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Abstract

We provide an exact estimate on the maximal subword complex-
ity for quasiperiodic infinite words. To this end we give a representa-
tion of the set of finite and of infinite words having a certain quasi-
period ¢ via a finite language derived from ¢. It is shown that this
language is a suffix code having a bounded delay of decipherability.

Our estimate of the subword complexity uses this property, ex-
ploits previously known results on the subword complexity and ele-
mentary facts on formal power series and recurrence relations.

Keywords: quasiperiodic words, codes, subword complexity,
structure generating function

In his tutorial | ] Solomon Marcus provided some initial facts
on quasiperiodic infinite words. Here he posed several questions on the
complexity of quasiperiodic infinite words. The papers [ , | stud-
ied in more detail quasiperiodic infinite words generated by morphisms
and their relation to Sturmian words. Their results concern mainly infi-
nite words of low complexity. This fits into the line pursued in the tutorial
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[ | or the book [ ] where also mainly infinite words of low (poly-
nomial) complexity were considered. Some results on high (exponential)
subword complexity were derived in [ , 1.

The investigations of the present paper turn to the question posed in
[ | of finding the maximally possible complexity functions for those
words. As complexity here and in the cited above papers one consid-
ers Marcus’ | ] (subword) complexity function f(&,n) of an infinite
word &, where f(§,n) is the number of its subwords of length n.

As a final result we deduce that the maximally possible complexity
functions for quasiperiodic infinite words & are bounded from above by
a function of the form f(&,n) <c-tp,n > ng where ne is a number depend-
ing on & and 7p is the smallest Pisot-Vijayaraghavan number, that is, the
unique real root tp of the cubic polynomial x* — x — 1, which is approxi-
mately equal to 7p ~ 1.324718. We show also that this bound is tight, that
is, there are w-words & having f(§,n) ~ ¢-tj. Moreover, we estimate the
quasiperiods for which this bound can be achieved and we estimate the
then possible constants c.

The paper is organised as follows. After introducing some notation
we derive in Section 2 a characterisation of quasiperiodic words and o-
words having a certain quasiperiod ¢g. Moreover, we introduce a finite
basis set P, from which the sets of quasiperiodic words or ®-words having
quasiperiod ¢ can be constructed. In Section 3 it is then proved that the
star root of P, is a suffix code having a bounded delay of decipherability.

This much prerequisites allow us, in Section 4, to estimate the num-
ber of subwords of the language Q, of all quasiperiodic words having
quasiperiod g. It turns out that ¢, 1 - Ay < f(Qy,n) < ¢q2 - Ay where f(Qy,n)
is the number of subwords of length n of words in Q, and 1 <A, <1p
depends on ¢q. We construct, for every quasiperiod ¢, a quasiperiodic
o-word &, with quasiperiod ¢ whose subword complexity f(&,,n) meets
the upper bound ¢, - Aj. Finally, from these results we derive our es-
timates for the subword complexity of quasiperiodic infinite words and
we draw via the results of | , , ] a connection to the Kol-
mogorov complexity of infinite quasiperiodic words.

1 Notation

In this section we introduce the notation used throughout the paper. By
IN ={0,1,2,...} we denote the set of natural numbers. Let X be an alpha-
bet of cardinality |X| = r > 2. By X* we denote the set of finite words on X,
including the empty word e, and X is the set of infinite strings (w-words)



Complexity of Quasiperiodic Infinite Words 3

over X. Subsets of X* will be referred to as languages and subsets of X® as
w-languages.

For w € X* and n € X* UX® let w-n be their concatenation. This con-
catenation product extends in an obvious way to subsets L C X* and B C
X*UX®. For a language L let L* := ;e L', and by L® := {wy---w;--- :
w; € L\ {e}} we denote the set of infinite strings formed by concatenating
words in L. Furthermore |w| is the length of the word w € X* and pref(B)
is the set of all finite prefixes of strings in B C X*UX®. We shall abbreviate
w € pref(n) (M € X*UX®) byw C 1.

We denote by B/w := {n : w-n € B} the left derivative of the set B C
X*UX®. Asusual, alanguage L C X* is regular provided it is accepted by a
finite automaton. An equivalent condition is that its set of left derivatives
{L/w:w e X*} is finite.

The sets of infixes of B orn are infix(B) := J,,cx+ pref(B/w) and infix(n) :=
Uwex: pref({n}/w), respectively. In the sequel we assume the reader to be
familiar with basic facts of language theory.

As usual a language L C X* is called a code provided wy ---w; = v ---v;
forwy,...,w;,vi,...,vy € Limplies [ = kand w; = v;.

2 Quasiperiodicity

2.1 General properties

A finite or infinite word n € X* U X® is referred to as quasiperiodic with
quasiperiod ¢ € X* \ {e} provided for every j < |n| € INU {e} there is a
prefix u; T noflength j —|¢| < |u;| < jsuch thatu;-q C n, thatis, for every
w C m the relation u),, C w E ), - ¢ is valid (cf. [ , 1.

Let for g € X*\ {e}, Q, be the set of quasiperiodic words with quasi-
period g. Then {¢}* C 0, = 0y and @, \ {e} CX*-gNgq-X".

Definition 1 A family (wi)le, ¢ € INU{eo}, of words w; € X* - g is referred
to as a g-chain provided w; = ¢, w; C wit1 and |wir 1| — |wi| < |q].

It holds the following.

Lemma 2

1. we Q,\{e} ifand only if there is a q-chain (wi)f:1 such thatwy = w.

2. An w-word § € X® is quasiperiodic with quasiperiod q if and only if
i=

there is a g-chain (w;)._, such thatw; C .
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n|-1

j—o can be converted to a

Proof. It suffices to show how a family (u;)

g-chain (wi)f:1 and vice versa.

Consider n € X*UX® and let (uj)‘jnio_l be a family such that u;- g £
and j—[q| <|u;| < jfor j <n|.

Define w; := g and w;1 := u),,| - g aslong as |w;| < |n|. Then w; En and

v . . .
|W,'| < |W,'_H| = |u|Wi| -q| < |W,‘| + |C]| Thus (W,’) _1s a g-chain with w; C 1.

i=
Conversely, let (Wi)le be a g-chain such that w; C 1 and set

uj:=maxc{w' : Ji(w -g=w;A[W| <))}, for j < nl.

By definition, u;-¢q T n and |u;| < j. Assume |u;| < j—|q| and u;-qg = w;.
Then |w;| < j < |n|. Consequently, in the ¢-chain there is a successor w;. 1,
\wir1| <|wil+|q| <j+lq|- Letwir1 =w"-q. Thenu; C w” and |w”| < jwhich
contradicts the maximality of u;. a

Corollary 3 Let u € pref(Q,). Then there are words w,w' € Q, such that
wCuCw and lu] — wl, ||~ |u] < |q]-

Corollary 4 Let§ € X°. Then the following are equivalent.
1. & is quasiperiodic with quasiperiod q.
2. pref(§)NQ, is infinite.

3. pref(§) C pref(Q,).

2.2 Afinite generator for quasiperiodic words

In this part we introduce the finite language P, which generates the set of
quasiperiodic words as well as the set of quasiperiodic ®m-words having
quasiperiod ¢g. We investigate basic properties of P, using simple facts
from combinatorics on words (see e.g. | 1). We set

P,:={v:ieCvCqCv-q}. (1)

Then we have the following relations to Q,.

Proposition 5 0, = P;]“ qUie} C P;, 2)
pref(P;) = pref(Q,) = Pq* -pref(q) 3)
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Proof. In order to prove Eq. (2) we show that w; € P; - g for every g-
chain (wi)g .- This is certainly true for w; = g. Now proceed by induction

i=
oni. Letw; =w}-q € P;-gand wi11 =wj, | -q. Thenw;-v; = w;, . Now from
w; C wir1 we obtaine C v; C ¢ C v; - g, that is, v; € P,.

Eqg. (3) is an immediate consequence of Eq. (2). Qa
Corollary 4 and Proposition 5 imply the following characterisation of ®-

words having quasiperiod g.

{€:& € X® AE has quasiperiod ¢} = P’ (4)

Proof. Since P, is finite, P> = {§: § € X® A pref(§) C pref(P,)}. Q

The following property of words in P, is a consequence of the Lyndon-
Schiitzenberger Theorem (see [ , 1.

Proposition 6 v € P, if and only if |v| < |q| and there is a prefix v C v such
thatq =v*-v fork = [|q|/|v||.

Proof.  Sulfficiency is clear. Let now v € P,. ThenvC ¢ T v-g. This
implies v' C ¢ C V' -g aslong as / < k and, finally, g C v**', Q

Corollary 7 v € P, if and only if |v| < |q| and there is a k' € IN such that
kl
gL v,

Now set ¢ := minc P,. Then in view of Proposition 6 and Corollary 7 we
have the following.

q=q-gfork=|q|/|q0|| and some g qo. (5)

Corollary 8 The word q is primitive, that is, there are nou € X* andn > 1
such that gy = u".

Proof. Assume gy = q’1 for some / > 1. Then g = q{ -1 where ¢, C ¢,

and, consequently, ¢ C q’f'l“ i contradicting the fact that g is the short-

est word in P,. EI

Proposition9 1. Ifve P,andwCT qthenv-wC gorqCv-w.

2. Ifve Pyand |v| <|q| —|qo| thenv = q for somem € IN.
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Proof. The first assertion follows fromvC gCv-gandv-wCv-q.

For the proof of the second one observe that, by the firstitem v-go C ¢
and ¢o-v C g whence go-v=v-qo. Thus go and v are powers of a common
word. Since g is primitive, the assertion follows. a

Theorem 10 Ifve P,andw-vC g thenw € {qo}*.

Proof. If v € P, then go C v. Thus it suffices to prove the assertion for
q0-

Letw-qo Cg=gqk-g. Thenw-qoC q’éﬂ and, trivially, go C q’6+2. Since
w-gqo| + q0] < |5 |, w-qo and go are powers of a common word. The as-
sertion follows because ¢ is primitive. 3

3 Codes

In this section we investigate in more detail the properties of the star root
of P, that is, of the smallest subset V C P, such that V* = P;%. It turns out
that the star root of P, is a suffix code which, additionally, has a bounded
delay of decipherability. This delay is closely related to the largest power
of go being a prefix of ¢.

According to [ | a subset C C X* is a code of a delay of decipher-
abilitym € IN if and only if for all w,w',vy,...,v, € C and u € C* the relation
wevi-vy £ w'-u implies w = w'. Observe that C C X*\ {e} is a prefix
code, that is, w,w’, € C and w C w' imply w = v/, if and only if C has delay
0. Asubset C C X*\ {e} is referred to as a suffix code if no word w € Cis a
proper suffix of another word v € C.

Define now the star-root of alanguage L C X*:

VL:=L\{e}\ ((L\{e})*-L")

For %/P, we obtain the following.

VP = (P \ {90} ) U{q0} S {qo} U{v:vE qgAlqol+|v|>ql}  (6)

Proof.  First we prove the identity. The inclusion “C” follows from
(Pg\{a0}") U{g0} S Py € ((Py\ {q0}*) U{q0})"-

To prove the reverse inclusion assume ¢ > 1 and v; ---v, € P, forv; € P,.
Then |go| < |vi| and thus |go| + |vi| < |g| for all i. According to Proposi-
tion 9.2 we have v; € {go}* which shows P, "N (P7 - P}) C {qo}".
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The remaining inclusion now follows from Proposition 9.2. 0
Next we are going to show that %/P, is a suffix code having a bounded
delay of decipherability.

Corollary 11 %/F, is a suffix code.

Proof. Assume u =w-v for some u,v € ¥/P, ,u #v. Then Theorem 10
proves w € {qo}* C P,. If w# e, in view of u C g Proposition 9.2 implies
v € {qo}* and hence u € {qo}*. Thus u = v = ¢y contradicting u # v. a
We conclude this part by investigating the delay of decipherability of ¥/P,.
We prove that the this delay depends on the relation between the quasi-
period g and the minimal w.r.t. C word gq € P,. If g = ¢ then ¥/P,; = {qo}
is a prefix code. If g ¢ {go}* then ¢} C ¢ implies that the delay of decipher-
ability of %/P, is atleast k. The following theorem gives an upper bound.

Theorem 12 Letqg = qlé -q whereg C qo. Then *%/P, is a code having a delay
of decipherability of at mostk+ 1.

Proof. We have to show that if thewords v-wy ---wyp andv'-w/---w
Wher/e VWL, Wi 1, VoW, wy, € /P, are comparable wir.t. “C” then
V=1V.

Without loss of generality, assume v C V. Then |go| < |[v] < V| <|q|. We
have |w;l, |wi| > |qo|. Thus [wy ---wiy 1], [W) ---w | > |q|]. Moreover, accord-
ing to Proposition 9.1 g Cwy ---wyandg Cw) ---w),,, whencev-g CV'-q.
Then in view of the inequality |v| + |¢| > |V'| 4 |g0| we have ¢ O w- g for the
word w # e with v-w =V and, according to Theorem 10 w € {go}*. This
contradicts the fact that %/P, is a suffix code. Q
Thus, if ¢§ C ¢ C ¢! the code */P, may have a minimum delay of
decipherability of k or k+ 1. We provide examples that both cases are
possible.

Example 13 Let g := aabaaaaba. Then gy = aabaa, k = 1 and "{/ITq =P, =
{qo,aabaaaab,q } which is a code having a delay of decipherability 2.
Indeed aabaaaabaa = qo-q0 = q-qo oOr
aabaaaabaa = qo-qo T aabaaaab-qq. O

Moreover, in Example 13, g- g0 ¢ Q,. Thus our example shows also that
q- P, need not be contained in Q.
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Example 14 Letg:=aba. Thenk =1and P, = {ab,aba} is a code having a
delay of decipherability 1. J

4 Subword Complexity

In this section we investigate upper bounds on the the subword complex-
ity function f(§,n) for quasiperiodic ®-words. If & € X® is quasiperiodic
with quasiperiod ¢ then Proposition 6 and Corollary 7 show infix(§) C
infix(P;). Thus

f(&,n) < |infix(P;) N X"| for§ € P. (7)

Similar to the proof of Proposition 5.5 of | let&, =TI, P\ {e} V- This

implies infix(§) = infix(P;). Consequently, the tight upper bound on the
subword complexity of quasiperiodic w-words having a certain quasi-
period q is f,(n) := |infix(P;) N X"|.

The following facts are known from the theory of formal power series
(cf. [ , D. As inﬁx(P;) is a regular language the power series sj[ =
Y .eN fq(n) <" is a rational series and, therefore, f, satisfies a recurrence
relation

fa(n+k) = j:ol ai- fq(n+1i)
with integer coefficients a; € Z. Thus f,(n) = Y gi(n) - 17 where K’ <k,
t; are pairwise distinct roots of the polynomial ¢* — Zf.‘;ol a;-t' and g; are
polynomials of degree not larger than %.

In the subsequent parts we estimate values characterising the expo-
nential growth of the family (Jinfix(P;) N X"|) _.. This growth mainly de-
pends on the root of largest modulus among the ¢; and the corresponding
polynomial g;.

First we show that, independently of the quasiperiod ¢ this polyno-
mial is constant. Then we show that, for every quasiperiod ¢, a root of
largest modulus is always positive. Then we estimate those quasiperiods
for which this root is maximal, and finally, for those quasiperiods with
maximal roots we estimate the corresponding constants.

4.1 The subword complexity of a regular star language

The language P; is a regular star-language of special shape. Here we show
that, generally, the number of subwords of regular star-languages grows
only exponentially without a polynomial factor. We start with some easily
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derived relations between the number of words in a regular language and
the number of its subwords.

Lemma 15 IfL C X* is a regular language then there is a k € IN such that
ILNX"| < [infix(L)NX"| < Y& ,|Lnx"t) (8

As a suitable k one may choose the twice number of states of an automa-
ton accepting the language L C X*.

In order to derive the announced simple exponential growth we use
Corollary 4 of [ ] which shows that for every regular language L C X*
there are constants c;,c» > 0and a A > 1 such that

c1- A" < |pref(LY) N X" < cp- A" )

A consequence of Lemma 15 is that Eq. (9) holds also (with constant k- ¢;
instead of ¢,) for infix(L*).

4.2 The subword complexity of P,

It is now our task to estimate the value A, which satisfies the inequality
1 -kg < |inﬁx(P;) NX" <k-cp- kg. Following Lemma 15 and Egs. (9) and

(3) it holds
kq:lifln_il:p ,”/|P3‘0X”] (10)

which is the inverse of the convergence radius rads; of the power series
5,(t) := Yuew [P; N X"|-¢". The series s, is also known as the structure gen-
erating function of the language P, .

If |qo| divides |g| then P; = {qo}" whence A, = 1. Therefore, in the fol-
lowing considerations we may assume that |¢|/|qo| ¢ IN.

Since %/P, is a code, we have s;(t) = #q(t) where s5,(1) ==} . %tM

is the structure generating function of the finite language */P,. Thus the
convergence radius rad sy is the smallest root of 1 —s,(¢). It is readily seen
that this root is positive. So A, is the largest positive root of the reversed
polynomial' p,(¢) := /4l — e %WHV'. Summarising these observations

we obtain the following.

Lemma 16 Letg € X*\ {e}. Then there are constantsc,,1,cq> > 0 such that
the structure function of the language infix(P;) satisfies

cq.1 Ay < [infix(P)) NX"| < ¢y Ay

UIf |qo| divides |g| we have p,(t) = #1%! — 1 instead.
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where ), is the largest (positive) root of the polynomial p,(t).

Remark 17 One could prove Lemma 16 by showing that, for each poly-
nomial p,(z), its largest (positive) root has multiplicity 1. Referring to
Corollary 4 of [ ] (see Eq. (9)) we avoided these more detailed con-
siderations of a particular class of polynomials.

Next we are looking for those quasiperiods g which yield the largest value
of A, among all quasiperiods. To this aim we show that we may restrict
our considerations to the case when |qo| > |g|/2.

Lemma 18 If|qo| does not divide |q| and the language P; is maximal w.r.t.
“C”in theclass {P : ¢' € X*\ {e}} then|qo| > |q|/2.

Proof. If |q|/|q0| ¢ IN and |qo| < |q|/2 we have g = ¢f - g for k > 2 and

e # 4 C qo. Then, obviously P; C P forqg :==qo-q. a
From |qo| > |¢|/2 we obtain that the polynomial p,(¢) has the form 9/ —
Yicut'where0e M C {j:j< %}. In| | the following properties were
derived.

Lemmal9 Let®:={t"— Yyt :n>1N0€MC {j:j<"5'}}. Then
noly
1. for every n > 1 the polynomial t" — Z}:é Y4 has the largest positive
root among all polynomials of degreen in P, and

2. the polynomialst® —t —1 andt’> —t> —t —1 = (1> +1)-(t3 —t — 1) have
the largest positive roots among all polynomials in P.

Some remarks are in order here.

Remark 20

1. Ttholds paipe: (1) = "1 =¥ o' and p e (t) = "2 = Y1 ¢, so for
all degrees > 1 there are polynomials of the form p,(7) in 2.

2. The polynomials pgp,(t) = > —t —1and pp,2(t) = (2 +1)- (83—t —1)
have exactly one positive root which is also their only root of mod-
ulus > 1.

This positive root tp of pp,(t) =13 —t —1 (or of p 2,2 (¢)) is known as
the smallest Pisot-Vijayaraghavan number, that is, a positive root
> 1 of a polynomial with integer coefficients all of whose conjugates
have modulus smaller than 1.



Complexity of Quasiperiodic Infinite Words 11

3. The other roots are non-real and form pairs of conjugate complex
numbers. The complex roots t1,t, of pu.(t) =13 —t — 1 have |t =

| =1/ < 1.

Before proceeding to the proof of Lemma 19 we recall that the polynomi-
als p(t) € P have the following easily verified property.

Ife > 0and p(¢') > 0 for somet' > 0 then p((1+¢)-¢') > 0. (11)

Since p(0) = —1 < 0 for p(¢) € P, Eq. (11) shows that once p(') >0, ¢’ > 0
the polynomial p(¢) has no further root in the interval (¢, o).

Proof. (of Lemma 19) Using Eq. (11) the first assertion is easy to verify.

To show the second one it suffices to show that p,(7p) > 0 for every

n—1

polynomial of the form p,(¢) := " — Z}:(Z) :
2 —t—1.

For degrees n = 1,2 or n = 4 this is readily seen.

' other than > —¢—1 or > —

Now we proceed by induction on n. To this end we observe the fol-
lowing properties of the family (p,(¢)),>1.

Puia(t) — palt) = 72— —11"3') for n > 3 (12)

ntl
From this one easily obtains that p, 2 (tp) — pa(tp) = 14 ' — t,g 715 0 for

n > 4, and the assertion follows by induction. 0

4.3 The subword complexity of ®-words

Having derived the results on the subword complexity of quasiperiodic
words we are now in a position to give a first answer to Question 2 in
[ | by deriving tight upper bounds on the subword complexity of
quasiperiodic infinite words.

To this aim recall Eq. (7) and the definition of £,. We obtain the fol-
lowing bounds.



12 R. Polley and L. Staiger

Lemma 21

1. If§ € X® is quasiperiodic with quasiperiod q then f(&,n) = |infix(§) N
X"| < c-\y for a suitable constant c > 0 not depending ong.

2. For every quasiperiod q € X*\ {e} there is a constant c; § € P, such
thatc,- A < f(&,n) = |infix(§) N X"| for every& € P havinginfix(§) =
infix(P).

3. There is a constant ¢ > 0 such that for every quasiperiodic ®-word
€ € X® there is an ng € IN such that f(&,n) = |infix(§) N X"| < ¢ -1} for
alln > ne.

Remark 22 The bound in Lemma 21.3 is independent of the size of the
alphabet X. And indeed, quasiperiodic w-words of maximal subword
complexity have quasiperiods of the form aba or aabaa, a,b € X, a # b (see
the remark after Lemma 19), thus consist of only two different letters.

We conclude this section by mentioning that the bounds obtained
here can be extended to the Kolmogorov complexity of infinite words.

In [ , Section 5] (see also [ 1) the asymptotic subword com-
plexity of an ®-word & € X® was introduced as 1(§) := lim,,_ logx) infix(5)MX"] |mtlx(€)mx |

and it was shown that t is an upper bound to the asymptotic upper and
lower Kolmogorov complexities of infinite words:

K(8) <x(§) < (&)

Moreover, from the results of [ , Section 5] it follows that for every
quasiperiodic word ¢ there is a ¢ € P’ such that k(§) = 1(§) =log|x| Ay, that
is, a quasiperiodic w-word having quasiperiod ¢ of maximally possible
asymptotic (lower) Kolmogorov complexity. Using results of Section 4 of
the same paper [ ] and of [ ] one obtains that there are § € P
such that the Kolmogorov complexity and the a priori complexity of the
n-length prefix £[0..n] of € is K(§[0..n]) = logjy| Ay - n+o0(n).
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