗, ygo ∈ (O × {go})∗, and zout ∈
(O×{out})∗, with the restriction that zout = λ for all i ∈ {1, . . . ,m} different
from Iout.
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◦ syn ⊆ {1, . . . ,m} × {1, . . . ,m} (synapses among cells).

◦ iout ∈ {1, . . . ,m} indicates the output cells.

The rule definition allows us to send directly to the environment (denoted by zout);
as this is specific to the Hyperdag P System and Tissue P System we do not use either
of these features. The min, max and par specifications are applied in a global sense for
the Tissue P System. Min specifies a single rule is to be applied once, par designates a
single rule which is applied as many times as possible and max denotes that all the rules
are applied concurrently as many times as possible.

A variation of Tissue P Systems solved 3-COL [11], a well known NP-Complete prob-
lem, in a linear number of P Steps [5]. The process for solving the problem is to generate
a system that has enough cells to simulate all possible 3-colourings of the graph and then
ensure validity by ‘stabilising’ via the environment. Ultimately the cost to generate the
cells is linear and the cost to stabilise is constant as we only need to check three colours
in this case.

The tissue system does not limit our model since all rules are applied in parallel, the
system is state-capable and objects are created as required by the rules. However, we are
hoping to determine underlying structure, so the tissue system’s synapse relations must
be symmetric i.e. if there is an arc from cell ci to cj then there must also be an arc from
cell cj to ci. We encourage further work in running algorithms in the discovery sense on
strongly connected directed underlying structures.

5.4 Simple P Module

The Simple P Module is arguably the most unique system we examine. The term ‘simple’
in its name appears inconsistent with the standard P System naming conventions, but
makes sense when it is understood that P modules are designed to ‘inter-lock’ with one
another to create greater systems. Each module performs a certain task and to perform
some combination of tasks it is possible to join the various systems together to gain the
full procedure. The Simple P Module does not have the inter-locking feature, making it
simple. The name Simple P Module was coined by Dinneen, Kim and Nicolescu in [7],
thus we will maintain it as such here.

Definition 6 A Simple P Module is a system Πm = (O, K, δ), where:

◦ O is a finite non-empty alphabet of objects;

◦ K = {σ1, σ2, . . . , σm} is a finite set of (internal) cells;

◦ δ is a binary relation on K, without reflexive or symmetric arcs, which represents a
set of parent-child structural arcs between existing cells, with duplex communication
capability. Each cell, σi ∈ K, has the initial form σi = (Qi, s0, w0, Ri) and general
form σi = (Qi, s, w,Ri), where:

• Qi is a finite set of states;

• s0 ∈ Qi is the initial state; s ∈ Qi is the current state;
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• w0 ∈ O∗ is the initial multiset of objects; w ∈ O∗ is the current multiset of
objects;

• Ri is a finite ordered collection of multiset rewriting rules of the general form:
s x →α s

′ x′ (u)βγ , where s, s′ ∈ Q, x, x′ ∈ O∗, u ∈ O∗, α ∈ {min,max},
β ∈ {↑, ↓, l, self}, γ ∈ {one, spread, repl}∪K. If u = λ, denoting the empty
string of objects, this rule can be abbreviated as s x→α s

′ x′. The application
of a rule takes two sub-steps, after which the cell’s current state s and multi-set
of objects x is replaced by s′ and x′, respectively, while u is a message which
is sent as specified by the transfer operator βγ.

The rules given by the collection Ri are applied in the weak priority order [21]. For
a cell σi = (Qi, t, w,Ri), a rule s x →α s

′ x′ (u)βγ ∈ Ri is applicable if t = s and x ⊆ w.
Additionally, if s x →α s′ x′ (u)βγ is the first applicable rule, then each subsequent
applicable rule’s target state (i.e. state indicated in the right-hand side) must be s′.

We note that the Simple P Module has the ability to specify how to generate objects
(specifically γ), γ is used to denote either: one, create only a single object for a particular
neighbour k ∈ K; or spread in which we generate a set of objects and then spread them
across specific recipients; or repl in which we replicate a set of objects for all recipients.
We will only use the replicate feature.

The Simple P Module appears to be the most flexible. The (complete) P Module
has various applications to software engineering problems, most notably the Byzantine
agreement problem [8].

The Simple P Module cannot generate or dissolve cells during a computation. How-
ever, it is state-capable, has bi-directional communication, applies all rules in parallel
and creates objects as required.

6 Discovery Rules

In this section we formalise our discovery algorithm rule sets and provide an initial
mapping for our model to each of the systems covered thus far. For each of our rules
we write the equivalent rule for each of the systems explored in this paper and offer an
explanation of the rule being applied on its native system to show the reader that the
outcome of the command across all systems is the same. Once again we have ensured
this is possible by selecting only a subset of the full rule set for any given system.

6.1 Starting Configuration

To generalise the algorithms further we will assume that all computations start from
a single cell which then spread across the system (hence discover the farther cells as
opposed to assuming their existence). We refer to it as a ‘single source start’ since we
start at a single source cell to begin the computation. There are various advantages
to this approach, one of which is the ability to invoke the algorithms within another
P System computation. All of the discovery algorithms will include the presentation of
the different objects required to perform it. So if the starting objects for a particular
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discovery algorithm and all the objects required by the computation of that algorithm
are reserved, then we could have it run independently from any other algorithm (after
some trigger) to gain topology information before continuing some other computation
(we describe this notion clearly in Section 9.3). It will be assumed that the starting cell
is the same as the skin, Iout, or an output cell from Iout if Iout is a set containing multiple
elements for our systems. This assumption ensures the results of the computation can
be obtained from the starting cell after some number of P steps (though it is better to
ensure that all cells have the output information so that you can start with any cell in
the system).

What follows is a starting configuration for any discovery algorithm and a mapping
to each of the four systems stated thus far. The rule mapping is covered in Section 6.2.

The starting configuration for any discovery algorithm will be defined as:

Definition 7 A P System single starting source is a tuple Πs = (Os, Ss, Ms, s, Rs)
where Os is the alphabet required for the algorithm to run, Ss is the set of states required
for the algorithm to run, Ms is the multiset of objects held by the starting cell, s is the
initial state of the starting cell and Rs = {r0, r1, . . . , rm} where ri = sa→ s′a′a′′l where
s, s′ ∈ Ss, a, a′, a′′ ∈ O∗s , is the rule set for all the cells in the system and m ∈ N.

We note that λ is the empty string, used to denote the empty set in the P System
descriptions (following convention) and that s0 is the initial state—which is assumed in
all models.

Păun’s original system Π = (Σ = Σs, δ, w1 = Ms, w2 = λ, . . . , wm = λ, Ri = Rs for
all i).

Hyperdag P System Πh = (O = Σs, σ1, . . . , σm, δ, Iout = {σ1}) where σ1 = (Ss, s,
Ms, Rs), and σi = (S, s0, λ, Rs), 2 ≤ i ≤ m.

Tissue P System Πt = (O = Σs, σ1, . . . , σm, syn, iout = {σ1}) where: σ1 = (Ss, s,
Ms, Rs) and σi = (Ss, s0, λ, Rs), 2 ≤ i ≤ m.

Simple P Module Πm = (O = Σs, K = {σ1 = (Ss, s, Ms, Rs), σi = (Ss, s0, λ, Rs), 2
≤ i ≤ m}, δ).

6.2 Rules

All the rules in the discovery algorithms we work with are deterministic and a rule must
be in one of two forms: min or max. We always replicate the object for each of the
neighbouring cells such that all neighbours receive the same multiset. The multiset of
objects on the left-hand side of the rule is consumed during the application of the rule.
In order to maintain the original set we would need to specify it as an outcome. The
left-hand side of the rule indicates a ‘trigger’ and the right-hand side of the rule is the
set of outcomes.
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6.2.1 Rule Mapping

We will map the aforementioned definition (sM → s′M ′M ′′
l ) and comment on specifics

related to each system.

Păun’s original system sM → s′M ′M ′′
l where s, s′ ∈ Ss and M,M ′,M ′′ ⊂ Σ∗s.

In Păun’s original system we are limited to three states, so s and s′ are really
from the set Ss = {positive, negative, neutral}. We also recognise that variants
of Păun’s original system allow for a rule that produces objects, both for the cell
applying the rule and all neighbours of the cell simultaneously (off the same trigger).
However, if we wanted to be consistent with the original system described in this
paper we would require two P Steps. We would have to define two rules, the first
creates M ′ ∪ K for the cell itself, the second creates M ′′ for all neighbours using
K as a trigger, where K ⊂ Σs (the K multiset should be unique to ensure a
deterministic solution). We note that Păun’s original system does not allow for
min rules in deterministic variations.

Hyperdag P System s M → s′M ′M ′′
l where s, s′ ∈ Ss and M,M ′,M ′′ ⊂ Σ∗s.

The Hyperdag P System allows for our simplified rule to be mapped without any
difficulties. We recognise that some variants of the Hyperdag P System allow for
min or max rules, if that is the case then we will assume max mode for all rules.

Tissue P System s M → s′M ′M ′′
l where s, s′ ∈ Ss and M,M ′,M ′′ ⊂ Σ∗s.

Similar to the Hyperdag P System, the Tissue P System allows for our simplified
rule to be mapped without any difficulties either.

Simple P Module s M →α s
′M ′M ′′

l where s, s′ ∈ Ss, M,M ′,M ′′ ⊂ Σ∗s and α = max.

Here, α is always set to max in our generic rule set because at least one of the other
systems does not support the min function.

We note that the alphabet we define for the single source start system may be mapped
onto the original alphabet for the system it is being performed upon, we only require
that the alphabet elements are unique.

7 An Example

We offer a simple ‘flooding’ example from the discovery paper [18] in our format.
Pre-conditions: Every cell in the network is in the initial state s0 except for one cell

that is also in s0 but has an initial multiset made up of a single a.
Post-conditions: Every cell in the system is reached and is put into state s1.
The following P System single source start implements this: Πs = ({a}, {s0, s1}, {a},

{s0}, Rs = {s0a→ s1al, s1a→ s1})
It is clear that the above starting configuration and rule set will eventuate in a sta-

ble, or halted, system in which every reachable cell is in state s1. A small example is
demonstrated in Figure 4.
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Figure 4: Example computation: the sequence of configurations of the P System.

8 System Requirements

To discover topological information on a P System Π that we have not covered explicitly
we require that Π possesses certain properties.

Bi-directional Communication The system should allow for bi-directional communi-
cation. This is to ensure we are generating the underlying structure of the system.

Parallel Rule Application This ensures our running times in P Steps will be accurate.
It also allows us to gain the benefits of working with a P System.

States The system must be state based for the reasons we explored in Section 4.

(Free) Object Generation Free object generation may not be realistic in some models
(the Tissue System for example); however, the free generation of objects is required
for our algorithms to run. By free generation of objects we mean that we can
consume a single copy of an a object and generate k copies of a objects, where
k ∈ N. A more realistic model may ensure a conservation of some sort, and may
stop our algorithms from running.

Determinism The ability to ensure a deterministic outcome.

Notice that we do not require cell identification, the ability to generate or dissolve
cells in the computation.

We question whether or not discovery algorithms can be extended to directed sys-
tems. Many of the algorithms defined in this thesis assume echoed feedback to ensure
correctness.

Open Problem 8 Can discovery algorithms be extended to strongly connected systems?
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We accept that it is certainly possible if the goal is merely to distribute information,
but when considering echoed feedback we conjecture that cell IDs will be required.

Conjecture 9 Strongly connected systems will require cell identification to perform dis-
covery algorithms.

The reasoning behind Conjecture 9 is simple. Any given cell will need to be able to
determine that one of its own neighbours has returned information. Since we do not have
the ability to assume feedback within a fixed number of P steps, we will need some form
of identifier to be able to tell if one of the child cells is communicating with it (or has
sent feedback via an alternate path).

9 Implications of Our Model

We have built the framework that we will use to present solutions to topology problems
considered in future work. As we have created a new model we ensure it is Turing
complete and describe how the model can be mapped to any of the four models considered
in this chapter. This section also explains why we can refer to our discovery model as a
discovery algorithm with slight modification of terminology.

9.1 Turing Completeness

As we have defined a new system we feel it is important to ensure computational power.

Theorem 10 Păun’s original system is Turing complete without the ability to generate
nor dissolve cells.

Proof. It was shown that a Counter Automaton can simulate a Turing machine provided
it has at least two counters [14]. It has also been shown that a single cell version of Păun’s
original system could simulate a Turing complete Counter Automata [10]. Hence proving
that Păun’s original system is Turing complete without the ability to generate nor dissolve
cells. �

Lemma 11 All non-state-based rule sets Sn = {r1, r2, . . . , rk}, where ri = Mi →M ′
iM
′′
i,l

for 1 ≤ i ≤ k, can be mapped to corresponding state-based rule sets Ss = {r′1, r′2, . . . , r′k}
where r′i = siNi → s′iN

′
iN
′′
i,l.

Proof. Let s be a state. There exists the following mapping:
For 1 ≤ i ≤ k, ri maps to r′i such that ri = M →M ′

iM
′′
i,l and r′i = sMi → sM ′

iM
′′
i,l.

The order is maintained and as there is only a single state s in the Ss set no state-
change occurs perfectly mimicking the Sn set. �

Theorem 12 For every single cell Π (Păun’s original system) which does not involve the
generation nor dissolution of cells, there exists a Πs system that will produce the same
outcome.
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Proof. Let the system Π = (Σ, δ, w1, R), given in Subsection 5.1 be a single cell version
of Păun’s original system which does not involve the generation nor dissolution of cells.
There exists a mapping of the Π system to the Πs = (Os, Ss, Ms, s, Rs) system. Where
Os = Σ, Ss = {s0} such that s0 is the state introduced as in Lemma 11, Ms = w1, s = s0,
Rs = R by Lemma 11. Therefore Πs performs all of Π’s functions. �

Theorem 13 The Πs system is Turing complete.

Proof. Theorem 10 tells us that single cell versions of Păun’s original system are Turing
complete. Theorem 12 allows us to map the set of all single cell versions of Păun’s
original system to our Πs system. Therefore, by transitivity, the Πs system is also Turing
complete. �

9.2 Generalisation

By showing a clear mapping from our system to other systems in Section 6 we have
ensured that any solution that runs on the generic Πs model we have created will run
upon any of the aforementioned models described in this paper. This mapping is only in
one direction as the four models described have additional functionality we have omitted
to ensure portability.

However, findings that hold for our system will hold for any system that incorporates
all the following attributes: the system requirements (see Section 8); anonymity (lacks
cell IDs); and a starting configuration in which only a single cell has a multiset of starting
objects. This means our work has direct implications upon Păun’s original system, the
Hyperdag P System, the Tissue P System and the Simple P Module, when a single cell
starting configuration is assumed and the rule set does not trigger cell generation. We
note that results can vary depending upon whether the P System has a cyclic or acyclic
underlying structure.

9.3 Model to Algorithm

We have created a discovery algorithm model, but in the general sense, an algorithm
refers to a program to be run on an Universal Turing Machine. There is no concept of a
machine that takes a P System and ‘runs’ it as such. For P Systems, the model itself is
the computational device—similar to a particular Turing machine to complete some task.
However, we can incorporate the functionality of a discovery system within any of the
four models discussed in this paper with an augmentation procedure, by augmentation
procedure we mean we can take a predefined P System and alter its definition such that it
can obtain the output of the discovery model as a sub-solution. We define this procedure
generically since the description is clear.

Let Π be one of the four systems discussed in this paper.
Let Πs be our discovery system.

1. Add to the alphabet of the Π such that the Πs alphabet is mappable in a disjoint
manner. Also add an additional k objects to Π’s alphabet, where k is the number
of states used by Π.
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2. Select one of the cell’s starting multiset of objects (ideally one of the output cells)
and alter it such that it also starts with the initial multiset for the discovery system
Πs. Recall that the discovery system starts all computations from a single source
point.

3. Increase the states used by the Π system by the number of states used by the Πs

system.

4. Amend the Pis ruleset to all the rulesets’ within Π. It is important to note here
that because the starting state(s) is the original state(s) of the Π system the rules
cannot be triggered until we make the following changes:

(a) The states of the system have been segregated into two groups, specifically
the original states and the discovery states. We need to alter one of the rules
in the original system Π to trigger the discovery algorithm. This can be done
by sending the single cell decided in item 2. with the initial multiset into the
initial state of the discovery model.

(b) Once this rule as been added (or altered) we need to ensure that the rest of the
system performs the discovery procedure. To do this we need to ensure the
initial state rules of the Πs system take precedent and also store a reference
to the previous state the cell was in (this will allow us to return the cell to
the original state before the discovery algorithm was invoked). So the ruleset
for any given cell will increase by km rules where k is the number of states
used by the cell, and m is the number of rules that assume the initial state in
Πs. Where each rule will produce the desired outcome with respect to the Πs

system and a state indicator.

(c) Once the discovery algorithm completes we need to ensure that the system
returns to the state-configuration it was in before the discovery procedure was
invoked. To do this we need to know when the discovery algorithm would
halt and upon reaching its halting configuration consume the state indicator
object and return each cell to the original state.

The description above has omitted a lot of detail, but the general idea is conveyed
to show that defining a procedure P within the discovery model will allow P to work
within another system. Or allow us to ‘run’ the ‘algorithm’ P within another system.
While this is not the same as running a program upon an universal Turing machine, the
slight modification of terminology does not introduce ambiguity for this field as there is
not concept of a machine that ‘runs’ P Systems.

10 Summary

In this paper we have provided a framework for discovery algorithms for determining
topologies in P Systems. To produce the framework we survey some of the most popular
P Systems to determine common elements and comment on each of them individually.
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We then go on to describe how our framework can be applied to all of the P Systems
mentioned in this paper as well as commenting on some of the implied limitations of
our model and how one might avoid them. To complete our framework we ensure that
our re-stated rule set does not hinder Turing completeness for Păun’s original system
and then go over an example rule set that merely floods a P System with information.
We also list system requirements and state some open problems relating to our work.
We then comment on the implications of any findings using our model. This model
formalises discovery algorithms so that we may both define generalisable solutions and
learn of any limitations of the approach to solving problems. For further information
about our generic model and concrete examples for determining structural information
of a P system, we refer the reader to the first author’s masters thesis [4].
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uniform solution to SAT using membrane creation. Theoretical Computer Science,
371:54–61, February 2007.

[14] J. E. Hopcroft and J. D. Ullman. Introduction to Automata Theory, Languages, and
Computation. Addison-Wesley, 1979.
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