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Abstract

The space of one-sided infinite words plays a crucial réle in several
parts of Theoretical Computer Science. Usually, it is convenient to regard
this space as a metric space, the CANTOR space. It turned out that for
several purposes topologies other than the one of the CANTOR space are
useful, e.g. for studying fragments of first-order logic over infinite words
or for a topological characterisation of random infinite words.

Itis shown that both of these topologies refine the topology of the CAN-
TOR space. Moreover, from common features of these topologies we ex-
tract properties which characterise a large class of topologies. It turns out
that, for this general class of topologies, the corresponding closure and
interior operators respect the shift operations and also, to some respect,
the definability of sets of infinite words by finite automata.
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The space of one-sided infinite words plays a crucial role in several parts of
Theoretical Computer Science (see [ , | and the surveys [ , ,
, 1). Usually, itis convenient to regard this space as a topological space
provided with the CANTOR topology. This topology can be also considered as
the natural continuation of the left topology of the prefix relation on the space
of finite words; for a survey see | 1.

It turned out that for several purposes other topologies on the space of infi-

nite words are also useful [ , ], e.g. for investigations in first-order logic
[ ], to characterise the set of random infinite words |[ ] or the set of
disjunctive infinite words [ ] and to describe the converging behaviour of

not necessarily hyperbolic iterative function systems | , .

Most of these papers use topologies on the space of infinite words which are
certain refinements of the CANTOR topology showing a certain kind of shift in-
variance. The aim of this paper is to give a unified treatment of those topologies
and to investigate their relations to CANTOR topology.

Special attention is paid to subsets of the space of infinite words definable
by finite automata. It turns out that several of the refinements of the CAN-
TOR topology under consideration behave well with respect to finite automata,
that is, the corresponding closure and interior operators preserve at least one
of the classes of finite-state or regular w-languages.

1 Notation and Preliminaries

We introduce the notation used throughout the paper. By N = {0,1,2,...} we
denote the set of natural numbers. Let X be a finite alphabet of cardinality
|X| =r = 2. By X* we denote the set (monoid) of words on X, including the
empty word e, and X is the set of infinite sequences (w-words) over X. For
we X" and n € X* U X? let w-n be their concatenation. This concatenation
product extends in an obvious way to subsets W < X* and P < X* U X“. For a
language W let W* := U;eny W' be the submonoid of X* generated by W, and by
W :={w; - w;---: w; € W~{e}} we denote the set of infinite strings formed by
concatenating words in W. Furthermore |w| is the length of the word w € X*
and pref(P) is the set of all finite prefixes of strings in P < X* u X“. We shall
abbreviate w € pref(n) (n € X* U X“) by w C 1. Alanguage V < X* is called a
prefix-free provided for arbitrary w, v € V the relation w C v implies w = v.
Further we denote by P/w := {n: w-n € P} the left derivative or state of the
set P < X* U X“ generated by the word w. We refer to P as finite-state provided
the set of states {P/w: w € X*}is finite. It is well-known that alanguage W < X*
is finite state if and only if it is accepted by a finite automaton, that is, it is a
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regular language.'

In the case of w-languages regular w-languages, that is, w-languages ac-
cepted by finite automata, are the finite unions of sets of the form W- V¢, where
W and V are regular languages (cf. e.g. [ ). In particular, every regular
w-language is finite-state, but, as it was observed in [ |, not every finite-state
w-language is regular (cf. also [St83]).

It is well-known that the families of regular or finite-state w-languages are
closed under Boolean operations [ , , , , , Jor| 1.

1.1 Topological Spaces in General

A topological space is a pair (Z,0) where & is a non-empty set and @ < 2% is
a family of subsets of & which is closed under arbitrary union and under finite
intersection. The family & is usually called the family of open subsets of the
space &. Their complements are referred to as closed sets of the space &'.

As usually, a set B < @ is a base for a topology (¥,0) on & provided every
set M € O is the (possibly empty) union of sets from B. Thus it does no harm
if one considers bases containing @. It is well-known that a family of subsets
B of a set I which is closed under finite intersection generates in this way a
topology on J.

KURrRATOWSKI observed that topological spaces can be likewise defined using
closure or interior operators. A topological interior operator _# is a mapping
7 :2% — 2% satisfying the following relations. It assigns to a subset M € & the
largest open set contained in M.

X = X
FIIM = M < M,and 1)
FMnM) = FMn FM,

The interior operator _¢ mapping each subset M < & to the largest open set
contained in M can be described as follows.

F(M):=JB:BSMABeB} 2)

Using the complementary (duality) relation between open and closed sets
one defines the closure (smallest closed set containing) of M as follows.

EM:=% ~_F(% ~M) 3)

!Observe that the relation ~p defined by w ~p v iff P/w = P/v is the NERODE right congru-
ence of P.
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Then the following holds.

€ = @
CEM = €M 2> M 4)
E(MUM,) = €M UEM

As usual, in a topological space, we denote the classes of countable unions of
closed sets as F, and of countable intersections of open sets as Gs.

1.2 The CANTOR space: basic properties

In this section we list some properties of the CANTOR space (see [ , ,
) D.
We consider the space of infinite words (w-words) X as a metric space with
metric p defined as follows
)0 if¢=n,and
0, = { sup{|X|~"!: w € pref(é) npref(n)} if & #£n. ©)

This space (X“,p) can be also considered as a topological space with base
Be:={w- -X?: we X*}u{p}.?
Then the following is well-known.

Property 1 1. Open setsin CANTOR space (X, p) are of the form W-X® where
wWcX*.

2. Asubset E < X“ is open and closed (clopen) if and only if E = W - X where
W < X* is finite.

3. Asubset F < X“ is closed if and only if F = {{ : pref(¢) < pref(F)}.

4. €(F) :={&: & € X? npref(§) < pref(F)} = ), Pref(F) n X™) - X® is the
closure of F.

5. IfF isafinite-state w-language then € (F) and _¢ (F) are regular w-languages.

Moreover, the CANTOR space (X, p) is a compact space, that is, for every family
of open sets (E;)ie; such that U;c; E; = X® there is a finite sub-family (E;);cp
satisfying U;cp E; = X®. This property is in some sense characteristic for the
CANTOR topology on X“. In particular, no topology refining CANTOR topology
and having at least one isolated point® is compact.

2Itis sometimes convenient to include the empty set into a base. Here Bc becomes a Boolean
algebra.
3A point ¢ € X is called isolated if {¢} is an open set.
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Lemma2 Let (X“,0) be a topology such that {W - X“ : W < X*} € O and there
isaé e X satisfying {{} € ©. Then the space (X*,0) is not compact.

Proof. 1t suffices to give an infinite family (E;);en of pairwise disjoint open
sets with U;en E; = X©.

Let U := (pref(¢) - X) ~pref(¢). Then the sets w- X“, w € U, are pairwise dis-
joint and satisfy ¢ ¢ w- X®. It is now easy to see that X = {{}uUyep w- X,

1.3 Regular w-languages

As a last part of this section we mention some facts on regular w-languages
known from the literature, e.g. | , , , 1.

The first one shows the importance of ultimately periodic w-words. Denote
by Ult:={w-v*: w,v e X* ~{e}} the set of ultimately periodic w-words.

Lemma 3 (BUcCHI) The class of regular w-languages is a Boolean algebra.
Every non-empty regular w-language contains an ultimately periodic w-word,
and regular w-languages E, F < X coincide if only EnUlt = Fn Ult.

The next one gives a connection between accepting devices and topology.

Theorem 4 (Landweber) Anw-languageF is accepted by a deterministic BUCHI
automaton if and only if F is regular and a G -set.

And, finally, we obtain a topological sufficient condition when finite-state w-
languages are regular.

Theorem 5 ([ 1) Every finite-state w-language in the class F; N Gy is already
regular.

2 Topologies Refining the CANTOR Topology

In this section we consider some general principles pursued in this paper of
the refinement of the CANTOR topology. Most of the following topologies are
defined by introducing a suitable base for the topology. In the sequel, we will
often require that our bases B < 2X* in the space X satisfy the following con-
dition.

Definition 6 We will refer to a base B for a topology I on X® as shift-invariant
provided

VEVwYv(FEBAwe X* Avepref(F)— w-FEF/veB). (6)
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The property in Definition 6 is, in particular, satisfied for the base B¢. It is now
easy to see that for shift-invariant bases the following holds true.

Topologies on the space of finite words satisfying the same condition as in
Eq. (6) were investigated in [ .

Property 7 1. IfB is a shift invariant base for a topology on X then¥ w(w €
X*—>VE(EeB—w-Eecb)).

2. If B is a base for a topology on X® satisfying X® e B and Vw(w € X* —
VE(Ee€B — w-E €B)) thenB is shift-invariant.

3. Atopology I on X® has a shift-invariant base if and only ifVw(w € X* —
VE(E isopeninJ < w-E isopenind)).

The proof of Property 7.3 uses the obvious fact that the set of all open sets is
itself a base for the topology.

Moreover, Property 7.3 shows that all topologies on X“ having a shift-invariant
base refine the CANTOR topology. The converse is not true as we shall see in
Section 4.3.

Next we are going to describe the interior operator in topologies on X“ hav-
ing a shift-invariant base. To this end we call a subset My < B of a base a shift
generator of B provided B~ {¢} S {w-E: w e X* A E € Mg}. In particular, if B
is shift invariant, B itself and B ~ {®@} are shift generators of B. For the CANTOR
topology, for instance, Mp,. = {X“} is a minimal shift generator of B¢.

Now, the interior operator can be described using a suitably chosen shift
generator Mp and the following construction. Let E, F < X“. We set

LIF;E):={w:we X" ANFlw2E}. (7)

Lemma8 LetB be a shift-invariant base, and let Mg < B be a shift generator of
B. If # is the corresponding interior operator then

I ) =Uperp LF; B) - E
for every F < X*.

Proof. Since _# (F) is open, it is a union of base sets. In view of the special
property of our base there are a family of sets E; € M; and a family of words
w;j € X* such that ¢ (F) = Ujesw;-Ej. Thus F/w; 2 Ej for j € ], thatis, w; €
L(F; Ej). Now, the assertion follows with Ujeywj-Ej=Ujes L(F; Ej) - Ej. (|
It should be mentioned that the languages L(F; E) have a simple structure, if
only F has a simple structure.
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Lemma9 IfF < X“ is finite-state then L(F; E) is a regular language.
Proof. It suffices to prove the identity
L(F/v;E)=L(F;E)/v. (8)

Indeed, we have w € L(F/v;E) if and only if F/(v- w) 2 E which, in turn, is
equivalent to v- w € L(F; E), thatis, w € L(F; E)/ v. Q
The subsequent lemma shows that for shift-invariant topologies on X the clo-
sure and the interior operator are stable with respect to the derivative.

Lemma 10 IfB is a shift-invariant base then #g(F)/v = _#g(F/v) and €g(F)/v =
¢w(F/v) forallF< X“ andve X*.

Proof. Let MB be a shift generator for B. Then, in view of Eq. (8),
Iw(B) /v (Ugems L(F; E) - E)/ v
Ugems(L(F; E)/v) - EUUgemsU v.or—o E1V".

v'e L(F;E)

Thus it remains to show that E'/ v" € Uge yp(L(F; E)/ v)- E whenever E' € My
and v = v'-v" with v’ € L(F; E). In the case the latter conditions are satisfied we
have F/v' 2 E' which implies F/v2 E'/v".

In view of Eq. (6) E'/v" € B for E' € B. Consequently, there are u € X*
and an E” € Mg such that E'/v" = u-E"”. From F/v 2 E'/v" = u- E" follows
(Flv)/lu2 E", that is, u € L(F/v; E") = L(F; E")/v. The proof is concluded by
the now obvious observation E'/v" = u-E" < (L(F;E")/v)-E".

The proof for 6 follows from the identity X“ ~ E/w = (X“ ~ E)/w and
Eq. (3). Q
As a consequence of Lemma 10 we obtain

Corollary 11 IfB is a shift-invariant base for a topology on X then #g(v-F) =
v- #p(F) and6p(v-F) = v-6g(F) forall F< X” andv e X*.

Proof. First observe that in view of Property 7.3 the topology 9 generated
by the shift-invariant base B refines the CANTOR topology on X, hence every
set v- X“ is also open and closed in 9. Consequently, #g(v-F) < 6g(v-F) <
v-X?.

Now according to Lemma 10 the identities #g(F) = _Zg((v-F)/v) = #(v-
F)/v hold. This yields v- _#g(F) = #(v-F)nv-X“ and the assertion follows
with #g(v-F) < v-X“. The proof for 6 is the same. |
The following is a consequence of the Lemmata 8, 9 and 10.

Corollary 12 Let a baseB for a topology on X® be shift-invariant and let F < X*
be a finite-state w-language.
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1. Then #g(F) and €g(F) are finite-state w-languages.

2. If moreover, there is a finite shift generator MB of B consisting solely of
regular w-languages then #g(F) and €g(F) are even regular w-languages.

Proof. The classes of finite-state and regular w-languages are both closed
under Boolean operations. Thus the first assertion follows from Lemma 10.

For proving the assertion on the regularity of the w-languages #g(F) and
¢r(F) we observe that the strong assumption on Mp and Lemmata 8 and 9
yield _#g(F) = Ugeymp L(F; E) - E where the union is finite and L(F;E) € X* and
E c X® are regular. Thus _#g(F) is also regular. The assertion for € (F) now
follows from Eq. (3). a

3 Topologies Related to Finite Automata

In this section we consider four shift-invariant topologies refining CANTOR topol-
ogy. These topologies are closely related to finite automata. The first topology
is the smallest topology having all regular w-languages which are also closed in
CANTOR topology as open sets. This topology is remarkable because here all
w-languages accepted by deterministic BUCHI-automata are closed.

The subsequent two topologies are derived from DIEKERT’s and KUFLEIT-
NER’s [ | alphabetic topology which is useful for investigations in restricted
first-order theories for infinite words.

Finally, for the sake of completeness we add the topology having all regular
w-languages as open (and closed) sets.

Every of the four considered topologies has an infinite set of isolated points.
Thus in view of Lemma 2 none of them is a compact topology on X“.

3.1 The automatic topology

Definition 13 The automatic topology 94 on X is defined by the base

Ba:={F:F< X“AF isaregular w-language closed in CANTOR space} .

It should be remarked that the sets (open balls) w- X* are regular and closed in
CANTOR space. Moreover, the properties of regular w-languages show that B4
is shift-invariant. Thus the base B, contains B¢, and the automatic topology
refines the CANTOR topology.

I 4 has the following properties:

Property 14 1. If F < X% is open (closed) in CANTOR topology I¢ then F is
open (closed) in T .
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2. Every non-empty set open in I, contains an ultimately periodic w-word.

3. The set Ult of ultimately periodic w-words is the setl 4 of all isolated points
in g-A.

Proof. 1. and 2. are obvious.

3. Every w-language {w-v“} = w-{v}“ isregular and closed in CANTOR space,
and if {¢} is regular then ¢ is an ultimately periodic w-word. a
The following theorem characterises the closure and the interior operators for
the automatic topology. Here the second identity resembles the identity in
Property 1.4.

Theorem 15

jA(F) = UEE[EBA\{(D} L(FyE)E (©)]
Ga(F) (W -X:FSW-X“ AW is regular} (10)

Proof. The assertion of Eq.(9) is Lemma 8.

To prove Eq.(10) observe that, for regular W < X*, the set W - X“ is closed in
I 4. Thus the inclusion “<” is obvious.

Let, conversely, ¢ ¢ €4(F). Then there is a set F’' € B4 such that ¢ € F’ and
FNF' =g@. F is aregular w-language closed in I¢. Thus X ~F' = W' X® for
some regular language W’ < X*. Consequently, & ¢ W' - X* o[ [{W-X”:F c
W - X AW is regular}. a
The next lemma describes sets open in 94. As usual, a set is called nowhere
dense if its closure does not contain a non-empty open subset.

Lemma 16 A set F < X” isopen in I 4 if and only if
F=W-X“UJ;nFi
where the sets F; are regular, closed and nowhere dense in CANTOR space.

Proof. 1If, in CANTOR space, F < X“ is closed then F = Vi - X“ U F’ where
Ve ={v:v-X® c F} and F’ is nowhere dense and closed. If, moreover, F is
a regular w-language then Vi € X* is a regular language and, consequently,
F' = F~Vg- X“ is a regular w-language.

If E is open in 94 then E, as a union of base sets, has the form E = W'- X“ u
Uien Fi where the F; are regular w-languages closed in CANTOR space.

Now, from the preceding consideration we obtain the required form E =
(W' UUjen VF)- X UUjen F. u
As an immediate consequence we obtain the following.
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Corollary 17 Every set open in I 4 is an F-set in CANTOR space, and every set
closed in 9, is a Gg-set in CANTOR space.

The converse of Corollary 17 is not true in general.

Example 18 Let 7 ¢ Ult and consider the countable w-language F :={0"-1-7:
n e N}.

Then, in CANTOR space, F = ({0} UF)n0*-1-{0,1} is the intersection of a
closed set with an open set, hence, simultaneously an F;-set and a Gs-set.
As F does not contain any ultimately periodic w-word, it cannot be open in J4.
Thus X“ ~ F is not closed in J4.

Consequently, 0- FUl-(X“ < F) is a set being neither open nor closed in 9
but being simultaneously an F,-set and a Gs-set in CANTOR space. a

For regular w-languages, however, we have the following. Here the second item
shows a difference to the CANTOR topology.

Proposition 19 1. Let F < X“ be a regular w-language. Then F is an F -set
in CANTOR spaceif and only if F isopenin I 4, and F is a Gg -set in CANTOR
space if and only if F is closed in I 4.

2. There are clopen sets in 94 which are not regular.

Proof. 1. In CANTOR space, every regular w-language F being an F;-set is a
countable union of closed regular w-languages (see [ D.

2. The w-language Fy := L_J,,E,\,O”2 -1- X“ and its complement X“ ~ F =
{0} UUnis not a square 0" - 1 - X partition the whole space X = {0, 1} into two
non-regular w-languages open in 4. Q

3.2 Finite-state and regular w-languages

In this section we investigate whether finite-state and regular w-languages are
preserved by _#4 and 6 4.
The first simple result is a consequence of Corollary 12.

Proposition 20 If F < X is finite-state the also ¢4(F) and 6,(F) are finite-
state w-languages.

Itis, however, not true that the interior or the closure of finite-state w-languages
are regular. To this end we consider the set Ult of all ultimately periodic w-
words.
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Example 21 The set Ult € X is the set of all isolated points of the topology I
hence open. Thus _#,4(Ult) = Ult.

Moreover Ult/ w = Ult for all w € X*, that is, Ult is a one-state w-language,
but Ult is not regular. If we consider, for a,b € X, a # b, the w-language F =
a-Ultub- (X® ~Ult) then F is finite-state and we obtain _#4(F) = a-Ult and
Ga(F) = a-X“Ub-(X“~Ult). So neither, #4(F) nor €4(F) are regular w-
languages. a

A still more striking difference to CANTOR topology (see Property 1.5) is the
fact that the closure (and also the interior) of a regular w-language need not be
regular again.

Example 22 We use the fact (Lemma 3) that two regular w-languages E, F al-
ready coincide if only En Ult = Fn Ult and consider 64({0,1}* - 0).

Utilising Eq. (10) we get €4({0,1}* - 0°) € ({0, 1}* - 0F - {0,1}. Conse-
quently, €4({0,1}* -0) nUlt = {0, 1}* - 0®.

If, now, %64({0,1}* - 0“) were a regular w-language, the identity
€4({10,1}*-0°) = {0, 1}* - 0“ would follow. This implies, according to Corollary 17
that {0, 1}* - 0“ is a Gs-set in CANTOR space which is not true. a

3.3 The alphabetic topologies

We start with the alphabetic topology which was introduced in [ . Then
we consider a variant of the alphabetic topology. We define both topologies by
their respective bases.

Definition 23 The alphabetic topology is defined by the base
a:={w-A: we X* NAc X}.

All base sets are regular and closed, so the generated topology 9 is coarser
than the automatic topology J ;.

For the next definition we fix the following notation (cf. | ). ForAc X
the w-language A™ is the set of all w-words ¢ € X where exactly the letters in
A occur infinitely often. In particular, A™ = X* - AI™,

Definition 24 The strong alphabetic topology is defined by the base
Bs:={w- (AN AM):we X*AAc X}

The w-languages in this base B; are regular w-languages and Gs-sets in CANTOR
space but, for |A| = 2, no F;-sets in CANTOR space. Thus they are closed but not
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open in the automatic topology. This shows that the strong alphabetic topology
I, does not coincide with 9.

For both alphabetic topologies suitable finite shift generators M, and M;
for the bases B, and B, respectively, can be chosen in the following way:

My :={A”: Ac X} and M :={A” n A™: Ac X}
This yields the following property of the corresponding interior operators.
Proposition25 _Z,(F) = |, L(F;A”)-A®
Is(F) = U ey LE; A 0 A™) - (AY 0 AT™)
With Corollary 12 we obtain the following.

Corollary 26 IfF < X is finite-state then ¢4(F), €4(F), #s(F) and 6(F) are
regular w-languages.

Proof. Here it suffices to observe that the shift generators M, := {A” : @ #
AcC X}and My := {A®NA™: ¢ # A < X} fulfil the assumption of Corollary 12. O
Corollary 26 and Example 22 show that neither of the topologies 9, and I
coincides with the automatic topology 4.

This latter fact could be also obtained by considering the set of isolated
points [, and [ of the topologies 9, and J5, respectively. Since for every iso-
lated point ¢ the singleton {¢} has to be an element of every base of the topology,
we obtain the identity

lg=li={w-a’:we X" naeX}. (11)

3.4 The BucHI topology and the hierarchy of topologies

For the sake of completeness we introduce still another topology which we call
BUCHI topology because its base consists of all regular w-languages.

Definition 27 The BUCHI topology is defined by the base
Bp:={F:F < XY AF is aregular w-language}.

Here, trivially, closure and interior of regular w-languages are again regular.
What concerns closure and interior of regular w-langueges consider the set
F defined in Example 21. One easily verifies that ¢ (F) = _#a(F) and € (F) =
Ca(F).
So F is an example of a finite-state w-language having non-regular interior
and closure also with respect to 9. Thus, no base for the BUCHI topology has
a subset fulfilling the assumption of Corollary 12.2.
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Arguing in the same way as for 9, and 9 we obtain that the set of isolated
points of the BUCHI topology is [ = Ult.

Next we show that the following inclusion relation holds for the topologies
considered so far. All inclusions are proper and other ones than the indicated
do not exist.

Jc
First, the obvious inclusions By 2 B4 2 B, 2 B¢ and B 2 B imply the inclu-
sions except for 5 2 J,. This latter follows from the fact that in virtue of the
identity
w-A°=J U w-v-B°nB™ (12)
BSAveA*
every base set of 9 is open in J.

To show the properness of the inclusions, we observe that the set of isolated
points of the above topologies satisfy lc = @, ly =l ={w-a”: we X* Aae X}
andl, =1 =Ult. Thus 9, # 9¢ and 94 € Ts.

The converse relation 95 £ 94 follows from the above mentioned fact that
the sets AN A™ for 2 < | A| are open in 9 but, since they are regular w-languages
not being F;-sets in CANTOR space, according to Proposition 19 not openin J74.

3.5 Metrisability

In this part we show that all the above topologies are metrisable. To this end
we observe that for every topology, the sets contained in the above introduced
bases are not only open but also closed. For J¢ this is known, for 9, and 9
the base sets are even closed in CANTOR space. For 9 this follows because Bp
is closed under complementation. Finally, the identity

X°~(w-AnA™= |J v-x°u Y B™ (13)
\V\i|w| B4

shows that B; consists of sets closed in J.
To show the metrisability of all spaces we refer to Theorem 4.2.9 of [ ]
which states the following.

Theorem 28 Let & be a topological space with a countable base. Then & is
metrisable if and only if & is a regular topological space.
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A topological space & is called regular if every finite set is closed and for every

point p € Z and every closed set M € &%, p ¢ M, there are disjoint open sets

01, 07 such that p € O; and M < O,. In particular, this condition is satisfied if

every finite subset of Z is closed and & has a base consisting of closed sets.
Thus we obtain our result.

Theorem 29 Each of the topologies T¢, To, Ta, Ts and T is metrisable.

4 Topologies Obtained by Adding Isolated Points

All topologies 94, 95, 95 and I, on X® considered so far have isolated points.
In particular, all their isolated points belong to the set of ultimately periodic w-
words Ult. In this section we are going to investigate in more detail topologies
on X“ which are obtained from CANTOR topology by adding all elements of a
certain fixed set | € X* as isolated points to the base B.

Definition 30 Let | = X“. Define J| as the topology (X“,0)) generated by the
baseBy:=Bc U {{¢}: Eel}.

4.1 General properties

First we characterise the closure %j in the space (X“,0;). To this end observe
that ¢ ¢ €6;(F) ifand only if there is a base set E € By such that ¢ € Eand ENF = @.
This yields the following.

X“'\an(F):U{w-X‘”:w-X‘”ﬂF:¢}U(|]\F) (14)

By complementation, we obtain the following connection to the closure in CAN-
TOR space, € (F) = {{ : pref(¢) < pref(F)}.

GF) = CENX~DUF)

= FU(6F)~D (15)

An immediate consequence of Eq. (15) is the following.

Corollary 31 IfF 2 X~ thenF is closed in J.

We call a point ¢ € X“ an accumulation point of a set F < X with respect to a
topology 9 = (X%, 0) provided every open set E containing ¢ contains a point
of F~{¢}. This is equivalent to the requirement that every base set (in any base
for (X?,0)) E containing ¢ contains a point of F~ {{}.

Theorem 32 [n the space (X“,0y) the set X ~1 is the set of accumulation points
of the whole space.
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Proof. Let M be the set of accumulation points of the whole space. Then,
obviously, M Nl = @.

Conversely, if ¢ ¢ [ then every base set containing ¢ is of the form w - X“,
thus contains infinitely many points of X“. a
Next we turn to metrisability of the topologies. Since our spaces (X“,0}) do
not necessarily have a countable base, we cannot conclude metrisability as in
Theorem 29.

Therefore we use the HANAI-MORITA-STONE-Theorem (cf. [ , Theo-
rem 4.47])

Theorem 33 (HANAI,MORITA,STONE) Let 4\ = (M,,01), #> = (M>,0>) be topo-
logical spaces. If 4, is metrisable and there is a surjective mapping V¥V : My — M
such that ¥ (M) is closed whenever M < M, is closed then the following are equiv-
alent.

1. M is metrisable, and

2. M has a baseB such that for every m € M, the setB,, :={B: Be BAme B}
is countable.*

It is now obvious that every topological space (X%, 0)) satisfies the Condition 2
of Theorem 33. In fact, for { € X“ it holds By = {w- X : w C {} U {¢} or By =
{w- X :w C & according to whether ¢ € [ or not.

If we use as ¥ the identity mapping from CANTOR space (X%,0¢) to (X, 0y)
then YV trivially satisfies the hypothesis of the HANAI-MORITA-STONE-Theorem
and we obtain the following.

Theorem 34 Letl < X®. Then the topology I = (X?,0y) is metrisable.

4.2 U-6-topology

In this section we show that the topology 9} admits a nice metrisation resem-
bling Eq. (5) provided the set [ is an F;-set in CANTOR space.

Let U € X* be a fixed language and define U? := {¢ : & € X A |pref(&) nU| =
Ro}. Then the following holds true.

Lemma 35 A subset F < X is a Ggs-set in CANTOR space if and only if there is a
U< X* such that F = U°.

Next, following [ ], using the language U we introduce a topology on X*.

4t is second countable.
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Definition 36 (U-6-topology) The U-6-topology of X“ is the metric topology
generated by the following metric

if¢=n,and

0,
QU({; 77) = { |X|_|pref(§)npref(n)nU| , otherwise.

This topology has the following properties (see [ , , ). Denote by
%u the topological closure induced by the metric gy .

Proposition 37 1. In the U-5-topology of X® every point inly := X ~U? is
an isolated point.

2. €y(F)=€[F)NWU°UF)=FuU(€[F)nU%

Now Proposition 37.2 in connection with Eq. (15) shows that, for [ := X® ~ U®
the U-6-topology of X* coincides with 7.

Next we consider the set of isolated point s of the topologies I, I, 94 and
Ipg. Recall thatl, =1, = Ugex X* - a® and [4 = I = Ult. Both sets are F,-sets in
CANTOR space. Thus the following holds true.

Proposition 38 One can construct languages U, and Uy such that the set of iso-
lated points of the Uy -6 -topology of X® isly = Ugex X*-a®, and the set of isolated
points of the U 4-0 -topology of X® isl = Ult.

For the case | = J,ex X* - a“ one obtains a regular language Uy,.

Corollary 39 It holdsly, = X ~ (Ug,pex,azp X - ab)®.

4.3 Shift-invariance

Finally, we derive a necessary and sufficient condition when a topology 9 has
a shift-invariant base. To this end we use the results of Section 2.

Lemma 40 A topology I\ has a shift-invariant base if and only if1 =1/ w for all
weX*.

Proof. For every isolated point ¢ € [ the set {¢} is open in 9. Thus according
to Lemma 10 and Corollary 11 also {¢}/w and {w - ¢} are open. This shows the

required identity.
Conversely, if | = [/ w for all w € X* then, obviously, the base B¢ U {{¢}: & €}
is shift-invariant. a

Having this necessary and sufficient condition one easily verifies that adding
isolated points may result in non-shift-invariant refinements of CANTOR topol-

ogy.



18

S. Schwarz and L. Staiger

References

[CMO03] Calude, C.S., Marcus, S. and Staiger, L., A topological characterization

[CJO9]

[DKO09]

[En77]

[FSO1]

[HR86]

[PPO4]

[Pr80]

[Re86]

[RS97]

[St83]

[St87]

[St97]

of random sequences, Inform. Process. Lett., Vol. 88 (2003), 245-250.

Calude, C.S., Jiirgensen H., and Staiger, L., Topology on words, Theoret.
Comput. Sci. 410 (2009), 2323-2335

Diekert, V. and Kufleitner, M., Fragments of first-order logic over infi-
nite words, In (S. Albers and J.-Y. Marion, eds.), STACS 2009, Freiburg,
Germany, February 26-28, 2009, Proceedings, 325-336. Online pro-
ceedings at DROPS and HAL, 2009.

Engelking, R., General Topology, Patistwowe wydawnictwo naukowe,
Warszawa 1977.

Fernau, H. and Staiger, L., Iterated function systems and control lan-
guages, Inform. and Comput., Vol. 168 (2001), 125-143.

Hoogeboom, H.J. and Rozenberg, G., Infinitary languages: Basic theory
and applications to concurrent systems. In: Current Trends in Concur-
rency. Overviews and Tutorials (J.W. de Bakker, W.-P. de Roever and G.
Rozenberg eds.), Lect. Notes Comput. Sci. 224, Springer-Verlag, Berlin
1986, 266-342.

Perrin, D. and Pin, J.-E.. Infinite Words, Elsevier, Amsterdam 2004.

Prodinger, H.. Topologies on free monoids induced by closure opera-
tors of a special type. RAIRO Inform. Théor. Appl., 14(1980) 2, 225-237.

Redziejowski, R.R., Infinite word languages and continuous mappings.
Theoret. Comput. Sci. 43 (1986) 1, 59-79.

Rozenberg, G. and Salomaa, A. (eds.), Handbook of formal languages,
Springer, Berlin (1997).

Staiger, L., Finite-State w-Languages, J. Comput. Syst. Sci. 27 (1983) 3,
434-448.

Staiger, L., Sequential Mappings of w-Languages, RAIRO Inform.
Théor. Appl., 21 (1987) 2, 147-173.

Staiger, L., w-languages, In | 1, Vol. 3, 339-387.



Topologies refining the CANTOR topology on X¢ 19

[St03]

[St05]

[SW74]

[Th90]

[Th97]

[Tr62]

[TB70]

Staiger, L., Weighted Finite Automata and Metrics in Cantor Space,
Journal of Automata, Languages and Combinatorics 8 (2003) 2, 353—
360.

Staiger, L., Topologies for the Set of Disjunctive w-words, Acta Cybern.
17 (2005) 1, 43-51.

Staiger, L., and Wagner, K., Automatentheoretische und automaten-
freie Charakterisierungen topologischer Klassen reguldrer Folgen-
mengen, Elektronische Informationsverarbeitung und Kybernetik, 10
(1974) 7, 379-392.

Thomas, W., Automata on Infinite Objects, in J. Van Leeuwen (Ed.),
Handbook of Theoretical Computer Science, Vol. B, 133-191, Elsevier,
Amsterdam, 1990.

Thomas, W., Languages, automata, and logic, In [ ], Vol. 3, 389-455.

Trakhtenbrot, B.A., Finite automata and monadic second order logic,
Sibirsk. Mat. Z. 3 (1962), 103-131. (Russian; English translation: AMS
Transl. 59 (1966), 23-55.)

Trakhtenbrot, B.A. and Barzdin, Ya.M.. Finite Automata, Behaviour and
Synthesis, Nauka Publishers, Moscow 1970. (Russian; English transla-
tion: North Holland, Amsterdam 1973)



	Notation and Preliminaries
	Topological Spaces in General
	The Cantor space: basic properties
	Regular -languages

	Topologies Refining the Cantor Topology
	Topologies Related to Finite Automata
	The automatic topology
	Finite-state and regular -languages
	The alphabetic topologies
	The Büchi topology and the hierarchy of topologies
	Metrisability

	Topologies Obtained by Adding Isolated Points 
	General properties
	U--topology
	Shift-invariance


