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Abstract

The subword complexity of an infinite word ¢ is a func-
tion f(¢,n) returning the number of finite subwords (factors,
infixes) of length n of ¢. In the present paper we investigate in-
finite words for which the set of subwords occurring infinitely
often is a regular language. Among these infinite words we
characterise those which are eventually recurrent.

Furthermore, we derive some results comparing the asymp-
totics of f(&,n) to the information content of sets of finite or
infinite words related to ¢. Finally we give a simplified proof of
Theorem 6 of [ ]
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Following [ ] the subword complexity of an infinite word ¢

is a function f(¢,n) returning the number of finite subwords (fac-
tors, infixes) of ¢ having length n. It was mainly investigated for
infinite words of low complexity (see [ , ] or the book
[ 1). However | , Question 2] asked for the general com-
plexity of quasiperiodic infinite words. An answer on their max-
imally possible complexity was given in [ ] showing that this
complexity satisfies f(¢,n) <ae ¢t} where tp is the smallest Pisot
number. Moreover, for quasiperiodic infinite words with maximal
subword complexity the set of factors form a regular language.

The aim of our paper is to investigate in more detail those infi-
nite words whose set of factors occurring infinitely often is a reg-
ular language. Therefore, in contrast to [ ] and | ] we are
mainly interested in infinite words ¢ whose subword complexity
f(&,n) is not bounded by a subexponential function.

In the case of exponentially growing subword complexity the
results of [ | and [ ] show a close connection between
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the growth of f(¢,n) and the Hausdorff dimension of regular w-
languages containing the infinite word ¢. Using this connection we
prove that every infinite word having a regular subword language
satisfies the condition f(&,n) ~ ¢ - tz for a suitable real number f;.

As a consequence we obtain a simplified proof of Theorem 6
of [ ]. This theorem states, roughly speaking, that finite au-
tomata cannot distinguish one-sided eventually recurrent infinite
words having the same set of infinitely often occurring factors pro-
vided this set of factors is a regular language. A more general re-
sult for two-sided infinite words had been obtained earlier | ,

1.

After introducing some necessary notation in Section 2 we de-
rive some basic facts on infinite words having a regular language of
infinitely often occurring factors. Moreover, the concept of asymp-
totic subword complexity of infinite words is introduced. This con-
cept proves to be useful in the following.

The entropy of languages known from [ , , ] is
closely related to asymptotic subword complexity. In Section 3 we
derive some elementary properties an also some results relating the
entropy of languages to the Hausdorff dimension of w-languages
are presented (cf. also [ , ). These facts are used to de-
rive our results in the last section. Here we give a characterisation
of eventually recurrent infinite words having a regular language
of infinitely often occurring subwords. From this characterisation
several conditions necessary or sufficient for an infinite word to be
eventually recurrent are obtained. Finally, we give a simple proof
of Theorem 6 of | ].

The previous proof in [ ] uses considerations involving Haus-
dorff measure. In the present paper we circumvent these measure-
theoretic considerations confining to language-theoretic results only,
although we make implicitly use of the close connection between
the entropy of languages and Hausdorff dimension.
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1 Notation

In this section we introduce the notation used throughout the pa-
per. By N = {0,1,2,...} we denote the set of natural numbers. Let
X be an alphabet of cardinality |X| = r > 2. By X* we denote the set
of finite words on X, including the empty word e, and X% is the set
of infinite strings (w-words) over X. Subsets of X* will be referred
to as languages and subsets of X“ as w-languages.

For w € X* and n € X*UX® let w -7 be their concatenation.
This concatenation product extends in an obvious way to subsets
W C X* and B C X*U X“. For a language W let W* := {J;cpy W/,
and let W¥ := {w;y---w;--- : w; € W\ {e}} the set of infinite strings
formed by concatenating words in W.

We denote by B/w := {r7 : w-y € B} the left derivative of the set
B C X*UX®“. As usual a language W C X* is regular provided it
is accepted by a finite automaton. An equivalent condition is that
its set of left derivatives {W/w : w € X*} is finite. In the sequel
we assume the reader to be familiar with basic facts of language
theory.

Furthermore |w| is the length! of the word w € X* and pref(B)
is the set of all finite prefixes of strings in B C X* U X“. We shall
abbreviate w € pref() (5 € X*UX%¥) by w C 7.

T(B) := Uypex- pref(B/w) is set of infixes (factors) of words in
B C X*U X%, and for an infinite word ¢ € X“ its sets of factors
occurring infinitely often is Teo(¢) := Nyre T(E/w).

As usual a language V C X* is called a code provided wy - - - w; =
v1---v for wy,...,w;, v1,...,9 € V implies | = k and w; = v;. A
code V is said to be a prefix code provided v C w implies v = w for
v,weV.

ISince there is no danger of confusion, the length |w| of a word w € X* is
denoted in the same way as the cardinality |[M| of a set M.
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2 The Languages of Subwords

In this part, we consider, for an infinite word ¢ € X%, the languages
of subwords T(¢) and of subwords occurring infinitely often T (¢),
respectively.
For the tails (suffixes) of { we have the following obvious inclu-
sion.
T(¢/w) 2 T(¢/v) whenever w C v (1)

Thus the family (T({/w))¢ is an infinite decreasing chain of lan-
guages, and the infinite intersection T (&) := (¢ T(G/w) consists
of all subwords occurring infinitely often in ¢.

It depends on the w-word ¢ whether the chain in Eq. (1) is sta-
tionary or not. If the family (T(¢/v)) _ ; Is stationary, that is, there
is a prefix v C ¢ such that T(¢/v) = Tw(), we will refer to the
w-word ¢ € X as eventually recurrent? (see [ D.

Next we consider the case when one of the languages T(¢/w)
is a regular language. To this end we derive the following relation
between T(¢)/v and T(¢/v).

Lemma 1 Letv C {. ThenT()/v C T(E/v) = T(T()/v).

Proof. If u € T(&)/v then vu € T(¢) and thus there is a w such
that wou C ¢. Since v C ¢, we have also v C wv. Consequently,
wv = vw for some @, and we obtain vwu C ¢, that is, u € T(¢/v).

T(&)/v C T(¢/v) implies T(T(¢)/v) C T(&/v), so it suffices to
show T(¢/v) C T(T(§)/v). Let u € T({/v). Then there is a @ €
X* such that vawu C ¢. Consequently, wu € T()/v, whence u €
T(T(Z)/v). a

As in [ ] we refer to an w-word ¢ € X% as infix-regular provided
there is a prefix w C ¢ such that T(¢/w) is a regular language. The
following lemma yields a connection between infix-regular w-words
and eventually recurrent w-words.

2An w-word £ is referred to as recurrent iff T (&) = T(¢). This resembles the
notion of recurrence for Z-words as considered in [ , 1.
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Lemma 2 An w-word ¢ € X% is a infix-regular w-word if and only if
¢ is eventually recurrent and T« (¢) is a regular language.

Proof. Let ¢ € X“ be infix-regular. Then in Lemma 5 of [ ]
it is shown that there is a w’ C ¢ such that T(¢/w') is a regular
language and T(¢/w') = T ().

The other direction is follows from the definition and the fact
that T (¢) is a regular language. a

Corollary 1 IfT(¢) is regular then T (&) is also regular.

It should be noted that not every w-word ¢ for which T(¢) is
a regular language is eventually recurrent. The following exam-
ple shows that T« (¢) might be regular, although none of the sets
T(¢/w), wC ¢, is regular.

Example 1 Consider & := [[°;a'-b. Then Te(&) = a*Ua*-b-a*,
but, for every w C ¢y, the intersection T(¢y/w)Nb-a*-b-a*-bis a
non-regular language of the form {b-a'-b-a*'-b:i € NAi > ¢y},
hence T(¢y/w) is also non-regular. Q

2.1 Subword Complexity and Asymptotic Subword
Complexity of w-words

The subword complexity of an infinite word ¢ is the function f (&, n) :=
|T(¢) N X"|. In this section we focus on the growth of the function

f(&,n), in particular, on the real number A for which lim (%)” =
] 5/ n —
0 and nh_r)r(}o(%) = 0. 3,

First observe the following simple property for eventually recur-
rent w-words.

Lemma 3 If ¢ € X¥ and T(¢/wy) = Tw(¢) then f(&n) < |wg| +
T (&) N X"|.

3We have to express this fact in the complicated manner because the growth
of f(¢,n) need not behave like c - Az
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Proof. This follows from the fact that every infix of length n of ¢
is an infix of ¢/w or an infix of the length |wy| + n — 1 prefix of ¢. O

Along with the subword complexity we consider the asymptotic sub-
word complexity () of an w-word ¢. This quantity is defined as
the logarithm of the real number Ag.

(@) = tim EXT )

Definition 1 (Asymptotic subword complexity)

Since f(¢,n+m) < f(¢,n)- f(¢,m), the limit in Definition 1 exists
and equals 7(¢) = inf{w :
the following relation between f(¢,n) and |Te (&) N X"| (see [ ,

Eq. (5.2))).

n c N} Moreover, we have

7(¢) = lim log x| T (&) N X"|

n—+00 n

(2)

3 The Entropy of Languages

Closely related with the asymptotic subword complexity is the con-
cept of the entropy of languages introduced in [ ]. Let W C X*.
Then the quantity

log| x| max{1,[W N X"|}

Hw := limsup
n—00 n

(3)

is referred to as the entropy of the language W. Eq. (3) strongly
resembles Eq. (2). Since the limit need not exist, we use the limit
superior instead, and the additional 1 in the numerator is added to
ensure that Hyy, = 0 for finite languages W. For more details on the
entropy of languages see also | , , .

3.1 The entropy of regular languages

Next we derive some properties of the entropy of regular languages
(cf. also [ , 1).
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We start with some easily derived relations between the number
of words in a regular language and the number of its subwords.

Lemma 4 [f W C X* is a regular language then there is a k € IN
such that

WX < [T(W) N X" < §- T [Wnxe+].

As a suitable k one may choose twice the number of states of an
automaton accepting the language W C X*.
A first consequence of Lemma 4 is the following.

Corollary 2 Let W C X* be a non-empty regular language. Then
HT(W) = Hpref(W) = Hwy.

Corollary 4 of [ ] shows a more precise bound for the number
of words in regular star languages W* C X*.

Lemma 5 For every regular language W C X* there are constants
c1,c0 >0anda A, 0 <A < |X|, such that

c1- A" < |pref(W*) N X" < ¢y - A"

A consequence of Lemma 4 is that |T(W) N X"| < k- |pref(W) N X"+,
Thus Lemma 5 holds also (with constant k- ¢, - | X|¥ instead of c,) for
T(W*).

In order to obtain a relation between Hy, and Hy+ we consider,
for a language W C X*, the generating function Sy (t) := Y ;cn |[WN

Xi|-t. It is well-known (cf. [ ) that Hy = —logy sup{t : 0 <
t <1ASw(t) < oo}. Moreover, for regular languages W, the function
Sw(t) is a rational function [ , ], that is, in particular, if

W # @ there is always a value t; < |X| " such that Sy (t;) = 1.

For codes V C X* we have Sy«(t) = (1 —Sy(t))~!, and conse-
quently, Hy« = —log‘X‘ t; whenever t; < |X|~Hv. Thus we have the
following.

Lemma 6 Let © # V C X* be a regular language and simultane-
ously a code. Then Hy+ > Hy.
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Proposition 1 [fV is a regular code, v € V and W = V' \ {v} then
Hy+ < Hy-.

Proof. Since V is regular, there is a value t; such that Sy (t;) = 1,
that is, Hy+ = —log‘X‘ t;.

We use the inequality Sy (#) < Sy(¢#) which holds for 0 < ¢ <
|X|~Hv and the fact that W is also a regular code. Then the value t]
for which Sy (t]) = 1 satisfies t; < t], and the assertion follows. [

We conclude this part with the following connection between the
asymptotic subword complexity 7(¢) and the entropy of regular lan-
guages containing pref(¢).

Theorem 1 7(¢) = inf{Hy : W is regular A pref(¢) C pref(W)}

Proof. The inequality 7(¢) < Hw follows from 7(¢) = Hys), T(¢) C

T(W) and Corollary 2.
Since 7(&) = inf{w : n € N}, the relations pref(Z) C
(Cn)
show the

* log x| f
pref((T(§) N X")*), for n > 0, and Hg(g)nxny: = —a——
other inequality. 0

3.2 Entropy of languages and Hausdorff dimension

In the next sections we will see that the asymptotic subword com-
plexity of an w-word ¢ is closely related to the Hausdorff dimension
of certain w-languages containing ¢. To this end we derive here
some properties of the entropy of languages and the Hausdorff di-
mension of related w-languages.
The usual definition of Hausdorff dimension (see e.g. [ ,
]) is based on measure theoretical notions. Here we avoid this
and refer instead to a characterisation via the entropy of languages
given in Eq. (3.11) of [ 1.

Definition 2 Let F C X%“. Then

dimpy F := inf{Hy : W C X* AF C {¢ : |pref({) NW| = co}}
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is referred to as the Hausdor[f dimension of the set F.

We mention the following well-known stability property of the Haus-
dorff dimension.

dimy Ujen Fi = sup{dimy F; : i € N} (4)

In what follows we shall use Eq. (4) mainly to show that F/ C F
implies dimy F/ < dimy F or that dimy W - F = dimy F when W # @.

Next we consider the limit (or adherence) IsW := {{ : pref({) C
pref(W)} C X of a language W C X*.

For languages of the form T(V) the language itself and its limit
IsT(V) satisfy pref(IsT(V)) = T(V), T(V) D T(V)/v and IsT(V) D
(IsT(V))/v, for v € X*. Then one can apply Theorem 6 of [ ]
and obtains

dimy IsT(V) = Hyy) (5)

In view of Corollary 2 our Eq. (5) implies dimy; Is W < Hy for regular
languages W C X*. Furthermore, the Hausdorff dimension of the
w-power V¢ equals the entropy of V* (see Eq. (6.2) of [ 1.

dimy V¥ = Hy- (6)
Now Corollary 2, Egs. (5), (6) and Lemma 6 yield the following.

Corollary 3 Let V C X* be a regular language. Then dimylsV <
dimy V¥, and if, moreover, V is a code then dimy sV < dimy V.

4 Maximum Subword Complexity in Regu-
lar w-languages

In this section we derive the announced above results on eventu-
ally recurrent w-words having a regular language of infinitely often
occurring subwords. To this end we investigate the relations be-
tween the asymptotic subword complexity 7(¢) of an w-word ¢ and
its containment in w-languages of a special shape. Here we con-
sider the class of regular w-languages (see | , 1), that
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is, the class of w-languages accepted by finite automata. This class
of regular w-languages is closely related to regular languages.

As usual an w-language F C X% is referred to as regular pro-
vided there are an n € IN and regular languages W;, V; C X* such
that

F=UL W;- V&,

Here the languages V; can be chosen to be prefix codes (see | D.
We mention still that the class of regular w-languages is closed un-
der Boolean operations (see [ , D.

In the sequel we need the identity

IsV =VYUV*.1IsV for V C X* (7)
which can be found in | ] and the fact that IsV is a regular
w-language whenever V is a regular language (see [ , 1).

Then the following relation between the asymptotic subword
complexity and the Hausdorff dimension of regular w-languages
can be proved.

(&) = inf{dimy F : F C X“ AF isregular A{ € F} (8)

Proof. Since ¢ € IsW if and only if pref(¢) C pref(W) and IsW
is regular provided W is regular, the inequality “>” follows from
Theorem 1 and Eq. (5), and the reverse inequality is Proposition 5.4
of 1. a

We proceed with a relation between T (&) and an w-power V¢
containing a tail of ¢.

Lemma 7 1. If¢ € w-VY for somew € X* then T (&) C T(V*) C
T(V) - V*-T(V).

2. If 1 is eventually recurrent then there is a w € X* such that
new-IsTw(ny).

Proof. The first assertion is immediate.
Since 7 is eventually recurrent, T () = T(r7/w) for some w C 7.
Thus {n} = lsw - pref(y/w) Cw-IsTw (7). Q
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This yields an obvious upper bound on 7(¢) when ¢ € w - V.

Corollary 4 [f¢ € w- V¥ then T($) < Hygy+).

For regular codes V C X* we have a stronger property.

Theorem 2 LetV C X* be aregular code, ¢ € w- V% for somew € X*
and 7(¢) = Hy+. Then V* C T (&) = T(V*).

Proof. The inclusion T (&) C T(V*) is Lemma 7.1, and together
with V* C T (§) it implies To (&) = T(V*). Thus, it remains to show
V" C Teo ().

Assume the contrary, that is, there is a vp € V* such that vy ¢
T (). Since, for n > 0, V¥ = (V")% and V" is also a regular
code whenever V is a regular code, we may assume vy € V. Set
W :=V\{vo}.

Then ¢ € w- W®, and according to Corollary 4 and Proposition 1
we have 7(¢) < Hy+ < Hy~. This contradicts our assumption. Q

4.1 Eventually recurrent w-words with regular T, (¢)

Theorem 2 allows us to derive conditions necessary or sufficient
for an w-word ¢ with a regular language T« () to be eventually
recurrent.

The first condition is a sufficient one.

Theorem 3 Let F C X“ be a regular w-language. If ¢ € F and
7(¢) = dimy F then ¢ is eventually recurrent and T« (&) is a regu-
lar language.

Proof. Since F is regular and ¢ € F there are a word w € X* and
a regular prefix code V C X* such that ¢ € w- V% C F. Corollaries 4
and 2 and Eq. (6) show that 7(¢) < Hy+ = dimy V¥ < dimy F.

Now the assertion follows with Theorem 2. J

The next two conditions are necessary ones.
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Lemma 8 If { is eventually recurrent and T« (&) is a regular lan-
guage then there is a regular prefix code V C X* such that Te () =
T(V*).

Proof. Lemma 7.2 shows ¢ € w- Is T (&) for a suitable w C {. By
assumption, the w-language w - Is T (&) = Is (w - Tw(&)) is regular.
Thus there is a regular prefix code such that & € w' - V¥ C Is(w -
T« (¢)) and according to Theorem 2 we have T« (&) = T(V*). Q

Together with Lemmata 5 and 3 we obtain the following.

Corollary 5 If ¢ is eventually recurrent and T (¢) is a regular lan-
guage then there are constants cq,c; > 0 such that
e - | X[TE" < Teo(§) N X" < |T(G) N X" < ¢p- [ X[TE ™,

The conditions in Lemma 8 and Corollary 5 are, however, not suf-
ficient as will be seen in the subsequent example. To this end we
derive a relation between T(¢) and T (¢).

Lemma 9 Let Mz := Minyygy (T({) \ Teo(&)) the set of minima w.r:t. to
the infix relation of T(() \ T« (§). If every w € Mg occurs only once as
a factor in ¢ then [T(5) N X"| < [Te(Z) N X" + Lypem, max{0,n — |w| +
1}.

Proof. If v € T({) \ Teo(¢) then some w € M is a subword of v.
Since w occurs only once as a factor in ¢, v is one of the |v| — |w| + 1
factors of length |v| of ¢ containing w. Q

Example 2 Let V := (aa)*-ab. Then Hy» = . We use an enu-
meration {v; : i € N} of V*\ {e} and set & := []jen v;a*b. Then
Teo(81) = T(V*), Mg, = b(aa)*b and every word of Mg occurs only
once as a factor in ¢;.

Using Lemma 9 we calculate |T(&1) N X"| < |Te(&) N X"| + 12,
and thus the inequality of Corollary 5 is satisfied although ev-
ery T(¢1/w) \ Teo(¢1), w C &, contains infinitely many words from
b(aa)*Db. Q
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It should be mentioned that the w-word ¢y from Example 1 satis-
fies T (Co) = a*ba* Ua*, whence |Tw(Go) N X"| =n+1 and t(&p) = 0.
Thus Corollary 5 yields another proof that ¢y is not eventually re-
current.

4.2 A new proof of Theorem 6 of | ]

Theorem 2 and Lemma 7 allow us to simplify the proof of Theorem 6
in [ ]. We start with an auxiliary lemma.

Lemma 10 Let F C X% be regular, { € F and t(¢) = dimygF. Ify
is eventually recurrent and T (¢) = T (1) then there are u,u’ € X*
such thatu’ - (/u) € F.

Proof. First Theorem 3 shows that ¢ is eventually recurrent and
T« () is a regular language. Thus, for a suitable w — ¢, FNw -
IsT. (&) is a regular language containing ¢{. Consequently, there
are a v’ C ¢ and a regular prefix code V C X* such that & € u’- V¥ C
FNw-1sTw(¢). Now, it suffices to prove y € X*-V¢. Theny € u- V¥
and, consequently, v’ - (n/u) € u’'- V¥ C F.

To this end observe that in view of Hy» = dimg V¥ > 1(¢) =
dimy F Theorem 2 and Lemma 7.2 imply T(V*) = T () = T (7 )
and € v-IsT(V*) for a suitable v 7. From T(V*) C T(V)-V*
T(V) and Eq. (7) we obtain IsT(V*) CT(V) - V*- IsT(V)UT(V) - V¥.
Since V is a regular prefix code, in view of Corollary 3 we have
dimy IsT(V) < dimyg V¥ = t(y). This shows 5 € v- T(V) - V¥. Q

Now we can drop the assumption that ¢ € F but have to ensure
that ¢ is eventually recurrent and T« (&) is regular.

Theorem 4 Let F C X“ be regular, ¢,n be eventually recurrent and
T (&) = Too(y) be a regular language.
If¢ € F thenthereareu,u’ € X* suchthatu' C ¢ andu’- (y/u) € F

Proof. Since ¢ is eventually recurrent and T« (¢) is regular there
is a u’ C ¢ such that ¢ € u/ - IsTw(&) and IsT(¢) is a regular w-
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language. Moreover, 7(¢) = dimy Is T (&). Now apply Lemma 10 to
the w-language FNu' - Is T ({). Q

Our Example 2 shows that the assumption that # be eventually

recurrent cannot be dropped in Theorem 4 and Lemma 10. Take
e.g. F:= ((an)* -ab)”, ¢ := [Lien v and 77 := &.
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