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If you can look into the seeds of time,
And say which grain will grow, and which will not,
Speak then to me.

W. Shakespeare, Macbeth, 1, 3.
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1 Introduction

For over fifty years the Turing machine model of computation has defined what it means to “compute”
something; the foundations of the modern theory of computing are based on it. Computers are reading
text, recognizing speech, and robots are driving themselves across Mars. Yet this exponential race will
not produce solutions to many intractable/undecidable problems. Are there alternatives? Quantum
computing offers one realistic alternative (see [8, 10, 2]). To date, quantum computing has been very
successful in “beating” Turing machines in the race of solving intractable problems, with Shor and
Grover algorithms achieving the most impressive successes. Is there any hope for quantum computing
to challenge the Turing barrier, i.e. to solve an undecidable problem, to compute an uncomputable
function? See Feynman’s argument (see [6], a paper reproduced also in [7]), regarding the possibility of
simulating a quantum system on a (probabilistic) Turing machine.! simulation.

The current paper discusses solutions of a few simple problems, which suggest that quantum com-
puting might be capable of computing uncomputable functions. In what follows a “silicon” solution is a
solution tailored for a silicon (classical) computer; a “quantum” solution is a solution designed to work
on a quantum computer.

2 The Merchant’s problem

One possible way to state the famous Merchant’s problem is as follows:

A merchant learns than one of his five stacks of I' = 1 gram coins contains only false coins,
v = 0.001 grams heavier than normal ones. Can he find the odd stack by a single “weighting”?

The well-known solution of this problem is the following: we take one coin from the first stack, two
coins from the second stack, ..., five coins from the last stack. Then by measuring the weight of the
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Working with probabilistic Turing machines instead of Turing machines makes no difference in terms of computational
capability: see [5].



combination of coins described above we obtain the number @ = 154+ v x n grams (1 < n < 5), which
tells us that the nth stack contains false coins.
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Figure 1: Coin selection.

The above “silicon” solution is, in spirit, “quantum”. It consists of the following steps: a) preparation,
in which a single object encoding the answer of the problem is created in a special format, b) measurement,
in which a measurement is performed on the object, ¢) in which the result produced is processed via a
classical calculation and produces the desired final result.

In our case, the selection of coins from various stacks as presented in Figure 1 is the object a) prepared
for measurement b); finally, the calculation n = (Q — 15) x 1000 gives the number of the stack containing
false coins.

We note that any “silicon” solution of the Merchant’s problem requires individual weighting coins
from each stack and can’t be solved with only one measurement.

3 The Merchant’s Problem: The First Variant

We now consider the case when we have again five stacks of coins, but none or more than one stack of
coins contains false coins. This means, we might have a situation when all five stacks contain true coins,
or when only one stack contains false coins, or when two stacks contain false coins, etc. Can we, again
with only one single weighting, find all stacks containing false coins? A possible solution is to choose 1,
2, 4, 8, 16 coins from each stack, and use the uniqueness of base two representation.

The difference between the above solutions is only in the specific way we chose the sample, i.e. in
coding. Further on, note that the above solutions work only if we have enough coins in each stack. For
example, if each of the five stacks contains only four coins, then neither of the above solutions works. In
such a case is it still possible to have a solution operating with just one measurement?

4 The Merchant’s Problem: The Second Variant

Consider the simplest case when we have N stacks of coins and we know that at most one stack may
contain false coins. We are allowed to take just one coin from each stack and we want to see whether
all coins are true or there is a stack of false coins. Can we solve this problem with just one weighting?

Assume that a true coin has I' = 1 grams and a false coin has I" 4+ v grams (0 < v < 1).

Consider the space RN, a real Hilbert space of dimension N. The elements of RV are vectors
x = (x1,%2,...,xn). The scalar product of x,y is defined by (x,y) = Zf\il z;9;. The norm of the
vector x is defined by || x |[|= \/(x,x). Let 0 < n < N, and consider 2" C R". A set X C R" is
called cylindrical if X = Q™ x RN~". Let us denote by u* the Lebesgue measure in R*. If Q" ¢ R"
is measurable, then the cylinder X = Q" x RV~" is measurable and p(X) = p"(Q2"). For more on
Hilbert spaces see [1, 9]; for specific relations with quantum physics see [4].

Next we consider the standard basis (e;);—1 y and the projections P; : RY — RN P;(x) =
(0,0,...,2;,0,...,0). Denote by ¢; the weight of a coin in the ith stack; if the ith stack contains
true coins, then ¢; =I' =1, otherwise, ¢; =T'+~v=1+1.



Consider the operator Q = ZZ\LI ¢;P;. For every vector x € RV,

Qx) = (¢1P1,...,anvPn)(x)
= (Q1961,-~~7QN93N)-

The tth iteration of the operator Q can be used to distinguish the case in which all coins are true
from the case in which one stack contains false coins: we construct the scalar product (Q!(x),x). In
case all coins are true (Q'(x),x) = 1, for all x € RY; if there are false coins in some stack, for some
x € RV, (Q!(x),x) > 1, and the value increases at every new iteration.

Now we can introduce a “weighted Lebesgue measure” with proper non-negative continuous density
p. For example, this can be achieved with the measurable function

n 2
p(z) = Wj/Z e~ Xs=1lwsl”
a function which will be used in what follows.

We can interpret the measure generated by the density as a probability measure, hence we can
calculate the probability of some event {x | x € Q}, as an integral, Prob(Q) = [, pdm. Then, because
of continuity of the density, we deduce that the probability of any “low-dimensional event” is equal to
zero. In particular the event z, = 0 is fwszo pdm = 0, that is, with probability one all components of a
randomly chosen normalized vector x are non-zero.

We are now ready to consider our problem. We will assume that time is discrete, t = 1,2,.... Our
procedure will be probabilistic: it will indicate a method to decide whether there exist any false coins
with a probability as close to one as we want.

Fix a computable real n € (0,1). Assume that both 1 and ~ are computable reals.

Fix a “test” vector x € RY. The device clicks at time 7" on x when

(QT(x),%) > (1+e) [ x| (1)

In this case we say that the device has sensitivity €. In what follows we will assume that ¢ > 0 is a
positive computable real.

Two cases may appear. If for some T > 0, (Q7(x),x) > (1 +¢€) || x ||?, then the device has clicked
and we know for sure that there exist false coins in the system. However, it is possible that at some time
T > 0 the devices hasn’t (yet?) clicked, so (QT (x),x) < (1+4¢) || x ||? . This may happen because either
all coins are true, i.e., (Q*(x),x) = 1, for all £ > 0, or because at time 7" the growth of (Q7 (x),x) hasn’t
yet reached the threshold (1 +¢) || x [|?. In the first case the device will never click, so at each t stage
the test vector x produces “true” information. In the second case, the test vector x is “lying” at time
T as we do have false coins in the system, but they weren’t detected at time T'; we say that x produces
“false” information at time T

For example, the null vector produces “false” information at any time. If the system has false coins
and they are located in the jth stack, then each test vector x whose jth coordinate is 0 produces “false”
information at any time. If the system has false coins and they are located in the jth stack, but

L+ 1+ =Dl < (1 +e) I x |2,

then x produces “false” information at time 7. If |z;| # 0, then x produces “false” information only a
finite amount of time, that is, only for
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after this time the device will start clicking.

The major problem is to distinguish between the above two cases, a task beyond the capability of any
(probabilistic) Turing machine. We will show how to compute the time T such that when presented a
randomly chosen test vector x € R with non-null components to a device with sensitivity ¢ and the
device fails to click in time 7', then with probability larger than 1 — n the system doesn’t contain false
coins.

Assume first that the system contains false coins. Then



o (Q):%)

e = %9 (2)
t=oo | x[?

for all x € RY such that |z;| # 0, for all 1 < i < N. Indeed, in view of the hypothesis, there exists

j €{1,2,...,N} such that the weight of any coin in the jth stack, ¢;, is '+~ = 14 ~. So, for every

t>1,

(Q'(x Zqz E3s

= H x 2 H((@+7)" = Dl
If |z;| #0, for all j € {1,2,..., N}, then

t t_ 2
g (Q00X) () Dl
t=oo |l x| t—o0 (B

If the system contains only true coins, then for every x € RV \ {0}

t
lim (). %) (X)’QX> ~1.
t—oo || x ||
Consider now the set

Fop={x e RY [ (Q'(x),x) < (1 +¢) | x|*}.
If the system contains only true coins, then F.; = R

, ) for all € > 0,¢t > 1. Next we compute
Prob(F; ) in case the system contains false coins.
For every 1 < i < N, put

Qi = {x € RY | (1 47)" |zl

and note that if the system contains false coins then

<(Q'(x),x) < (1+¢) [ x|},

N
F.; C U Qe t4e
i=1
Each set Q. ¢ ; can be decomposed into two disjoint sets as follows (here M > 0 is a large enough real
which will be determined later):

Qeri={xeQillx[’<SM}U{xeQ
In view of the inclusion

> M}.

fx€ Qs Il x IP< M} € {x € RY | (L49)'[af? < (1 +2)M?),
we deduce that

1[G s 2 MyTTe
Prob(Qc ;) < — e Vidy < ) (3)
RV VR
(+mt
To estimate Prob({x € Q.1 ||| x [|>> M}) we consider the set

M
Cu={xeRY ||z > —=, forall1 <i< N}
As
Prob(Cyy) < / _ydy,



we deduce (using the inequality f:o eV dy < %e‘az) that

M NVN _
Prob({x e RN ||| x |> M, |z;| < forall1<j; <N 4
( [l |y|_m j<N})< N (4)
From (3) and (4) we obtain the inequality:
2M+/1 NN
Prob(Q. ;) < re VN MQ,
e (e CEI VOV,
hence
N [(2M1 NV N
Prob(F.,) < —— te, NN e (5)
N ZANCE T ZE T
Putting
1/2
M = (N log(1 + ’y)t/2> ,
in (5) we get
tlim Prob(F, ) = 0. (6)

For large ¢,

N 2NyT+elog(1+9)"/>+N _ N 2y/N(1+e)+ N o
VT log(L+ )2/ (T+)72 VA /(T +7)7?

In conclusion, from (7) we deduce the following: assuming that the system contains false coins, if

2N2 (2/N(1+¢)+ N)?

mlog(1 + v)n?

7

then
PI‘Ob( e T) < 1.

Let us now denote by A the event “the system contains no false coins” and by ) the event “the
system contains false coins”, Prob()) = 1 — Prob(/N). Hence,

Probr. ,(N) = Prob((N) + (1Pr01£)fc(ﬂ/o\2/\/ ))Prob(F-.)
1
" 1+ (prorgyy — UProb(Fz )
> 1- (m — 1)Prob(F¢ ¢).
Consequently, if Prob(N) = N+1’ then Probp_, (V) > 1 — %.

In conclusion,

for every n € (0,1) we can compute a time T, such that picking up at random a test vector
x € RN with all non-null components and using a device with sensitivity € up to time T,
without getting a click implies that with probability greater than 1 — n all coins are true. If
we get a click in time 1T;,, then the system contains false coins.



5 The Merchant’s Problem: The Infinite Variant

Let us assume that we have now a countable number of stacks, all of them, except perhaps one, containing
true coins only. Can we determine whether there is a stack containing false coins?

The finite version of the problem, discussed in the above section, considers N stacks of coins. The
“quantum solution” of the problem made use of a finite-dimensional Hilbert space, R". Consider now
the infinite countable number of stacks and the corresponding infinite-dimensional Hilbert space H which
may be realized as a space of square-summable sequences or as a functional space. Again we assume
that false coins weight g;, =1+~ > 1. A “trivial” answer to the problem of existence a “false” stack (a
stack containing false coins) may be given in terms of a selected orthogonal and normalized infinite basis
{e1}72, of the space. If the weight of all true coins is equal to one, we can form the quantum operator
Q, Qr =32, qi{z, e;)e; as before and consider the trace of its iterations

trace [QT —1I] = Z [(ql)T —-1].

=1

Then, trace [QT - I} = 0 if all coins are true, and [(1 + )T — 1] if some stack contains false coins. In
the second case, for a large number T of iterations, the trace will exceed the sensitivity threshold ¢ of
the device, [(1 +7)7 — 1] > ¢; in the first case, it will remain always under the sensitivity threshold (for
any T'). However, we can’t use this “trivial” solution since it includes a forbidden step—the summation
of an infinite series, though with only a finite number of non-zero terms!

Assume that the quadratic form of the quantum operator may be measured (calculated) directly on
each test element of the infinite-dimensional Hilbert space H. The sensitivity of the device used to distin-
guish the possible “false” stack is defined by the following description of the set of “non-distinguishable
elements” during an experiment of “length 77:

Fer ={x[(Q"x, x) < (1+¢) | x[?}.

If for given test-vector x we have (QTx,x) > || x |2, then the device clicks, which means that there is
a false coin in some stack [ (represented by a non-zero component x; of the test-vector x). If the device
does not click, then the result of the experiment is not conclusive: either we do not have false coins in
the system, or, we have, but the test vector “lies” with respect to the set F. r of non-distinguishable
elements.

The coordinate description of the set F. r is given in the form of a cone centered at the “false plane”
i, = 0in H:

Far = {xl ol < e 1% P

An important question we could not answer concerns the measurability of the set F. r with respect
to the Gaussian measure extended from the algebra of all cylindrical sets based on finite-dimensional
sets Qv in Hilbert space H:

QNCHNCH, dim Hy < oo.

If we could estimate the upper measure of the set F. r from above and prove that it approaches 0
when T — oo, the infinite-dimensional problem would be solved as well. Unfortunately, we can’t do
it now. Hence, an approximate approach to the problem will be offered instead: we will construct
a reasonably efficient family of finite experiments providing evidence that any finite-dimensional part

FgT = F..r N Hy of the cone F, r with N and T related somehow, has small Gaussian measure. This

means, that the probability of non-distinguishing false coins in ng goes to zero when “properly related”
N and T go to oc.

Further we use the notation a? = rr—i—e> so that For = {x| x| <@l x|} Together with
the set F. 7 in H we consider the set ng of all non-distinguishable vectors x in the finite-dimensional
subspace Hy C H. The Gaussian measure on the Lebesgue-measurable sets Qy, Qn € Hy is introduced
as an integral ﬁ fQN e’mgdmN, where m® is the standard Lebesgue measure in Hy. The Gaussian
measure of the cylindrical set in H based on Qy, Q = Qn x (H © Hy), is assumed to be equal to the
Gaussian measure of the base Q.



The Gaussian measure of the finite-dimensional non-distinguishable set FgT can be explicitly calcu-
lated as follows:
a 4
o e
s __dap -
0 [+A)

|‘7:51\,/T| =

In particular, for N = 2n, we have the following expression for the denominator

/w B (2n-2)
o (1462 220=D(n — 1)1’

which, by using Stirling’s formula, gives, for n — oo, the asymptotical estimation:

0 dg 1 T
/0 (1+62) " 2\n-1

Hence, we obtain for large n, the estimation:

b T [
R T 0

Formula (asF) remains valid for odd N as well.

We suggest a series of experiments in which the number of iterations in each experiment depends upon
the dimension of the finite-dimensional space where the test elements are selected: given a monotonically-
decreasing function I'(n), I'(n) — oo when n — oo, we assume that 7' and n are related by the formula

I'(n) €

_ 2
n 7(1+7)T—1—57a"*>0' (9)

An elementary calculation based on (8) shows that the Gaussian measure of the non-distinguishable
sets in the above series of experiments may be estimated as:

mwzi/rww%zﬂﬂ@—m (10)
= VT Jo VT ’

provided T, n = % — 00.
For example, choosing n ~ (1 + v)7/? we obtain T'(n) = (1 4+ v)~7/2, the relation (9) is satisfied,

hence 5
]_'271, ~ (1 —T/Q-
| a,T| \/E( + ’Y)

In this approach, the number of iterations T (the “time”) and the dimension of the observed space
2n are related through the relation (9). Assume that we run the experiments for time 7" and N stacks.
If we get a click, then we know (with certainty) that the system contains false coins. If we don’t get
a click on the device, then in the “approximation” space of dimension N the probability to have false

24/T'(n)

coins is about 7 This probability goes to 0 as N tends to infinity. For the above example of T,
the probability is less than a fixed n € (0, 1) provided T' > 4log; , ., (#)

Of course, the above 7 gives the estimation of the probability that the false coins are present in
proper finite-dimensional cone, but is not the probability that the whole system contains false coins
(and, unfortunately, we don’t know how to compute this probability from the obtained approximation).
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