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Abstract
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2 Ludwig Staiger

It is well-known that the estimation of the Hausdorff dimension or measure of
even simply definable sets might be rather complicated (cf. [Ed90, Fa90, Fa97]). It
was shown in [St93, MS94, FS01] that results from language theory facilitate this
task.

In Fractal Geometry the calculation of the Hausdorff dimension of fractals gen-
erated by iterated function systems (IF'S) is well understood. The papers [MW88,
Ba89, CD93] introduced a combination of IF'S controlled by finite automata for the
description of a wider class of fractals. A different way of generalising IFS was
pursued e.g. in [Fe94b, Ma95, MU96] where the iterated function systems were
allowed to contain infinitely many functions. In contrast to usual (finite) IF'S an
infinite IF'S has a fixed point which is not necessarily closed in the topology of the
underlying space. Hence the closure of the fixed point (which will be called the
attractor of the IF'S) might be larger.

The aim of the present paper is twofold. On the one hand, we derive results
for the calculation of the Hausdorff measure for a class of fractals generated by
infinite IF'S in Cantor space. Here we use the setting of the theory of languages
and w-languages.

On the other hand, we use this result to exhibit examples for the possible levels
of distinction between the fixed point and the attractor of an infinite IFS. These
levels are presented by constructing languages defining infinite IF'S for which the
fixed point and the attractor have different values in Hausdorff dimension and
Hausdorff measure.

Hausdorff dimension and Hausdorff measure in Cantor space are particularly
interesting in Algorithmic Information Theory. Here Ryabko’s [Ry86] lower bound
on Kolmogorov complexity (or, equivalently on constructive dimension [Lu03]) by
Hausdorff dimension can be strengthened for subsets of non-null Hausdorff mea-
sure (see Lemma 3.1 of [St93] or Corollary 5.5 off CS06]).

It should be mentioned that these results are not restricted to the Cantor space
of infinite words as a direct translation of our results on infinite IF'S to the unit
interval [0, 1] C IR can be obtained by considering an infinite word & € {0,...,r —
1} as the r-ary expansion 0. of a real number. As indicated in [MS94], this
translation generalises easily to unit cubes in d-dimensional space IR®. Moreover,
this translation preserves Hausdorff dimension and, up to a certain linear bound,
also Hausdorff measure.

1 Notation and Preliminary Results

Next we introduce the notation used throughout the paper. By IN = {0,1,2,...}
we denote the set of natural numbers. Let X be an alphabet of cardinality [X| = r.
By X* we denote the set (monoid) of words on X, including the empty word e, and
X® is the set of infinite sequences (w-words) over X. For w € X* and 1 € X* U X%
let w - n be their concatenation. This concatenation product extends in an obvious
way to subsets W C X* and B C X* U X®. For a language W let W* := [ J, . W*
be the submonoid of X* generated by W, and by W< = {wy---w;--- : w; € W\
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{e}} we denote the set of infinite strings formed by concatenating words in W.
Furthermore |w| is the length of the word w € X* and A(B) is the set of all finite
prefixes of strings in B C X* U X*. We shall abbreviate w € A(n) (n € X* U X®) by

wLC.
As usual, a language V C X* is called a code provided every word w € V* has a
unique factorisation into words vq,...,v € V. If e ¢ V and for arbitrary w,v € V

the relation w C v implies w = v the language V is called a prefix code. Further
we denote by B/w := {n : w-n € B} the left derivative of the set B C X* U X®. As
usual a language W C X* is regular provided its set of left derivatives {(W/w :w €
X*} is finite. In the sequel we assume the reader to be familiar with basic facts of
language theory (e.g. [BP85, HU79] or Vol. 1 of [RS97])
For a language W C X* let s\ : IN — IN where sy/(n) := [WNX"| be its structure
function. The structure generating function corresponding to sy is

sw(t) = Z@N swii) - th. (1)

sy is a power series with convergence radius rad W := lim inf —-
n—oco A/swi(n)

nient to consider sy, also as a function mapping [0, co) to [0, c0) U {co}.
The convergence radius rad W is closely related to the entropy of the language
(cf. [Ku70, St93]),

. It is conve-

Hw = limsup,, ,,, 2etow(n)
The parameter t;(W) := sup{t : t > 0 A sy(t) < 1} is important for the calculation

of rad W*. It fulfills the following (see [Ei74, Ku70, St93]).

Lemma 1 It holds sw(t;(W)) = 1 or sw(rad W) < 1. If sy/(rad W) < 1, then t;(W) =
rad W = rad W*. If syw(rad W) > 1 then rad W* < t;(W).
If W is a code then we have always rad W* = t;(W).

We consider the set X as a metric space (Cantor space) (X%, p) of all w-words over
the alphabet X where the metric p is defined as follows.

p(&,n) :=infr ™ wC EAwLC ).

This space is a compact, and the mapping ¢.,(&) := w-§ is a contracting similitude
if only w # e. Thus a language W C X* \ {e} defines a possibly infinite IFS (ITFS)
in (X, p). Moreover, C(F) :={& : A(§) C A(F)}is the closure of the set F (smallest
closed subset containing F) in (X, p).

Next we recall the definition of the Hausdorff measure and Hausdorff dimen-
sion of a subset of (X, p) (see [Ed90, Fa90, Fa97]). In the setting of languages
and w-languages this can be read as follows (see [St93, St98]). For F C X* and
0 < « < 1 the equation

ILo(F) = lim inf{ " v *M™:FCW-X*AvwweW 5w =1} @)
wew

defines the x-dimensional metric outer measure on X®. The measure IL, satisfies
the following.
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Corollary 2 IfIL,(F) < co then IL,..(F) =0 for all ¢ > 0.
Then the Hausdorff dimension of F is defined as
dimF :=sup{ax: « =0V IL(F) = co} = inf{a : IL(F) = 0}.
It should be mentioned that dim is countably stable and shift invariant, that is,

dimU.elN F, =sup{dimF;:i € IN} and dimw F=dimF. 3)

We list some relations of the Hausdorff dimension and measure for w-power lan-
guages to the properties of the structure generation functions of the corresponding
languages (see [St93, MS94, FS01]).

Proposition 3 dim W® = —log, rad W*

Proposition 4 If « = dim W then IL,(W®) < 1.
If W is a regular language then 0 < IL, (W®) < IL,(C(W®)) < 1, and if W is
regular and a union of codes then IL ,(W®) = IL,(C(W®)).

The following direct connections between the structure generation function s, and
Hausdorff measure IL (W) or dim W are helpful.

Proposition 5 1. If syw(r %) < 1then « > dim W<,
2. If sw(rv%) < 1then IL, (W®) =0.

3. If Wis a code and sw(r—%) > 1 then o < dim W<,

2 The Hausdorff Measure of w-power Languages

As we have seen in Proposition 4 the Hausdorff measure IL (W) may vary only

between 0 and 1 when o = dim W*. In this section we give some upper bounds on

the measure of IL (V) or IL ,(V*/w). more precise than the ones in Section 1. In

particular, we derive a formula for the measure IL,(V®) when Vis a prefix code.
We start with the following known properties of the w-power W<,

(V-W)® = V- (W-V)® (4)
(VUW)® = (V- W)U (VUW)*- Ve (5)

These properties are called the rotation (Eq. (4)) and union splitting (Eq. (5)) prop-
erties, respectively.

Lemma 6 Let w e A(V)\ V- X-X* thatis, w C v for somev € Vbutnov' € Visa
proper prefix of w, and let W :=V Nw - X* and V := V\ W. Then

VAW XY = W.VC=W.(V* W)*UW . V*.V®and (6)

Ve/w = (V/w- VW)U (V/w) - V. V@ (7)
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Proof. The first identity in Eq. (6) follows from the fact that every wy-w;, ... € V¢
with w C w; - w,--- has w; € W, and the second one is an application of union
splitting of (W U V)“’ (see Eq. (5)).

The second equation follows from the first one, the rotation property and the
observations that V/w = W/wand w - V/w = W. O

2.1 Upper bounds on the Hausdorff measure

With these prerequisites we derive some general properties of the Hausdorff mea-
sure of w-power languages. First, we get a property of the measure of left deriva-
tives.

Lemma7 If V C X*is a code, « > dimV®, and w € A(V)\ V- X X* then
Lo (V®/w) = ZL(X<(V/W (VAW X -w)“’). In particular, IL (V®/w) < 1.

Proof. We use V:=V\w- X* as in Lemma 6.

Since V is a code, we have ), v~ <1 for o > dim V*. Now V C V implies
S o™ M < 1. Hence IL(V®) = 0 and IL.((V/w) - V* - V®) = 0. Thus, the first
assertion follows from Eq. (7), and then the second one from Proposition 4. O

For prefix codes V we have the property that for every u € A(V)* there is a w €
A(V)\{e} such that V¥ /u = V¢ /w.

In [MS94, Theorem 11] we proved that for every subset E C X* having IL(E) >
0, o« = dimE it holds sup{IL,(E/w) : w € X*} > 1. Using this result and Proposi-
tion 4 we obtain as a corollary to Lemma 7 the following.

Corollary 8 If V is a prefix code then IL,(V®/w) < 1 for all w € X*, and 0 <
IL (V@) iff sup{IL,(V¥ /W) :w e X*} = 1.

We say that a language V C X* \ {e} satisfies the countable intersection property
provided [V| = 1 or V¢ is infinite and the set w-V®Nv- V% is at most countable for
every pair of words w,v € V,w #£ v. It should be noted that every language V C X*
satisfying the countable intersection property is a code. The converse is not true
as Example 2.6 of [DL94] shows.

Theorem 9 If'V C X* satisfies the countable intersection property, > v—°M =1 for
vev

some «,0 < ax < 1, and Z M > ¢ T for some word w € A(V)\ V- X - X*,

whv,veV

Then o = dimV® and IL,(V®) < c7.

Proof. o« = dim V® follows from Lemma 1 and Proposition 3.

Set W:=VNnw-X*and V:= V\ w-X* as above and observe that 5 r*M < 1.
veV

As V satisfies the countable intersection property, we have IL,(w - V®Nv-V®) =0

whenever w,v € V,w # v. Consequently, IL,(W - V) = > W ILi(v-V®) =

ZWEV,VGV r—cx\vl ’ 'lLfX(vw) .
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On the other hand, using the identity w - W/w = w - V/w implies W - V& =
w - (V®/w). Thus from Lemma 7 the inequality IL,(W - V®) = r~*W.IL (V®/w) <
r~*M follows.

Combining the two estimates for IL (W - V¢) yields

IL,(V®) < vl (ngwev r“""")_1 < -

Letting the constant ¢ in Theorem 9 tend to infinity (if possible) we obtain the
following.

Corollary 10 Let V C X* satisfy the countable intersection property, > 17V =1
vev

for some «,0 < o« < 1, and assume that for all k € IN there is a word w € A(V)\V -
X - X* such that Z TV > kT Then o = dimV® and IL, (V@) = 0.

wEv,veV

2.2 A lower bound on the Hausdorff measure

A converse to Theorem 9 can be proved for prefix codes.

Theorem 11 Let V C X* be a prefix code, > v = 1 for some «,0 < o« < 1,
vev

and assume that there is a constant ¢ > 0 such that Z M < e for all
wCv,veV

w e A(V). Then x = dimV*® and L, (V®) > %

Before proceeding to the proof we have to state in the setting of formal language
theory and Cantor space a major tool for deriving lower bounds on Hausdorff mea-
sure, the mass distribution principle [Fa90, Principle 4.2]. To this end we mention
that the support supp u of a measure p on X is the smallest closed subset E C X%
having pu(E) = pu(X<®).

Theorem 12 (Mass distribution principle) Let 1 be a measure on X such that
supp 1 C Fand suppose that for some « there are numbers co > 0 and ny € IN such
that

Yww e X*Ang < w| = puw- X% <cqo- chx-\w\) )
Then IL(F) > wu(F)/co.

Proof. (of Theorem 11) As in the proofs above Y} r~*V =1 implies dimV® = «
veV
provided V is a code.
Since ), v " =1, in case V is infinite we may choose a sequence of natural
numbers l,,n € IN, such that for V, .= {v:v € VA < 1.} we have p, :=
> v >1— () Observe that 1 > ], pi > 0.
vEVn

If V is finite, we choose V,, := V for all n € IN.
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For technical reasons, we introduce the following concepts depending on the
sequence (l,)nen:

W o= [J]]Vn,and (8)
i=0 n=0
l(w) = min{i: Inw'(w-w’ € HVn)} for w e A(W) 9)
n=0

In order to apply the mass distribution principle we introduce a set function 1 on
balls w - X* with w € W (Observe that w € V- - - V; implies l(w) = i.):

tw) 1 —adw
T M

Due to the choice of the coefficient p,, for w € W we have the identity

1
uw-v- X)) = — .y
ve\%)ﬂ ve\%)ﬂ nH—O Pn
= 1
— poowl, _ . Bt Y
nH_Opn VG\%)+] Piw)+1
Uw) 1
- (1) s
oo Pn

Letting p(u - X¢) := 0 for u ¢ A(W) we observe that p is extendible to a metric
outer measure on X with support supppu=Vy-V7---Vi--- C V@ and p(supp u) =
1 as follows:

From suppunw - X® C U v XY Cw-X® we obtain

wlCv
VEVO“'VI(W)

ww - X®) = Z (v - X?) for w € A(W) = A(supp u).

WEV,VGVO'“VI(W)

This yields that p(w - X®) =0 or

w) o
s Y [[Lewef]l y e
n n=o0 "M

wlCv n=0 wlv
VE\/o"'Vl(w] VEVO"'Vl(w)

Now, w € A(W) splits uniquely into the product w = v/-w’ where v’ € H}(:“{) v,
and w' € A(Viy,)) € A(V). Consequently the inequality assumed in the theorem
implies

_ _ I _ _ ! _ ! _
§ r““’l:ro“v‘. § T“‘V|SC'T’“‘VI-T(XIW‘=C~T oclwl.

wCv w’;v
"EVO"'VL(w) Vevl(w)
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Thus, p(w - X®) <c-[[2,pn' -7 ™ for w € X*.
Next, we apply the mass distribution principle (Theorem 12) to obtain

IL.(V®) 2%21' [T pn>0.
n=0

n=0 Fn ¢
Since the choice of the sequence (1, )new is arbitrary, we can make [ [ ,pn as
close to 1 as possible, and we obtain the assertion IL,(V®) > c~. O

Combining Proposition 5.2 and Theorems 9 and 11 we obtain the following.

Theorem 13 Let V C X* be a prefix code and « = dim V<.

w [0 yifsv(r™%) <1, and
Then ILo(V®) = { inflsy,, (™) :w e A(V)}, ifﬁt(f“) =1.

Proof. Observe that sy, (r %) =r*M. Sy, 0
wCv,veV
Consider also the following interpretation of the constant ¢ > 0 in Theorems 9 and
11. Let V-FC Fand let w € A(V). Then U v-FCw-F/w. Now, if V is a prefix
wCv,veVv

code and 0 < IL,(F) < oo, we have Y 1 «M < % N

whv,veV
If we apply this inequality to a prefix code V and F = V® with « = dim V¢
and 0 < IL,(V®) and use Corollary 8 we obtain the upper bound IL,(V®) <
inf{sy,,(r™*) " : w € A(V)} of Theorem 13.

2.3 A formula for the measure of a product

We conclude this part providing a formula for the Hausdorff measure of the w-
power of the product of two languages. Since IL is a metric outer measure on X%,
the rotation property Eq. (4) implies the equivalence

ILo((W-V)¥) =0 iff IL.((V-W)®) =0, (10)

from which dim(W - V)® = dim(V - W)® is immediate.
If, moreover, 0 < syw(r™ %), sv(r™%) < co we have

1

— Lo ((W-V)?9) <ILo((V-W)?) <sy(r7%) - Lo ((W-V)©).
sw(r—%)

If W,V are prefix codes fulfilling an additional condition we can calculate
IL (W - V)®) from IL,(W®) and IL,(V®). Observe that the product of two pre-
fix codes is again a prefix code (see [BP85]).

Theorem 14 Let VW C X* be prefix codes which satisfy dim(W - V)® >
max{dim W, dim V*}.
Then dim(W-V)® = max{dimW® dimV®} and
IL (W -V)®) = min{IL,(W®),IL,(V®)} for « =dim(W - V)%,
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Proof. Since the product of W and V is unambiguous, we have sy.v(t) = sw(t) -
sv(t). Let o > max{dim W<, dim V*}. This implies sw(r =) < 1 and sy(r ) < 1
and, consequently, sw.v(r~*') < 1 whence &’ > dim(W - V)®. This shows dim(W -
V)® < max{dim W, dim V®}, hence the first assertion.

To show the second one we distinguish two cases. If sy (r %) < 1 we have
swv(T™%) = sw(r7%) - sy(r~%) < 1 and, consequently, IL ,(V<®) = IL,((W - V)®) =0
If sv/(r~%) = 1 we use the relation
5 (t) = syp(t) ,ifu=w-.-vwithwe WandveA(V),
WV swalt) - svlt), if u € A(W),
for u € A(W V). Then Theorem 13 yields the following estimate.
IL,(W-V)®) = inflsy.y,(r™)T:ue A(W-V)}
= min{inf{m ‘W e A(W)},inf{swvgr,a) veAV)))
= min{lL(W®),IL(V*®)}
0

The assumption dim(W - V)® > max{dim W dim V®} in Theorem 14 is essential
as the following simple example shows.

Example 1 Consider W = {a} ,a € X, and V = X. Then 0 = dimW® < 1/2 =
dim(W - V)® < 1 =dimv® and IL; »((W - V)®) = (1/IX]) 7" < 1 whereas IL,(W®) =
IL](Vw) =1. H

3 Construction of prefix codes from languages

In this section we derive our examples which show that limit sets and their clo-
sures (attractors) for IIFS in Cantor space do not coincide. We present different
levels of non-coincidence using Hausdorff dimension and Hausdorff measure.

We intend to find simple examples for these levels of non-coincidence. Simplic-
ity here means, on the one hand that our examples are prefix codes, which makes
the IIF'S simple, and on the other hand we try to choose them in low classes of the
Chomsky hierarchy, preferably linear context-free languages or only a bit more
complex.

3.1 Limit Set and Attractor

The limit set in Cantor space of an IIF'S described by a language L C X*\ {e}is L%.
It is also the largest solution (fixed point) of the equation F = L-F when F C X* (see
[St97b]). The attractor of the IIFS is C(L*). Using the ls -limit (or adherence) of
[LS77] (see also [St97a]) we can describe the difference C(L®) \ L“ more precisely.
SetlsL:={§:& e XY AA(E) CA(L)}, for L C X*. Then (see [LS77, St97a])

CL*)=1sL*=L*UL"-1sL (11)
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Now Eq. (3) implies dim C(L*) = max{dim L, dim ls L}. For prefix codes L we have
additionally the following identity (see [St98]).
ILo(C(LY) = Lo(L) + Lafls L) - 3 s1(r) (12)
From our Eq. (12) we obtain several dependencies between the dimensions
dimL®, dim(C(L*) and the corresponding measures IL. (L), IL., (C(L®)) and
E(xl (18 I_) .

Proposition 15 Let L C X* be a prefix code. Then the following hold true.
1. IfIL./(L®) > O then

IL,(L*) ,ifIL,(lsL)=0, and
s , otherwise.

Lo (C(L) = {

2. If0<ILy(lsL) < oo and s (v%') < 1then IL.(C(L?)) is zero, finite or infinite
according to whether IL ./ (1s L) is zero, finite or infinite, respectively.

3. If dim L < o’ then IL,/(C(L*)) = oo if and only if IL,/(1s L) =

4. If dimL® = «then IL(C(L*)) = oo if and only if IL,(1s L) = coor IL,(lsL) >0
and s (r~*) =1.

Proof. All properties are immediate from Eq. (12).
1. follows since IL,/ (L®) > 0 implies sy (v—*') > 1.
2. If s (%) < 1 then IL(L®) = 0 and Y ienSLTT) < 0.
3. If IL,(L®) = 0 then s (r*') < 1 and 3 follows from 2.
4. This holds, since dim L® = « implies s (r—*') < 1. [

3.2 The Padding Construction

In this section we describe a simple construction of prefix codes L for which the
properties guaranteeing IL ./ (L®) > 0 or IL,.(L*) = 0 are easily to decide.

We start with a language W C (X \ {d})* where d is a letter in X, and define for
an injective function f : IN — IN satisfying f(n) > n when syy(n) > 0

L:={w-af=.wecwy. (13)

1:

Then L is a prefix code and s (t) = Z@OSW( n) - tf™, Because f is injective and

si(i) > 0 implies that i = f(j) for some j € IN we have
lim inf

1
(radW)THoof “ >radl = liminf —— > (rad W) »~~
nooo /g m) T

lim supf )

(14)

hm su;
If lim /Sy(n) exists then we have rad L = (rad W) s
Since C(L*) = L® whenever L is ﬁnite, we are interested only in infinite lan-

guages W,L C X*. In this case 0 < ‘XI ;<radW <radL < 1.



Hausdorff Measure of w-power Languages 11

Lemma 16 Let W C (X \ {d})* be an infinite language and let L be constructed
according to Eq. (13) and let v > 1.

1. If f(n) > vy -nthenradl > VradW, s.(t) < sw(tY) for 0 <t < VradW, and

(L) > /t(W).

2. If f(n) <vy-nthenradl < VradW, s.(t) > sw(tY) for 0 < t < VradW, and
ti(L) < /(W)

2

—

3. If, moreover, y = lim % then radL = Vrad W.

n—oo

Proof. The ﬁrst two assertions are immediate consequences of the identity
si(t) =3 oswin =3 soSw(n)-trm f=y" and the fact that rad L, rad W <
1, and the last one follows from Eq. (14) O

It should be mentioned, however, that Eq. (14) and v = hm ) do not imply

L) = {/t1(W) (see Example 9).

In order to apply Theorem 13 we are interested in connections between sy /,
and sy, for w € A(W).

Lemma 17 Let W C (X \ {d})*, f(n) > v -n for sw(n) > 0. If w € A(W) then
S w(t) <swmn(tY) for 0 <t < VradW.
Ifw & A(W) then sy (t) <1for0 <t <1

Proof. Let w € A(W). We consider the identity L/w = {u - df(m™u)=wu -y € Wi,
From this we obtain

sLw(t) = 3 su(n) - TV §T g iy

whence 51, (t) < sy(tY) if f(n) > v - n for sy (n) > 0 and the first assertion is
proved.
The second assertion is obvious. O

Next we want to bound the values of s; ,,(t), w € A(W), uniformly by sw(tY).
Lemma 18 Let W C (X \ {d})* be infinite, f(n) > v - n for sw(n) > 0, and suppose

there are k € IN, g : IN — IN and ¢ > 0 such that sww(n) < g(w|) - (Z}‘:O swin +
j) +c) for all w € X* and n € IN.

k
1
Then su(t) < 0™ g(iwi) - (Y o5) - swlt) + 7=

)for0<t<1and
j=0

w e A(W).
Proof. We have, forw e A(W)and 0 <t <1,

Snlt) = X Sl

= Z SW/W(TL) Sy fwE) =y (W) | (y=T1)
nelN
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k
1 . -
< M glwl) - Y (3 Srswini) ) e p)
nelN j=0

< ML g(jwl) - ((Zf_o %) st 5 —CtY> '

O

Under some special assumptions on the language W we obtain the following esti-
mate for IL,(L®).

Corollary 19 Under the hypotheses of Lemma 18 and the additional assump-
tions that si(t1(L)) = 1, sw(ti1(L)Y) < oo and the function g satisfies dc;Vn(g(n) -
(L)Y < ¢4), we have ILy(L®) > 0 for o = dim L® = —logy, t1(L).

Proof. First, in view of Lemmata 18 and 17, the conditions s\ (t;(L)Y) < co and
Jevn(t; (L)Y~ g(n) < ¢;) ensure that
sa(ti(D) < i (X ) - swlti (DY) + 7=507) < 0
independently of w € X* .
Then, s (t;(L)) = 1 allows the application of Theorem 13, which yields the
assertion. [

The next corollary treats the special case of regular languages W.

Corollary 20 If W C (X \ {d})* is an infinite regular language, f(n) > vy - n for
swin) > 0, sw(ti;(L)Y) < oo and s (t;(L)) = 1 then dimL*® = —logt (L) and
IL,(L*) > 0 for « = dim L.

Proof. With s;(t;(L)) = 1 the first hypothesis of Theorem 13 is fulfilled, and
dimL® = —log t;(L).
Observe that t™ - sy,,,(t) < sw(t) whenever 0 < t. If W is regular, there is a
constant k € IN such that for every w € X* there is a w, |[W| < k with W/w = W/Ww.
According to Lemma 17 we have sp,,(t;(L)) < max{1, %} for arbitrary

w € X*, and Theorem 13 shows IL,(L%) > 0 for o« = dim L«. O

If we change the order in the construction of Eq. (13) we obtain for d € X and
W C X\ {dh) o B
L= {aM-".w.weWw}, (15)

and the results on the structure generating function Eq. (14) and Lemma 16 re-
main valid. In particular, L is also a prefix code!. Moreover we have a lower bound
for s7 .

/W

Proposition 21 If w = d"™ then s; ,(t) > sy(n) - t™

IThis is, however, not true in general. But if e ¢ W and f(n) — f(m) # n—m for n # m then the
assertion is true. These hypotheses are, in particular, satisfied for the constructions in Section 3.3.
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Observe that then t; (E) > rad W implies lim sup sg;(n) - t (t)“ = co. This enables

us to apply Corollary 10 and we obtain the following.

Corollary 22 }et \7V: C (X\ {c~1})* be in@ite, f: ]N~% IN inJA'eJctive and fin) > n for
swn) > 0. If L = {d"™)™.w:weW}and (L) > radW then IL(L*) = 0 for
o = dim L.

It should be mentioned that for linear functions f : IN — IN, f(n) =y - n + & with
rational coefficients, and regular languages W, W the resulting languages L and
L are one-turn deterministic one-counter languages, simple cases of unambiguous
linear context-free languages [AB97]. Thus they have rational structure generat-
ing functions s; and s, respectively (see [Ku70]).

Their (unambiguous) product, L - L, where we may start with different regular
languages W, W is a two-turn deterministic one-counter language, and has also a
rational structure generating function s, 7 = s1 - s7.

For rational structure generating functions s\, we have the restriction that
sy(rad V) = oo whence sv(t(V)) = 1.

3.3 Examples

In this section we give our announced examples. Here we consider the follow-
ing cases which might appear for « = dimL® and & = dimC(L®), IL,(L*) and
IL;(C(L®)). The principal possibilities are shown in the figure below. The case
IL (L®) = oo is excluded by Proposition 4.

We try to derive our examples as simple as possible. Therefore, on the one
hand, we consider only prefix codes L. In this case Eq. 12 and Proposition 15 give
some principal limitations.

On the other hand, in the light of the discussion concluding Section 3.2 we want
our examples to be languages to be simple with respect to their accepting devices
(cf. [ABIT7]).

In Figures 1 and 2 we list the twelve possible cases for relations between
dim Lw, dim C(Lw), ILdim Lw (Lw) and EdimC(Lw ) (C(Lw))

What concerns ILgim 1« (L) and ILgimc(1e)(C(L®)) we distinguish only the cases
of null-measure, finite non-null measure and infinite measure. According to Propo-
sition 4 the case ILg, 1« (L®) = oo is impossible.

In virtue of Proposition 4 we cannot choose regular languages as examples
(except for Case 2). Moreover, Proposition 15.1 shows that, for dim L* = dim C(L%)
and prefix codes L, the Case 4 is impossible.

Observe that in Figure 1 we have dimL® > dimlsL, and in Cases 3, 5 and 6
necessarily « = dimL® =dimls [ and IL,(1sL) > 0.

In Figure 2 we have always dimL® =« < & = dim s L.

The construction of our ten examples follows a general line. We let X consist of
the four letters a, b, d and d, and we arrange our examples according to increasing
complexity. All examples, except for Example 9, have f(n) =y -n withy € {2,3,4}.
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Figure 1: Measures of fixed point and attractor when o = dim L%

fixed point L%
7. IL,(L*®)=0
8

. IL
9. IL
10. IL,
11. IL
12. IL

attractor C(L%)
IL,(C(L*)) =0
lLoc(C(I—w)) :-lLoc(I—w)
0<IL,(C(L¥)) < o0
IL,(L®) < IL(C(L*)) <
IL(C(L*)) = o0
IL(C(L*)) = o0

attractor C(L%)
ILs(C(L*) =0
ILs(C(L*)) =0
)
)
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Example

Example 2
Proposition 4
Example 9
impossible
Example 6
Example 3

— dim C(L®)

Example

Example 11
Example 10
Example 72
Example 4
Example 8
Example 5

Figure 2: Measures of fixed point and attractor when dimL* = o < & = dim C(L%)

In the first seven examples we use the languages W'"
- d - {a,b}* with lsw

({a,b} - @)* \ {e} and W

= {a, b}

— {a,b}" \ {e}, W2 i~
— {q,b}®, IsW? =

({a,b)- @), Is W3 = {a,b}* U{a,b}* - d - {a, b}® and the parameters:
2t 1 (1) _
Swm(t)—] St ,t1(W )_71 and ZL%(ISW ) =1
Sy (t) = ]2;; (W) =1 and IL,(lsW®) =1
sy (t) = gsgr » WP = 1 and IL,(1s W) = oo

(see [M894 Example B])

The first four examples are one-turn deterministic one-counter languages.

Example 2 Set W, = W
Lemma 16 shows t(L,) =

IL.(C(L)) = IL&(L

7] Y2 =
.
5), for a = —log, t1(L2) =

> radW, = 3.

1
4

and Corollary 22 yields IL . (

4 and use the construction of Eq. (15).
Since IsL, = {d}*, we have

Le) = 0.
H

In Examples 3, 4 and 5 we use the construction of Eq. (13) and Corollary 20 to show
that IL (L) > 0. Observe that the construction of Eq. (13) yields IsL = ls W.

2For Case 9, an example of a language generated by a simple context-free grammar was given

in Example 6.3 of [St93].
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Example 3 We set W3 := WV and y; := 2. Then o = dimL{ = —log, t;(L3) = 5
and s, (t1(L3)) = 1. Now, Proposition 15 implies IL,(C(LY’)) = oo. [

Example 4 We use W, := WV and v, := 4. Then o« = dimL{ = 1, & = dim1s L, =
1,50, (47%) = sy, (&) = 1 and, finally, IL,(C(LY)) = Z. B

Example 5 Set W5 := W and ys := 4. This yields o = dim L& = —log, t;(Ls) = 1
and & = dim1s Ls = J and IL4(1s Ls) = oo (cf. Example B of [MS94]). O

The next three examples and Example 11 are products of languages L{ and L
constructed according to Egs. (13) and (15), respectively. Then we can use Theo-
rem 14 to show that IL,((L{-L;)*) = 0. Since ls L; = {d}*, we have IL, (1s (L{-L;)) =
IL, (1s L) for o’ > 0.

Example 6 Define L/ using Eq. (13) and the parameters W/ := W and vy’ := 2.

This yields t:(L;) = J5 and = dimL{* = . Now L := L, has also dim[¢ =

and, consequently, IL%((Lg . tg)w) =0.
Finally, IL,(1s (L} - L)) = IL.(1s Lg) = 1 and s, (47%) = 516(4*"‘) = 1 yield

IL.(C((L, - Le)®)) = oo. 0

1
4

Example 7 Here we use L, := [, and L, := L, and argue in the same way as in
the preceding example.

Example 8 This example uses the language L; := L; and concatenates it with
Lg:= L,. O

Because of IL (L) = 0 and oo > IL,(1sL) > 0 Item 3 requires s; (rad L) < 1. This is
not possible with languages having a rational structure generating function.

Example 9 Set W = {a,b,d* \ {e} and f(n) = n + 2[v/n]. Then si(t) =
2100:1 3ntn+2]'\/ﬁ'\ .

Since lim,_, LTTL‘) = 1, in virtue of Lemma 16, we have radL = radW = 1/3.
Thus we obtain s; (rad L) = Y 7, (3)?V™ = 2 < 13, and consequently 0 = IL,(L*) <
IL,(C(L*)) = 2 < oo for & :=dim L% = dim Is L = log, 3. O

In view of @ < & and IL4(C(L{")) = 0 the final two examples require ILz(lsL) =
0. Following Lemma 4.3 of [St93] W cannot be a regular language.

Example 10 Let F := {a,b} - [[,({a,b}* ' - a) and set W;y := A(F) \ {e}. Then
sw(n) = 2neean for n > 0.

3This follows from the identity 2 t[V*1 =352 (21—1).t' = Jsz .
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Since F is closed in (X%, p) and Sa/w)(n) = Sarn)(n) whenever w,v € A(F) and
lw| = |v|, Theorem 4 of [St89] shows that dim F = lim inf M % Moreover,

n—oo

it is easy to calculate that IL; ,(F) = 0.
Choose v1p = 3 and use the construction of Eq. (13). Then ls;; = F,

“In(1-28%) = Y2, B0 g ) < 2.5 209
= —2(In(1 —2t3) +t3)
for0 <t < 4= f, and we obtalnsho(%ﬁ) <1<s,l f) < o0. Therefore, t;(L1) < %f

s, (ti(Lip)) =1 and o = dim L) = —log t1(L0) < 5. Although we do not know the
exact value of o« = dim L{}, this allows us to show IL ,(L*) > 0 using Corollary 19
in the following way:

From the preceding considerations we know that the hypotheses
s, (t1(L1o)) = 1 and sw,, (t1(L10)3) < 5W1o(%,) < Zfo1( )t < oo of Corollary 19 are
satisfied.

Now, the funktion g : IN — IN with g(n) = n satisfies the remaining assumption

ti1(Lig)™ - g(n) < (%)2“ -n <1, for all n € IN. Hence IL,(L*) > 0. O

l:]vxample 11 Let L}, := Lip and let tn be constructed according to Eq. (15) with
Wi == Wjo and v11 == vi0 = 3.

Arguing in the same way as in Examples 2 and 6 we calculate that Corollary 22
is applicable and obtain o = dim(L}, - L1)¥ < & = %, and IL,((Lj; - Ly;)®) =0 as
well as IL5(C((L1; - L11)?)) = IL&(C(L})) =0. O
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